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Banach algebra and spectral theory

Basics

Definition

A Banach space A is a Banach algebra if there exits a
multiplication on A such that A is an algebra with

Q Vx,y e Axfl xy [ x| - [l y |-

@ It has an identity e € A i.e Vx € A; x = ex = xe, suppose

that || e ||=1.

A Banach algebra is a Banach xalgebra, (xalgebra) if there exits
an involution f : A - AVx,y € A,a € C,f(x+y) =
f(x)+ f(y), f(xy) = f(y)f(x), f(ax) = af(x), and f?(x) = x.
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Banach algebra and spectral theory

Basics

Definition

A xalgebra is called a C*-algebra if we have

Vx € A, IfG)xl| = [Ix*x| = [Ix]. (1)

RENEILS

Equation (1), says C*-identity, is equivalent to

Vx € A; x| = ]
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Example:

@ For any space X, the bounded linear operators B(X), form a
Banach algebra with identity 1x.

@ For any Hilbert space H,B(H) is a C*-algebra when it is
equipped with the adjoint map

x:HeB(H)— H € B(H)
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Duality

If X and Y are normed linear spaces and T : X — Y/, then we get
a natural map T*: Y* — X* by

T*f(x)=f(Tx), Vf € Y*,x € X.
In particular, if T € B(X,Y), then T* € B(Y*, X*). In fact,
1T ey x+) = I TlB(x,v)-
To prove this, note that
[ TFC = [FCDL < - 1T {1l
Therefore | T*f|| < ||f]| - || T||, so T* is indeed bounded, with
T < T
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Duality

Also, given any y € Y, we can find g € Y* such that
le(y)| = llyll. llgll = 1. Applying this with y = Tx (x € X
arbitrary), gives

ITx] = g(T)| = [T x| < [T llgll - [IxI] = I T{I1}x]

This shows that
[Tl < T

Note that if T € B(X,Y), U € B(Y,Z), then

(UT)* = T U~
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Let X, Y be Hilbert spaces. Let T € B(X,Y) be a bounded linear
transformation.

| Tl = sup{[|Ah[y : [[Allx < 1}.
Then the norm of T satisfies:
ITI? =T =TT

where T* denotes the adjoint of T. Indeed Let h € X such that

|hllx < 1. Then:
ITh|S, = (Ah,Ah)y = (T*Th h)x
< |IT*Thi|x ||hllx (Cauchy — Schwarz Inequality)
< T TIA < IT*TI< IT* T
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it follows that
ITIZ < IT*TI < [T [IX]|-

That is,
[T <77

By substituting T* for T, and using T** = T from [Double
Adjoint is Itself], the reverse inequality is obtained. Hence

TP = 17Tl =T
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SETIES

Example 1: For any compact Hausdorff space §;
C(S)={f:S — C|f Continous},
equipped with the norm

| f lloo=sup | f(x) |
XxES

is a commutative Banach algebra with identity f = 1, the
involution

*(x) = f(x)

transforms it on a C*-algebra.
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SETIES

Example 2: The analytic functions
f:D'={zeC;|z|<1} =»C
with norm

| f|lco=sup | f(z) |, the involution: f(z)— f(Z)
zeD

form a commutative Banach algebra, but not a C*-algebra. With
f(z) = e ; we have

I 15= & # F*F [loo= 1.
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Definition

For a Banach algebra A with identity 14 we define
© The resolvent set

04(x) = {\ € C| x — A14 Has two sided bounded inverse}
@ The spectrum of x € A
oa(x) = C\ ga(x).

© We call the inverse of x — Al 4, the resolvent and denote as

L
x— A4

H. Najar Introduction to spectral theory of unbounded operators.

Ru(x) = (x— ALy) =




Banach algebra and spectral theory

Basics

First resolvent formula

For any \,v € o(x).

Ryn(x) — R.(x) = (A—v)R\(x)R.(x)
(A = vV)Ru(X)Rx(x).

Proof: Multiply both sides with x — A1 4 or x — v1 4.
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Neumann series

Let A be a Banach algebra with identity and x,y € A with x
invertible and ||[x~ty|| < 1, then x — y is invertible,

(x—y) ' =) ()X
n=0

the series being absolutely convergent and

10 =) 7HE< I/ = Ix Ty l).
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Proof:

A

D)™ < I Ity

M/ = Ix Ty,

so the sum converges absolutely and the norm bound holds. Also

IN

DT T x—y) =D ()" = ()T =1,
n=0 n=0 n=0

and similarly for the product in the reverse order.
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If f is an analytic function, i.e. f can be represented by a
convergent power series, f(x) = > anx", we can define
f(T)=>72ganT" (which is defined since B(X) is Banach).
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Proposition

Let X be a Banach space, T € B(X) with || T| < 1. Then
(I=T) € B(X)and (I — T)™' =322 T" (the Neumann
series) in B(X).

proof Let S, = Zﬁ:o T". Then, for k < ¢,

Is=sd=| > | = S Y T

k<n</t k<n</{ k<n<t
o

< Y TIm S0
n=k-+1

Hence, {Sk} is Cauchy in B(X), so convergent. Let
S= Iimk_mo Sk in B(X)
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k
(1= T)Sex = > (T" — Tm)x = x — ThHix 2%
n=0

since || TH*1x|| < || T||**1||x||. On the other hand
(I = T)Skx — (I — T)Sx as k — oo. Hence,

S=({-T)"
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Proposition

Let T € B(X). Then p(T) C C is an open set, i.e.

o(T)=C\ p(T) is closed, and the resolvent function

o(T)> A= R\(T) € B(X) is a complex analytic map from p(T)
to B(X) with

1
HRA(T)H < ma

i.e. for all \g € p(T), there exists r > 0 such that

R\(T) = f: an(X = Ao)"T"
n=0

for all A € B.(\o).
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Proof: Usethat (/ — T)"1 =32 T"if || T|| <1 and

T—(A—p)l = (T =)~ pRy(T))
(T = AS(n).

Then S(u) is invertible if |u|||R\(T)|| < 1. Hence,

Raou(T) = S(p)'RA(T)
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Proposition

Let X,Y be Banach spaces. Then the set of invertible operators in
B(X,Y) is an open set. If X #0 and Y # 0, then for

S, T € B(X), T invertible and ||S — T|| < || T~ implies S is
invertible.

proof: Let R=T—-S. ThenS=T(/ - T 'R)=(-RT 1T
where ||[T7IR| < 1 and |[RT || < 1.
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Important implication of Neumann series Theorem

Q {x € AJ0 € p(x)} is open.
@ Vx € A; p(x) is an open subset of C, so o(x) is a closed set.
@ Vx € A, the resolvent

A= Ry(x) = (x — A1 y) 7t

is an A-valued analytic function. In particular

A= Ao A— Ao

Vf e A" : p(x) 2 A — f(Ra\(x)) € C is analytic.
Q Vx € A,0(A) # 0 and it is a compact subset of the disc of
radius || x || .
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Let Q be an open set of C, and A is a Banach space. Let
f:Q — A. We say that f is analytic in Q if for any Ag € Q

im )= F00)

= f'(\
A=do A — Ao (%),

exists. It is equivalent to ¢ o f : C — C is analytic for any p € A'.
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Suppose that o(x) = (), so o(x) = C, we conclude that Ry(x) is an
entire function with value in A. For | A [>|| x ||,

o0 n
X
RA(x) = — E N
n=0

So
1

[ A= x
Rx(x) is a bounded and entire function, so by Liouville theorem,
we deduce that R)(x) is constant on C. As

I RA(x) <

lim Ry(x) =0.

[A| =00

We get R\(x) =0,V € C, which is absurd.
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The fact that the spectrum of an element of A is non empty it is
a generalization of the fact that any matrix of M,(C) has at least
one eigenvalue.
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Spectral radius formula

Vx e A
Q@ Im | x
n——+00

2]

n ||1/” exists and equal r(x).

r(x) =sup{| A | A €a(x)}
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An element of an algebra A is invertible or not is a property which
is purely algebraic. So the spectrum and the spectral radius of x
depend only on the algebraic structure of A and not of the metric
or the topology, but the limit in the last theorem depends on the
properties of the metric of A. It is one of the remarkable aspects
of the theorem, which affirms the correspondence of two quantities
with different origins.
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Remark

The algebra A could be a subalgebra of another Banach algebra B.
So it is possible for an x € A to be non invertible in A and
invertible in B. So the spectrum of x depends on the algebra. If
we note by o 4(x) (resp. op(x)) the spectrum of x relatively to A
(resp. B), so o.4(x) C op(x). The spectral radius is the same in
A and B. )
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Proof:
@ Set a, = Ln||x"||, then
VnomeN;anim < an+ am.
Fix ke Nandwrite n=mk+r,0<r<k-1

. dan =%
ap < max+ max a,, = limsup — < —
0<r<k—1 n—oo N k

. a . dk . . .4d
= limsup = <inf = < liminf ==.
n—oo N k k n——oo N

@ Let a be the limit of || x” H% Let A € o(x), so A" € o(x") so
[ A" <l X"

We get that r(x) = supreo(x) | A |< .
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The opposite inequality is based on the theory of holomorphic
functions and entire series. Let Q = D(0, ﬁ), if r(x)=0,Q=C.
Consider f : Q — A defined f(0) =0 and

F(A) = Ria(x), A e Q\{0}.

Using the properties of the resolvent we can write that for

0< |\ < ﬁ
+oo
) = =3 A,
n=0

Let R be the radius of convergence of the power series

R > d(0,Q°) = r(lx). Using Hadamard formula

1 1
— = limsup || x" ||=
5 = limsup | " |7
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So finally
1
limsup || x" ||»< r(x).

n—-+o0o
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Application: Volterra Integral Kernels

Let K :[0,1] x [0,1] — C, continousVk : C([0, 1]) — C(]0, 1])

fis /t K(t, 5)f(s)ds
0

We have || Vi [loo<|| K [[coll  lloo So Vi € B(C([0,1]))-

(VEF)(t) = / K(t,sn)K(SnsSn—1) - K(s2,51)f(s1)dsy - - - dsp
0<51 <. <5, <t

| VEf o<l K %] F lloc - sup Vol{(st,+- ,s0) |0 < 51 < --- < t}
te[0,1

< K% IIOo
oo -

So r(Vik) = limp_e Hv,guz < ||m,,_>oo (”n’f)”;;j = 0. and

o(Vk) = {0}. (Hint: Ln(n!) = nLn(n))
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Functional calculus of operators

How we can define f(x) for a large class of functions f and
(un)bounded linear operator x?

@ Polynomial functional calculus.
@ Analytic functional calculus.
© Continuous functional calculus.

@ Measurable functional calculus.
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Let A be a Banach algebra with identity and
P(t) = apt" +ap_1t" 14+ 4 ap, aj € C a polynomial. If x € A,
then

1

P(x) = anx" 4+ ap_1x"" " +---+aix+ a € A

Spectral mapping

Vx € A: o(P(x)) = P(o(x)) = {P()) € C; \ € o(x)}.
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Let x1,--+ ,xp € A be mutually committing, then

Y = X1 ---Xp Invertible & xq,- - - , x, are each invertible

Proof:
Q@ = xi(x - x)y =y t=1,
_y_l(Xl “Xp - 'Xn) = l.A = y_l(X2 .. 'Xn)Xl =
yl(x1---xa) =y ly =14 So x; has left and right inverses.
So it is invertible and are the same.

- - -1
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Proof of the spectral mapping

Proof of the spectral mapping Let

A € 0(P(x)) © q(x) = P(x) — X is not invertible.

Q(t) = (t — p1)---(t — pp). As x — pj and x — pj commute for
any i, j, applying the last Lemma we get

A€ o(P(x)) & 3j,uj € o(x) & X € P(a(x)).

H. Najar Introduction to spectral theory of unbounded operators.



Banach algebra and spectral theory

Basics

Spectral mapping-Analytic function

Let f : C — C, an entire function f(t) =), a,t". For
x €A f(x)= Zanx c A (2)

More general function f : B(0, r) — C analytic with r > r(x).
Using Cauchy integral formula we write

F) = —— & F = x)dA
2mi |>\\:r
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Definition
Let x € A and G C C open connected domain such that

o(x) C G. Let f: G — C analytic and ' C G N p(x) a contour.

We set |
f(x) = f fF)(A—x)"td) € A. (3)

C2mi Jr
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Proposition

The equation (3) define an application from the algebra of analytic
functions on G D o(x) to A. This map is linear and satisfies for
f,g: G — C analytic on G D o(x) and ['¢,[; admissible contours

stlenNl, =0.
) Fx)e(x) = () ).
100 =57 § FONO—)10N, 200 = 5= § (=) dn
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—x) "N p = x)"TdAdp

d\)g (1) (p — x) " Hdp

-1
— 27”) j{f 72)\ ,u p)dp)F(A) (A — x)"dA

- 27” (A= x)"g(MF(\)dA = (fg)(x).
e

So we get an algebraic homomorphism
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Vx € A and analytic f : G — C on domain G D o(x).

o(f(x)) = f(o(x)) = {f(N)IX € a(x)}.
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If u ¢ f(o(x)), then G 3 X — g(A\) = (f(\) — p) "1 is analytic.
So g(x) is the inverse of f(x) — p, so u & o(f(x)).
If € f(o(x)); then IX € o(x); p = f(A). Then

gle) = 1B,

has a false singularity at z = A. Hence is analytic on G. So,
f(x) = = (x—A)g(x) = g(x)(x = A).

So f(x) — w is not invertible since A € o(x) i.e u € o(f(x)).
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Some particular elements of a x-algebra A

Q@ x € Ais normal iff x*x = xx*.
Q@ x € A is self adjoint iff x* = x.
© x € Ais positif iff Jy € A; x = yy™.
@ x € A s projection iff x? = x = x*.

@ x € Ais unitary iff x*x = xx* = 14.
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self-adjoint

positive
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If x is normal in C*-algebra A, then r(x) =|| x || .

Proof:
2 2
[ X =11 =[x 7
By induction n € N*,
X (=1 x (2
So,
— 2n 11/2n_
r(x) = Tim |27 V2= x|
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The norm of a C*-algebra A is uniquely determined by the
algebraic structure

| x 2= xx<* ||= r(xx*) = sup{| A |; A € o (xx*) 1.

H. Najar Introduction to spectral theory of unbounded operators.
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Let x € A.
@ If x is unitary, then o(x) C dD.
@ If x is self-adjoint, then o(x) C R.

Proof:
Let x € A be an unitary operator, then

Fx 2=l 5o (1= La 1= 1.
As x~1 = x*, then 0 ¢ o(x),
x1 AT = XTI (A = x)VA #£0,
we conclude that

Aeo(x) e A tea(x™).
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n

i / . . . .

Let y = ™ = E —Ix". As the involution x is a continuous map

n!
n=0

on A, then y* = e~ and
Yy=y=1la
So y is unitary operator and
o(y) C oD

and '
o(y) = €™ c D & o(x) C R.
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Unbounded operators on Hilbert spaces and their spectral
theory: Basics

In the following we consider X, Y two Hilbert spaces and linear
operator A: D(A) C X — Y. We suppose that D(A) is dense in
X.

Examples: Maximal multiplication operator associated with
measurable f : M — C over some measure space (M, )

D(My) = {4 € L(M, p)|Msp = b € L2(M, )}

Suppose that (M, i) is o-finite. Then we have equivalence
@ Mr € B(L*(M, p))
Q@ fel™®M,pu)
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Proof: " <" forall ¢ € D(My) :

M| = (/ FRdp) < [[Floo - 1]l
"= As (M, ) is o-finite, I(Mp)n:
M = U,M,, (M) < oo.
Suppose that
M| = sup{[|M¢e[l[¢ € D(M), [[¢]| = 1} < oo.
Consider XA = X{xeM,|,|f(x)|>A}>A € [0,00).
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R puix € Myllf()| > A} < /m Xnad
M IPufx € Mol F(x)] > A}.

IN

This gives that
pu{x € Mp||f(x)| > A} = 0, when A > ||M¢||,Vn.

= f € L°°(M,u). Thus Ms is an unbounded operator with
D(Mg¢) # L2(M, 1) in case f & L°(M, ).
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Differential operator on / = (0,1)

To: Ct = L2(1), Toyp = —iy)/

T f,, 2 1
fo(x) = x",n € N, Tofp(x) = —inx""1, [ Tofall _ n/2n + 1
nl = V2D

Tmax : WE2(1) = L2(1), Trnax®) = — it/
Here

WH2(1) = {4 : | = Clp, ¢ € (1)}
It is an Hilbert space when equipped by the norm

[liwre = 115 + 19117

Both operators are unbounded. T,,.x is an extension of Ty.
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Definition

Let B: D(B) — Y and A: D(A) :— Y. We say that A is an
extension of B, if D(B) C D(A) and Ax = Bx for all x € B, we

write
B cC A
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Closed and closable operators

Let A: D(A) — Y be a linear operator on Hilbert spaces X, Y
with D(A) is dense in X

@ We call the graph of A the set
Grph(A) = {(x,Ax) € X x Y; x € D(A)},

and the graph norm of x € D(A) is ||x||a = ||(x, Ax) || xx Yy -
@ A is said to be closed if Graph(A) is a closed subset of
X X Y, with respect to the topology induced by
10 W) ey = lIxlix + llylly-
© We call Ais closable if it has a closed extension. We denote
the smallest closed extension of A by A.

H. Najar Introduction to spectral theory of unbounded operators.
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X x Y is an Hilbert space with the scalar product

<(X,y),(X/,y/)>X><y = <X7X/>X + <Y7y,>Y-
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G C X x Y is a graph of an operator A: D(A) — Y if and only if
G is a subspace with the property:

(0,y)e G=y=0.
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Proof: < Let (x,y),(x,y’) € G as G is a subspace we get that
(0,y —y') € G =y =y’ so for every x € X, there is at most one
y € Y such that (x,y) € G. So the map A: D(A) — Y with

D={xeX|qyeY: :(xy) e G}

we set
Ax =y.

It is a well defined as linear operator with Graf(A) = G.
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Let (A,D(A)) be a linear operator. A is closable if and only if
Graph(A) is a graph.

Proof: < Let B:D(B) — Y, with
D(B) = {x € X;3dy € Y : (x,y) € Graph(A)},

we define
Bx =y.

It is a linear operator with Graph(B) = Graph(A) and
Graph(A) C Graph(B), and hence D(A) C D(B).
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= Let B: D(B) — Y be a closed extension of A. If
(0,y) € Graph(A), then (0,y) € Graph(B); i.e y = 0.

H. Najar Introduction to spectral theory of unbounded operators.
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Characterization of closed operators

For a linear operator A : D(A) — Y densely defined on D(A) C X
the following properties are equivalent

Q A s closed.
@ (D(A),| - lla) is complete.

@ If (xn)n C D(A) with x, converges to x and Ax, converges to
y then x € D(A) and Ax = y.
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Proof: (1) = (3) Let (x,) C D(A) with x, converges to x and
Ax, converges to y. Then (x,, Ax,) € Graph(A), with

I (xns Axn) = (%, ¥) [l x>y — 0.

Thus (x,y) € Graph(A) = Graph(A), i.e x € D(A) and Ax = y.
(3) = (2) Let (x,) C D(A) be a Cauchy sequences w.r.t. || - || a.
Then (x,) is a Cauchy sequence w.r.t. || - ||x and (Ax,) is a
Cauchy sequence w.r.t. || - ||y. Completeness of X and Y imply
:dx € X,y € Y such that

[xn — x||x = 0, | Axn — y|ly — O.
Thus x € D(A) and y = Ax and
[[(Xn, Axn) = (%, ¥)llxx ¥ — 0.
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(2) = (1) Let (xn, Ax,) C Graph(A) converges to (x,y). Then
(xn) C D(A) is a Cauchy sequence w.r.t. || - ||a, and hence

Ix" € D(A) : ||X' = xnlla = 0,x, = X', Ax, = AX.

Uniqueness of the limit in X and Y yields that x = x” and
Ax' =y.
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Unbounded operators on Hilbert spaces and their spectral theory

SETIES

Example 1: Dirac Delta function on
X = [2((~1,1)), D(A) = C((~1,1)),

(Ap)(x) = ¥(0).

This operator is not closable as there exists (¢,) C C((—1,1))
with 9,(0) =1 and ||¢p]| — 0 and Ay, =1 #0.
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Unbounded operators on Hilbert spaces and their spectral theory

Differentiation operators on /| C R

Examplel:
Timax : WH2(1) = L2(1), Traxth = —it/
Here
Wh2(1) = {¢ - | = Clop, ¢ € L2(1)}.
Tmax is closed since || - ||7,.. = || - |wr2 and W2(/) is a Hilbert
space with norm || - ||y1.2.

To: Ct = L2())

Ty is closable.
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Unbounded operators on Hilbert spaces and their spectral theory

The closure A of a closable operator A : D(A) — Y is uniquely
defined through

D(A) = {x € X|3(xs) T D(A) : x, — x; (Axn) converges}

Ax = lim Ax,.
n—oo
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Adjoint of a densely defined operator

Definition

Let A: D(A) C X — Y be a densely defined linear operator on
Hilbert spaces X, Y. The operator A* : D(A*) — X, with

D(A*) ={y € Y[Fy" € X : (Ax,y)vy = (x,y")x, Vx € D(A)}.

Ay =y,
is called the adjoint of A.
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Adjoint of a densely defined operator

Example: Differential operators Tg and T .

Example: Let ¢ € C°(/) and ¢ € W2(I). Then,
b -
(Tobe) = [ =60 o0ax = [~ 0 2]} (@

b
T / b(x) - ig(X)dx = (i, Twaxg). (5)

Thus
T5 = Tmax-
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Adjoint of a densely defined operator

It is possible to describe the adjoint using the graph. Let

J:XxY—=YxX

(xy) = J((x,¥)) = (=y:%)

J is an isometric isomorphism.
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Adjoint of a densely defined operator

Let A: D(A) — Y,B:D(B) — Y be two operators densely
defined on X.

Q Graph(A*) = (JGraph(A))* = J(Graph(A)™*).
Q@ BCA= A" C B*.
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Adjoint of a densely defined operator

Proof:

(1) By definition of A*

Graph ( A")={(y,z) € Y x X|{Ax,y) = (x,z),Vx € D(A)}

= {(y,2) € Y x X[((=Ax,x), (v, 2)) yxx = 0,Yx € D(A)}
{(y,2) € Y x X|{J(v,w),(y,2))yxx = 0,Vv,w € Graph(A)

= (J(Graph(A)))L = J<Gf3Ph(A))J_
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Adjoint of a densely defined operator

(2)

Graph(B) C Graph(A) = J(Graph(B)) C J(Graph(A))
- (J(Graph(A))* C (J(Graph(B)))*
= Graph(B*) D Graph(A*).
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Adjoint of a densely defined operator

Theorem

Let A: D(A) — Y,D(A) C X be a densely defined operator on
Hilbert spaces X, Y. Then,

Q@ A" is closed.

Q If A admits a closure A, then A” = A*.

© A" is densely defined if and only if A is closable.
@ If A is closable, then it is closure A is (A*)*.
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Adjoint of a densely defined operator

Proof:
(1) Since V1 is closed for any V/, the graph Graph(A*) is closed
by previous lemma.

(2)

Graph ( A')= (J(Graph(ﬂ)))L = (J(Graph(A)))* = (J(Graph(A)))
= (J(Graph(A)))* = Graph(A*).
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Adjoint of a densely defined operator

(3) We have

Graph(A) = (Graph(A)1)*t = (J~Y(Graph(A*)))*(bytheprecedentlem:
= {(x,y) eXx Y| (U Hz,A*2),(x,y))xxy =0,
VvV ze DA}
= {(x,y) e Xx Y| {(A'z,x)x =(z,y)y,Vz € D(A")}.

Thus (0,y) € Graph(A) & y € D(A*)*.

Graph(A) is a graph < D(A") is dense.
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Adjoint of a densely defined operator

(4) Using (3), we conclude that A** is well defined and

Graph(A*™) = (J7Y(Graph(A*)))* = (J~1J(Graph(A)1))*
= (Graph(A)Y)* = Graph(A),i.e A= A™.
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Self-adjointess

Definition

A densely defined linear operator A : D(A) — X, D(A) C X on
Hilbert space X is called

@ Symmetric iff A C A*.

@ Self-adjoint iff A= A*.

© Essentially self adjoint iff A* is self adjoint.

Remark

If A is essentially self-adjoint operator then A C A** = A* ie A is
symmetric.
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Self-adjointess

Theorem

© Every symmetric operator A is closable with A C A*
© Equivalent statements
@ Aisesa. (A™=A*).
Q0 A=A
@ Ais self-adjoint, in this case A is the unique self adjoint
extension of A.
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Self-adjointess

Proof:

(1) A* is closed extension of A.

(2) (1) = (2), A= A™ = A*

(2)=(3):A=A*=A"

(3) = (1)A* = A" = A= A** (last therem)

If Aisas.a. extensionof A, then A= A* CA*=ACA= A=A
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Self-adjointess

Example: Maximal multiplication operator, with measurable
f: M — R over some o-finite measure space (M, )

D(My) = {1 € L2(M. 1) | FHL2(M, 1))
Mgy = .
Let (x,y) € Graph(M5),y = M¢x, then for ) € D(Mg).
| /szbdu <y -1l

S0 1 /xfwd,u = (Ms1), x) = (1, y) extends uniquely to a

bounded functional on L2(M, ), i.e fX € [2(M,p) and y = fx
Therefore (x,y) € Graph(M;) < y € D(Mf) and y = fx. So

M — M
H. Najar Introduction to spectral theory of unbounded operators.



Self-adjointess

Particular case: M = R9, ;1 = Lebesgue measure f(k) =| k |2,
define a self-adjoint operator M¢. The Fourier transformation

T L2(RY) — L2(RY)
EO) = [ e i 5
Define a unitary transformation with
SMep = —AFY,
and F(D(Mr)) = D(L), the Laplacian
D(L) = {v € L(R)| Ay € L2(R)} = FD(M).
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Self-adjointess

Using similar reasoning allows to conclude that all differential
operators of the form Pol(V) are self-adjoint provided
Pol(ik) € R for all k € RY.
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Self-adjointess

We recall that, Toyp = —iy)', D(To) = C2(1), and
D(Tmax) = WH2(1). To C Tpax = T§. So To is a symmetric
operator

D(To) = {¥ € WH2(I)|4b(a) = %(b) = 0} = Wy 2(1).
Top = it

it is not essentially self adjoint.
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Self-adjointess

For 8 € [0,27) let
D(Tp) = {w € WH()[w(b) = y(a)}.

T = —i).
Then
QO TogC TgC Thax
@ Ts C Tj i.e Tz symmetric, since o, € D(Tg)

b
s g) = /—/«z)( Yo(x)dx (6)
= )R + / bO) TP ()dx (7)
= (¥, T,w)- (8)
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Self-adjointess

TE = TB' since V(,O S D(Tg)aw € D(Tﬁ)

b .
/ S (X)p()dx = (T, ) = (0, The) (9)

So Ty has infinitely many self adjoint extensions
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Self-adjointess

For any densely defined linear operator A on a Hilbert space X.

RanA @ kerA* = X.
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Self-adjointess

Proof: It suffices to prove that kerA* is the orthogonal
complement of RanA. Let u € RanA and v € kerA*. Then there
exists f € D(A) such that u = Af. We compute

(u,v) = (Af,v) = (f,A"v) = 0.

and thus kerA* C (RanA)*. Now let w € (RanA)*. For
u = Af € RanA, we have

0= (u,w) = (Af,w) = (f, A*w), Vf € D(A).

(Notice that (Af, w) = 0 implies that w € D(A*).) As D(A) is
dense, it follows that A*w = 0, that is (RanA)* C kerA*.
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Self-adjointess

Let A: D — X be a symmetric operator with the property that
Ran(A) = X. Then A is selfadjoint.

Proof: As D(A) C D(A"), it suffice to show that if f € D(A*)
then f € D(A).

Let g = A*f. As rang(A) = X, there exists h € D(A) so that
g = Ah.

Vv € D(A), (Av,f) = (v,A*f) = (v,g) = (v, Ah) = (Av, h).

If u e X is arbitrary, there exists v € D(A) = X such that u = Av.
Hence we have

(u,f) = (u, h)Vu € X.
So f = h € D(A).



Self-adjointess

Let T be a symmetric operator, the following assertions are
equivalents

©Q T is self-adjoint.
@ T is closed and ker(T* £i) = {0}.
Q Ran(T £1i) = X.
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Self-adjointess

(1) = (2): Let T is self-adjoint and ¢ € D(T*) = D(T) such
that ¢ € Ker(T* £i). So

Filp: ) = (Fig, ) = (T 0, 0) = (T, ) = (¢, T"0) = Ti{p, ).
So ¢ =0.

(2) = (3): Let y € Ran(T +i)*, then ((T £ i)x,y) = 0 for any
x€D(T). Soy €e D(T*) and T*y = £iy. So

y € Ker(T* F i) = {0} so Ran(T £ i) dense in X. Let's prove

that Ran(T £ i) is closed. Indeed for all x € D(T).

(T £ x I1P=l T 1 + 1 x 1%

as T is symmetric. This yields that if x, € D(T) a sequence such
that (T £ /)x, — y, so x, converges to x. As T is closed we
deduce that x € D(T) and (T £i)x =y. Soy € Ran(T £ i) so
Ran(T +1i) = X.



Self-adjointess

(3) = (1) Let x € D(T*), as Ran(T £ i) = X there exists
y € D(T) such that (T — i)y =(T* —i)x. As T C T*, we have
x—yeD(T*)and (T* —i)(x—y)=0. So

x—y€ker(T" —i)= Rang(T + i)J- = X+t = {0}.

Sox =y eD(T)and D(T) = D(Tx)
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Self-adjointess

Example 1: Let X = /?(N), let A be the operator with domain
D(A) = {x = (Xn)nen : xn # 0, for finitely many n}

and

Ax = (Zx,-,0,0,0, e ).
i=1

Let's determine A*. Let e, be the standard unit vector. Pick
y € D(A*), then

1-y1 = (Aen,y) = (en, ATy) = 1- (A*y)n, Vn € N,

this yields that A*y = 0, and we obtain y; = 0. So for any
y € D(A*) we have y3 =0 and A*y = 0.
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Self-adjointess

Now consider the linear operator B given by
D(B) = {(yn)n € (N) : y1 = 0}, By = 0.
Let y € D(B),
(Ax,y) = (x, By)¥x € D(A).
There for, y € D(A*) and A*y = By. So
D(A*) = {(yn)n € P(N) : y1 = 0}; A"y = 0,Vy € D(A").

Since D(A*) is not dense in /2, the operator A is not closable.
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Self-adjointess

Example 2: Let X = L2([0,1]), D(To) = C((0,1))
Tof = —f".

By integration by part we see that Ty is symmetric. Let's
compute for f € D(Ty),

1 1
<Rﬁ1%:—/‘ﬁlzpiﬂé+/jﬂfza
0 0

So 1 € D(T*) and moreover T*1 = 0. So (1,0) € Graph(Ty).
For any x € [0,1], and f € D we have

|ﬂ@|={// $&K// ) | dedt
/0/0 ’f”(S)\dsdt:/O £ (s) | ds < Tof |
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Self-adjointess

In particular if || Tof ||< 3; then | f(x) |< 3,Vx € [0,1], so
| —f(x) |> 3 and || 1—f|> 3. Soin all cases we have

1
11— F 12+ Tof =0 2> .

So (1,0) ¢ GraphTg and T is not essentially self-adjoint.
Tyf = —f", with
D(Tg) = H*([0,1]) = {f e C*([0,1]) : £ € L3([0,1])}
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Perturbation theory
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

Let A: D(A) :— X, D(A) C X be a closed linear operator in some
Hilbert space X. Then
0(A) = {\ € C|A — X has a bounded inverse}.
Is the resolvent set and
a(A) = C\e(A),

the spectrum of A and Ry(A) = (A— \)~! is the inverse of A — ).
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Perturbation theory
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

The spectrum of a closed linear operator
A:D(A) :— X,D(A) C X, decomposes into the following
components
Q 0,(A) = {\ € Clker(Ay) # {0}}. It is called the point
spectrum or set of eigenvalues of A. Every
x € ker(A — X)\{0} is called eigenvectors of A with
eigenvalue X € 0,(A).
Q 0,(A) ={\ € Clker(A— \) = {0}, Range(A— \) # X}. Is
called the residual spectrum of A.
Q 0. (A) ={X € Clker(A—X) = {0}; range(A — \) #
X; Range(A — \) = X}. s called continuous spectrum.
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Perturbation theory
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

For any closed operator A : D(A) C X — X, we have the following
disjoint decomposition

o(A) = op(A) U o, (A) Uoc(A).
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Perturbation tt
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

Others decomposition of the spectrum exists in case A = A*.

@ Lebesgue decomposition o,,(A) = 0,(A) pure point
spectrum,
0c(A) = 0sc(A) U oac(A).

Q odisc(A) =
{\;isolated eigenvalue of A with finit multiplicity}

Uess(A) = U(A)\UdiSC(A)'
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Perturbation theory

Lower bounded operators and quadratic forms
Spectrum of unbounded operators on Hilbert spaces

Spectrum of multiplication operators

Example: My : L2(M, u) — L2(M, i1). Let X € C, then
A—A is injective

e {pe P2(M,pn),(A—f(x))p(x) =0 a.e. = p(x) =0 a.e.}
& A—f(x)#0ae < pu{xeM|f(x)=A})=0.

op(Mr) = {X € C p({x € M| F(x) = A}) > 0}.
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Perturbation theory
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

Let A € C\op(Ms). So, Mf — A1y has an inverse:

(Me=A1pm)p = p < (F=A1m)Y = ¢(x) a.e. & Y(x) =

So

m@ a.e.

(Mf — )\].M)_l =M ,

f—A

with domain

D={pe2(Mu)M 1 o e XM, p)}.

M 1 is bounded < L c L*.
—x f—A

So
o(Mf) ={A € C|3K >0 s.t. ]\ — f(x)] > K a.e.}.
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ors and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

Let A € C\(0p(A) U 0(A)). So u({x € M| f(x)=A}) =0, but
on the other hand u({x € M || A — f(x) |< €}) > 0, for every
e > 0. Is the range of (M¢ — A1) dense or not? Let for n € N,

En:{xEM|f(x)—)\|2%}.

For every ¢ € L%(M, ,u) we have g, is the image under
(Mr = Aly);:; of fix ) o XE (X)(x) € L2(M, 11). We have x¢,
converges pointwise to 1, so by dominated convergence theorem,
we get convergence in L. So, the range of (My — A1) is dense.
So

or(Mf) = 0.
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ounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

Let A: D(A) — X, D C X, be a closed linear operator in Hilbert
space X. Then
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Perturbation theory
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

Let A: D(A) — X, D C X be self-adjoint. Then

Q ¢(A) CR

Q Ur(A) = 0.

© If0 is not in the spectrum of A, then A=l : A(D(A)) — X is
self-adjoint.
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ors and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

Proof:

@ o(A) = o(A).
Q If ker(A— \) = {0}, then

- 11

(A= NDA) = (A= N(DA)) = (ker(A—N)* = X,

thus o,(A) = 0.
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Perturbation theory
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

Let A be a self-adjoint operator. Then \ € o(A) if and only if
there exists a sequence {un}n, C D(A), such that || u, ||=1 and
| (A= Nup || 0 as n — +oo.
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Perturbation theory
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

Proof: Let A\ € o(A). Two cases arises:

@ ker(A—)) # {0} i.e Xis an eigenvalue. Let f be an
eigenvector Then let u, = f for any n with || f ||= 1.

@ ker(A— X\) = {0}. Then Ran(A — \) is dense but not equal to
X, s0 (A— \)"! exist but it is unbounded.

Consequently, If there exists a sequence
{Votn DA =AY, v ||= 1 such that

| (A— A)*lvn |— oo.

Let up = [(A—A)"tva] || (A—X)"1v, |71, then
{un}n C D(A),|| un ||=1, and

1 (A= Nun [[=1 va [lll (A= 2) 7 v [ 0.
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Perturbation tt
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

Conversely: Let A € go(A). Then there exists M > 0, such that for
any u € X
I RA(A)u < M [ u]] -

Let v = Ry\(A)u, for v € D(A) so that
v I<MI(A=A)v I,

and thus no sequence having the properties described can exist.
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Perturbation theory
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

B :D(B) — X is called A bounded with respect to A: D — X
densely defined operator if

@ D(A) Cc D(B)
@ There exists a, b € [0,0); Vx € D(A):

| Bx||<all Ax || +b | x| -
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Perturbation theory
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

Let A: D(A) — X, D(A) C X be a selfadjoint operator on some
Hilbert space X and B : D(A) — X be symmetric and A-bounded
with relative bound < 1. Then

A+ B:D(A) — X is selfadjoint.
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Perturbation theory
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

First we note that A+ B : D(A) — X is symmetric as
Vx,y € D(A): ((A+ B)x,y) = (Ax,y) + (Bx,y)
= (x,Ay) + (x, By) = {x,(A+ B)y).
Let x € D(A) and € R\{0}. Then
I(A -+ in)x|? = | Ax|? + 172 |x]|%.
Implies that for x = (A4 in)~ly,y € X :

N . 1
IACA+ i) "ty |l < llyll and [I(A+ in) "ty < ﬂllyll

= ||B(A+in)~ty|l < a||A(A+ i) ty| + bl(A+ in) "yl

b
< allyll + —lyll
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Perturbation theory
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

So by Neumann Theorem C =1+ B(A + in)~* is invertible and
range(C) = X. As (A+ in)D(A) = X, we have

X = C(A+ in)(D(A)) = (A+ B+ in)(D(A)).

Thus A + B is self-adjoint operator.
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Perturbation theory
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

RENEILS

It can be proved that if A is essentially selfadjoint operator and
B : D(A) — X is symmetric with A-bound less than one , then
A+B:D— X ises.a. and

A+B=A+B.

Theorem

Let A be a selfadjoint operator, with domain D(A) and B a

compcat operator. Then A+ B is a selfadjoint operator on domain
D(A) and

O'ess(A) = Uess(A + B)
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Perturbation theory
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

Application

If V € [2(R®) + L°°(R®) is real valued. Then
H=—-A+ My,

is selfadjoint on D(—A) = W22(R3?) and e.s.a. on C°(R3).

Vf e W22(R3),Va>0,3bcR

Iflloo < allAfll2 + bI|f|2.
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Perturbation theory
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

Lower bounded operators and quadratic forms

@ Let a(,-) be a sesquilinear form defined on a dense domain
D(a). We say that a is semibounded, if there exists m € R
such that

a(u,u) > m || x ||* Yu € D(a).
If the largest m is positive, we say that that is definite
positive.

@ A symmetric operator S is said to be bounded from below if

(Su,u) > m || u||?,VYu € D(S),

with some m € R.
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Perturbation theory
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

The inner product

(u,v)s = (1 — m){u,v) + a(u,v),

satisfies

| ulla=|l ull, Vu € D(a).
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Perturbation theory
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

Theorem

Let (H,(-,-)) be a Hilbert space and let Hy be a dense subspace of
H . Assume that an inner product (-,-)1 is defined on H in a such
a way that (Hi, (-,-)1) is a Hilbert space and with some m > 0 we
have

m || f < £ 113, Vf € Hu.

Then there exists a unique self-adjoint operator T on H such
that for D(T) C Hy and (Tf,g) = (f,g)1, for all

f € D(T),g € Hi, where T is bounded from below with lower
bound m. The operator T can be defined by the equalities

D(T)={f € Hy: 3f € H,s.t{f,g)1 = (f,g)Vg € Hi}, (11)

and Tf = f, where D(T) is dense in H; w.r.t. || - ||1.



Perturbation theory
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

Proof: First we check if such an operator defined by (11) exists
since Hy is dense f exists and is uniquely determined. The
mapping f — f is linear and so (11) define a linear operator, we
denote it by

T: (H7 <’>) - (H7 <'a'>)7 D(T) C Hi.
But we can also define
To: (H17 ('7 >1) — (H7 <'7 >)
with D(T) = D(Tp). Then for all f € D(T) we have
Tf = Tof,
and for all f € H; we have by (11)
(f.g)1 = (f,g) = (Tof, g).



Perturbation theory
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

Also, for all f € D(T), g € H; we have
(Tof,g) = (f, Togh < (f,gh1 = (f, Togh = Tog = &,
for all g € Hy i.e D(T§) = Hi. Furthermore, define
J(Hi () = (H, ()

with D(J) = Hy and Jf = f. Then for all g € Hy,f € D(T) we
have

(f,Jg)1=(f,g)1=(f, Tog)1-
Thus J = Tg.

H. Najar Introduction to spectral theory of unbounded operators.
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Assume that J is closed, then TJ = J is densely defined. Thus,
since D(T) = D(Typ), we have that T is densely defined in H;

w.r.t. || - ||z and consequently in H w.r.t. ||-||. By (11) we have for
all f,g € D(T)
<Tf7g> = <f7g>1:<g,f>1
= (Tg,f) as g € D(T)

H. Najar Introduction to spectral theory of unbounded operators.
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Assume that selfadjoiness of T follows if Range(T) = H. Let
f € H be arbitrary. Then

g (f.g)
is a continuous linear functional on H; because
(F. ) < [IFlllgll < m™?[I£]l - llgllx-
There fore there exists an f € Hj such that
(f.g) = (f. &)1,

for all g € Hy by Riesz Theorem. This means that f € D(T) and
f = Tf. The semi-boundeness follows from

(TF,f) = (f, )1 > m||f||?,¥Yf € D(T).
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Uniqueness. If S satisfies D(S) C H; and

(Sf.g) = (f.g)
Then S = Tlp(s), ie SCTC T* C S*. If S is self adjoint this

implies
S§=T.

H. Najar Introduction to spectral theory of unbounded operators.
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Theorem

Assume H is a Hilbert space. D is a dense subspace of H and
s(-,-) is a semi-bounded symmetric sesquilinear form on D with
lower bound m. Let || - ||s be compatible with || - ||. Then there
exists a unique semi-bounded selfadjoint operator T with lower
bound m such that D(T) C Hs and (Tf,g) = s(f, g) for all
feDND(T),g € D. We have

D(T)={f € Hs: 3f € H,s.t.s(f,g) = (f,g)Vg € D}. (12)

Where Tf = f for f € D(T).Hs is the completion of (D, || - ||s)-

H. Najar Introduction to spectral theory of unbounded operators.
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Replace (Hi, (-,-)) by (Hs,{-,-)) in the last theorem. Then we
obtain exactly one self adjoint operator Ty such that D(Ty) C Hs
and

(Tof,g) = (f,g)s = (1 — m){f,g) +s(f,g),
for all f € D(Ty),g € Hs. Also, Ty is semi-bounded with lower
bound 1 because
(f, Tof) = (f,fis=(1—m){f,f)+s(f,f)
(L=m) [ F I +m ] f[P=] >

Y

H. Najar Introduction to spectral theory of unbounded operators.



Perturbation theory
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

Define T = Top — (1 — m). Then

<Tf’f> = <(T0_(1_m))f7f>
= (Tof,fy—{((L—m)f,f)
> | FP =2 m | 3

= m|fl3.

H. Najar Introduction to spectral theory of unbounded operators.
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@ D(T) C Hs follows easily from D(Ty) C Hs. This because
shifting an operator by a constant does not change the
domain.

2]

([To—(1—-m]f,g)

(Tof,g) — (1 —m)f,g)
(1-m){f,g) +s(f.g) — (1L - m)f,g)
s(f.g)

forall f € DND(Ty),g € D. Uniqueness of T follows from
uniqueness of Ty.

<Tf7g> =

H. Najar Introduction to spectral theory of unbounded operators.
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Theorem

Let S be a semi-bounded symmetric operator with lower bound
m > 0. Then there exists a semi-bounded self-adjoint extension of
S with lower bound m. If we define

s(f,g) = (Sf,g),Vf, g € D(S),

for Hs, the completion of (D(S), || - ||s) then we have the operator
T defined by
D(T)=D(S")N Hs

and Tf = S*f for all f € D(T) is a selfadjoint extension of S
with lower bound m. The operator T is the only selfadjoint
extension of S having the property D(T) C Hs.

H. Najar Introduction to spectral theory of unbounded operators.
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Proof: By the last theorem we know there exists a unique
selfadjoint operator T with D(T) C Hs and

(Tf.g) = s(f,g) = (Sf,g),Vf € D(S)ND(T),
and m is lower bound for T. We have by (12)

D(T)={f € Hs: 3If € H,5(f,g) = (f,g)V(, Vg e D(S)}.

H. Najar Introduction to spectral theory of unbounded operators.
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Let (fy)n € D(S) such that

|fa — f|| — 0.
Then we obtain
s(f.g) = lim s(fo,g) = lim ((Fn, g)s — (1~ m){fa,g))
= lim (1= m)(fn, &) + s(fn, &) = (1 = m)(fa, &)
= fim s 8) = Jim (S £)
= lim (f;, Sg) = lim (f, Sg),
because || - ||s is compatible with || - ||. So we can replace 5(f, g)

with (f, Sg).
H. Najar Introduction to spectral theory of unbounded operators.
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We have to show T is an extension of S:
© From definition of D(T) = D(S") N Hs. Also T = S* |p(T) -

@ Since S is symmetric then S C §*. Also S C H, by
construction. Thus

D(S) C D(S*) N Hs = D(T).

Furthermore, since S is symmetric then S = S* |p(s) which
means that, by 1, S=T |D(5). Thus we have S C T.

H. Najar Introduction to spectral theory of unbounded operators.
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(Uniqueness) Let A be an arbitrary self adjoint extension of S such
that D(A) C Hs. Then since S C A we have A C S§* which means
D(A) CD(S*) and A= S* |p(a). Also,

D(T) =D(S*) N Hs,
which means D(A) C D(T) and so

A = S Ipua)
= T |pa -

Thus AC T which implies T=T*CA*=Aandso A=T.

H. Najar Introduction to spectral theory of unbounded operators.
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Some useful estimate

Lemma

Let T be a self-adjoint operator and densely defined. For
A € C\R, the operator Ry, is everywhere defined on X, and the
norm is estimated by

1
R £ ——.

H. Najar Introduction to spectral theory of unbounded operators.
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Proof: For A\ = x+ iy and v € D(T),

(T = AP
= (T +x)v [2+{(T = x)v,iyw) + {iyv, (T = x)v) + y? | v |2
= [(T+x)v]2=iy(T = x)v,v) +iy{v,(T = x)v) +y? | v |2
= [(T=x)vP+y2 v P>y v,

Thus, for y #0,(T — A)v #0. On (T — A)D(T), there is an
inverse Ry of T — A, and for w = (T — \)v,v € D(T)

| w = (T=A) v [Z[y |- v =y I R(T=2)v =]y [ - ]| Raw ||

which gives

| Raw [[< |m1| [ w | (for (T = A)v, v & D(T)).

H. Najar Introduction to spectral theory of unbounded operators.
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1
Thus, the operator norm on (T — A\)D(T) satisfies || Ry ||< X

as claimed. It remains to show that (T — A\)D = X, the hole

space. If
(T =XNv,w)=0, YveD(T).

So T — X can be defined on w as (T — A\)*w = 0, this gives
Tw =Aw, so w =0. Thus, (T — A\)D(T) is dense in X. As T is
closed we get it is equal to X.

H. Najar Introduction to spectral theory of unbounded operators.



Perturbation theory
Lower bounded operators and quadratic forms

Spectrum of unbounded operators on Hilbert spaces

Definition

Let x € A and X an isolated point of o(x). Let 'y, be an
admissible contour i.e a closed contour around Ag such that the
closure of the region bounded by Iy, intersects o(x) only at Ao,

1

Py, = —
27
Mo

RA(A)dA,

0

is called Riesz integral for x and Ag.

H. Najar Introduction to spectral theory of unbounded operators.
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Proposition: Let P, be a Riesz integral for x and Aq.
O P,, is a projection.
Q@ Ker(x — o) C RanPy,.

@ If Ais a Hilbert space and x is self adjoint, then Py, is
orthogonal projection onto ker(x — Ao).

H. Najar Introduction to spectral theory of unbounded operators.
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Proof: (1) Let 'y, and Iy, be two admissible contours for
defining P),, we suppose that I'y, is contained in the interior of
the region bounded by I'y,.

P, = (2;,)2 %AO d\ ﬁio duR\(X)R.(x)dp (13)

B (27r1)27€ o ]{r (1= 2 RA(X) = Ru(x)]dp(14)

Using the residue theorem, we get:

f d\ 7{ (p— N IRy(x)dp = 2m'j£ RA(x)dA.
Mo Mo M
For the second integral we get that
I, AN I (= AT Rudp = s Ru(x)dp g (n—X)""dA = 0.
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(2). Let f € ker(x — Ag). Then for X # Ao
(x = Xo) 7 H = (o — A) 1.

We show that Py,f = f, so f € RanP),,. By the definition of Py,
we find that
1

f = — x — AL\ 15
o rA0( ) (15)

1
= 7{ 7{ Mo — N "dr=Ff (16)
27T r)\o r>\0

Py

0

(3) Let x be an Hilbert space and suppose that x = x* (Exercise:
show that P, = P} ). We must show now that
RanPy, C ker(x — Ag). We compute
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Consider U, denote the interior of ['y,. On Uy,\{ Ao}, the
operator (A — A\o)(x — A\) ™! is analytic, operator and satisfies

Ao = All(x = A)7H < Ao = Ald(X, o (x)) . (19)

We can choose 'y, so that Ag is the closest point of o(x) to I'y,.
So [Ao — All(x = A\)7!|| <1 and this function is uniformly bounded
on Uy, \{o}. It follows that (Ag — A)(x — A)~! extends to analytic
function on U, so by Cauchy theorem the integral(19) vanishes.
This gives that RanP,, C Ker(x — Ao).

H. Najar Introduction to spectral theory of unbounded operators.
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