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Chapter 1

Introduction

In this paper, we make a report on Di perna Lions works(1989) and Levy [7] and Guillaume first [11] published in
2016, second [12] published in 2019, on Ordinary differential equation, transport theory and sobolev spaces:

Ou—b-Vyu=cu in (0,7) x RY,

On each document, we discuss about existence, uniqueness and regularity of the weak solution, and we reproduced
their proves following the steps in the documents [7],[11] and [12] but with more details the skip in their publication.
The general idea here, is that when the vector field b, and and the real function ¢ verify some less regularity
conditions that we will eventually state, when we are given an initial datum wg € LP, at time ¢ = 0, then a solution
corresponding to the initial datum wug verifies

[ Lo @y < Kp@)lluollZo g

where K, will be determined later in the existence section of the Di perna’s approach. Later with some high
regularity on b, we will also show that there is uniqueness of such a solution u corresponding to ug. Levy also did
the same thing but with one more which is the diffusion term in the equation.

we are going to write with rigor, the regularity conditions which should carry on ¢, b and V.b which allows the
existence, estimation of the norm and the uniqueness of the solution corresponding to an initial data ug, and some
techniques of proves.



Chapter 2

Linear transport equation following Di
Perna and Lion’s approach (1989)

2.1 Definition and some claims

definition 1. Let (E;||-||g) be any normed space. Let define a function f : (¢t,z) € (R, E) — R. We say that
f € LP(R;[|-||g) for 0 < p < oo, if

/ww%ﬁ<w
R

definition 2. Let Q be an any open subset on RY, p € [1,00] and m positive intiger. We define the sobolev space
WP by

WP = {u € LP(Q)|Va such that |a| < m, D% € LP(Q)}

where « is a multi-indice, D%u is a weak partial derivative of u in weak sense. The space W™? is equipped with
the norm

T=

[ullyyms = { > IDullf, 1<p<ooor |rar\la<u7§z”Dau”L°° if p= +oo}

la|<m
In case p is finite, Meyers-serrin theorem give an equivalent definition, by completion of the space u € C*°(Q)]||u]|.

What follow is a result we will be using in the all of the work.
Let us defined a function @ : RN — RY. Now what does it take so that fRN Va=07?
Claim: It does take two condition which are

V-aelL!
/ 9@ 4r < 0o
ry 1+ ||

V-adz = lim (V-a)xdz

RN R—oo JpN

and

Proof.

1
/ (V-a)xdx:—/ a-xpde=——= a-(Vxg)dz.
RN R

RN RN



Taking the absolute value, we may have

/ V -adx
]RN

/ la(=)| dr < oo

N1+ |.T|
and RN = %[2’“ < |z| < 2k+1). O

cof e
1

<lzl oo 14| R0

as

2.2 Existence

In this part, our aim is to discus under which conditions the equation of a linear transport have solution, and later
discuss some other properties as uniqueness and the regularization and some estimate. Let us begin with a simple
existence result for the following linear transport equation

Oiu—b-Vyu=cu in (0,7) x RY, (2.1)
where T" > 0 is given and we will always assume that b, c satisfy at least
b€ L'0,T; (Lipe(R™))Y), ¢ € L'(0,T; Lj,o(RY)). (2.2)
For all test function ¢ on (0,7) x RY, we have
div(bp) = (divb)p + b - V.
This leads us to defined

b- Vu := div(bu) — (div)u,

which at prior does not make sense.

Our aim is to build a solution of equation (2.1) with an initial condition u° in LP(R") where p € [1,0], u
is given. Let us recall that the equation can be understood in distribution sense that is for instance for all test
functions ¢ € C>([0,T] x RY) with compact support in [0,T) x RV as

0

T T
_/O /]RN ug—f da dt — /RN u’ (0, 2) dz + /0 /]RN u{div(bp) — cp}dadt =0, (2.3)

which makes sense when we assume that and can be only obtain if

—c+divbe L0, T; LL (RY)), be L'(0,T; (LY (RV)N) (2.4)
where ¢ and p are conjugates(% + % = 1).
definition 3. Let us consider the problem
Ou—b-Vyu=cu in (0,7) x RN
(2.5)

u(t =0,7) = u’(z) € LL (RY)

loc

We call a weak solution of the above equation, a function u(t,z) € L] that verifies

— ' u T tP — iv xTr)dx = ' c T)u xT xTr)dxr UO"I}' x)axr
| [ uteaoe—avtopeadsar= [ [ atapueoota)dsdrs [ @0, da,

for all test function ¢ € D((O7 T) x RN ) This definition gives place to the distributional solution we mention above,
which is our goal.



In the rest of the problem, we will always consider p € D(R™) such that f]RN p = 1, and let us define p, = Ei}\,p(g)
and Suppp C B(0,1) And a smooth function with compact support 0 < x < 1 equal to 1 in the neighborhood of
origin, and consider y. : z — x(%). An approximation by y is called truncation.

Lemma 4. Let p € [0,p[ and fe LP(RY), then p. x f and x.(p* f) converges to fin LP(RN). In particular C3°(RY)
is dense in (LP(RYN), ||| o). From there, one can also deduce that C3°(R™N) is dense in L} (RN). The same
thing happens in LT (RY).

loc

Theorem 5 (Existence). Let p € [1,00], u® € LP(RY), assume the condition (2.4) (at page 5) and

cf%divbeLl(O,T;LOO RN)  if p>1

loc
¢, divbe LY0,T; L®°RYN)) if p=1
Then, there exists a weak solution u of (2.1) in L>(0,T; LP(RY)) corresponding to the initial condition u°.

We make an observation that the Theoreme will remain true if we add at the right hand side another term
f € LY0,T; LP(RY)) Before we prove this, let us recall some know result that we will recall without prove them.

definition 6. Let F be a family of functions. We say that F is uniformly integrable in L!(E) if for very ¢ >
0, 36, u(E) = Vf € F, [L|fl < e this is also equivalent to say that: 3¢ : Ry — R4 with @ — +oo and

sup (f 0(1E) ) < 0

fer

Theorem 7. (Bounded sequence have weak limits) Let Q2 € RN be measurable set and consider LP(Q) with 1 < p <
)

0o. Let (f,) be a sequence of functions, bounded in LY (Q2). Then there exists a subsequence (fon)) that converges
weakly in LP(Q2).

Theorem 8. (Banach-Alaoglu-Bourbaki) The closed unit ball
Bp={fek":|f|<1}
is compact in the weak™ topology o(E*, E).

Lemma 9. Assume that X is reflevive, and let A be a bounded subset in L'(u, X). Then A is weakly relatively
compact if and only if A is uniformely integrable.

We subdivided the proof in to tow parts. The first part we will show the estimate, which infer that the solution
if it exists, will belong to L> (0, T; LP(R™Y)).

The proof of the Existence Theorem 5. (i) A prior estimate

First consider p = oo, we have
t
0
u(t, r) = u’(z) —|—/ —u(s,x) ds
0 88

we get applying absolute value

lu(t, x)| < |u0(x)| +/O %(s,oj) ds

t t
< u(z)| +/ |b- Vu(s,z)|ds —|—/ lcu(s, x)|ds
0 0

this implies taking the L> norm which respect to 2 € RY, that

t t
oy < 0l amy + 1 Vit s+ [ (o)l vy s



But, based on the reasoning we did in part A.2 in the appendix, we may have this approximation

t
Lol oy ds 0
We then get
t
ey < Ny + [ () ey 5,
applying the Gronwall inequality to the above inequality, we get

[w(t) oo vy < KHuOHLm(RN) for all t € (0,7T), (2.7)

where K = exp(fOTHc(s)HLW(RN) ds).

In other hand, if p < oo, multiplying equation (2.1) by puP~!, ( here we assume that b, u are regular enough
) we get
puP " Ou — puP b - Vu = peu?,

integrating this we get
OpuP — b - VyuP = peuP. (2.8)

Now let consider the function f5.(s) = ve? + s? — €, which is continuous and 8’ is uniformly bounded which
respect to e. by multiplying the above equation by 5.(u?), and using Chain Rule to the above equation, we
have

OtBe(uf) + b+ Vaufe(u’) = peu” B (u”).

One will observe that the above result is True when applying to equation (2.8) a regularization property which
we will state later.

But one observes that as € — 0, Bc(u?) — |u|” and that B.(u?) — +1, and we can finally write
O lul” = b- Vo [ul” = peul”,
which is equal to
O [ul” = V- (|uf") + [u]"V - b = pelul”

integrating this over RV (it makes sense to integrate this, in distribution sense, since b and c¢ are regular
enough), we get

&5/ [ul” dx—/ V-(|u|pb)dx+/ |u\pV-bdx:/ pe|ul’ dz,
RN RN RN RN

also adding more condition that b is truncated, we may have in distribution sense

0 =< V1, [ul’b >= — < 1,V - (|u["b) >= —/ V- (|u[") da.
RN

Hence, we will have

3,5/ lu|? dx+/ |u|pV~bdx:/ pe|ul’ dx
RN RN RN

since the condition in (2.6) (at page 6) we may have the estimate

o [ 1ul" do < lpe = div DOl [ Jul” da
RN RN



(iii)

Now solving this, we get
laO2, vy < KRN, g, for all t e (0,7)

where K, (t) = exp(J; [|(c - 5div b)(s)| o ds). Taking the entire above inequality to power -, we got

lu®ll < Kyl for all ¢ € (0,7), (2.9)

Hence we have proved that if the solution exists and regular enough as well as b and ¢, it belongs to
L>(0,T; LP(RN)).

Approached regularized problem

To prove the existence, we will use regularization by an approximation by identity, and also truncation. Indeed
let us approximate considering b. = b p., c. = c¢* p. and u? = u® * p.., we consider them being truncated
by x defined at somewhere above. From lemma 4 b., c. and u? converges respectively to b, ¢ and u° as
€ — 0 and by the same Lemma, we may assume that b, € L' (0, T; C} (RY)) and c. € L*(0,T; C}(RY)) since
be and ¢, are in C§°(RY) (we explain that the are also smooth which respect to the t variable). Hence by
Cauchy-Lipschitz Theorem 37, the equation

e — be - Vaoue = ccue  in (0,T) x RY (2.10)

has a unique solution u. € C(0,T;C}(R")). From Equations (2.7) and (2.9), u. is uniformely bounded in
with respect toe, in LP(RY) (since [|u® * pc||, < |Jull,|lplli using Young’s convolution Inequality and K, <
K,). Hence if p > 1 by Theorem 7, we may extract a subsequences if necessary that converges weakly in
L>(0,T; LP(RY)) and if p = co by Theorem 8 subsequences that converges weakly* to some u. Hence u will
be the solution of the problem (2.1) (We show this in the third part).

Now when p = 1, we do the same thing but this time, we have to show that wu. is weakly relatively compact
in L>°(0,T; L} (RY)). We consider u2 € D(RY) that converges to u° in L!(RY). And we denotes as well

loc
Un e an approximated solution of (2.10) with initial condition u?m. Now as what we did above using equation

(2.9), we will have

”Un,EHLOO(O,T;LP(]RN)) <C(n,p) = KPHUELHL:D(RN) Vp>1< / |un,e|p < Crps

this implies that there exists a positive real value function ¢ with @ — 400 as t goes to oo, such that

/ 6(Jttn.e]) < Co,

and also u, . is bounded in L*(RY) independently of € and n, from the same Equation (2.9), with p = 1.
Moreover V € > 0, Uy, e — Ue in L' fort,
n

e = uells < Kl o —uelly < [lup —u®lly =0,

from the previous argument, there must exists ¢ such that [ ¢(|uc|) < C, which is equivalent to say that u.

is uniformly integrable, hence call on Lemma 9, u, is relatively compact in L>(0,T; Li, (RY)).

Convergence of the approached solutions and passage to the limit in the equation

Let ¢ be a test function, that is ¢ € D((0,7) x RY). Multiplying equation (2.10) by ¢, and integrating over
time and space, we have

T T T
/ o(t, )Opuc(t, ) de dt — / o(t,x)(be - Vyue)(t,x)dxdt = / oce(t, ) dr dtue.
0o JrN 0o JrN 0o Jr¥

But by the higher regularity of u., b. and ¢ we have



div(pbeue) = ¢be - Vue + uche - Vo + duev.p, ,

we then deduce that

_/o o o(t,x)(be - Vayue)(t,x)dadt = /0 /RN ue(t, 2)be(t, 2)- (Vo) (t, x) da dt—i—/o - o(t, x)uc(t, z)V-b(t, x) da dt.

Also by integration by part with respect to the time variable, we get

T T
/ o(t, x)Opuc(t, ) dedt = — #(0, 2)u? (z) dw — / / ue(t, )0 (¢, ) da dt.
0 RN 0 RN

RN

We then have

T T T
_/0 /]RN Ue(t, )0 (t, ) da dt—i—/O /]RN ue(t, z)be(t,7)- (Vo) (t, ) dx dt—!—/o - d(t, ) uc(t, )V be(t, x) do dt

T
= / / c(t, x)ue(t, x)p(t, ) de dt + $(0, z)ul () dz.
0o JRV RN

Applying the definition of weak convergence of u. we discussed above, entire above equation converges to

T T T
7/0 /]RN u(t, z)0p(t, x) de dt+/0 /RN u(t, z)b(t, z)- (Vo) (t, z) dx dt+/0 o o(t, z)u(t, z)V-b(t, z) de dt
T
= / / c(t, z)u(t, z)o(t, ) de dt + #(0, 2)u’(z) da.
0 RN RN

hence the weak limit u of u., is a weak solution of (2.1). So, we have proved Theorem 5.
O

Now we want show that the uniqueness of the solution under some regularization. But first of all, let us elaborate
some tools theorems before.

2.3 Commutator

Theorem 10. Let p € [1,00], let u € L>=(0,T;LP(RY)) be solution of the problem (2.1) and consider b €
L>(0,T; Wk (RM)), ¢ € L*(0,T; LY (RN)) for some o > q, where q is the conjugate of p. Then, if we consider

loc loc
Ue = U * Pe, Ue Salisfies
0
aug —b-Vyue = cue +r. (2.11)

A (RM)) as € goes to 0, and B is given by % =14 %.

where r. converges to 0 in L*(0,T; L.

We make an observation that the Theorem will remain true if we add at the right hand side another term
f € LN0,T; Ly, (RY)).

loc

Lemma 11. o Let B¢ (Wﬁ;f(]RN))N, we LY (RN) with p € [1,00], a > q. Then

loc

(B-Vw)*p.—B-V(wxp) =0 in LY

loc

(RY),

where (8 is given in the same way as in Theorem 10, and again B - Vw = div(Bw) + wV - B.



o Let B L'(0,T; WL (RN)), w € L=(0,T; LY, (RN)) with p € [1,00], & > q. Then

loc

(B Vw)*pe—B-V(w*pe) =0 in L0, 1; L) (RY)).

loc
Proof. By some computation, we showed that
(B-Vw)*p.—B-V(wxp) =V-(Bw)*pe— (V- -B)w*p.—B-wx*Vp.

we have

(B-wsVp)a) = [ Byl Voo —9)dy

and by distribution argument,

(V- (Bw) * p)(z) = /]RN (V- (Bw))(y)pe(x —y)dy = - B(y)w(y) - Vpe(z —y) dy.

we then have

((B-Vw)*pe =B - V(wxpe))(x) = /RN w(y{(B(y) — B(x)) - Vpe(z — y)} dy — ((wdiv B) * pe)().

Let us denote Q.(w, B) the first term and T, (w, B) the second term, both of the right hand side of the previous
equality. We have T.(w, B) — w divB in LfOC(RN). Now let us estimate the norm of Q.(w, B) in L (RN) for a

loc
small €. Indeed we have

B
‘dx

|/ 0B - Bw) Toa =) ay

B
LA (Br) = /BR /wa(y){(B(y) = B(x)) Vp(z —y)}dy

)./
BrJ B(z,e)

for v € Br = B(0, R) and Supp p C B(0,1), |x — y| < € implies y € B(x,¢).
Since % + é = % and then % + é + % =1, where 3’ is Holder conjugate of 8, we have by Holder

oy BW) = B)

Ve —y)

— €T ?
w(y)w . eVpe(:C — y) dy < ||w||§P(B(I,€)) </B( )

We can then write

B

|/ B0 - B@)-Toe - )y

<l Fo (s, %

L#(BR)
B B
Ie% o ﬁ' B!
/ [(/ dy> (/ €V pe(z — )| dy) ]dx,
Br B(z,e) B(z,€)

(B(y) — B(z))

€

10



But
eVpe(xr) = e NVp(e ),

we have
B 1 —1 B
€Vpe(z —y)” dy = |Vo(e Mz —y))|” dy
B(zx,e€) € B(x,¢)
_ g 1
< sw Vol le-u) 5 [ a
yEB(x,€) € B(z,e)
g1
< Sup [Vpe)|" — dy.
yEB(0,1) € JB(0,e)
Let us pose

11 |
C= suw [Vow)l” = / dy= Sup [Vp(y)|” —Vol(B(0,e)),
y€B(0,1) € B(0,¢) y€B(0,1) €

C in a constant independent from e since the %N canceled out with €V in the expression of the volume.

‘We have then
B
B 5 4 « @
< CPllwlf, / / dy| de
LA (Br) Fr@Bna) Jp \ b

8
< CBHIUHﬁp(BRH) (/B /B( : dydx> )
R x,€

The second inequality is obtain by Jesen’s inequality for concave function xg, since £ = -2 <1 . We have then

a  pta
1
< Cllw| / / dy do
L8(Br) LB\ Jp I

= CHw||Lp(BR+1)

o s ayon)

< CHw||LP(BR+1)||VB||L‘1(BR+2)’

(B(y) = B(x))

€

|/ B0 - B@)-Toe - )y

(B(y) — B(x))

€

(Bly) - B=)

€

|/ w80 - @) Voo =)

the last inequality is obtain by using Jesen’s inequality with the convex function z¢, since o > 1.
In other word

1Qe(w, B)lLs(8r) < Cllwll o8y, ) IVBlLa(Ban)

meaning that Q. is a bounded or continuous operator. We need to prove that Q.(w, B) — wdiv. If w and B are
€

smooth

Qc(w, B)(x) = / ww){(B(y) - B(x)) - Vpelx — y)} dy

Qc(w, B) = div(wB) % p. — B-V(w * p.) — w divB in L.

loc*

Now in general, given any w, B that only verify the hypothesis in the Theorem 10, we use density L7 (RY) to

loc
show the convergence of Q.(w, B) to w divb. Indeed by density in Lemma 4, there exists a sequence (wn)n in C!

11



(R™), hence the convergence also in Lfoc(]RN) since § < p. Since (). is continuous
We then have

or C* such that w, — win L}

as bounded operator, we have Q.(w,,.-) = Qc(w,-), the same for Q.(-, B,,) in L?

loc*®
Qc(w, B) — (divB)w = [Qc(w, B) — Qc(wn, By)| + [Qe(wy, By) — (divBy,)w, | + [(divB,)w, — (divB)w] = 0

in LfOC(RN ). Hence we have proved the first part of The Lemma ??. The proof of the second one is infer follow

from the one we have proved, so we skip it.
O

prove of theorm 10. Convolving the all equation (2.1) pe, we get

Opue — pe * (b V) = (cu) * pe

we have adding some term subtracting then back,

Ote — b+ Vue +b- Vue — pe % (b- Vue) = cue + (cu) * pe — cu,
this is
Orue — b Vue = cuc + 71 + 12,
T, =b-Vu. — pe * (b- Vue) and o = (cu)pe — cue and we pose 7e = 11, + 2 —, Te converges to 0 in

LY0,T; L (RN)) as € goes to 0 after lemma 11.

loc

O

In the following, we are going to discuss about the uniqueness, which is possible when the vector field verifies
some conditions.

2.4 Uniqueness

Theorem 12 (Uniqueness). Let u € L°(0,T; LP(RY)) for p € [1,0], be a solution of the problem (2.1) (at page
5) under an initial condition ug = 0, and we assume that some other condition which are:

1. The function ¢ and the vector field b are such that ¢, div b € L*(0,T; L=(RN)), b e L'(0,T; W,-4(RN))

loc

2. and
T e LY0,T; L*(RN)) 4+ LY(0, T; L= (RY)), (2.12)
x
let us say that
b b1 b
= —|— N
1+ ]z 14z 14|z
where
b ¢ LY0,T; L*(R))
1+ |z
and
b L'(0,T; L®(RN))
1+ |z
Then, u = 0.

12



Proof. Observing well the conditions on b and ¢, they verify the condition in Theorem 10 with & = g and 5 =1, so
applying that theorem we get

Ue — b Vaue = cue + 7,

ot
where r. converges to 0 in L*(0,T; LL (RY)) as € goes to 0. Now if we consider a real function 3 such that

B € CY(R), 8 is bounded on R, then multiplying the above equality by 3’(u.) and using the Chain Rule we get

O B(ue) — b VaB(u) = cuf(ue) + o ()

Letting € go to 0, 7. goes to 0 in L. . and 3’(u.) is bounded in L, we obtain

%,B(u) —b-V.B(u) =cuB'(u) in(0,T) x RV, (2.13)

Now, let us consider a function ¢r = gZ)(ﬁ) for R > 1 where ¢ is a test function on RY with Supp ¢ € By, ¢ =0
on Bi(B; and Bs are balls of radius respectively 1 and 2). Multiplying by ¢r and integrating over space we get

%/B(u)qﬁRdm:/cuﬁ’(u)qﬁRdx—/6(u)q’)RV-bdxdx—/ﬂ(u)b-qu)Rdx,

this is equal to

5 [ pwerds = [ wonds — [(v-vsends - 5 [ s (To)nds,

Let M € (0,00), and then choose 8(t) = (J¢t| A M)P which is the minimum function knew as a Lipschitz on R.
We can easily see that

/(\u| A M)Pdx — /|u\pdx as M goes to infinity.

Hence we can then write (|u| A M)P € L>(0,T; L* N L>=(RY)). Taking the absolute value both sides of the above
equation with the g defined, also considering the L condition on ¢ and the characteristic of ¢ and another
approximation (uf’(u) ~ (u)) we can write

(|u|/\M)pdx<CO/(|u|/\M)pdx+Cl/V bdx—l—f/ (lu] A M)PIB(t, )| de,

dt R<|z|<2R

where Cy, C; and Cy are respectively Sup |¢f’|, Sup |¢rS| and Sup [(V¢)| . But one can also shows that
z€RN z€RN z€RN

V-bdz =0.
RN

We have then

o (Ju| A M)P|b(t, z)| dz,

(jul A M)? dz < Co /(|u| AMYP do + 2
R<|7|<2R

dt

Now since |z] < 2R and R > 1 we can write |z| +1 < 3R and then we have

[b(t, 2] | < [t 2)|
3R R<|z|<2R = 1+| ‘

R<|z|<2R»

but we since, {x: R <|z| <2R} C{xr: R <|z|}, we have

1

— dzx.
3R Jr<|z|<2r

(MAMWWJWMS/DQWAMV%ﬁﬂ

There for
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d [b(t, )|
< M) de < M) M) .
& [Qulndnyaz < co [ qulnan) dx+Cg/|mZR(u|/\ P da

Therefore, we deduce form condition (2.12) (12)

i/(|u|AM)pdxgco/(|u|AM)pdx+02h(t)/ (lu| A M)P dz + Cy b2l g,

dt |z|>R lz|>r 1+ ||
where h(t) = ||b2/(1 + \x|)HOO Letting R goes to infinity, we have

% (|u|/\M)pdx§C/(|u|/\M)pd:v.

This implies

[l narponds < expicr) [(u) Aary de =0,

for u® = 0. Hence |u| A M = 0, when p < oo(since the function (|Ju| A M)P is continuous). In the case when p = oo,
we use some further more arguments. For instance if u € L>(0,T; L' N L (RY)) the proof still holds. But it is
simple to use a duality argument that includes all the cases, a method that we will only explain here, since we will
properly deal with it in a general case in the rest of the work. It consists in proving that

T
/ / ufdxdt =0,
o JrN

for any test function f € D((0,7) x RY). To do this, we consider ¢ the solution of the backward equation problem
o _ . : N _ N
v b-Vgyp=—(c+divh)p+ f in (0,7) x RY,  ¢|t=r=0on R".

By Theorem 5 ¢ exists, unique by the Theorem 12 and also it belongs to at least to L>(0,T; L' N L>(RY)), since
fact that f € D((0,T) x RY). Using regularization result in Theorem 10, we infer that

%ue —b-Vyue = cue + 7, in (0,7) x RY, Ue|t=0= 0 on RYV.
e
(’;ft —b-Vepe = —(c+divh)pe + fe + ge in (0,T) x RY, ©elt=T=0 on RY,

multiplying the first equation by ¢.¢r where ¢ = ¢(5) with R > 1, and ¢ as in the proof of Theorem 12 and
integrating over time and space, doing integration by part on time, considering the fact u.|;=o and ¢¢|¢=r= 0, and
using the second equation, we obtain

T T
- / / ued)R(fe =+ ge) dzdt = / / (@e@st Ve + ueprb - Voo drdt + ued)R(pediVb) dz dt+
0 RN 0 RN

T
/ / redrpe dx dt.
o JrN

Using Chan Rule we get (as b is WI})’Cl and the three other factors are regular)

div(@eue(éRb) - @eueb . V(bR = SOE¢Rb - Ve + ue¢Rb . Va:‘pe + UG¢R506

and since Supp¢ is compact, we have

/ div(pcucprb) de = 0.
RN

14



Therefore we deduce from the above equation that

/ / Uehr(fe + ge)dadt = / / Peleh - VQSRdxdtJr/ / repry. dz dt,
RN RN RN

When we let € goes to 0, we get
T T
/ / uprfdrdt = / / oub - Vg dx dt,
0 RN 0 RN

/OT/RNWRfdxdt;/OT/RN@“b'(W)Rd“’dt'

Applying the absolute value to this and using what we did above regarding the condition (2.12) (at page 12) on b
and using the fact that (V¢)x belongs to D(RY) and the fact that |u||p| € L>°(0,T; L' N L>°(RY)) we have

‘/ /RNuszfdwdt‘ <C’/ /pR 1+|x|

Letting R goes to infinity, the second hand side tends to 0 and we have then

T
/ / ufdzxdt =0,
o JrV

Corollary 12.1. Let us assume equation (2.1) wi th: ¢, div b € L*(0,T; L®(RN)), b € L*(0,T; W,24(RN)) and
Condition (2.12) (at page 12) and an initial condition u® € LP(RY) for p € [1,0]. Then:

1. there exists a unique solution v € L>(0,T; LP(RY)) to the Cauchy problem (Equation (2.1) together with u°
).
2. Furthermore, u € C(0,T; LP(RY)) if p < o

this is equal to

for any f. Hence we deduce that v = 0.
O

3. Also we have

%ﬁ(u) —b-V,B(u) =cuf' (u) in (0,T) x RY (2.14)

for all real variable function 3 € C*(R) that vanishes at 0, such that |3'(t)| < C|t| .

Proof. From Theorem 5, the problem does have a solution. Since the equation is linear, so if we suppose that uy
and wuy are two solutions, then u; — us is going to be solution of the same equation corresponding to the initial
condition u® — u® = 0. Therefore from Theorem 12 we have u; — ug = 0, thus u; = us.

we have the function w : [0, 7] — LP, verifies:

i) bounded; Sup||u(t)], < oo
ii) t = |lu(t)]|, is continuous
iii) For all ¢ € C°(RY), t — [on u(t) da is continuous
then,

1. Vove Ll t— [pnvu(t)de is continuous ie in u is continuous in LP— weak
2. 1) ii) et 1) imply that u is continuous in L?:

lu(t +h) —u(t)], — 0 as h— 0.

For the second statement, we have 1 < p < 0o so g the Holder conjugate of p verifies 1 < p < oc.
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2.5 Duality

As we said before the result in this subsection, known as Duality is an important tool to prove the uniqueness of the
transport equation. With duality, it is easy to show that if the initial condition «°, then the corresponding solution
u = 0.

Theorem 13. Let (b, c) satisfies (2.12) (at page 12) and (5.1) (at page 83) which is: ¢, divb € L*(0,T; L>(RY))
and b € L*(0,T; I/Vlicl (RM)). Let u € L*(0,T; LP(RY)) be renormalized solution of equation (2.1)

Ou—0b-Vyu=cu in (0,T) x RV,

and v € L*(0,T; LY(RN)) a renormalized solution of

% —b-Vev=—(c—divh)v+ f in [0,T] x RV,
where f € L'(0,T; LY(RY)), and q is Hélder conjuguate od p (% + % =1). Then the following holds
T
/ w(T)v(T) dx —/ u(0)v(0) dz :/ fudzdt. (2.15)
RN RN o Jr~
Proof. Using the regularization results in Theorem 10, we deduce
%de —b- Vi, = cuf (u) +r. in (0,T) x RY (2.16)
8175 ~ . / . N

5 b- V0. = —(c—divh)vs' (v) + f + s in (0,7) x R™, (2.17)
where @ = B(u), o = B(v), U = @ * pe, Ve = ¥ * p. and 1, s, —€ L1(0,T; L (RY)), and 8 € C}(R) and 3’ is

bounded. Let us consider the function ¢ as in the proof of Theorem 12, now multiplying equation (2.16) by v.¢dr
we get

6€¢R%7j€ - ﬁEQSRb - Vatie = UNed)Rcuﬁ/(u) + U~E¢R7ﬂe~

but we have by integration by part

T o - T o
/() ﬁed)Rade dt = U~5¢Rd6|0 - /0 ded)Raﬁe dt,

using equation (2.17) we deduce that

T a T
/ UepR g e dt = Ue(T)pr1u(T) — U(0)pr1ic(0) — / (b - VaUe — (¢ — divb)vf' (v) + f + se)dedm dt.
0 t 0

We then deduce that

/RN <66(T)¢Rde o 66(0)¢Rde(0)) = /OT /RN (f + s )ucppdedt + /]RN /OT Ueppre do dt+
/T/ (@qﬁRb-dee +“~e¢Rb~VI6€) da die
o Jry
T ] / . | N |
/0 /RN Uepreuf’ (u) do dt — /0 /RN(C — divb)vii.dp3 (v) da dt.

By chain rule we have,
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Geprb - Vot + Ucdpb - Vot = div(d.0.0rb) — tci.b - Vor — tiv.dpdiv b.

Hence we deduce that

/RN Ue(T)prtie(T )d:c—/ Ue(0)prc(0 dx—/ . (f +se uequdxdt—f—/RN/ Geprre da di+

/ / U Vb - Vogdrdt — / / UV prdiv bdx dt+
RN RN

/ / Uepreuf (u) dz dt — / / (¢ — divb)vi.prf (v) de dt.
0 RN 0 RN

Letting € goes to 0 and R goes to infinity, we get

/RN o(T)u(T) dz — /RN 9(0)a(0) dz = /OT . fadxdt — /OT /RN a(divb) da dt+

/OT /RN veuf (u) do dt — /OT /RN (c — divb)vas' (v) da dt.

From here, we consider a family of the (5,,) of those such that
|Bn(s)] < |t| and B, — s uniformely on compact set of R.

n

We will have base on conditions @ € L>(0,T; LP(R™)) and & € L>(0,T; LI(R")). We have

Brn(v(T))Bn d:c—/ B (v ())dx—/ / fBn(u dmdt—/T . B (1) B (v) (divd) da: dt+

/0 /RN cuf3y (v) By, (u) da dt 7/0 /RN (c — divb)vB,(u)B, (v) dz dt.

Taking the limit of the above equation as n goes to 0, we get equation (2.15).

RN

O

Corollary 13 1. Let u, be a renormalized solution of equation (2.1) with (b,c) replace by (b,,0) with initial
condition u2, where we assume that b, satisfies condition (2.12) (at page 12) and that ul. converges weakly u°
in LP(RN) for some p € (1,4+00]. The sequence u, converges weakly in L>(0,T; LP(RN)) to u, the renormalized
solution of (2.1) with ¢ =0 for the initial condition u®.

Proof. From the previous result, we have wu, is bounded in L°(0,T; LP(RY)) since u? € LP(RM) as converges
weakly in to «° in LP(RY), then from a well known result in functional analysis, we deduce that u° is bounded in
LP(RY), hence using the estimate result in (2.9) we deduce that u, is bounded as well. Now let us consider the
solution of the Cauchy problem

Ovn

ot
where f € D((0,T) x RY) and v,,(0) converges weakly to v(0) in L¢(RY). Applying this theorem 13, to v,, and u,,,
we get

— by - Vv, = —divbyv, + f in (0,T)x,RY  w,|i—r =0 on RV, (2.18)

/R un(T)n(T) da /R 1 (0)0, (0) dr = /0 ' [ fundaat
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considering the fact that v, |;=7 = 0, we may write

T
7/ u®v,(0) dz :/ fuy, dz dt. (2.19)
RN o JrN
Let us consider v and u a weak solution respectively of
ov . . N N
a—b-vxv:—dlvbv—kf in (0, 7)x,RY w|g=r =0o0n R™.
ou . N 0 N
E—b-ku:o in (0, 7)x,R"  ulz—g =u" on R".

Applying Theorem 13 to those two last Equations, we have

T
—/ uv(0) dz = / fudadt.
RN 0o JrN
Using Equation (2.19) and the fact that u? converges weakly to u” in LP(R") we have

T T
/ fupdaxdt = —/ ulv,(0)dz — — uv(0) dz = / fudz dt.
0 JRN RN RN 0o JrN

n

Hence, emphasizing the fact that f € L'(0,T; LY(RY)), we conclude that u,, converges weakly to uin L= (0, T; LP(R™)).
]
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Chapter 3

Uniqueness for a rough transport-diffusion
equation (Levy)

In this section we deal with uniqueness for a transport-diffusion equation with rough coefficients, which can be
viewed somehow as a generalization of the previous results but it does oppose it since there is some different
integrability on the vector field and it is supposed to be divergence free.

definition 14. Let s be in R. The homogeneous space H*(RY) or H* is the space of tempered distributions u over

RY, with the Fourier transform @ € L _(RY) and satisfies

lully = [ I la(e) de.

Proposition 15. Let s < s < s;. Then s = (1 — 0)sg + 0s1. Then Heo N H* is included in H® and we have

1-6

0 )
[ull o < Ml ggeg lull sy with s = (1= 6)s0 + Os1.

Proposition 16. Let k be a positive integer. The space H‘k(RN) consists of distributions which are the sums of
derivatives of order k of L2(RY™) functions.

Lemma 17. If s is in [0, 5[, then the space H* is continuously embedded in L%(RN).
Corollary 17.1. if p belongs to ]1,2], then LP(RN) embeds continuously in H*(RN) with s = ¥ %

Lemma 18. Let (uy), and (v,), be two sequences converging respectively strongly in L™ and weakly in L™2, with
mil + n% = % Then the product sequence (wy,), where w, = u,v, for all n, converges weakly in L™.

3.1 Commutator and estimation on the smooth solution of the equation
with regular vector field

Theorem 19. Given v be a divergence free vector field i.e div v =0 in L2(Ry, H'(R?®)) and ©o a smooth function
in D(R?), there exists a distributional solution of the Cauchy problem

Op—v-Vep—Ap=0
()
¢(0) = o

with the estimates

el Lo ®3) < ll@ollLeers) (3.1)
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and

t
18;0(t) |22 (rs) +/0 V2050 (t)|[72ra) ds < 10500l Z2(ra) + 1000120 (o) 1071 22, o) (3.2)
for 5 =1, 2, 3 and for any time t.

Proof. To prove this theorem, we consider some mollifying kernel p = p(t,x) and let us defined vs := ps * v, where
ps(t,z) == 6 *p(£,%2). Now let () be the cauchy problem (¢’), where we replaced v by vs. By Heat kernel
together with a heat kernel estimates and Banach fixed point theorem , (cj) has a smooth solution that we denotes
©°( we skech this later ) We have then

8t<p5 2R V;,;go‘S — A<p5 =0
Multiplying this equation by ¢?|p°[P~2 for p > 2 we have

1’ [P2010° — | [P 2us - Vo® — @0 P2 A =0,

the above equation is equivalent to

1 _ _
SO = 1 s Ve’ — LA = 0

integrating over time and space we got

// |’ (s \pdsdx—// (5,2)|¢° (s, 2)|P2 A% (s, 2) dsdz = 0,

we do not include the term involving ¢°|@?[P~2vs - V00 = %V - (vs|p|P) because its integral over space vanishes as

vs is of divergence free. But we have

t
P OF — |G = / 0.l (s)P ds,

replacing this in the above equation, we got

(e / [0l 6020 (0) dsde = S e

But

P P2 A = div(Ve®) x sign(¢°) |’ |P 7 = diV<Vs0‘§ x stﬂ) —(p— 1V’ - Ve x ||P72,

when we integrate this, the divergence term vanishes and we have

t
/ / (s,2)|¢° (s, 2)[P 2 A% (s, z) dsdz = (p — 1)/ Vol (s, ) - Vi (s,2) x |¢°(s, )P~ 2 ds dz,
o Jrs

this is the same as

2
P27 dsda = ( 71/Hv = ds.
[ [ # el nras s FE I, d
We deduce that
Lo ! 5 5 p=2 |2
];H@()Hm pey t(—1) ; V' (s)]e®(s)| 2 LQ(RS) ||900||Lp R%) (3.3)

for p > 2. We deduce that
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];||<p5(t)||Lp(R3) > H‘PO”LP R3) = ||<P5(t)||Lp(R3) = ||<P0||LP(R3)a
tending p to infinity, we got the first estimate

1% ()]l Lo (r2) < llpoll oo (ro)-

For the second estimate, let us derivate the equation which respect to z; for 1 < j < 3. Doing so, we got
8j8t<p5 2K 8jV<p5 — @Agﬁ‘; = 0u5 - Vo,
because ¢° is regular we can swap the partial derivative, and then the above equation is the same as
ataj<p5 —v- Vﬁjgoé — Aajga‘s = 05 - Vo,

By multiplying this by 9;¢° = 9;¢° x |9;¢°|P~2, with p = 2, and integrating over space and time and using the
estimate (3.3), we got

105 Ol + [ 190,66 any 05 = 3 105Ecen + [ [ Ol ) Vo105 s, 0) s

But we have

9;0°0jvs - V' = 0;(p°V®) - Qju5 — 9 0jus - VO,
but

20;(° V") - w5 = 03 (V(2°)?) - Oyvs®
= VO;(¢")? - Oyvs
= div(0v50;(¢")?) — div(Dvs) - V(")?
= div(9v50(¢")?) ~ Oydiv(vs) - V()?
= div(9;v50;(¢°)"),

because div(vs) = 0. We have then
1.
059" Ojvs - Vo' = 5 div(9;150;(¢")*) — ¢ Ojv5 - V0"

Hence we have

¢ ¢
/ djvs(s,x) - Vo (s,2)0;¢° (s, x) dsdx = 7/ / @ (s,7)0;v5(s, ) - V0% (s, ) ds dx
o Jrs o Jrs

. Base on the previous steps, we can now write

1 K 2
3105 s + [ |90

L2(R3)

1 t
= 3106l ~ [ [ (s 00s(s.0) - V00750 dsd

Now let us pose

t
g(t) = —/ / wg(s,z)ajw(s,x) ~V8j<p5(s,3:) dsdz,
o Jrs

by the first estimate in the theorem, we have
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t
g(t) < 18]l ey / / 10;5(5, ) - VO;0 (5, )| ds i,
0 3

using Holder inequality we obtain

t
g(t) < ||@3||Lw(Rs)/o V0% (5) | 22 r2y 10505 ()| L2 (me) dis.
Now recall that (a — b)? > 0 which gives ab < %a2 + %bz. Posing

a= ||<Pg||Loo(R3)||3jV6(5)||L2(R3)

and
b= ||V5j806(5)||L2(R3)7
we obtain
I 5 2 Loosy2 ! 2
9t) < 5 | IV0;0°(5) |22z ds + 51902 m2) ; 10;v5(8)[|72(Rs) ds.

We deduce that

1 t 1 1 t
§||8j@6(t)||2L2(R3) +/0 IV0;60°(5) 172 sy ds < §||8j<pg”2L2(R3) + 5/0 1V0;0° (5)17 2 sy ds+

1 t
o8l mey [ 10,506 e 0o

hence,

t t
\|8j¢5(t)\|%2(R3)+/ IV0;0° ()72 ) ds < ||3j¢3||2LQ(R3)+||</93||2Loo(Rs>/ 1075 ()l 22 zs) ds,
0 0

Thus

t
Hajwé(t)H%%Rz) +/o ||V3j€06(5)||2L2(R3) ds < ||3j<P0||2L2(R3) + ||§00||2L°°(R3)||8jV(S)H%2(R+><R3)'

From these approximations, we deduce using Fourier transform and the definition of Homogenous Sobolev space
that the family (°)s is bounded in L® (R, H'(R3))NL2(Ry, H*(R3)) N L= (R x R3). We can then assume up to
some extraction that (¢°)s converge weakly in L2(Ry, H?(R?)) and weakly-* in L=°(R,, H'(R?)) N L®(R x R3)
to some ¢. We also deduce that

Ve? = V¢ in L®(R,, L*(RY)) and L*(R,, H(RY))

Now using interpolation results, we find that Vp® — V¢ weakly in L*(R,, Hz (R?)). Now considering the fact that
vs — v in L2(Ry, H'(R?)) by definition, together with the fact that Vi’ — Vi weakly in L2(R,, H2 (R3)), we
have:

A’ — Apin L*(Ry x R?)
and
vs - V©, 0’ — v -V, 0 in L3 (Ry, L2(R?)),

where the second convergence is obtain applying on lemma 18.
Hence ¢ will be a solution of the Cauchy problem (¢’).
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We will state the following lemma that will be a tool for proving the uniqueness of an important result that will
state. But we can see that this lemma is nothing new, it is basically the same result as in equation (11).

Lemma 20. Let v be a divergence-free vector field in L*(R,., H'(R3)) and let ¢ be a function in L (R, x R?). Let
this time around the function p € D(R®) and supported inside the unit ball of R® and p := 6_3p(é). Let us defined
the commutator c¢ by

(b, 2) = v(t,z) - (Vpex o) (2) = (Vpex (0(t)(t))(2) = (v - V(o pe) = (V- () % pe) (t, )
and V - (vp) =v - V. Then

||C€||L2(R+><R3) < HVV||L2(R+,R3)||‘P5||L°°(]R+,]RN)a
and c¢ converges to 0 in L*(Ry x R3).

This Lemma is obviously not new when we get a look at the lemma 11, and it serve the same purpose.
Here we discus about the existence of solution to the problem

3.2 The result on the uniqueness of Levy

Theorem 21. Let v in L2(Ro, H'(R3)) be a divergence-free vector field, that is, div v = 0, and let a € L?(Ry x R3)
distributional solution of the Cauchy problem

Oa—V - (av) —Aa=0

(¢) . (3.4)
a(0) =0

Then a is identically zero on R, x R3.
Proof. Let consider p and p, as in the previous Lemma 20. Convolving the equation (¢) with p., we have
PexOra+ pex V- (av) — pex Aa =0
which is equivalent to
Ot(pe xa) + pe x V- (av) — A(a * pe) = 0,
now posing a. = a * p., and adding V - (a.v) both sides of the previous equation, we got

Orac + V- (aev) — Aac =V - (acv) — pe % V - (av). (3.5)

Now let ¢° be solution of the backward Cauchy problem, meaning we reverse by starting from from a time 7> 0
instead of 0, the above equation ( is the above equation with ¢ — T — )

—0p® — 15 - Vipd —Ap® =0
(—¢5)
¢ (T) = ¢} and pf =0

Multiplying equation (3.5) by ¢? and rearranging we have

W 0ac = —°V - (av) + ©° Aac + @°V - (acv) — @ pe * V(av),

integration over time and space

T T T
/0 /RB @O (s,2)dsac(s, ) dsdx = —/0 /R3 @O (5,2)V - (ac(s, z)v(s,x)) dsdz + /0 /R3 OO (s,2)Aac(s, z) ds dz+
T
/0 /Rs W (5,2)V - (ac(s,z)v(s,z)) — ° (s, 2)pe(x) * V(a(s, z)v(s, z))ds dz.
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But one observes that

T T
/ / @ (5,2)V - (ac(s, 2)v(s,x)) — @°(s, 2)pe(x) * V(a(s, z)v(s, z)) dsdz = / / a(s, z)c9 (s, z) ds du,
0 R3 0 R3

we then deduce that

/OT /]R3 ©° (s, x)0ac(s, z)dsdz = — /OT /R3 W0 (5,2)V - (ae(s, 2)v(s, z)) ds dat

T T
/ / (s, ) Aac(s,z)ds da:—!—/ / a(s, ) (s, x) ds da.
0o Jms 0o Jms

But by integration by part with respect to the time variable, we have(as ac|i—o = 0)

/OT /]R3 @ (s,2)0sac(s,x) drds = AS[ae(s,x)¢5(s7x)]gdx—AT /RB ac(5,2)000° (5, 7) dar ds

T
=< a.(T),’(T) >/ (R3), D(R?) —/ /3 ac(s,2)0,° (s, ) dz ds.
0o Jr

Comparing the last two equations, We can then deduce that

T T
< a(T), ¢’ (T) >pr(R3),D(RS)= / / ©° (s, ) Aac(s,z)ds dz +/ / a(s,z)c (s, ) ds da+
0o Jms 0o Jr3

/OT /]R ac(s, 2)0" (5, 7) dw ds — /OT /R ©°(s,2)V - (ac(s, z)v(s, z)) ds da.

Doing integration by part over space variable and the Chain Rule for divergence the above equation become

T
< a(T), e’ (T) >D,(R3)’D(R3):/ / a(s, z)c (s, x) ds dz+
0 R3
T
/ / ac(s,) (D06 (5,2) + va(5,7) - Vo (5,) + M@ (s,2) ) s,
0 R3

where ¢ := v V(0% % p.) — (V- (%)) * pe.

From lemma 20, (ce"s)e,g is bounded in L?(R, x R?), up to extracting subsequence, it must be weakly convergent
in L2(R, x R3) as & goes to 0. But since v- Vo — v Vo in L3 (R, L2(R?)) as § — 0, then the only weak limit
in L2(R; x R®) of (¢). 5 as § — 0 is ¢, this lead taking the limit as § — 0 in the last equation(one observe that
the second term in the right hand side gives 0 because ¢ solves (¢’) ), we get

T
< ac(T),p(T) >D’(]R3),D(]R3):/ / a(s,x)c(s,z)dsdx.
o Jrs

Since a € L*(R4,R?) and C* — 0in L*(R4,R?) by lemma 20,
e—
taking the limit e — 0, we finally get

< CL(T), (p(T) >D’(R3),D(]R3): 0,
for any test function ¢(T"). Hence a(T') is the zero distribution and final a = 0. O
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Chapter 4

Extension of the uniqueness, Levy(2019)

Here, we established some new results, which compare to those we have seen so far in Di Perna and Lions [7]
approach to the transport equation first, and second to the Levy 2016 for a dimension higher dimension (N > 3),
look a generalization if we may say so, but in they reality is not since for example we lack proof of some assumption
we made and we ignore their veracity. We will emphasize on these clearly in the rest of the work.

4.1 Extension on the Di Perna Lions result

Lemma 22. Let T > 0, v be a divergence free vector field in Lp/(R+,W17q/(R3)), and a be a fized function
in LP(Ry, LY(RN)), with p’' and ¢’ respectively the Hélder conjuguate of p and q. Let p be a smooth positive
compactly supported function with unit L' norm on RN and define p. := e_N,o(g) of the function p. Let us define
the commutator C¢ by C<(t,x) := v(t,x) - (Vpe x a(t))(x) — (Vpe * (v(t)a(t))). Then, as € — 0,

ICl L1 (., xmNy = O.

As T was saying before, this look like the commutator in Di Perna and Lions’s publication we have seen so far
but here instead of p = co, we rather take any p > 1. This also look like the lemma (20).

Proof. By definition We have

C(t, x) =/ v(t,z)  Vpe(z —y)alt,y)dy — / Vpe(x —y) - v(t,y)alt,y) dy
RN
1 —y\  vltz) —v(ty)
= — t . d
N Jon a(t, yWP( - ) - Y,
doing the change of variable y =z — ez, dy = —€" dz

v(t,z) —v(t,x — €z)

dz.

C(t,x) = /RN a(t,z —ez)Vp(z) -
We have )
v(t,x) —v(t,x —ez) = /0 Vo(t,x — hez) - (ez) dh,

which is true for smooth functions and extends to W14 (RY). Using fubini we have
1
C(t,z) = / / a(t,x —ez)Vu(t,x — hez) : (Vp(z) ® z) dzdh
0 JRN

1
= / / a(t,x — e)Z@ﬂ)k(t, x — hez)Okp(2)z; dzdy
o JR¥

Jik
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Now, let us define

1
C(t,z) == 7/0 /RN a(t,x — hez)Vou(t,x — hez) : (Vp(z) @ z)dz dh.

Now we claim that ||C° — C’€||L1(R+XRN) — 0. Indeed we have

e 1
[|Ce —C~’€||L1(R+XRN) < / / / / la(t,z — €z) — a(t,z — hez)||Vv(t,z — hez)||Vp(z) @ z| dt dzdh dx
0 RN JO RN
[e%s) 1
< [ [ [ latt~e2)  att.~hes)gugam) IV o) [9p(2) 0 2] de dz
0 RN JO

since a € LP(R,, L4(RY)) and ¢ < oo, for all t € R, for all z € R¥and h € [0, 1], we have

lla(t, —ez) — a(t, —hez)||Lagrry — 0 using dominated convergence ( uniformely with respect to h € [0,1]).
Indeed, we clearly see that

la(t,z — €2) — a(t, x = hez)|| Lo V@)l Lo [Vo(2) @ 2] < 2[a(t)l| Lo@m) [Vl Lo [Vo(2) @ 2],

and now calling on dominated convergence, we get the claim.
Now let us denote M(t,z) = a(t,z)Vu(t,x), M is fixed in L'(Ry x RY) (as Vv € LP (L?),a € LP(L9)), then

C(t,x) == —/O o M(t,x — hez) : (Vp(z) ® z) dz dh.

By integration by part we have,

| Vpz) @ 2de = ( /R oe) dz) =1,

RN

where Iy is the N dimensional identity matrix. From this we may write

Cot,x) = /1 M(t,z) : (Vp(z) ® z)dzdh
0 RN

=—-M(t,z): Vp(z) @ zdz
RN

=M(t,x): Iy
=a(t,z)Vu(t,x) : Iy
= a(t, z)div v(t, x)

=0 (for v is of divergence free).

Hence we deduce that [[C€|| 1z, xrv) — 0, as € — 0.
O

The following result is almost the same as in the previous chapter, only that here the dimension space is
considered to be N > 3 and the presence of the viscosity coefficient.

Theorem 23. Let v > 0 be a positive real number, and v = v(t,z) be a fixed divergence free vector field in
LP (Ry, W (RYN)), where p’ and ¢ are the Hélder conjugate of p and q. Let oo be a smooth, compactly supported
function in RN . There exists a unique p € L=(Ry x RN), solution of the cauchy problem
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Opp — V- (pv) —vAp =0
(c1) (4.1)
©(0) = o

and satisfies

(@)L @s) < lleoll Lo @s)-

The proof of this theorem follows the same steps as the proof of Theorem (19) but we only retains the needed
estimate, so the terms involving v are not considered.
We can also define from the above Cauchy problem its corresponding backward problem defined as

—0tp —V - (pv) —vAp =0
(=) ;
o(T') = o
which is obtain by composing the entire Cauchy problem (¢}) by a change in time variable define as ¢ :— T — .
Proof. Let us choose some mollifying Kernel p = p(z), and let us define vs := p x v, where ps(x) = 6~"p(3). Let
(c},5) be the cauchy problem (c}) where v is is replaced by vs. The existence of a smooth solution ¢’ to (c1 5) 18

obtained thanks to, for example to the Friedrichs method combined with heat kernel estimates. By the same thlng
we did before multiplying the equation

000" =V - (¢"v5) = vAp® =0
by ¢°|¢?|P~2 for p > 2, and integrating by in space and time, we get

1 t p—2 |2
LI Ol e, + 7= [ |75

L2 (RN)

H(iOOHLP (RN)»
discarding the gradient term, taking p-th root on both sides and letting p goes to infinity, we obtain

% ()| ow sy < llpoll oo sy

Thus the family (¢°); is bounded in L> (R4 x RY), and up to an extraction, (¢°)s convergence weakly* to some
¢ in L= (R4 x RN). Also since v € LP (R, W? (RY)), we may say that v € LL (R} x RY) and by definition, we
may say that vs — v strongly in Llloc(RJr x RY) as § — 0, and as consequence

A’ —* Ap in L™ (R+, W_Q’oo)

and
©’vs — @v in LL_(Ry x RY), using (18)

Multiplying the equation by a text function ¢(¢ € D([0,T] x RY))
and taking integration over time ans space, we have

)0 dzdt — dz dt — \% dzdt =0
/ RNgbtx 00 (t, ) da dt //]RN gavg)(tx)mt 1// B(t, )V (t, ) da dt

RN

doing integral by part with respect to the time variable and space variable, with, using the high regularity of
functions involved, the fact that vs is divergence free and the decreasing at at of ¢, we may have

—/ / ga‘s(t, x)(Opp — V - (pus) —vd)(t, z)dxdt = / gpggb(o, x)dx
0 RN RN
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taking the limit and using the previous reasoning about the weak convergence of ©°, we may get

T
—/ / p(t,z)(0id — V - (dpv) — vo)(t,x) dedt = / v09(0, z) dz.
0 JrN

RN

Hence ¢ is a weak solution of (¢}).

4.2 Existence of a solution to the problem (4.1)
We want to solve the equation

Orp — V- (pv) —vAp =0 (4.2)

For doing that, we are going to find a solution to the heat equation related to (4.2) with a source term a function
of time and space g, that is

oo —vAp =g, (4.3)

yes of course with the initial condition ¢(0,z) = @o(z).

4.2.1 Stepl:

Taking the Fourier transform of the Equation with the space variable, of (4.3) we get the equation,

O Fp(t, &) + VI[P Fo(t, &) = Fy(t,€), (4.4)

this equation is a first ordinary differential equation.
We can show that the homogeneous solution, which is the solution of the Equation

B Fp(t, ) + v|E[*Fo(t, &) =0,
is

Feon(t,€) = Fo(€) x exp(—wtlel*),

and as we did in the appendix, we use the constant variation method to deduce a particular solution to the
equation (4.4), which is

Fop(t,§) = exp(—tu|§\2) X /t (exp(sy|§\2) X .7-'g(s7§)) ds = /t (exp(l/(t — s)|§|2) X ]—'g(s,f)) ds.

0 0

We then have a general solution to the Equation (4.3) as the summation of Foy + Fop,
t
Fialt.€) = Fool) x exp(-vtl¢”) + [ (exp(vit = 9)lel?) x Fo(s.€)) d.
0

4.2.2 Step2: The solution of (4.3) with Fourier

Taking the Fourier inverse of Fpp, we obtain

@H(taz> = 500(17) *‘Fﬁlh(tvx)v

where

h(t, &) = exp(—ut|§|2).
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One can showed that

_ 1 o)
Fih(t,x) = 0(t,x) := —— xexp| ——— |.
(4vtm)> 4vt

Now changing all those quantity in the expression of ¢y, we get

eu(t,x) = po(z) * 0(t, ), (4.5)
with

ot z) L B
, ) = —— xexp| ——— |.
(4vtr)® 4ut

Actually, 6 is a solution to the homogeneous heat equation i.e the homogeneous equation associated to Equation
(4.3), which is

Orp —vAp =0, (4.6)

with an initial condition ¢q(x) = dp(x), the Dirac mass at 0. One can show that

O(t,z)de =1 fort>0.
RN

This function is called the elementary solution of Equation (4.6), and any other solution corresponding to an
initial condition (g, in general, is given by the formula (4.5).
By the same computation, and taking use of Theorem (39), we show that

ep(t) = /0 (g(s) * O(t — s)) ds.

We then deduce a general solution of (4.3), as summation of ¢y and ¢,, which is

waﬂﬂ=<Gw¢@u»+A(Gu—smwnmwm, (4.7)

where GG is an operator defined as
(G(1)p(s)(x)) == (@(s) * 0(1)) ().

4.2.3 Step3: Now show the existence of a solution to the problem (4.1)

From the previous steps, taking g = (v V) we may define the sequence

%Hw=cw%+éau—w%v%mma

for which the limit will give us of course a solution to the Problem (4.1). Our job now is to prove that the limit
does exist. In the following, we are going to prove that the limit really exits basing on some well known results that
we will eventually refereed to.

Let defined

F: LY (RY) — LY (RYN)

(g(t))tzo — (Gt —s)v- VQ(S))@()

Proposition 24. We can choose:
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o An open neighborhood U of (to = 0, ¢p) in (R+, LY (RN)) on which F is bounded and Lipschitz in ¢, we may
posed L the lipschitz constant of F' and M an upper bound of the norm of F, that is

sup HF(ta<p)||L11’(RN) < M < oo,
(t,p)eu

and

1E(t, 1) = F(t @2) || Lo rvy < Lllpa(t) = 02Ol por vy

e An real T > 0, small enough so that I x By, == [0,7] x B(go; MT) CU, and LT < 1, where I, = [0;7] and
Byrr := B(wo; MT).

Let defined - - - /
A= {gp : I; — By continue } C C%(I; LY (RM)).

We recall that A is closed subset of a banach space, therefore is a complete metric space together with the distance
da(p1,¢2) = sup|l1(t) — L2(t)ll o (mry-
tel.

Let defined the function

r:A—s C%I, LY (RN))
o — Tp(t) = Glt)po + / F(s,(s)) ds.

Lemma 25. We have I' : A — A, that is I'(A) C A.
Proof. We have

t
IT0(#) — goll ey = 1C 0 — oll iy + H [ Fsopas

Lo (&N)

t
<et / 1F (s, ()] o g s

t
<6+M/ ds
0

<e+ Mr.

hence F(p(fT) C Bur.

Lemma 26. The function I' is LT— Lipschitz, using the L™ (f, LY (RN)> on x and t, that is

IPe1(8) = Tor @l e (2,10 vy < D7191(8) = £2(8) o 2,00 )

for all 1,0 € A. In other word, I' is a contracting application since LT < 1.
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Proof.

1701 = T2l poe (7, Lo (miv)) = tsuIPIIF%(t) — L'oa(t)| o )
el,

t
< sup / Ll (s) = 9(5) | o v, s
tel, JO

t
< Dllo = ol [ s
tel, JO
< L7ler — <P2||Loo(f,Lq'(RN))~
O

Now that we prove that I" is a contracting application, we can now call on the Banach fixed point theorem 40,
that there exists ¢* € A so that I'e* = ¢*. We deduce that the sequence (i, ) admits an unique limit which is ¢*
Hence we have proved the existence of a solution to equation (4.1). that is the local version, the global existence
is obtain by controlling the norm, replacing the norm igg o)l Lo vy bY 21>1£) e"\t||<p(t)||Lq/(RN), for \ large enough

and so the can work with all ¢ > 0 instead of the interval Z. This finish the prove of the existence.

4.3 extension of the uniqueness (Levy 2019)

Here is the extension of the uniqueness result.

Theorem 27. Let N > 0 be an integer. Let v > 0 be a positive parameter. Let 1 < p,q < co be real numbers with

respectively Holder conjugates p' and ¢’ i.e % + ; =1 and % + % = 1. Let v = v(t,x) be a fired divergence free
vector field in LV (R, W7 (RYN)). Let consider a real valued function a € LP([0,T], LY(R™)) for a given real number

T > 0. Assume that the function a is a distributional solution of the Cauchy problem

Ota—V - (av) —vAa =0
(c1)
a(0)=0

with the initial condition understood in the sense of C°([0,T], D'(RYN)), that is for any function ¢ € D(R. x RY)
and any T > 0, the following hold

/ a(t,x)(Owp(t, ) + v(t,x) - Vo(t,x) + vAp(t, z)) de dt = / a(T,x)o(T, ) da.
[0,T] xRN RN

Then a is identically zero on [0,T] x RN,
Comment: This is somehow a generalization of result in Theorems 12 and 21, but here we still not sure about

that kind of solution, since there is no prove provided yet. However this does not make the theorem inapplicable

in practice. For example when dealing with the Navier-stokes equation, the vorticity of a leray solution belongs to
L2 (R+ X RN)

Proof. Let p = p(x) be a radial mollifying kernel and define p.(z) = e_Np(é). Convolving the Equation in ¢; on
a by pe, and applying the same technique we applied in the proof of Theorem 21 we obtain (multiplying by ¢?,
adding and subtracting and integrating over space and time, we get )

and we then have

T
< ae(T), %0 >D<RN),D<RN)=/ / ©°(s,2)c" (s, 2) dx ds
0 R

T
R / / ac(s,2) (=00 (5, 2) = V - (v(s, 2)¢" (5, 7)) = vAP (5,2)) da ds.

31



But by the definition of %, we know that

00 + V- (¢%vs) + vAY® =0,
adding —V - (¢%v) both side, we get after doing some arranging
01 + V- (p"0) +vAY° = =V - (¢°(v° — ).

We have then

T
< ae(T), o >D(RN),D(RN):/ / a(s, )0 (s, z) dz ds
0 RN

_/OT/RN ac(5,2)V - (& (s, 2) (vs — v)(5, 2)) d ds.

We know that C% — C9 = C¢ strongly in L'(R, x RY) to 0, and since C* functions are dense in L” spaces,
and >, we deduce that

T T
/ / (s, )0 (s, ) deds — / / a(s,z)c(s,x)dx ds,
0o JrN 0 JrN

as § — 0. Also vs —v € LP (Ry, LY (RY)) and [jvs — V|l Lo (1o @)y — 0.

Since vs —v — 0 strongly in L (Ry, L% (RN)) and ¢° — ¢ in L®(Ry x RY)( as bounded, it has a subsequence
that converge ewakly, as abuse of notation, let call that °) then

(vs —v) - ©® =0 in L” (Ry, L7 (RN)).
And since Va, € LP(Ry, L4(RY)), we apply the definition of weak convergence to deduce that
T
/ ©°(vs — ) - Vae(s, ) dzds — 0,
0

as & — 0.
From the previous reasoning, we conclude that

T
< ac(T), o >'D(RN)7'D(RN):/ / a(s,x)ct(s,z) dx ds.
o JrN

Doing the same reasoning as above in the previous chapter in Theorem 21 and lemma 20, when € — 0, the right
hand side goes to 0. we then have

< ac(T),p0 >p@~)pEN)= 0,

for all test function g, this implies that a(7T') is the zero distribution. hence a = 0.
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Chapter 5

Other results

5.1 Renormalization and stability of Di Perna and Lions

In this part, we will require less intelligibility conditions on the vector field b, and we will always consider trough
out the rest of this first part that:

¢, divb € LY(0,T; L>®(RY)) and  be LY(0,T; W21 (RY)) (5.1)
and the Condition (2.12).

definition 28. We will call the space L the set of all measurable functions u with value in R such that

meas{|u| > A} < oo, forall A > 0.

We will also use some specific functions called an admissible functions, that is 3 € C*(R) such that 3 and |t|3'(t)
are bounded and /3 vanishes near 0. We can observe that for such functions 3, we have g(u) € L' N L>°(RY), and
B(u), uf'(u) € LI(RY).

We say that a sequence u,, converges to u in LY if the image sequence 3(u,) converges to S(u) in L'(R"), and
that u,, is bounded in L(RY) if 8(u,,) is bounded in L*(RY) for all 3.

definition 29. We say that v € L>(0,T; L") is a re normalized solution of (2.1) with an initial condition ug € L°
if all admissible functions S(u) solves the Equation (2.14) :

% (u) —b-VB(u) = cuf'(u) in (0,T) x RN

in weak sense, with the initial condition B(ug).

Let us consider a € L(0,T; L>=(RY)). Let us pose the Problem

%{ —b-Vof=-a on [0,T] xRN fl—o=0. (5.2)

That problem does have unique solution from the previous results. We will be using it to prove the following
lemma.

Lemma 30. Let us consider the Equation (2.1) under the conditions (2.12) and (5.1) with an initial condition
u® € L°. Then u € L(0,T; L°(RY)) is a renormalized solution of (2.1) corresponding to the initial condition u° if
and only if e~ fu is a renormalized solution with (b, c) replaced by (b,a + c) for the same initial condition u°.
Proof. We assume that u € L(0,T; L°(RY)) is a renormalization solution of (2.1) corresponding to u° and 3 and
be two admissible function. We will show that y(e~/3(u)) = h solves

O bV = eI/ (e () (cud (u) + aB(w), (5.3)
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on [0,7] x RN with initial condition h|t = 0 = v o B(ug).
Using the regularization result in theorem 10 we have

afe
ot

_b'vxfe:_a"'we
and

Ov,

ot

where v = B(u), vo = B(u°), fe = f* pe, v0 = v * p. and P, re — 0 in L(0,T; L (RY)).
Now let h. = y(e~fev,), using Cain Rule we have

Ohe __1io—toy( Ve~ _ O 1.
o e )(8756 ot <€ )

using the two equations above and after doing some ordering and simplification, we get

% = 6_f€'yl(e_f€) <b - Ve — veb - Va:fe) + e_fé’y/(e_fe) (Cuﬁ/(u) + ave + 7 — 1/Jeve),

—b-Vyve = cuf (u) + e

but we remark that

b-Vihe = e*fw’(e*ﬂ)(b Ve — veb - vzfe),
hence we deduce that

Ohe
ot

—b-Vyhe = e_fé'y'(e_fé)(cuﬁ’(u) + ave +1e — w€v€>.
O

Theorem 31. There erists a unique renormalized solution u € C(0,T; L°(RY)) to Equation (2.1) under the
conditions (2.12) (at page 12) and (5.1) (at page 33) with initial condition ug € L°.

Proof. From the above renormalization result, we have for all admissible function

0

ot (u) = b-VifB(u) = cuf(u),

then considering ¢ = 0, we have

0

ot
equation (2.1) with ¢ = 0. Now since B(u") € L' N L>(RY), from the result in Proposition(5) and Corollary(12.1),
the above equation admits a unique solution corresponding to the initial condition S(ug). Hence there must exist
a renormalized solution u € C(0,T; L°(RY)) corresponding to u°. Now let us suppose u and v two renormalized
solutions, and let fixed . Then S(u) and B(v) solves the Equation (2.14), but since the solution is unique, we have
no more choice than (u) = f(v). Now when we choice S be a map to map function out side the neighborhood of
0, on which be must vanish t, we see v must be equal to v. Hence the uniqueness. We then deduce the general case
when for ¢ not necessary zero since lemma (30) . Hence the result.

(u) —b-VB(u)=0

O

Theorem 32. Let us consider equation (2.1) under the conditions (2.12) (at page 12) and (5.1) (at page 33). If
u € L*>(0,T; LP(RY)) is renormalized solution of equation (2.1), then u is a solution of (2.1). If u is a weak
solution of (2.1) with b € L*(0,T; VVﬁ)’Cq(RN)), then u is a renormalized solution, a case which has been already
proven in Corollary (12.1).
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Proof. The second statement (if u is a renormalized solution of equation (2.1) with b € L'(0,T; Wli’cq(]RN)), then u
is a solution of (2.1)) is already showed in the proof of theorem 12. Now, let us proved the first statement. Let us
assume that u € L°°(0,T; LP?(RY)) is a renormalized solution of (2.1). Then for any admissible function 3, equation
(2.14) holds. Now we just need do consider a sequence (/3,,) of admissible functions that converges to ¢t (8, (t) — t)
and /' converges to some function g. Then f (t) = g(¢t) = 1. Hence the corresponding equation (2.14) to those S,

is
0
ot
with initial condition 3, (u°). Letting n goes to infinity(of course in the weak sense as we dit in the prove of
existence 6), we have

Bn(u) —-b- vzﬂn(u) = Cu,

%uflrvzu:cu,

O

Theorem 33 (Stability). Let u® € LY, and let us assume that u® converges to u® in L°. Let the function u, be a
renormalized solution to the equation (2.1) with (b,c) replaced by (by,c,), corresponding to the initial condition ul),
where by, c, € LY(0,T; LL (RN)) such that:

loc

1. div b, € L*(0,T; LL .(RY)) and

loc

2. by, cpn, div b, converges as n goes to oo respectively to b, 0, div b, where b verifies the Conditions (2.12) (at
page 12) and (5.1) (at page 33).
Then, u,, converges as n goes to oo in C(0,T; L°(RY)). Furthermore, if we assume that the convergence of
u® to ug holds in L (RY) for p € [1,00), and b, ¢, div b, bounded in L'(0,T; LS.(RN)) and u™ is bounded

loc loc

in L>(0,T; LY (RY)). Then the convergence of u, to u holds in C(0,T; LY (RN)).

loc loc

Remark: This above stability result is actually extended to global convergence, for which the proof is analogous
to the prove of the local case, but here we will not do the proof and we then refer to the document of Di Perna and
Lions.

5.2 Serrin’s Theorem about Leray solution and its proof using the unique-
ness result of Levy

Theorem 34. Let N > 3 be an integer. Let v be a positive real number. Let 2 < p < oo and N < q < oo be real
numbers satisfying % + % = 1. Let v be a fized divergence free vector field in L*(Ry, H'(RY)). Let w be a fived
vector field in L> <R+, H! (RN)> N LP(Ry, LY(RN)). There exists a solution ¢ to the following Cauchy problem.:

O —V-(pv)—vAp=-Vy- w

(CNS)
©(0) = ¢y € D(RYN)

satisfying in addition, for almost every t > 0,
cr ¢
||80(t)||Loo(RN) < HSDOHLOO(RN)GJSP{W/O Hw(S)HL‘I(RN)dSa

where C' denotes a constant depending only on the dimension N.
We also remind that when the viscosity coefficient is small, the estimate degenerate. This also apply to the
Navier-stokes equations with frozen coefficients.

35



On the right-hand side of the main equation, the quantity —'*V¢ - a is the shorthand for —V(p - a) + 'Va - ¢,
where the gradient of a vector field is N x N dimensional matrix defined as:

(V<p)ij = 0jPi
for all 0 < ¢ < N. It is enough clear that we have
N
CL) = Z@icpjaj
j=1

and similarly

N
) = Z diajpj.
j=1
We defined a tensor product between two vector field let say a and v, an by:

(a®v);; = aiv;

Let us assume an N dimensional squared matrix

A A - A
Ay Asp - Aoy
Ant An2 -+ Ann

We defined the divergence of A the operation V- by:

N
= 0Ai;.
j=1

Using this equation, we can that whenever we have two vector field a and v, we can elaborate the formula

V-(a®v)=adivv+v-Va, (5.4)
which is clear that if v is divergence free, V- (a ® v) = v - Va,
v-Va:="(v-Vay, - ,v-Vay),

the dot inside the parenthesize is the usual dot product between two vectors fields, i.e

(v-Va), Zvja a;

Now let us prove the theorem 34.

Proof. As usual we consider the radial mollifying Kernel p = p(x) and Let ps = §— ( ) Let ws = p * w and
vs = ps * v. We now define (C’;V s, 5) to be the Cauchy problem (C¢) with w and v replaced respectively by ws

and vs. The existence of smooth solution to the problem ( NS 5) Now taking the scalar product of the equation
in (C]/VS,(S) by %, we have

90’ = ¢V (¢ @ vs) — v’ - V' = =" ('Y - ws)
using formula (5.4) and the free divergenceness of the field v, and the fact that
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v
2
which is obtain explicitly by taking the summation ), j of

v’ - AP’ = v’ -V - (V9®) = SV - (V[e°]) — vV’ : Vi,
1
©i0;05p; = 5(%%) — (059i)(05p:)-
the above formula gives
14
00’ — (vs - V') " = SV (VI ) + vV’ 1 V' = =" - (V" ),

this is equivalent to

1 1 v 2

§3t|806|2 - 51}6 : v|<P6|2 - §A|905|2 + V|V906’ = _@6 ) (tvéoé '“’5)'

For notation convenience, we will denote ¢° = |?|? = > (@?)2.

multiplying this equation by |©°|"~2 for some 7 > 2, and integrating in space and time taking use of the fact
that V - v° = 0 and the decreasing at oo of ¢°, we get

T r—2 t
R A

212

1 ¢ - Lo,
“le @) () @t v [ [l ds = ol vy

r;vaé‘

2
L2%( L2(RN)

—/ / |g05|’“_2(3,:v)<p5(s,x)~(thoé-w(;)(s,m) dzds, (5.5)
0o JrRN

we get this by doing the same tactics we have been using.
Now let denote

1= [ ] 1200 0) - (9 () () s,

We can rewrite the estimate I by

10 = [ [ @il (sa)e (Ve ws)(s,z) dads,

using Holder inequality, we get

LQ(RN)H('(/}6)£(5)|‘L§(RN)Hw5(5)”LQ(RN) ds

()] < /OtHV<p5(s)|<pé(s)|"£
1

where ¢ is such that % + % + % = 1, where we deduce from the condition on p and ¢ that 1 — % = % = N(% - q)v

then the sobolev space H =% embeds in Li(RYN). Hence there exists a constant C' depending only on p and such
that

15 ) Laggny < CHE G -2 s

2
H »(RN)
since N >3and 0 <1 — % < 1, the sobolev exponents lies in a compact interval at a positive distance from
the critical value g, near which the constant would blow up. Hence, for a fixed dimension N, we may choose C

uniformly in p. Interpolate H'"% with L2 and Hl, we have

r

S

1OV Ol 1= gy < 1T gy I 6 2,

=16 ()| o, [V 0°) 5 (5) | o
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r—

T V9, we may now bound |1(t)| from above by

r
L2(RN)\ 4

using young’s inequality for real number with the coefficient 3 -+ zl) + 5 =1, we get

As (¥°)% = §(v°)

r—4

(%) (5) V2 (s)|

1-2 i
peny) IO e 059 s

¢ [[|wseneonr=

2 2

r—

s+ 22 [0 vl

L2(RN)

v [* r—2

It <= H TN

‘ ()| > 2/0 Vg@ (S)I(p (s)| 2 ey
o ,

We then have using the bound of |I(¢)| and the equation (4.1). we deduce that

1 r r—2 (! ) 2 t v ||2
Ol ey + v / |w®)= vw\mw)dsﬂ / V6 (5)1" ()1 .
1 v [t 5 s r—2 (|2 rv [ PN s 2
< = T - 3 ——
< Hanllian + 5 [ |7 @ @7 a4 2 [T o], .,

cr ¢ s - )
+ W 0 HSO (S)||L2(RN)||w5(8)HLq(RN) dS

Arranging and simplifying this, we get

;T(RN) + (7‘;2V - Z;) /OtH(W;)'”f VWS‘

2 o |2

v [ § TR
as+ 3 [ @l oI
0

ds <
L2(RN)

o)

L2(RN)

Lo (CL I L »
;||<P0||LT(RN)+pr_1 ; 197 () L2 ey 15 (8) 1o vy s

r—2 ry S
,_Tv
A a5) "

we can the absorb the second two terms in the previous inequality to get

For r sufficiently large,

T 1 CP ¢ 5 T
preny S plollires) + 2 / 1 ] 2 w5 ()17 vy s

=0l

Applying Gronwall to this, we get

cr ¢
1 Ol vy < ol Lv-mmexp(pyp_l / ||w5<s>||zq(RN)ds).

Using the fact that ||ws (s)||TL’q(RN) < ||w(s)\|iq(RN), and letting r goes to infinity, we obtain

. o
68Oy < ol 0 (s [ s(6) g, )

Hence, ¢° is uniformly bounded in L>=(R, x RY), up to an extraction, there exists ¢ in L>°(R; x RY) such
that

¢* =" ¢ in L®(Ry x RY),
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as & — 0.
By Fatou’s Lemma,

- cr !
Jo(t) oo ey < ||soo||U(RN>exp(M_1 / ||w5<s>||iq(RN)ds)

follows.
By construction,

vs, ws — v, w strongly in L*(R,, H(RN)),

as § — 0. Hence taking the limit as § — 0, of °, in the equation in (C’yg), we see that indeed ¢ satisfies the
adjoin equation.
O

Theorem 35. Let N > 3 be an integer. Let v be a positive real number. Let 2 < p < oo and N < g < oo be
real numbers satisfying % + % = 1. Let v be a fived divergence free vector field in L*(R,, H'(RN)). Let w be a

fized vector field in L? (R+,H1(RN)) NLP(Ry, LY(RN)). Let a be L?>(Ry x RY). Assume that a is a distributional
solution of the Cauchy problem

a4+ V- -(a®@v)—vAa=V-(w®a)
(ens)
a(0)=0

with the initial condition understood in the sense of C°([0,T],D'(RY)). Then a is identically null on R, x RN . This
is also True in the limit case (p,q) = (00, d), provided that w satisfies the smallness condition

2
Wl Loy, LN @YYy < EV,

where C is the soblev constant corresponding to the embedding H* —» L™ according to [1] (We do not verify
that here). Recall that here a is also a vector field.

Proof. Let p = p(z) be a radial mollifying kernel and p.(z) = e " p(=). Convolving the equation (cys) by p., we
have
PexOa+ pex V- (a®@v) —vpexAa=pc.x V- (w® a),

adding V - (w ® a.) and subtracting it back in the second member, also adding V - (a. ® v) and subtracting it back
in the first member, where a. = p. * a, we have the equation

(co): Orac+ (pex V- (a®@v) =V - (a.®@0))+ V- (a,®@v) —vAa.=p.*V- - (w®a) — V- (w® ac)
+ V- (wxac)

arranging this, we get

Oae —C*+V-(a.®@v) —vAa.=Q + V- (w® ac),

where Q€ := p.* V- (a*xw) — V- (w® a.), and C¢ the commutator we defined above but here we deal with tensor
product and not the the ordinary product, and we recall that a. is also a vector field since a is, and we consider
Ge = (aela e aaeN)-

This is equivalent to

(ce): Oac+V-(ac®@v)—vAa =V -(w®a.)+C+Q°.

We recall that taking into consideration the fact that a € L?(Ry x RY) and w € L*(R,, H*(RY)), as the same way
we proved in the lemma 22
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QN1 xrvy — 0, ase—0.

From the equation (c.), we can see that without any smoothing in time, a. and O:;a. lie respectively in
L®(Ry,C®(RM)) and L'(R;,C(RY)), a fact which make the upcoming computation rigorous (definition od
derivatives of distribution). Now as we did before in theorem 27, Let ° be a solution of the cauchy problem
(—Cis.s)- Multiplying the equation (c¢) by ©° and integrating in space and times we get

t t t
/ / 0 (s,2) - Orac(s,z) dr ds —|—/ / @’ (s,2) - V- (ac @v)(s,x) drds — / / vAac(s,z)drds =
o JrN 0 JRrN o JrN
t t
/ / @ (s,2) - V- (w@a)(s,x)deds + / / @O (5,2)(C° 4+ Q°)(s,z)dzds. (5.6)
0 JRN 0 JRN
But when we integrate by part the first term in the previous equation, we have

¢ ¢
/ / O (s,2) - Opac(s,z) dzds =< a(T), o >DRN),D(RN) —/ / ac(s,x) - 0pp®(s,2) dx ds
o JRN o JRN

replacing this in equation (5.6), and arranging, we obtain

T t
< au(T), 9o >p(am) pEm= / / (5, 2)(C° + Q) (s,2) da s + / / ae(s,7) - Oy (s, 7) dw ds
0 RN 0 RN

+/0t/RN VAaE(s,x)da:ds—/ot/RN WO (s,2)- V- (ac @v)(s,z)dxds. (5.7)

But since the vector field v is divergence free, we have V - (ac ® v) = v - Va, = (v - Vae, -+ ,v - acy), using the
same argument of the vanisheness of integral of divergence of a multiplication of divergence free vector field and a
smooth compactly supported fuction, we can easily showed that

T T
/ / gp‘s(s,x)-V~(a€®v)(s,x)dxds:—/ / ac(s,z) - V- (¢° @v)(s,z)dzds.
0 RN 0 RN
Also we have V - (w ® a.) = wdiv a. + a. - Vw, which gives by multiplying by (°, we obtain

¢ (V- (wea)) = ¢ - wdiv ac +¢° - (aey - V)

N N
= Z gp?wjdiv ac + Z gogae.ij,
Jj=1 Jj=1

taking the integral of this and applying the same tactics of integration of divergence we mention above, we
obtain

/OT /RN W (s,2) - (V(w®ae))(s,z)dzds = /OT /]RN W0 (s, 2) - w(s, z)divac(s, z) ds dz
_/OT /RN <p5(8,z)~w(s,x)divae(s,x)d5dm_/0T /RN ac(s,2) F Vb (s,2) - (s, o) du,

simplifying this we got
T T
/ / W (s,2) - (V(w @ ac))(s,z)dxds = —/ / ac(s,z) - ("V® -w)(s,z) dz ds.
0 JrN 0 JrN
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Hence replacing all the previous equality in equation (5.7), we obtain by putting together some terms

T
< ac(T), o >p ®N),DERN)= / /R ¢ (5,2)(C° + Q°)(s,x) dads
0 N
T
+ / / ac(s, x)(6t<p5 + VA + V- (¢® @v) —t V- w)(s,z)dzds.
0o Jrw

From the adjoin equation on ¢° in the Cauchy problem (—CQ\,& s), we have

—0,0° — V- (¢° @ v5) — vAQ® = =tV - ws,
taking in subject 9;? — VA, in the previous equation, and adding both sides —V - (¢? ® v) +t V¢’ -w , we obtain

—Btgo‘s—V-(g05®v)—VAcp5+tV<p5~w:V~(<p5®v5)—V~(g05®v)—tV<p5~w5
=V (" @ (vs —v)) + V© - (w — ws).

We then have

T
/ / ac(s,2) (00" + VAR’ + V- (¢° @ v) =" V¢’ - w)(s,z) dzds =

o Jr~

T
- / / ae(s,z)- (V- (cp‘; ® (vs —v)) +* Vel (w— ws))(s,z) dads.
o JrN
By integration by part, we have
T T
7/ / ac(s,z)- V- (¢5®(v5fv))(s,x)dzd5:/ / @ @ (vs —v)(s,2) : Vae(s,z)dzds
o JrN 0o JrN
and
by a similar argument as we did above, we can easily prove that

- /oT /RN ac(s,@) ' V' - (w — ws)(s, @) de ds = /OT /RN PO (s,2) - V- ((w — ws) @ ac)(s, ) dz ds.

Hence

T
< ac(T), o >D'(RN),D(RN):/O /RN 4,06(8,37)(6'6 + QE)(S71‘) de ds
T T
+/0 /RN g05 ® (vs —v)(s,x) : Vae(sm)dxds—k/o /RN (pé(s’x) V- (w —ws) ® ac)(s,z)dzds.  (5.8)

Since a € L*(R, x RY), by young’s convolution inequality, we have Va. € L?(R, x RY) as well. Also, by
Holder inequality

H(,D?(U(S - U)iHL2(R+><RN) < HL)O?HLOC(]RN)”(’U(s - ’U>iHL2(]R+><RN)’

XN
, and we can also see that

for every 0 <i < N. Hence we can write ¢° @ (vs —v) € (L*(Ry x IRN))N
¢ @ (v —v) = 0 in L3Ry x RY),
as 6 = 0.
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we recall that for a fixed epsilon a. € L?(R; x RY), we then have by weak convergence that

T
/ / ©® @ (vs —v)(s,z) : Vae(s,z)drds — 0,
o JrN

as & — 0.
Also we can easily see that

IV - ((w = w5) © ac)ll L1 g, xmrvy — 0,

as § — 0, for a fixed e. Using the notion of weak* convergence, we deduce from the previous computation that

T
/ / @ (s,2) - V- ((w — ws) @ ac)(s,z)drds — 0,
o Jrn

as € — 0.
Hence we deduce that

T
<adT)oo >pamoan= [ [ els,2)(C+ Q) s2) duds,
0 R

Taking the limit ¢ and using lemma (22) we obtain

T
< ae(T), o >p/®N),DERN)= / /N o(s,2)(C°+ Q°)(s,xz) deds — 0.
o Jr

Hence
< a(T), 0 >pr@n),pEN)=0,

for any test function ¢y.
Then a = 0, this is null vector field.

Now we take use of this theorem 35 to prove another version of prove of the known Serrin’ s theorem.

Theorem 36. Let u = u(t,z) be a Leray solution of the Navier-Stokes equations
Ou+V-(u®u)—Au=—-Vp
(NS) div u =0,

u(0) = ug € L*(T3) on R, x T3

Assume the existance of times To > 17 > 0 and exponents 2 < p < oo, 3< ¢< oo such that u belongs to
LP(]Tl,TQ[,Lq(T?’)), then it also belongs to C>° (]Tl,Tg[xT3).

Proof. Let us consider w := V Au and wy := V A ug where we remind that V A - is the rotational operator. w so
define is the vorticity. Now let us take the rotational of the entire

VAKwW+VAV-(u®u)) —VAAu=VA(Vp) (5.9)

But since the rotational of the gradient is always zero, we have V A (Vp) = 0.
We also recall that we have for any vector field A the following formula

VA(VAA) =V(V A)—AA

applying this formula when taking itself rotational we prove that

A(V A A) =V AAA.
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Hence we have

VAAu=A(VAu) =Aw,

also

VA atu = 5‘t(V N U) = Btw.

We also have

VA(A-VA)=A-V(VAA)—(VAA) VA
We now compute VAV - (v ® u), which gives

VA-(u®u)=VA (udivu+u-Vu)
=V A(u-Vu) since divu=0
=u-V(VAu)—(VAu)-Vu
=u-Vw—w-Vu
=V - (w®u)—V(u®w)+udivw since divergence of a rotationel is zerom, div w = 0
=V -(wu)—V-(uduw).
Substituting all this we have done in equation (5.9), we get the Cauchy problem

Ow+V-(wu) —Aw=V"-(u®w)
(TNS)
w(0) =V Aug € L*(T?) on Ry x T3

Now let x be a smooth cut off in time, supported inside |71, T5[. Let ¢ be another cut off such that Supp x C
{¢ = 1}. Let us denote w’ = yw and u’ = pu. We have
0w’ = xOw + wOrx
V- (weu)=xt)V- (W @u)
Aw' = x(t)Aw.
We can deduce the following system

Ow' + V- (W @u)—Aw' =V (U @w') +wdx

w'(0) =0 since x(0) =0, for x supported in |73, Ts|

Now let us consider the problem
Ow" + V- (W' @u) — Aw” =V - (v @ w") + wdx

w”(0) =0
Following the same steps as those in theorem 34 we sketch a way to build a solution w” of the above Cauchy
problem, belonging to L> (R4, L(73)) N L*(Ry, H' (7%)).
Let us, us and ws be smooth mollification of u, u’ and w respectively. by Friedrichs method and hest kernel
estimates, there exists a smooth solution wj of

Owyi + V- (W @ us) — Awf =V - (uf @ wf) + wsdex

(5.10)
WI(0) =0
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Multiplying this equation by wy, we get

1
§8t|w | +wd V(W @us) —wy - Vi =wi - V- (uf @ ws) + wy - wsOrx

integrating over time and space, we have

||w Mr2es) + / / wy (s,2) V- (w§ @us)(s,z dsdwf/ /Es Wi (s,x) - Awy (s, x) drdx
/ / Wi (s,x) - V- (us @wy)(s,z) dxdx—i—/ / Wy (s,2) - ws(s,2)0x(s) do da
T3 o JT3

doing integration by part of the first integral of the second hand side, we get the above equation equals

2
S Ol + [ [V @ @uasar s [ 19l
t
:/ / w{;’(s,x).V.(ug®w[’;’)(s,x)dxdx+/ / w§ (s, 1) - ws(s, )0 x(s) de dz,
0 JT3 o J13

we can now write the following inequality

1 t
S Ol + [ IOy ds < [ [ o) V- & ) 2) s
o J13
¢
+/ / wy (s, z) - ws(s,2)0x(s) de dx,
o J13
by integration by part we have

t t
/ / Wi (s,x) - V- (us @ wy)(s,z)dzds = —/ Vwy (s,z) : (uy @ wy)(s,z)dzds,
T3

0 JT3

hence we have replacing this in the above inequality

1 t t
I Ol + [ 1956y ds < [ [ who.0)-ws(s,2)00x(5) dwdo
t
—/ Vwy (s,z) : (uy @ wj)(s,z)dzds. (5.11)
o Jrs

= 1. using Holder inequality we have

S3+14

N[

Let us consider ¢ such that % %

1
[ vt @) s < [ 16N I iy 0

Q=
Q=

Further, since E = % % we have the sobolev inequality

3xX3 __ &

. —BX8 . —g
Hi(n®) — L*"50 (n%) = Li(x%),

which means that
w5 ()l Ly S llw§ IIHq( N

By the assumption, ; + 2 = 1, now using the sobolev interpolation, we have

44



O AN PO % N S

Hence

t t - 5
[ Vo) s @) a)dras < [ IV w150 5n o7 5) g

Butsince 2 +2=1,=2+1+3=2=14+5(1+2)=1,
using young’s inequality we have

19 3) oy 5 (o 5 () gy < 5 IV (5 + (5o 5 ) ey
this is also true,

9 oy 05 5) oy 1 () < 5 IV 3) oy + 5 oy I ()
Also by Cauchy Schwartz and Young’s inequality we have

/ /11‘3 wy (s,) - ws(s,2)0x(s) drds </ lws ()|l 2 oy lws($)l L2 (psy|Oex(s)| ds

using Young’s inequality, again, to the second hand side of the above inequality we finally get

[ [ tto. ntosmnnts) awas < § [ Rt sony a5+ 100wy [ Ts)lony s
T

Now putting together all those estimate, we finally get form inequality (5.11) that

t
2
e ()] oo + / IV (g ds < [ (14 Cllb6) o) 1§ 9 g s
2
F 10X oo (o) lwsll L2ry cray- (5-12)
Since u§ and ws are mollification of v’ and w respectively for ¢t € Ry and 6 > 0, then

[ ()]l Lapsy < 110/ () Laray and [[ws ()] L2 (psy < ()l L2 sy -
Using this and inequality (5.12) we have

t
2
Ol o+ [ 196 s < [ (1 OO ) I ey
2
F 119ex N o0 rsy lwll £2m, xT5)-

Using Gronwall inequality, we obtain

t
||wg(t>||L2('ﬂ‘3) +/0 [Vws (s HL2(T3 ds < ||875X||L°° T3)w|L2(]R+><'JI‘3)eXp<t+C/ [u' (s HLq('ﬂ‘S )

We hence deduce that the sequence (wf)s is uniformly bounded in L= (R, L?(T?)) N L3R4, H(T?%)). Up to
an extraction there must exist w € L= (R, L*(T®)) N L?(Ry, H'(T?®)) such that

wi —=w” in L®(Ry, L*(T?)) N L* (R4, HY(T?))
as d — 0.

Recall also that u,u’ € L?(R, H'(T?)) since it is Leray solution. Then
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ugs, wy — u, v’ in L(Ry, L*(T%)) N L3Ry, H(T?)).

We then deduce that w” belongs to L= (R, L3(T%)) N L?(Ry, H'(T?)) and solves Problem (5.10).
Now let us pose @ := w’ — w”, we show by combining the Equation in w’ and —w that & solves the problem

ho+V- - (0®u)— A=V (u® )
@(0) = 0.

Recall that u and u’' belongs to L?*(R,, H'(T?)) (because it is a Leray solution) and by assumption that
LP(Ry, L(T?)). By construction of &, we entail that, it belongs to L*(Ry x T?). We can then invoke the the-
orem 35, that @ = 0, hence w’ = w”. Thus w’ € L*®(Ry, L*(T?)) N L*(R, H'(T?)). That is to say that

w € Li)(?c (]T17 TQ[? L2(T3)) N LIQOC(]T17 T2[’ Hl (Tg))
Since the rotational of w is of w, the above regularity entails the regularity on u i.e
we Lig (17, Tl (T9)) 0 L (1T, Tol, HE(T?)).
We now improve on the regularity of u, an argument that relies on induction procedure. We want to show that

w € L, (1T, ol F*(T%)) 1 IR, Tal, /1 (T%)

or
we Lig (1T, ol B P (T®) ) 0 Lo (T3, Tal, HH(T?).

loc

As we have said earlier, The reasoning is going to be induction where the case s = 0, has been done already. Now
let us suppose that the statement is True for some positive integer s. To prove the case s + 1, we need to compute
the derivatives of order s + 1 in space of the entire Equation on «’, doing that we get somethings like this

3t88+1w' + AV (w’ X 65+1u) — A85+1w' =V. (68+1w' X u) -+ L.O.T‘((.L)/)7
where L.O.T(w') is the lower order term of the 054 w’. Performing the same step as above, one rove that

Os410" € Lis.(ITy, Tol, L*(T%)) N Li (1T1, Tol, H' (T%)).
Hence result. We then conclude that u € C*° (R, x T?).
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Appendix A

Classical facts

In this section, we recall some important and well known theorem specially Cauchy-Lipschitz theorem and some
relation connection between ODE and PDE.

A.1 Cauchy-Lipschitz theorem

Theorem 37 (Cauchy-Lipschitz). Let us consider the Chaucy problem
a(t) = f(t,2(t))
{ 2(0) =g (A1)
A solution of the above problem x is called integral curve of f trough xg.

1. (Local version) Let U C RN be an open subset and let f : [0, T] xU — RY be continuous and satisfies Lipschitz
condition

|f(t,z1) = f(t,22)] < Clay — a2
for any t € [0,T], x1 and xo in U C RN, where C is a given real constant. Then if xo € U, for some 6 > 0,
there exists a unique solution x : [0,8] — U of the Cauchy problem (A.1).

If the interval [0,T) is replaced by the intervals [—T,0] or [—T,T), the same statement holds, except the
existence interval will be respectively [—0,0] and [—0,d]. The existence is limited to a small interval because
the curve integral x might leave the domain U when the interval is big. In particular, either 5 might be taken
equals to T or there ezists a mazimum time interval [0, To[C [0,T] of existence, characterized by the property
that z(t) approaches the boundary of U when t — Tj.

2. (Global version) Let us maintain all the assumption in part one, but we mow take U = RN. Then for all
zo € RN, there exists a unique solution x : [0,T] — U of the Cauchy problem (A.1). The statement holds
when we replaced the interval [0,T] by the unbounded half lines | — 00, 0], [0, 00 or the entire real line R.

Let b € CP([0,7] x R%, RY) such that b, € C} (R, RY) for every ¢, and :

T
¥ o) = [ (el + 1D} < (4.2)

and denotes -
M = / [ Dbt |0 dt < oo (A.3)
0
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Applying Theorem 37 with the conditions (A.2) and (A.3), there exists, for each yo € R? a unique solution
x € C1([0,T]; R?) solution of the Cauchy problem

(1) = by(z(t)), : B T
{ 2(0) = yo or, equivalently, z(t) = yo +/0 by(x(s)) ds.

We denotes X;(yo) this solution, and we have from the previous

T
&@@=W+Abw&%»m. (A4)

Further more, by using Gronwall inequality that we will proved later, we get

t
| X (1) = Xe(wo)|| o, < llyn — yollooexp/o ([ Dbs|| oo ds.

Also, since b, is C' for each ¢, as well X; is C' and even is a C!-diffeomorphism.
Now let Y; the reciprocal of Xy, that is, for all ¢ in [0, 7] and x and y in R? : X,(y) = z if and only if y = Y;(x).
Now let us see the relation between the ODE
atXt = bt(Xt) (A5)

and the PDE
Ou+b-Vu=cu+ f. (A.6)

Lemma 38 (Gronwall Inequality). If v > 0 and ¢ are continuous functions that verify: ¥V t > to

o(t) S K+ [ 4(s)g(s)ds,

to
where K is a positive constant real number,then
t
¢@)<1rwp(/'wQMM)
0
Proof. Let
K+ [f(s)é(s)ds
sy = K8
exp (ftod)(s) ds)
then

$(t) — K — [1 ¥(s)p(s)ds
exp (fttodj(s) ds)

f1(t) =(t) <0

9

thus V ¢t > to, f(t) < f(to) =K.
We then deduce that

o)< K+ [ wisios)as < Kexp( [ w(s)as).
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A.2 Characteristics method of solving PDE)

Let u and v in C1([0,T] x R?) linked by v(t,y) = u(t, X¢(y)), or, equivalently, v(¢, Y;(x)) = u(t,x). From de Leibniz
rule, we obtain

_ (atu) (t, Xi(y)) + (Dxu) (t, X(y)) - (@X)t(y) (A7)
= (9) (8. Xu)) + (Do) (£, X1(w) - bu(Xa () (4.8)
- (8tu+b Vu) (t, X+ (y))- (4.9)

From this, we see that, if u is a C1([0,T] x R?) solution of PDE (A.6), then v is a C([0,T] x R?) solution of the
ODE

Orlu(t,y)] = e(t, Xi(y))o(t,y) + (£, Xi(y))- (A.10)

Technically, the characteristics method consists of finding solution of (A.6), that is relying on the Characteristics
curves (t, X;(y)), which makes sense, since X; is C'— diffeomorphism. And that lead us to an ODE (A.10), which
gives a solution from which we can build the solution of the PDE (A.6).

We solve Equation (A.10) by constant variation method. We do that in two steps. First of all, we find a solution
that we denote vy, of the homogeneous equation corresponding to Equation (A.10),

A [vn(t,y)] = c(t, Xe(y))vn(t,y).
Solving this equation, we find that

vn(t,y) = v(0,y) exp (/Otc(&Xs(y))dS)-

Now we find a particular solution of Equation (A.10) by constant variation method that consist to claim that

(e = K esp [ et X))

where k(t) is a real valued function of ¢, is a solution of Equation (A.10), and we solve for k. When we substitute
vp in Equation (A.10), we have

(ke [ cto. . as) ) = et XDrO e ( [ et ) as).

This gives us when we develop

K'(t) = f(t, Xi(y)) exp (— /Ot (s, Xs(y)) d8>~

We thus infer that, choosing arbitrarily k(0) =

10 = [ (1 xwyew(- [ eto.xas) o
witn) = | t (strx e [ (s, X)) is) ) ar

The general solution of Equation (A.10) can now be the sum of the homogeneous solution v, and the particular
solution vy, that is

ott) =v0.0) o [ s as) + [ (10 en( [ s xas) )ar
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Hence we have

) = w0 ew( [ s xoinas) + [ (soxone( [ s xmenas))

This gives a formula for u being a C*([0, 7] x R?) solution when uq is C*(R?) and b is C°([0, T]; C*(R%)4).

A.3 Others useful Theorem

Theorem 39 (Derivabability under integral). Let f :— f(t,z) a function from I x E to C, where E is any space.
Suppose that:

1. (Ezistence of F') For allt € I, the function x — f(t,x) is integrable;

2. (Differentiability) For almost every x € E| t — f(t,x) is differentiable on I, of derivative %{;

3. (Domination of the derivative) There exists s function v : E +— R, measurable such that [ fdu < oo and for
allt € I, almost every x € F,

of

L 1.0)| < vto)

Then the function

Pt F(t) :/f(t,x) du()

is differentiable on I and, for all t € I,

o) = [ St duto).

Theorem 40 (Banach fixed point Theorem). Let E be a complete metric space, and f a contracting application
from E to E. Then there exists in E an unique fized point E| that is x € E such that f(x) = x. Further more, if we
pose X, 11 = f(X,) for all integer n, the recurrent sequence (X,) is Cauchy convergent to an unique fized point

X* of f.

n
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