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A contact form on a manifold M of dimension 2n+ 1 is a one-form α such that
α∧ (dα)n is a volume form. A Legendrian submanifold is an n-dimensional sub-
manifold Λ ⊂M on which the contact form pulls back to zero (or, equivalently,
which is everywhere tangent to the contact distribution ξ = kerα). Contact
forms are the odd-dimensional counterpart of symplectic forms and Legendrian
submanifolds are the counterpart of Lagrangian submanifolds.

The main tool to study Legendrian submanifolds is Legendrian contact homol-
ogy, which is a Floer-type invariant suggested by Eliashberg and Hofer and
constructed rigorously — combinatorially by Chekanov in dimension three and
analytically by Etnyre, Ekholm and Sullivan in higher dimensions — for contact
manifolds of the form (P × R, λ+ dt), where (P, λ) is a Liouville manifold (i.e.
an open symplectic manifold with an exact symplectic form which is cylindrical
at infinity). The importance of Legendrian contact homology goes beyond the
study of Legendrian submanifolds per se: it was used by Bourgeois, Eliashberg
and Ekholm to compute symplectic invariants of Weinstein manifolds and, in
a different way, by Chantraine, Dimitroglou Rizell, Golovko and me to prove
a generation result for the wrapped Fukaya category of Weinstein manifolds.
These manifolds are important because they play a role in symplectic geometry
which is comparable to the role of affine manifolds in algebraic geometry.

The fact that Legendrian contact homology is rigorously available only for a
very restricted class of contact manifolds (none of which is closed) is however a
real limitation of the theory. The goal of this thesis would be to define (analyti-
cally) and, in some cases, compute Legendrian contact homology on the simplest
examples of closed contact manifolds: subcritically fillable and Boothby-Wang.
In dimension three, Legendrian contact homology has been defined combinatori-
ally for manifolds of those types by Ekholm and Ng (in the subcritically fillable
case) and Sabloff (in the Boothby-Wang case). Note that the recent technical
developments of virtual perturbations of moduli spaces of pseudoholomorphic
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curves should allow us to define Legendrian contact homology in complete gen-
erality; c.f. Pardon, Bao-Honda, Hofer-Wysocki-Zehnder (in preparation) and
Ishikawa. However, on subcritically fillable and Boothby-Wang contact mani-
folds, it should be possible to define the theory using only classical techniques.
Doing this has the advantage that one obtains an invariant that in principle
is computable in many cases, as opposed to the theory defined using virtual
techniques. This is another good reason for directing special attention to the
aforementioned cases.

A subcritically fillable contact structure is a contact structure which appears as
boundary at infinity of a Liouville manifold of the form (C× P, λ0 + λ), where
λ = 1

2 (xdy − ydx) is the standard Liouville form on C and (P, λ) is a Liouville
manifold. The importance of subcritically fillable contact manifolds comes from
the fact that every Weinstein manifold is obtained from a subcritical Weinstein
manifold (i.e. of the form (C× P, λ0 + λ) where (P, λ) is not just Liouville but
Weinstein) by adding handles along Legendrian submanifolds in its boundary
at infinity.

A Boothby-Wang contact manifold (also called a prequantisation space) is the
total space of a principal S1-bundle over an even dimensional manifold with a
contact form which is invariant under the S1 action and whose contact distri-
bution is transverse to the fibres. The differential of the contact form is the
pull back of a symplectic form on the base which represents (up to a factor of
2π) the first Chern class of the bundle. The importance of Boothby-Wang con-
tact manifolds comes from a theorem of Donaldson, stating that any symplectic
manifold (X,ω) such that the homology class of ω belongs to the integer lattice
of H2(X;R) admits a symplectic submanifold D ⊂ X of codimension two such
that X \D is a Weinstein manifold and the boundary at infinity of X \D is a
Boothby-Wang contact manifold.

The first step in studying both cases is to define Legendrian contact homology
for Legendrian submanifolds of contact manifolds of the form (P×S1, λ+dz) for
some Liouville manifold (P, λ): in fact both subcritically fillable contact mani-
folds and Boothby-Wang contact manifolds can be seen as compactifications of
manifolds as above.
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