Perturbation of several commuting h-pseudodifferential operators

Colette ANNÉ & Anne-Marie CHARBONNEL

June 15, 2006

UMR 6629 de Mathématiques, BP 92208 Université de NANTES Faculté des Sciences et des Techniques 44322 Nantes-Cedex 03, France

Abstract

We consider k pseudodifferential operators Q_1(h), . . . , Q_k(h), acting on R^n commuting together, and depending on a small parameter h. Under the assumption that the classical Hamiltonian flow of the joint principal symbol q_0 is periodic with constant period on one given energy level q^{−1}_0 (E_0), in [1] we have shown that the joint spectrum of these operators lying in a h-depending neighborhood I(h) of E_0 is localized near a lattice. This paper followed the now classical method initiated by Helffer and Robert in [11], and in [4] for several operators, which is based on the FIO theory. We investigate in this article the method proposed by Colin de Verdière to Dozias [8] for one operator acting on R^n and obtain a theorem of perturbation.

Contents

1 Introduction 2 2 Symplectification 6 3 Consequence for the spectrum 11

1 Introduction

This article is concerned with the localization, near E_0, a fixed energy level of the joint spectrum of several commuting operators, one of them being a Schrödinger type operator. The joint spectrum of several commuting operators arises naturally when suitable symmetries are present. Let us consider for instance the Schrödinger operator in R^3

Q_1(h) = −h^2Δ + V (x) ,

and suppose that the potential is real-valued, smooth and symmetric in the variables x_2, x_3, for instance V (x) = (1 + x^2_1)(1 + x^2 + x^2_3). Then Q_1(h) commutes with the kinetic moment Q_2(h) = −ih (x_2∂_{x3} − x_3∂_{x2} ) , The eigenvalues of Q_1(h) correspond to common eigenfunctions of Q_1(h)and Q_2(h), and the associated joint eigenvalues λ(h) = (λ_1(h), λ_2(h)) of the operators Q(h) = (Q_1(h), Q_2(h)) have less multiplicity in the spectrum of Q(h).

More generally, having k commuting operators in L^2(R^n), k ≤ n, we consider the k-uplet of operators Q(h) = (Q_1(h), . . . , Q_k(h)) .

(H1) We suppose that the operators Q_1(h), . . . , Q_k(h) are h-admissible pseudodifferential operators, in the sense of Helffer and Robert [12]. Let us recall their definition. Let p, Φ and Ψ be weight functions on R^{2n}, i.e. continuous functions from R^{2n} into R^+ which are supposed to be σ-temperate in Hörmander’s sense (see [14]) and such that the product Φ.Ψ satisfies the following property : there exist constants δ, 0 < δ ≤ 1 , c_0 > 0 , c_1 > 0 such that

∀(x, ξ) ∈ R^{2n} c_0 ( 1 + |x|^2 + |ξ|^2

)_δ

≤ Φ(x, ξ)Ψ(x, ξ) ≤ c_1 ( 1 + |x|^2 + |ξ|^2 ) . We denote by S_{Φ,Ψ}(p) the space of all the functions a ∈ C^∞(R^{2n}) such that for all (α, β) in N^{2n} there exists C_{α,β} > 0 verifying

|∂^α_x ∂^β_ξ a(x, ξ)| ≤ C_{α,β} p(x, ξ) Φ^{−|α|} Ψ^{−|β|} ∀(x, ξ) ∈ R^{2n}. (1.1)

To such a symbol a corresponds an operator A(h) = Op^w_h (a) defined by the Weyl quantization

Aψ(x) = (2πh)^{−n} ∫ ∫ e^{ih−1(x−y , ξ)} a(h, x + y 2 , ξ) ψ(y) dy dξ

for ψ ∈ S(R^n) .

We suppose that Q_j (h) = Op^w_h (q_j), where the symbol q_j (h, x, ξ) admits an asymptotic expansion in powers of h : there exists a sequence {q_{ij} }_{i∈N} ∈ S_{Φ,Ψ}(pΦ^{−i}Ψ^{−i}) such that q_j (h, x, ξ) ∼ ∑ i≥0 h^iq_{ij} (x, ξ) (1.2) where ∼ means that for all N ∈ N

h^{−(N+1)} ( q_j (h, x, ξ) − N∑ i=0 h^iq_{ij}(x, ξ) )

belongs to a bounded set of S_{Φ,Ψ}(pΦ^{−(N+1)}Ψ^{−(N+1)}) for all h ∈]0, h_0[. Then Q_j (h) belongs to L ( S(R^n), S(R^n) ) , for each j=1, ..., k. We may assume that each operator Q_j (h) admits a self-adjoint extension to L^2(R^n) which will be still denoted by Q_j (h). It is the case if the principal symbol q_{0j} is itself a weight and if q_{ij} ∈ S_{q0j} for all i, and more generally if q_{0j} is bounded from below [17]. In our case, we always can reduce to this situation by means of the functional calculus, if the weight is p = ‖q_0‖^2 + 1, and if the operator

∑_k j=1 Q_j^2(h) is hadmissible : let f be a C^∞ function on R^+ such that f(x) = x for x ∈ [0, c], (with 0 < c < 1) f is increasing and asymptotic to 1 at infinity and define g(x) = f(x)/x a C^∞ function on R^+, equal to 1 on the interval [0, c]. Then, for E_0 ∈ R^k, the new operators defined vectorially by

P (h) = g(‖Q(h) − E_0‖)(Q(h) − E_0)

are h-admissible pseudodifferential operators (remark that the operators g(‖Q(h) − E_0‖) are bounded) with bounded symbols, so every principal symbol is a weight bounded from below. Moreover the P_j (h) commute to each other if the Q_j (h) have this property ; furthermore, on the domain {(x, ξ), ‖q(h)(x, ξ) − E_0‖ ≤ c} one has p(h) = q(h) − E_0, so p(h) is proper if q(h) is, see hypothesis (H3) below. Remark. — This method is preferable to the one used in [4] (2.1.3) where the author used instead of g a function with compact support, because in this case the level sets near E_0 are modified and the hypothesis (H3) cannot be kept.

(H2) We suppose that the operators Q_j (h) commute to each other, i.e.

∀i, j = 1, ..., k, ∀h > 0 : [Q_i(h), Q_j (h)] = 0 on S(R^n). (1.3)

Denote by q_0 = (q_{01}, . . . , q_{0k}) : T^∗R^n → R^k the principal symbol of the operator

Q(h) = (Q_1(h), . . . , Q_k(h))

and by q_1 = (q_{11}, . . . , q_{1k}) its subprincipal symbol. As a consequence of the assumption of commutativity, one has {q_{0i}, q_{0j} } = 0, and the associated symplectic or classical flows also commute.

(H3) Fix E_0 ∈ R^k and suppose that E_0 is a regular value of the joint principal symbol q_0, and that q_0 is proper on a neighborhood of E_0, i.e. there exists a compact neighborhood K of E_0 in R^k such that q^{−1}_0 (K) is compact.

The joint spectrum Λ^Q for such types of operators has been introduced in [4], and it has been proved that under the condition (H3), the part of the joint spectrum contained in any compact K̃ ⊂^oK, consists in finitely many joint eigenvalues λ(h) ∈ R^k of finite multiplicity.

Consequence. — For all E ∈ K (if K is small enough) the set Σ_E = q^{−1}_0 (E) has a structure of submanifold of R^{2n} of codimension k. Σ_E is compact and invariant under the action of the Hamiltonian flow Φ^t_j defined by

Φ^0_j = Id ; ∂ ∂t Φ^t_j = H_j ∘ Φ^t_j

where H_j is the Hamiltonian field of q_{0j} dq_{0j} = −H_j ω.

Here ω is the canonical symplectic form of R^n ω = n∑ j=1 dξ_j ∧ dx_j.

Let us remark that [H_i, H_j] = 0 in view of the hypothesis (H2), so Σ_E is isotropic ; this implies k ≤ n.

Each flow Φ^t_j defines a symplectic action on T^∗R^n which preserves any Σ_E , and the joint flow defines an action of R^k on the level submanifold ρ_E : R^k × Σ_E → Σ_E

((t_1, . . . , t_k), ν) → Φ^{t1}_1 ∘ . . . ∘ Φ^{tk}_k (ν).

(H4) Periodicity with constant period of the joint flow on Σ_0 = Σ_{E0} .

This means : we suppose that, on Σ_0, the action ρ_{E0} of R^k comes down to an action ρ_0 of a torus T^k; more precisely there exists a base (e_1, . . . , e_k) of R^k such that

∀ν ∈ Σ_0, ∀(z_j )_{1≤j≤k} ∈ Z^k ρ_{E0} ( 2π k∑ 1 z_je_j , ν ) = ν and we will write ∀γ = [t] ∈ T^k, ν ∈ Σ_0 , ρ_0(γ, ν) = ρ_{E0} (t, ν).

Remark. — Under this assumption i.e. all the points of Σ_0 are periodic with the same period ; but some points may have sub-periods, actually they are isolated : the action ρ_E is locally free (i.e. the stabilisator of each point is a discrete subgroup of R^k) because the Hamiltonian fields (H_1, . . . , H_k) are independent by (H3). So the action ρ_0 of T^k is locally free, and using the proposition 3.7, p. 94 in [16], we know that the orbits define a foliation with compact leaves, and that the space of the orbits Σ_0/T^k has a structure of orbifold : it is a smooth compact manifold with a finite number of conical singularities.

Comparison with the hypothesis of [4] and notations. — Let (ε_j)_{1≤j≤k} be the canonical basis of R^k and define a ∈ End(R^k) by e_j = a(ε_j ) = ∑ i α_{ij}ε_i. Then the new symbol :

p_0 = (p_{01}, . . . , p_{0k}) p_0 = a(q_0)

satisfies dp_{0j} = ∑ i α_{ij}dq_{0i} = − ∑ i α_{ij}H_i ω and the corresponding Hamiltonian flow Ψ_j is 2π-periodic on the energy level a(E_0) in view of (H4). Consequently the operators P(h) = a(Q(h))

satisfy the pointwise equivalent of the hypothesis of [4], where it is supposed that there exists a function f ∈ C^∞_o (R^k, R^k) such that the Hamitonian flows of the principal symbols of the operators f(Q(h)) are periodic in a neighborhood of the energy level.

We will denote by K_j = ∑ i α_{ij} H_i

the Hamiltonian field of p_{0j}.

(H5) The subprincipal symbol q_1 is equal to 0.

The goal is to construct a new symbol p̃(h) which approaches p(h) modulo O(h^2) and which follows the assumptions of periodicity of [4].

Example. — If (ν, u) ∈ Σ_0×] − 1, +1[^k is a parametrization of a neighborhood of Σ_0 such that the symplectic structure is given by the 2-form ω_1 which is equal to ω on Σ_0 and satisfies du_j = −H_j ω_1 ;

the vector fields H_j are the Hamiltonian fields of the functions (ν, u) → u_j + E_{0j} . These functions satisfy the assumption of periodicity in a neighborhood of the energy level, and they coincide with q_{0j} , as well as their derivatives on Σ_0. So they are good candidates for the construction of the principal part of q̃(h).

The aim of the following section is to show how the general situation can be reduced to this one, using a geometric construction and the theorem of Weinstein. Afterwards we can apply the Taylor formula (proposition 3) to control the error by h^2. Finally the usual technics of localization for h-pseudo’s give the conclusion.

2 Symplectification

We use a connection 1-form on Σ_0 for the construction of a new symplectic form ω_1 which coincides with ω on Σ_0.

Let us recall that each element A ∈ R^k, the Lie algebra of T^k, defines a vector field Ā on Σ_0 by the locally free action ρ_0

∀ν ∈ Σ_0 Ā(ν) = d dt ( ρ_0(exp(tA))(ν) ) |t=0,

where exp(A) = (exp(a_1), . . . , exp(a_k)) for A = (a_1, . . . , a_k).

In all this section, we will denote the action of γ ∈ T^k on Σ_0 by γ · ν, ν ∈ Σ_0, and by γ_∗(X) its action on X ∈ T Σ_0, the tangent bundle of Σ_0.

Proposition 2.1 . — There exists a 1-form α = (α_1, . . . , α_k) on Σ_0, with values in R^k, which satisfies the two properties (P1) equivariant property ∀X ∈ T Σ_0, ∀γ ∈ T^k α(γ_∗(X)) = α(X) (P2) vertical triviality ∀A ∈ R^k α(Ā) = A.

Comments. — The property (P2) can be written α_i(K_j) = δ_{ij} (the Kronecker symbol) if K_j = ∑ i α_{ij} H_i is the Hamiltonian field of p_{0j}.

Moreover, when the action ρ_0 of T^k is free, the quotient Σ_0/T^k has a structure of manifold, and the action T^k → Σ_0 ↓ Σ_0/T^k

defines a structure of principal bundle (see [2] Chap. III, §1, Prop.10, p.104). In this case the 1-form α is a connection 1-form for this principal bundle ; we know that it always exists.

Proof. — First choose a Riemannian metric g on Σ_0. Because the group T^k is compact, we can suppose that g is invariant by the action of the torus (if it is not the case, take its average by the Haar measure of T^k). For each ν ∈ Σ_0, let V_ν be the subspace of T_ν Σ_0 which is generated by the fields Ā(ν) for all A ∈ R^k, and H_ν the orthogonal of V_ν for g.

∀ν ∈ Σ_0, T_ν Σ_0 = V_ν^⊥⊕ H_ν .

The action of T^k is locally free, so the rank of the sub-bundle V is equal to k (rk(V ) = k and rk(H) = 2n − k). We define α by

α_{|H} = 0 ; α(Ā) = A ∀A ∈ R^k.

The property (P2) is fulfilled by construction ; for (P1), we remark that the group T^k is abelian ; so, for each γ ∈ T^k and A ∈ R^k, we have

γ_∗(Ā) = Ā.

But γ acts isometrically on Σ_0, so for any ν ∈ Σ_0

γ_∗(H_ν ) = H_{γ(ν)}.

Now let X ∈ T_ν Σ_0 and γ ∈ T^k. We decompose X on V_ν^⊥⊕ H_ν and calculate

X = Ā + U, A ∈ R^k, U ∈ H_ν γ_∗(X) = Ā + γ_∗(U), γ_∗(U) ∈ H_{γ(ν)} α(γ_∗(X)) = α(Ā) + 0 = A = α(X).

Corollary 2.1 . — ∀A ∈ R^k Ā dα = 0.

In the case of a principal bundle, this property means that the curvature of any connection is horizontal.

Proof. — For any vector field X, one has

dα(X, Ā) = X · α(Ā) − Ā · α(X) − α([X, Ā]).

The first term is equal to 0 because α(Ā) is constant.

Now suppose that X = B̄ is vertical. Then α(X) = B is constant, and we have also [B̄, Ā] = 0, because the Lie algebra R^k is abelian, so the second and the third terms vanish.

Finally if X ∈ H is horizontal, then we have α(X) = 0, and [X, Ā] is also horizontal because T^k acts isometrically and preserves the horizontal. More precisely

[X, Ā] = −L¯_A(X) = d dt ( exp(−tA)_∗(X ∘ exp(tA)) ) |t=0,

so α([X, Ā]) = 0.

Definition 2.1 . — Let α̃ be the 1-form defined on T R^{2n}_{|Σ0} in the following way : α̃ is equal to α on T Σ_0 and equal to 0 on its orthogonal for the canonical metric of R^{2n} ; there exist vector fields X̃_j ∈ C^∞(Σ_0, T R^{2n}_{|Σ0} ) such that

∀j, 1 ≤ j ≤ k α̃_j = X̃_j ω,

because the form ω is non-degenerated. By definition ω(X̃_j, K_i) = δ_{ij} .

Lemma 2.1 . — There exist vector fields X_j ∈ C^∞(Σ_0, T R^{2n}_{|Σ0} ) such that

∀ 1 ≤ i, j ≤ k ω(X_i, X_j) = 0 ; ω(X_i, K_j) = δ_{ij}

Proof. — We are looking for X_j of the form

X_j = X̃_j − ∑ β_{ij}K_i.

As a necessary condition, we have ω(X_l, X_j) = ω(X̃_l, X̃_j) − β_{lj} + β_{jl}, and we obtain the result with β_{lj} =^1_2 ω(X̃_l, X̃_j) = −β_{jl}.

Moreover, since K_j ω is null on T Σ_0, we see that X_j , 1 ≤ j ≤ k form a basis of a complementary space of T Σ_0 in T R^{2n}. Actually suppose that ∑ i λ_iX_i = 0. Then ω( ∑ i λ_iX_i, K_j) = 0 which implies λ_j = 0, ∀j.

Definition 2.2 . — Let Exp be the map

Σ_0×] − ε, ε[^{k Exp}−→ R^{2n}

(ν, u) −→ exp_ν ( k∑ j=1 u_jX_j (ν))

where exp is the exponential map of the canonical Riemannian structure of R^{2n}.

In particular, one has the formula

d_{(ν,0)}Exp(X, U) = X + k∑ j=1 U_jX_j(ν) (2.1)

for X ∈ T_ν Σ_0 and U = (U_1, . . . , U_k) ∈ R^k, and we see that there exists ε_0 > 0 such that Exp is a diffeomorphism on its range for any 0 < ε < ε_0.

Let Π : Σ_0×] − ε, ε[^k→ Σ_0 be the projection on the first factor and i : Σ_0 → R^{2n} be the canonical imbedding.

Proposition 2.2 . — If ε is small enough, then the 2-form

ω_1 = Π^∗(i^∗ω) + k∑ j=1 u_jd(Π^∗α_j) + k∑ j=1 du_j ∧ (Π^∗α_j)

defines a symplectic structure on Σ_0×] − ε, ε[^k, which coincides with Exp^∗ω on Σ_0.

Proof. — Here a point ν belonging to Σ_0 is identified with the point (ν, 0) belonging to Σ_0×] − ε, ε[^k and for such a point we will identify X ∈ T_ν Σ_0 with (X, 0) ∈ T_{(ν,0)}(Σ_0×] − ε, ε[^k) and U ∈ R^k with (0, U) ∈ T_{(ν,0)}(Σ_0×] − ε, ε[^k). The 2-form ω_1 is closed :

dω_1 = dΠ^∗(i^∗ω) + k∑ j=1 du_j ∧ d(Π^∗α_j )) − k∑ j=1 du_j ∧ d(Π^∗α_j)

= Π^∗(i^∗dω) + 0 = 0

The 2-form ω_1 coincides with Exp^∗ω on Σ_0 : fix ν ∈ Σ_0 and consider first X ∈ T_ν Σ_0 ; we have X ω_1 = (i ∘ Π)^∗(X ω) − k∑ j=1 α_j(X)du_j.

Then, for Y ∈ T_ν Σ_0 we can write, since Exp_∗(X) = X and Exp_∗(Y) = Y, ω_1(X, Y ) = ω(X, Y ) = Exp^∗ω(X, Y), while for U ∈ R^k, Π_∗(U) = 0 and

ω_1(X, U) = − k∑ j=1 U_j α_j(X) = − k∑ j=1 U_j ω(X_j, X)

= ω(X, k∑ j=1 U_j X_j ) = ω(X, Exp_∗(U) = Exp^∗ω(X, (0, U)),

following the equation (2.1). Finally for U, V ∈ R^k Π_∗(U) = 0 and Π_∗(V ) = 0 ⇒ ω_1(U, V ) = 0, while Exp^∗ω(U, V) = ω( k∑ j=1 U_jX_j, k∑ j=1 V_jX_j) = 0

in view of Lemma 2.1.

But ω is non-degenerated and this property is open, so ω_1 is also non-degenerated on a neighborhood of Σ_0.

Applying the Weinstein theorem (Lemma 3.14 of [15], or [18]) one obtains Corollary 2.2 . — For ε small enough (ε > 0) there exists Ψ ∈ Diff (Σ_0×]−ε, ε[^k) such that Ψ^∗ω_1 = Exp^∗(ω) and ∀ν ∈ Σ_0 Ψ(ν) = ν, d_ν Ψ = Id.

Proposition 2.3 . — Let us define p on Σ_0×]−ε, ε[^k by the formula p(ν, u) = u+a(E_0) ; then p∘Ψ and p_0 ∘Exp coincide on Σ_0, as well as their differentials ; while the Hamiltonian flow of each component p_j ∘ Ψ is periodic with the same constant period on a neighborhood of a(E_0)_j .

Proof. — For the first part of the proposition, remark that d_{(ν,0)}(p_l ∘ Ψ) = du_l following Corollary 2.2, while using the expression of d_{(ν,0)}Exp given by Formula (2.1), we have

d_{(ν,0)}(p_0 ∘ Exp)(X, U) = d_ν p_0(X + j=k∑ j=1 U_jX_j (ν))

= ω(X + j=k∑ j=1 U_jX_j (ν), K_l) = U_l

in view of Lemma 2.1.

For the second part, remark that the Hamiltonian field of p_l for the symplectic structure given by ω_1 is equal to K_l = (K_l, 0). Actually dp_l = du_l, while

−K_l ω_1 = −K_l ( Π^∗(i^∗ω) + k∑ j=1 u_jd(Π^∗α_j ) + k∑ j=1 du_j ∧ (Π^∗α_j ) )

= du_l.

As a matter of fact remark first that Π_∗K_l = K_l, and that K_l i^∗ω = 0 (or K_l ω vanishes on tangent vectors of Σ_0), so the first term satisfies

K_l Π^∗(i^∗ω) = Π^∗(K_l i^∗ω) = 0.

Next, always using Π_∗K_l = K_l, we have

K_l d(Π^∗α_j ) = Π^∗(K_l dα_j) = Π^∗(ε̄_l dα_j) = 0

by Corollary 2.1.

Finally recall that α_j(K_l) = δ_{jl} (comments of proposition 2.1), and du_j(K_l) = 0; so we have

K_l k∑ j=1 du_j ∧ (Π^∗α_j) = −du_l.

It is now clear that the Hamiltonian flow of p_l is 2π-periodic for the symplectic structure given by ω_1 ; so the same is true for p_l ∘ Ψ with the symplectic structure given by Ψ^∗ω_1 = Exp^∗(ω).

Corollary 2.3 . — The functions p_0 and p̄ = p∘Ψ∘Exp^{−1} defined on Exp(Σ_0×]−ε, ε[^k) coincide on Σ_0 as well as their derivatives, while p̄ satisfies at a(E_0) the assumption of [4] : the hamiltonian flow of each component p̄_j is periodic on the level hypersurface p̄^{−1}_j (y_j) for y_j in a neighborhood of a(E_0)_j .

3 Consequence for the spectrum

First fix ε such that all the previous results are right and write

U_0 = Exp(Σ_0×] − ε, ε[^k).

We denote by Sym(R^k) the space of symmetric matrices on R^k.

Lemma 3.1 If ε is small enough, there exists a smooth function C : U_0 → Sym(R^k) such that the following formula is true for all ν ∈ U_0

p_0(ν) − p̄(ν) = C(ν) [ p_0(ν) − a(E_0), p_0(ν) − a(E_0) ] . Proof. — The function p_0 is a submersion on K, and U_0 is relatively compact. Consequently there exists a finite open covering of U_0 where p_0 − a(E_0) can be taken as the first coordinates on each open. Take a partition of unit adapted to this covering, and consider the other coordinates as parameters, which actually are coordinates for Σ_0. In each open set of the covering, the announced formula is just the Taylor formula with parameters and an integral remainder, which is applied to the function p_0 − p̄ at a point of Σ_0 (remark that at such a point this function as well as its derivative is null). We will write

C(ν)[X, Y ] = ( ∑ 1≤ij≤k

C^1_{ij} (ν)X_iY_j, . . . , ∑ ij C^k_{ij} (ν)X_iY_j ) .

Now take a cut-off function χ ∈ C^∞_o (R^k) with support included in^oK (like in hypothesis (H3)), which is equal to 1 on a open neighborhood W of a(E_0) and such that Supp(χ∘p_0) ⊂ U_0.

Lemma 3.2 The principal symbol

p̃ = χ ∘ p_0 . p̄ + (1 − χ ∘ p_0) . p_0

defined on R^{2n} satisfies the hypotheses of [4] .

Proof. — From the formula

p̃ − a(E_0) = p_0 − a(E_0) + χ ∘ p_0 . (p̄ − p_0)

one sees easily that the set p̃^{−1}(a(E_0)) = Σ_0, thus a(E_0) is a regular value of p̃ which is proper on a neighborhood of Σ_0.

Hint One has, in the coordinates given by Exp, ‖p_0−a(E_0)‖ ∼ ‖u‖ while ‖χ∘p_0 . (p̄−p_0)‖ = O(‖u‖^2).

Proposition 3.1 Let ~P_j (h) = Op^w_h (p̃_j) for 1 ≤ j ≤ k. For all integer l, 1 ≤ l ≤ k, there exist uniformly bounded operators on L^2(R^n) : D^l_{ij} (h) = Op^w_h (C̃^l_{ij} ), B^l_j(h) = Op^w_h (b^l_j ), A^l(h) = Op^w_h (a^l(h)) such that

P_l(h) − ~P_l(h) ∼ ∑ ij D^l_{ij} (h) ∘ (P_i(h) − a(E_0)_i ∘ (P_j(h) − a(E_0)_j ) + + h ∑ j B^l_j (h) ∘ (P_j (h) − a(E_0)_j) + h^2A^l(h).

Proof. — With vectorial notations

P(h) − ~P(h) = Op^w_h (p(h) − p̃) = Op^w_h (p_0 − p̃) + Op^w_h (p(h) − p_0) = Op^w_h (χ ∘ p_0 . (p_0 − p̄)) + Op^w_h (p(h) − p_0).

By hypothesis (H5) one has p(h) − p_0 = h^2d_1(h) and d_1(h) will enter a(h). By lemma 3.1, χ ∘ p_0 . (p_0 − p̄) = χ ∘ p_0 . C[p_0 − a(E_0), p_0 − a(E_0)]. Let C̃ = χ ∘ p_0 . C ; then by hypothesis (H5)

Op^w_h (C̃[p_0 − a(E_0), p_0 − a(E_0)]) = Op^w_h (C̃[p(h) − a(E_0), p(h) − a(E_0)) + h^2Op^w_h (d_2(h))

and d_2(h) will enter a(h).

A componant of the first term is equal to ∑ ij Op^w_h (C̃^l_{ij}(p_i(h) − a(E_0)_i)(p_j(h) − a(E_0)_j)).

We will apply here the theorem II-32 in [17], concerning the product of admissible hpseudo-differential operators to compare Op^w_h (C̃^l_{ij}(p_i(h) − a(E_0)_i)(p_j(h) − a(E_0)_j )) and Op^w_h (C̃^l_{ij} ) ∘ (P_i(h) − a(E_0)_i) ∘ (P_j(h) − a(E_0)_j ). Recall that the product of admissible hpseudo-differential operators is of the same kind. Moreover, there exists formulae for the principal and the subprincipal symbols : with clear notations, one has for the principal symbol of such operators σ_0(A ∘ B) = σ_0(A)σ_0(B) and for the subprincipal symbol

σ_1(A ∘ B) = σ_0(A)σ_1(B) + σ_1(A)σ_0(B) + 1 2i {σ_0(A), σ_0(B)}.

First application

(P_i(h) − a(E_0)_i) ∘ (P_j (h) − a(E_0)_j) = Op^w_h ((p_i(h) − a(E_0)_i) (p_j(h) − a(E_0)_j ))) + h^2Op^w_h (d_3(h))

because {p_{0i}, p_{0j}} = 0 by (H2) ; d_3(h) will enter a(h).

Now take A = Op^w_h (C̃^l_{ij}) = D^l_{ij}(h) and B = (P_i(h) − a(E_0)_i) ∘ (P_j (h) − a(E_0)_j). The principal symbol of the operator D^l_{ij}(h)(P_i(h) − a(E_0)_i) ∘ (P_j (h) − a(E_0)_j ) is equal to

C̃^l_{ij}(p_{0i} − a(E_0)_i)(p_{0j} − a(E_0)_j) and for the subprincipal symbol one has 1 2i { C̃^l_{ij}, (p_{0i} − a(E_0)_i)(p_{0j} − a(E_0)_j) } = 1 2i ( (p_{0i} − a(E_0)_i) { C̃^l_{ij}, (p_{0j} − a(E_0)_j ) }) + 1 2i ( (p_{0j} − a(E_0)_j) { C̃^l_{ij} , (p_{0i} − a(E_0)_i) }) . Define b^l_j = ∑ i {C̃^l_{ij}, (p_{0i} − a(E_0)_i)} + {C̃^l_{ji}, (p_{0i} − a(E_0)_i)}.

We have proved that ∑ ij D^l_{ij} (h) ∘ (P_i(h) − a(E_0)_i) ∘ (P_j (h) − a(E_0)_j) = ∑ ij Op^w_h (C̃^l_{ij}(p_{0i} − a(E_0)_i)(p_{0j} − a(E_0)_j)) + h ∑ j Op^w_h (b^l_j )(P_j (h) − a(E_0)_j)

+ h^2Op^w_h (d^l_4(h)),

and d_4(h) will enter a(h). The proof is complete.

Now let I = I_1 × . . . × I_k be a k-cube around a(E_0). We suppose I ⊂ W and denote by Π_I = Π^1_{I1} ∘ . . . ∘ Π^k_{Ik} the joint spectral projector of P(h). One knows, by [4], that the Π^j_{Ij} commute to each other and with functions of P_j (h).

Corollary 3.1 . — Suppose that I has size h, i.e. (P(h) − E_0) ∘ Π_I = O(h) then

(P(h) − ~P(h)) ∘ Π_I = O(h^2).

—–♦—–

References

[1] C. Anné & A-M. Charbonnel. — Bohr-Sommerfeld conditions for several commuting Hamiltonnians, Cubo journal 6 n^∘ 2 (2004),15-34.

[2] Bourbaki N. Groupe de Lie et Algèbre de Lie, Chap. II et III. Hermann (1972).

[3] Bolle P. A contact condition for p-codimensional submanifolds of a symplectic manifold (2 ≤ p ≤ n). Math. Z. 227 (1998), 211–230.

[4] Charbonnel A.-M. Comportement semi-classique du spectre conjoint d’opérateurs pseudodifférentiels qui commutent. Asymptotic analysis (1988), 227–261.

[5] Charbonnel A.-M. Comportement semi-classique des systèmes ergodiques. Ann. Inst.

Henri Poincaré, Section Phys. Th. 56-2 (1992), 187-214.

[6] Colin de Verdière Y. Spectre conjoint d’opérateurs pseudo-différentiels qui commutent I. Le cas non intégrable. Duke Math. J. 46 (1979), 169–182.

[7] Colin de Verdière Y. Spectre conjoint d’opérateurs pseudo-différentiels qui commutent II. Le cas intégrable. Math. Z. 171 (1980), 51–73.

[8] Dozias S. Opérateurs h-pseudo-différentiels à flot périodique et asymptotique semiclassique. Thèse de Doctorat, Université Paris XIII, 1994.

[9] Dozias S. Clustering for the spectrum of h-pseudodifferential operators with periodic flow on an energy surface. J. Funct. Anal. 145-2 (1997), 296-311.

[10] Duistermaat J. Oscillatory integrals, Lagrange immersions and Unfolding of singularities. Comm. in Pure and Appl. Math. 27 (1974), 207-281.

[11] Helffer B., Robert D. Puits de potentiel généralisés et asymptotiques semi-classiques.

Ann. Inst. Henri Poincaré, Section Phys. Th. 41 (1984),294–331.

[12] Helffer B., Robert D. Calcul fonctionnel par la transformation de Mellin. J. Funct.

Anal. 53 (1983),246–268.

[13] Helffer B., Sjöstrand J. Multiple wells in the semi-classical limit I. Comm. in PDE 9-4 (1984) 337–408.

[14] Hörmander L. The Weyl calculus of pseudodifferential operators. Comm. in Pure and Appl. Math. 32 (1979), 359–443.

[15] Mc Duff D., Salamon D. Introduction to Symplectic Topology. Clarendon Press, Oxford (1995).

[16] Molino P. Riemannian Foliations. Birkhäuser, Basel (1988). [17] Robert D. Autour de l’approximation semi-classique. Birkhäuser, Basel (1987). [18] Weinstein A. Symplectic manifolds and their Lagrangian submanifolds. Advances in Mathematics 6 (1971), 329–346.