HARMONIC
ANALYSIS AND
ORTHOGONAL
SYSTEMS IV
(BEDLEWO,
19-24
SEPTEMBER
2010)

FREDERIC
BERNICOT

A T(1)-THEOREM RELATED TO A
SEMIGROUP

Frédéric BERNICOT

CNRS - Université Lille 1

September 21, 2010



© INTRODUCTION

® NEW T(1)-THEOREM

© APPLICATIONS

(O By (= o

v
it

Q>



HARMONIC

ANALYSIS AND

ORTHOGONAL A T(1)-THEOREM RELATED TO A
;B‘igff"' SEMIGROUP
o0

FREDERIC
BERNICOT

OUTLINE

INTRODUCTION

© INTRODUCTION
NEW T(1)-

APPLICATIONS



HARMONIC
ANALYSIS AND
ORTHOGONAL
SYSTEMS IV
(BEDLEWO,

19-24
SEPTEMBER

THE CLASSICAL T(1)-THEOREM
2010)
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FREDERIC Let T be a linear operator on R" such that its kernel K(x, y)
BERNICOT satisfies :
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KX IS Ix=yI™"
and for some e € (0,1] and z with |z| < |x — y|/2

(KOG Y) =KX,y +2)|+|K(x, y) = K(x+2,y)| S %

-y
Then T is L?-bounded if and only if T(1), T*(1) belong to

BMO(R™) and T satisfies a weak boundedness property.
It requires to give a sense to T(1), T*(1) (using truncated
kernels).

Using paraproducts, we can assume more cancellation :
T(1)=T*(1)=0
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Using Calderon-Zygmund theory, such operators are
LP-bounded for all p € (1, c0).

Applications :

» Pseudo-differential operators in exotic class S?

e Many extensions, for a non-doubling measure on R"
(Nazarov, Treil, Volberg (2002) and Tolsa (2001)), with

T(b) theorem (where b is an accretive function) and its
local variants.

« Extension to /2-square functions and applications in the
Kato conjecture (Auscher, MCIntosh, Hofmann, Lacey
and Tchamitchian (2002)) and Cauchy integral ...

Problem : Many operators do not satisfy assumptions on
the kernel (for example, Riesz transforms associated to a
second order divergence form operator). So we are looking
for similar results with other assumptions.
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INTRODUCTION by

][ ‘f— e‘rcszf’
Q
or
][ ‘réAe‘rc%Af‘.
Q
(1-

Sometimes, we need more cancellation and so consider

e "e2)Mf or (r3A)Me 1ot
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THE FRAMEWORK ABOUT
SEMIGROUP

Let (M, d, ) be a doubling Riemannian manifold. We

consider a semigroup (e ™)~ such that L generates a
holomorphic semigroup (e—ZL)zesﬁ/M.

Assume the following conditions : there exist a positive real
m > 0 and § > 1 such that

e Forevery z € S;>_,, the linear operator e?Lis given
by a kernel a, satisfying

a:(x,y)| < d(x.)

1 —d—2N—-¢
— (14
u(B(x, |z['/m)) ( \Z!‘/m)

where d and N are parameter given by the dimension
of the space;
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 The operator L has a bounded H..-calculus on L2. That

is, there exists ¢, such that for b ¢ HOO(SS), we can
define b(L) as a L2-bounded linear operator and

INTRODUCTION ”b(L)HL2—>L2 S CVHb”OO

e We assume that for every integer k > 0 the square
functional

f— (/ ’t”’”V(tL)"e"L(f)‘ dt)
0 t
is bounded on L2,
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Main constraint : the pointwise estimates of the kernel
Examples :

e [ = —A on the Riemannian manifold

e [ = —div(AV-) on R" with a real-valued matrix A or a
complex-valued matrix A for n € {1,2}.
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The assumed bounded H..-calculus on L? implies that for
any holomorphic function ¢ such that for some s > 0
[0(2)] S 1

INTRODUCTION

25 the quadratic functional

" (/000 b (tL)fP? dt>1/2

t
is L2-bounded.

Then it remains us to define an associated BMO, space
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DEFINITION (DUONG AND YAN (2005))
INTRODUCTION

A function f € S belongs to BMO, if and only if

1

f ‘=sup sup —— [ |f—e fldu < co.

v, = sup sup /L o < o0
rg=

Duong and Yan studied these spaces by proving some

John-Nirenberg inequalities and have obtained duality
results with some Hardy spaces.
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PROPOSITION (DUONG AND YAN)
For any f € BMO,, the measure
INTRODUCTION

du(x,t) = |t"Le " (1- &™) f’z dﬂ(tx)‘”

is a Carleson measure. Moreover for all integer k > 1 the
measure

duk(x, 1) == ‘(tm[_)keft’"L (1 B e,,mL) f’2 du(x)dt

t
is a Carleson measure too.
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RESULTS

We have first to define what is “standard kernels” for such
semigroup.

Let T be a continuous operator acting from S(M) into
S'(M). We assume that T and T* satisfies some L? — L? off
diagonal decay as follows : there exists an integer > 1
such that for every s > 0, every ball Q;, Qo of radius

r:= s'/M and function f € L2(Q)

e if d(Q, Qz) > 2r, then we have

H(sL)“e_SLT

—d—2N—6
< (1 + d(Qth))
L2(Q1)—L3(Q2) r
and the dual estimates (replacing L, T by L*, T*). This

generalizes the regularity assumptions on the kernel in
the classical T(1)-Theorem.
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e if d(Qq, ) < 2r, then

THEOREM

|(sLyre=stT(eok)
New T(1)-

L2(Q1)—L2(Qp)
+ H(sL*)"e‘SL* T(e sV -)‘

<1.
L2(Q)—L2(Qp) ™
This last property is the adapted version of the “weak

boundedness property” required in the classical
T(1)-Theorem.
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We focus in the case « = 1, else we have to consider
another BMO, space, taking into account this extra
cancellation.

THEOREM

Assume that the Riemannian manifold M satisfies Poincaré
inequality (P2) and has a infinite measure (M) = oc.
Suppose the existence of an operator L such that

L(1) = 0 = L*(1) and such that the corresponding
semigroup verifies the above assumptions. Suppose that T
is weakly bounded in L2, then T admits a continuous
extension on L2 if and only if T(1) belong to BMO, and
T*(1) to BMOy .

Moreover || T||,;2_, 2 is only controlled by the implicit
constants and || T(1)||auo, + || T*(1)llamo,. (@and not by the
weak continuity from L2 to L2).
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Then by using the theory of Hardy spaces (defined by
atomic decomposition relatively to the semigroup) and
interpolation, we can make varying the exponent :

Under the previous assumptions, the operator T is
LP-bounded for all p € (1, 00), bounded from L> to BMO,
and from H; to L.

Moreover, it is of weak-type (1,1).

Interpolation is based on Good \-inequalities (comparison
on the level-sets for the two maximal functions M and M)

so we can have weighted estimates with Muckenhoupt
weights.
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Ui(L) = (t)Ne™ (1 —e™™) and (L)
with a large enough integer N > d/m

We are interested in “paraproducts” involving these two
scales of operators
APPLICATIONS

_ et

)

mimf— [ GOEOELD T

where b € L= and for i = 1,2,3, ¢} is equal to 1 or ¢r. By
pairing with a third function g,

/ /ct ) (L)bG (L") gd

A(f, b, 9) =
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PROPOSITION

If there are two «-functions in {¢', ¢?,¢3) and b € L™ then,
7p IS bounded in LP for every p € (1, 0).

amucsnons By duality, we easily have the L2-boundedness and then by

using Hardy space and interpolation we obtain other
estimates :

ALPxLIxL” SR

assoonas1<p,gr<ocand0<r'=p'+qg"
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If there is one «)-functions in {¢', ¢?,¢3} and b € L™ then,
7p IS bounded in LP for every p € (1,0).

APPLICATIONS

It can be checked that the operator 7, satisfies the
properties of our T(1)-theorem. Applying it, we get the
L?-boundedness and then the LP-boundedness.
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By trilinear interpolation :
The trilinear form

tar~ [ [ [dwe] [durdwn §

leu’a
is bounded on LP x L9 x L" for every exponents
p,q,r € (1,00) satisfying

1 1 1
— -t =1
p q r
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e Moreover we can obtain weighted estimates :
7p: LP(w) — L'(w)

if b e L9(w) for every weight w € Ap N Ag.

e Consequently, by extrapolation theory for bilinear
operators (Martell and Grafakos), the exponent r can
be allowed in (1/2, 00) with p, g € (1, ).

 End-point : with some adapted Hardy space H'

(relatively to the semigroup), we can prove an estimate
from H' x H' into L'/2.
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We consider the heat semigroup e~ given by the positive
Laplacian. We know that if the heat kernel p; satisfies the
diagonal estimates :
APPLICATIONS

sup |pr(x, x)| < t79/2
XeM

then it self-improves in gaussian upper bounds. Then all the
assumptions on the semigroup are satisfied.
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S KO p)| S d(x,y)~@
and for some e € (0,1] and z withd(y + z,y) < d(x,y)/2
VK(x,y) ~ VK y + 2)| £ oY L2
APPLICATIONS

(x, y)d+3N+e
and with d(x + z,x) < d(x,y)/2

d(x + z,x)¢
IVK(x,y) = VK(x + z,y)| < d()((, y)dmLE :

Then T is L?-bounded if and only if T(1), T*(1) belong to
BMOxp.
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RIS e We require regularity of order 1 4 ¢ (and not only ¢ as in
the classical T(1)-theorem).

e BMOp € BMO in general and BMOx = BMO if we

assume extra condition (like pointwise estimates) on
the gradient of the heat kernel.

e This result does not use and does not require the

differential structure of R” and holds in an abstract
Riemannian manifold.

APPLICATIONS
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T(f) = /OOO Ts(e—st)‘f.

B) At each scale, T essentially acts at the scale s and so
N f can be replaced by a constant at this scale. So we
R compute

Ts(F)(x) = Ts(1)(x)e~SLf(x) + Ts(e™Stf — et (x))(x)

C) This operation makes appear a main term (involving
T(1)) and another one which can be though as an
“error” term.

D) The main term is estimated in L? via the Carleson
measure theory.
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E) The “error” term is bounded because of the “regularity
assumption” of the semigroup, which allows us to

legitimate the operation b). This more technical study

relies on Poincaré inequality and a Sobolev inequality :
PROPOSITION (SOBOLEV INEQUALITY)
ArPHeatons - For each ball Q of radius r, then

fllooa S Y27

> 1/2
(][ ‘(1 + r’"L)Mf‘ dp) .
>0 2iQ
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Study of the term Tg(e~Stf — e SLf(x))(x) :

 we localize the estimates on a ball of radius s'/™

e in this ball, we make the two variables x independent
between them via the Sobolev inequality.

e So it remains to study quantities like
Ts(e~*f — e~ f(y))(x)

¢ Using off-diagonal decay on T (and also on Tg),
Poincaré inequality (P), that is controlled by the
square function involving the gradient of the semigroup.
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SOME PERSPECTIVES

Open question : The pointwise estimates on the heat

kernel are necessary for step d) and the Sobolev inequality.

Can we get around and just require some L2 off-diagonal
decay ?

If L:= —A + V with a potential. Then under assumptions on
V, the semigroup fits into this framework. But L(1) # 0!

Open question : Can we consider another function b such
that L(b) = 0 and obtain a “T(b)-Theorem"?

Open question : Can we do the same with the resolvent
operators instead of the semigroup ?
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