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THE AIM :

To get continuities in Lebesgue spaces for bilinear
Littlewood-Paley square functions defined with smooth and
nonsmooth cutoffs.



@ THE LINEAR RESULTS.

© THE BILINEAR RESULTS.



SMOOTH AND NONSMOOTH CUTOFFS

DEFINITION

Let | be an interval in R. A smooth function ¢ € S(R) is said to
be frequencialy adapted to I if
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The nonsmooth cutoff associated to the interval I is the function
¢, defined by

ér=1,.
We set r;, the Fourier multiplier defined by the convolution with
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OUTLINE

@ THE LINEAR RESULTS.



THE LITTLEWOOD-PALEY THEORY

THEOREM (J. LITTLEWOOD- R. PALEY (1935))

For all index n € Z, let ¢, € S(R) be a smooth function adapted
to the interval [2",2"+1]. Then for all p € (1,00)
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e This square function can be considered as a vector-valued
Calderéon-Zygmund operator.

e Two extensions : to replace the smooth cutoffs by
nonsmooth ones and deal with arbitrary intervals. The
main difficulty is the second one.




EXTENSIONS :

Extensions for non smooth cutoffs : 7/(f) := ¢, * f.

THEOREM (L. CARLESON (1967))

For all p € [2,0), we have
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The restriction p > 2 is necessary.

S e

LP




THEOREM (J.L. RUBIO DE FRANCIA (1985))

For all p € [2,0), for all collectionZ = (1), of intervals satisfying
ez 11 S 1, we have
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Higher dimensional analogue of this estimate have been
obtained by J.L Journé (1985).



OUTLINE

9 THE BILINEAR RESULTS.



Question : How to define analogues of the linear fourier
restriction operator in the bilinear theory.
— Two methods to define a restiction :

@ the first one
/R M DT(E )G () = mi(H(X)ma(9)(X)

@ or (according to the singularity of the bilinear Hilbert
transforms)

/ eXE ) F(£)g(€)1(Ea—&1 ) dE = / f(x—t)g(x+t)op/(t)dt.
R2 R



A BILINEARIZATION OF THE LINEAR PHENOMENOM

THEOREM (G. DIESTEL, (2004))

Leta,b € (0,1) be two different scales, then for p, q,r € (1, c0)
satisfying
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the following square function
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is continuous from LP(R) x L9(R) to L'(R).

It is a bilinear version of the nonsmooth Littlewood-Paley
results.



e We have bilinearized the important role of the point 0 in the
frequency plane both in the two variables &4 and &. These
square functions are associated to multiscale
paraproducts. The difficulty is due to the fact that the
collection ([-b", b"]), is not a bounded covering.

e No restriction for the exponents p, q € (1, ).

o It could be extended for multi-dimensional variables.



NEW SMOOTH BILINEAR MULTIPLIERS

/}R2 eXEHEF()g(E2) di(En — €1)dE.
THEOREM (M. LACEY (1996))

Letp,q € [2,0) be exponents satisfying

1_1,1
2 p'q

and i, be smooth functions frequentialy adapted to the interval
[n,n+ 1]. The bilinear square function
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is continuous from LP(R) x L9(R) to L?(R).

The proof is very specific to the exponent 2.



NEW NONSMOOTH BILINEAR MULTIPLIERS

We want to study the following bilinear multiplier :
m(1.9)(x) = [ e )B(eaNi(Ee - 61)de
_ / F(x — D)g(x + D)o,
R

The bilinear Hilbert transform is defined by :

H(f,9)(x) := ;/Rf(x —bHa(x + t)it

= T10,00) (F: @) (X) = 7(—s0,01(F, 9)(X)-



Using modulations, we have “reverse equalities” : for an interval
I = [a, b]

Tap)(f,9) = Mmooy (f, M2g) — MPrpo oy (f, MPg)

and ’
mo.00)(F,9) = 5 lfg + H(f, )]



THEOREM (M. LACEY AND C. THIELE (-~ 2000))

Letp, q, r be exponents satisfying 1 < p,q < oo and
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Then
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COROLLARY

For the same exponents, there is a constant ¢ such that for all
interval |
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Due to a vector valued result for bilinear operators (L.Grafakos
and J.M. Martell (2004)), we can deduce

COROLLARY

For the same exponents, there is a constant ¢ such that for all
collection T = (I)n we have
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Now we look for square estimates with only one function f or g.
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THEOREM (B. (2008))

Let p, q, r be exponents satisfying

+ -, 2<p,q,r < oo.
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Then we have
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The restriction 2 < p, q is necessary

We have also generalized the result of M. Lacey :
e Boundedness for nonsmooth square function =
Boundedness for smooth square function.
e New range for exponents.

e Open question : is the restriction 1 < r < 2 is necessary ?
Probably not ...



e Similar results are expected for an arbitrary collection of
intervals satisfying the property of a bounded covering.

e We can use square functions associated to other
geometric figures (paralelograms ...).



AN APPLICATION FOR BOUNDEDNESS OF MULTIPLIERS

THEOREM (C.MUSCALU, T.TAO AND C. THIELE, 2002)

Let m be a function on R satisfying : for all i > 0

|mOe)| 5 lel ™

and p, g, r be exponents such that1 < p, q < co and
1 1 3
0< =5 5

Then the bilinear multiplier
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Tn(f. 9)(x) = /R (1) g(E)m(Ee — &)

is bounded from LP(R) x L9(R) to L"(R).




Question : Can we use the results on nonsmooth square
functions to obtain continuities for a multiplier T, under less
restrictive regularity-assumptions on m?
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