AN ENTROPY PRESERVING RELAXATION SCHEME FOR THE

TEN-MOMENTS EQUATIONS WITH SOURCE TERMS

CHRISTOPHE BERTHON, BRUNO DUBROCA, AND AFEINTOU SANGAM

ABSTRACT. The present paper concerns the derivation of finite volume meth-
ods to approximate weak solutions of Ten-Moments equations with source
terms. These equations model compressible anisotropic flows. A relaxation-
type scheme is proposed to approximate such flows. Both robustness and
stability conditions of the suggested finite volume methods are established. To
prove discrete entropy inequalities, we derive a new strategy based on local
minimum entropy principle and never use some approximate PDE’s auxiliary
model as usually recommended. Moreover, numerical simulations in 1D and
in 2D illustrate our approach.
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The main applications to be reached in this paper concern plasma physics. The
physics under consideration belongs to Inertial Confinement Fusion (ICF). In this
context a target capsule containing a fusible mixture is compressed and heated
by laser beams. A dense plasma is then created by ionization of the fusible mix-
ture. The interaction of the laser hot spots, the so-called speckles, with a coronal
plasma created from the outer parts of the target, leads to an intense and inhomo-
geneous heating of electrons. Moreover, the electron distribution function acquires

2000 Mathematics Subject Classification. 65M60, 65M12.
Key words and phrases. Hyperbolic system, Ten-Moments equations, source terms, Godunov
type schemes, discrete entropy inequalities, discrete entropy minimum principle.

1



2 C. BERTHON, B. DUBROCA, AND A. SANGAM

an anisotropy in the direction of the laser polarization. The resulting plasma model
can be characterized by a non-isotropic pressure tensor.

Kinetic theories can accurately model a large number of particles. However, nu-
merical computations of kinetic theories are, in general, resource consuming both in
time and storage space, and are limited in a small computational domain of physi-
cal/velocities space. Kinetic descriptions provide a lot of information which are not
accessible by experiment. Reversely, fluid models based on velocity moments can
be simulated for a large time and a large domain. These fluid models, involving
adequate closure procedures [26, 27], lead to important information that fit with
experimental results [5, 18, 29]. The Ten-Moments system is a such significant fluid
model that possesses a kinetic theory. It is the second hierarchy of symmetric hy-
perbolic systems of partial differential equations according to the moment closures
procedure of Levermore [26, 27]. The Ten-Moments equations are obtained as the
Gaussian closure of Levermore method. It takes into account the anisotropy of
the particles distribution function and is well-suited for numerical computations of
transition regimes.

Following the work of Levermore [26, 27] (see also [10, 19, 18, 29]), the ade-
quate model to describe such anisotropic flows is governed by the Ten-Moments
system with appropriate source terms. The present study is devoted to the numer-
ical approximation of the weak solutions of the hyperbolic system extracted from
Ten-Moments model combined with relevant source terms describing the interac-
tion of matter with laser light. During the last decade several numerical strategies
have been proposed to capture the main properties of hyperbolic part of the un-
derlined Ten-Moments model. For instance either Roe scheme in [10, 19] or HLLE
scheme in [19] have been designed for this purpose. Recently in the plasma physics
framework, robust numerical schemes have been developed to approximate the Ten-
Moments equations [18, 5, 31]. Numerical approximations in this context are based
on splitting strategy: the hyperbolic part of the Ten-Moments model is first solved
by a convenient scheme, the other terms of the model are then treated as source
terms. Great efforts have been hence put on the derivation of approximations of the
hyperbolic part of the model. Regarding the numerical stability of schemes devoted
to this hyperbolic part, discrete entropy inequalities have been established in [5].
The derivation of discrete entropy inequalities is based on relaxation techniques,
previously introduced in the context of Euler equations and/or Saint-Venant sys-
tem [3, 8, 9, 12]. More precisely, the entropy preserving property comes from a
suitable use of relaxation models where stiff source terms play a crucial role.

Here, we first construct a scheme dedicated to approximate the hyperbolic part
of the Ten-Moments model. The main novelty stays in the considered source term
which involves a gradient potential [11, 14, 36]. This scheme is a relaxation type
numerical method [3, 8, 9, 12]. Next, we prove that the proposed scheme is entropy
preserving. Let us emphasize that the discrete inequalities are established by ar-
guing a suitable extension of the technique introduced in [7]. Put in other words,
at the discrepancy with the previous works [3, 8, 9, 12], the stiff relaxation source
term is not evaluated in the proposed discrete entropy inequalities.

This work is organized as follows. In the next section, we present the Ten-
Moments model with adequate source terms and we exhibit the entropy inequalities.
For the sake of completeness, in Section 3 we introduce the main notations to
derive a Godunov-type scheme [21]. A particular attention is paid to the rotational
invariance, and we prove that a suitable 1D scheme will give a robust and stable
2D numerical approximation. A relaxation model is proposed in Section 4 while
a relaxation scheme is derived in Section 5. Section 6 establishes the robustness
and stability statement. Numerical experiments are performed in Section 7 to
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illustrate both accuracy and robustness of the proposed numerical scheme in 1D.
Two dimensional realistic simulations are also displayed. A conclusion is given in
the last section.

2. MAIN PROPERTIES OF THE MATHEMATICAL MODEL
The Ten-Moments equations describe anisotropic flows arising from either gas
dynamics [10, 19, 26, 27] or plasma physics [5, 18, 29, 31]. These flows depend
on a preferential direction of the fluid motion. The 2D model of such flows in the

context of plasma physics, taking into account the laser-matter interaction, is given
as follows

1
(2.1) O(pu) + V- (pu@u+ P)=—-pVW,
hpu@u+P)+ V- (pHu)® = —(pVW @ u)”,

with p > 0 the density of matter, u = (u; uz 0)T € R?® the flow velocity and P

the matrix of pressure. Let us introduce the matrix E = pu ® u + P to define the

matrix of total energy per unit volume. For the sake of simplicity in the notations,

let us set € = %P the internal energy tensor. The matrix H = u® u + 3P/p is

the generalized enthalpy per unit mass. The components of the second rank tensor,
s .

(pVW ® u)” are given by:

1
(PVW @ u)® = 5 (PYW @t pue VW).
The components of the third rank tensor, (pH ® u)® are given by:
1
(pPH @ )y = 3 (PHijur + pHjiwi + pHyiuy).
The given function W := W (z, y, t) is the electron quiver energy in the laser

light [18, 23, 29, 30, 31]. The reader is referred to [31] for details on the full system.
The model (2.1) can be rewritten as

(2.2) O + 0, FU) +8,0U) = SU, (e1 ® e1)VW) + T(U, (€2 ® e2) VIV),

where
P puy
puy puf + penn
pu2 puiuz + P12
(23) U= put + pe1s , FU) = pus + 3periug ,
puiUy + pelo pulug + perius + 2pe1ats
pu% + peag pulug + 2pe1ug + pesgu
PE33 PE33UL
(2.4)
pU2 0
PULU + PE12 —%PaxW
pus + peza 0
Q(L{) = pu%uz + per1us + 2pe12uq s S(U, (61 X 61)VW) = fpulﬁxW
puru3 + 2pe1aus + peanuy — 2 pusd, W
pug + 3peasun 0

PE33UL 0
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0
0
f%pﬁyW
(2.5) TU, (e2 ® e2)VIW) = 0 ,
—2pu 0,W
—pu20y W
0

with e; = (1 0 0)7 and e; = (0 1 0)7.
The state vector U belongs to the so-called set of the physically admissible states
defined as follows:

Q:{L{:(p pu E)T/p>0, ps:E—pu@uverifyingST-p€-€>OV£€R3}.

Let us notice that the space §2 is a closed convex cone.
For simplicity in notations, we propose to introduce a directional flux function
defined as follows:

0
pEM

2<(psn)®u)s 7

5
where n denotes an arbitrary unit vector and the symmetric tensor 2 ((pe n)® u>

is defined by

(2.6) FU, n) = (u-n)U +

s
2 <(pen) ® u> = (pen) @ u+u ® (pen).

A directional source term is also introduced through

0
—ip(n®@ VW)n

(e o)

Involving such notations, we remark that

{f(u) =F(U, e), and GU) =F(U, e3),

(2.7 SU, VW, n) =

SU, (e1 ®e)VW)=SU, VW, e1), and T (U, (es @ ea) VW )=S(U, VWV, ez).
Therefore the model (2.1) reads
(28) &U + 5‘TIF(L{, 61) + ayIF(Z/l, 62) = S(Zx{, VW, 61) + S(Z/{, VVV, 62) .

One of main advantages of considering a homogeneous directional flux and a
directional source term functions F and S respectively, is an easy establishment of
the rotational invariance satisfied by system (2.2)—(2.5) (see Appendix B). Indeed,
let us consider the following rotational operator defined by

p
(2.9) RU) = pRu ,
pR(u®u +e)RT

where R stands for a rotational matrix given, for all 6 € (0, 27) by,

cosf —sinf 0
R = sinf cosf O
0 0 1
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Then we have the following rotational invariance property satisfied by the flux and
the source term functions (see Appendix A):

F(RMU), Rn) = R(F(U, n)) ,
S (R(U), RVW, Rn) = R(S(U, VW, n)) ,
where the quantities S (R(U), VW, Rn) and R (S(U, VW, n)) read

(2.10)

0
S (RW), RVW, Rn) = ~bp(Rn@ RVW) B )
—p<((Rn ® RVIV) Rn> ® Ru)
0
R(SU, VW, n)) = —épR((n @ VW)n

—pR <<(n ®@ VW) n) ® u)s RT

This rotational invariance property of the flux and the source term functions (2.10)
can be supplemented by the following additional ones.

Lemma 2.1. The set of admissible states () is invariant by the rotational opera-
tor R. Moreover, we have, for allU € €2,

det (e(RU))) = det (eU)) .

Proof. By definition of E, we have R(Q) = Q. Indeed, the matrix Re R is positive
definite. Now, since e(R(U)) = Re(U) RT, the determinant is preserved. O

We next focus on the algebraic properties of (2.2)—(2.5), omitting the source
terms S(U, (e1 ® e1)VW) and T (U, (e2 ® e2)VW). The proof of the following
result is detailed in [10, 19, 26].

Lemma 2.2. The system (2.2)—~(2.5) without the source terms S(U, (e1 ®@e1) VW)
and T(U, (e2 ® e2) VW)

(2.11) U + 0, FU) + 0,6(U) =0,

is hyperbolic and its eigenvalues along the unit vector n = (n1 no 0)T are given by
(2.12)

c c
AU,n)=Ju-n—cu-n——,u-nu-nu-nu-n+—,u-n+cp,

V3 V3
where ¢ = /30T - P -n/p is the sound speed.

Moreover, the characteristic fields associated to the eigenvalues u-n+c are genuinely
nonlinear whereas the characteristic fields associated to the eigenvalues u-n, u -
n+ c/\/§ are linearly degenerated.

Furthermore, in order to rule out unphysical discontinuous solutions [24] of this
hyperbolic part of (2.2)—(2.5), the system is endowed with entropy inequalities.
In fact the entropies for the hyperbolic part of (2.2)—(2.5) are compatible with
classical solutions of the full system. Indeed the source terms neither produce nor
dissipate entropies. More precisely, according to [26], the following statement can
be established:

Lemma 2.3. The smooth solutions of system (2.2)—(2.5) satisfy the following non-
trivial transport equations,

(2.13) Ois(e, v) + u105(e, v) + u20ys(e, v) =0,
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where s(e, v) stands for the specific entropy given by
det
(2.14) s(e,v) =1n ( ¢ E) =In (v* det €) ,

P2
with v = 1/p the specific volume.

As a consequence, for all smooth functions F : R — R, the smooth solutions of
system (2.2)—(2.5) werify the following conservation law:

(2.15) Oup F(s(e, v)) + Opp F(s(e, v))ur + Oyp F(s(e, v))uz =0.
The function U — p F(s(e, v)) is convez if

(2.16) Fly) <0, —£F(y)+F'(y) > 0.

Then, the weak solutions of (2.2)—(2.5) satisfy the following entropy inequality:
(2.17) Oip F(s(e, v)) + Ozp F(s(e, v))ur + Oyp F(s(e, v))us < 0.

From now on, let us note that the specific entropy remains invariant by the

rotational operator (2.9), R. Indeed, by applying Lemma 2.1, we immediately have
(2.18) s (RU)) =sU).
According to the Tadmor minimum principle [33], let us set up a minimum

principle satisfied by the specific entropy.

Lemma 2.4. Let U be an entropy solution of (2.2)—(2.5), the following estimate
holds

(2.19) Ess Inf s(e, v)(z, y, t) < Ess Inf s(e, v)(z, y, t =0),
Va2+y?<R V22 +y? < R+tumax

where Umax denotes the mazimal speed of the fluid in the domain.
Proof. The proof follows the ideas introduced in [33]. First, assume the function F'
defined in Lemma 2.3 satisfies (2.16) and is nonnegative, then the following relation

can be established:
(2.20)

p(x, y, t)F(s(e, v)(x, y, t)) de dy
V2 19? <R

<

plx, y, ) F(s(e, v)(z,y,t=0))dxdy.
J s Pl v OF G 0 )

To address such an issue, we introduce the truncated cone C' = {y/a2 +y? <
R+ (t — T) Umax, 0 < 7 < t}. We denote (n; no ng)T the unit outward normal.
Integrating the entropy inequality (2.17), the Green’s Theorem gives

(2.21) / plx, y, t)F(s(e, v)(z, y, t)) (ng + niug + nous) dedydt <0,
ac
which yields

p(x, y, t)F(s(e, v)(z, y, t)) do dy

/\/m2+y2 <R

(2.22) p(z, y, t)F(s(e, v)(z, y, t =0)) dx dy

/\/wuy? <R+t Umax
< —/ plx, y, )F(s(e, v)(x, y, t)) (nt + nius + nous) drdydt.
oblique sides

Now let us note that, on both oblique sides, we have

Ng + N1u1 + Noo Z 0,
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so that the required inequality (2.20) holds as soon as the function F is nonnegative.
Next, let us choose a relevant definition for the function F' as follows,

F(s(e, v)(z, y, t)) = max (sg — s(e, v)(x, y, t), 0) ,
S0 = Ess Inf s(e, v)(z, y, t =0),
V22 +y?<R+tumax
to obtain
max (sg — s(e, v)(z, y, t=10),0) =0 a.e.

As a consequence, we get

p(z, y, t) max (so — s(e, v)(z, y, t), 0) drdy <0,

/\/x2+y2 <R

and the proof is ended. O

3. NUMERICAL APPROXIMATION

Our purpose now is to derive a numerical scheme able to preserve robustness,
discrete entropy inequalities and a minimum entropy principle. We consider a
structured mesh in space and time made of space cells I; ; = (z;-1/2, Tit1/2) X
(Yj—1/2> Yj+1/2), and time intervals (", t" 1), where

Tit1/2 = (i + 1/2) A, Yj+1/2 = (J+ 1/2) Ay, V (i, j) € 227
"t = L At,Vn eN,

with Az, Ay and At the constant space and time increments. The time step At
will be restricted according to a CFL-like condition which will be detailed later on.

As usual, at a time t", a piecewise constant approximation of the solution is
given,

MA(xv Y, tn) :uﬁj’ (Iv y) € I/ij :

To evolve in time this approximation, we adopt a directional splitting strategy.
From now on, arguing the rotational invariance of the system (2.2)—(2.5), let us
underline that a 1D scheme can be considered. Indeed, let us consider the following
1D scheme

(3.1)
At

Ut = = o (B U, e0) =B, U, en) + ALSQY, VW, ),

to approximate the weak solutions of the 1D Ten-Moments model with source term
given by

(32) atu + 8:,315‘(1/{, 61) = S(U, VI/V, 61) .
Let us introduce the following CFL condition:

At 1

- < =

Az rer Al 2’

where we have set A; = AU |, e1) U AU, e1) U AU} |, e1) to denote the set of
all the eigenvalues associated to U;* , U;* and U}, | in the e;-direction (see (2.12)).
Now, we assume that the above 1D scheme is robust; namely U* € ) implies
urtt e Q.

Moreover, we impose the scheme to be entropy preserving:

JAN AN -~

(3:3) TR < prF(s7) = - (CQA Uy, e) = UL U e1))
where F satisfies (2.16) and G(U;, U, n) is consistent with the entropy directional
flux function:

~

G(uv ua n) = pF(S)u n,
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and sP = s(el’,v]") with s defined by (2.14).
In addition, we assume that a minimum entropy principle is satisfied by the 1D
scheme (3.1) as follows:

(34) s;H_l > mln(sz 1 5?7 szT'L—i-l)'

Equipped with the above 1D scheme, we now adopt the following 2D extension:

JAVAEN =
n+l _ 3/ n n n
u’i,j _ul,j_EOF(uz,j? i+1,_77 ) F( i— 17]?uz ]) ))
At o n n ™ n n
(3.5) -3 (P, Ui e2) =@,y U2, e2)
+ At S(Z/{fj7 VW, e1) + AtS(UZ"j, VW, es),
The time step is here restricted according to a half-CFL condition given by
1
(3.6) AeA; O (Ax| : Ay |>\|)
where Ay = AU, ;,e1) U A(lelnj, e) U A( Hlj,el) denotes the set of all the
elgenvalues associated to U*, ;, U"; and U, ; in the ej-direction, and where
Ay = AUP; 1, e2) UANUT;, 62) U AU 115 €2) denotes the set of all the eigenvalues

associated to U, ;, U'; and U}, ; in the es-direction.
Nowadays, we establish that the 2D scheme (3.5) preserves the required robust-

ness and stability properties.

Theorem 3.1. We suppose that, for all rotational operator R defined by (2.9),
the numerical flux function and the discretization of the source term, introduced in
(3.1), are rotational invariant:

F(R@), RUty). Bn) = R (B Ul m) |
S (RU), RVW, Rn) = RS(U;, VW, n),

and the numerical entropy flux function satisfies

(3.8) G (RQ), RUL.), Bn) =G, Uy, m).

Then the 2D scheme (3.5), under the half-CFL condition (3.6), satisfies the
following properties:
i) robustness: Up; € Q implies Z/{i’f;'l €,
it) entropy preservation:
(3.9)

n n g™ At n n ~ n
szJrlF( 1?1) — pz jF( , j) AI (G(uz 70 Y41, j’ ) G( i—1, 70 Z/{z ]7 ))

At [~ ~
- Iy (G(uﬁjv uirfj-&-lv e2) — GU; i,j—1> uznjv )) )
where s} ; = s(ef ;, v} ;) with s defined by (2.14),
iit) minimum entropy principle preservation:

(3.7)

n+1 n n n
(3.10) Sij 2 min(si’ y j, 87515 STy Siva, s Sij1) -

Proof. The establishment of the three statements comes from a reformulation of
the 2D schemes (3.5) as a convex combination of the associated 1D scheme.

First, we exhibit the required convex combination satisfied by (3.5). To address
such an issue, let us introduce the following updated state given by,

Z’{i, _u,_] Am/2 (F(Ui,j’ i+1, 50 er) —FU",, ]?uz jr € ))
+ 2At S(L{l j» VW, e1).
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Next, let us introduce the state,

n At o n n o n n
uiy,j =U;; — m (]F(Ui{ja U i1 er) — F(ui,ljflv Uu;, e ))

+2AL SU

i, 7

VVV7 62) .
We easily deduce the following identity:

n 1 xT
(3.11) Upy' =5 U +Up)

to now establish the expected robustness and stability properties.

Concerning the robustness, since € is a convex set, it suffices to prove that both
U ; and Uﬁ ; belong to Q. By robustness of the 1D scheme, under the half-CFL
condition, we immediately have ;" ; in ).

Concerning L{Z ;» by applying the rotational operator to the state Z/{Zy j» involv-
ing the rotational invariance of the numerical flux function and source term func-
tion (3.7), we get,

_ _ A ~ — _ ~ — _
R ) =RAa) = 575 (FORA,). RO 1), e0) = BORQE, ). RAAL,). e)

+2At S(RUP;), RVYW, e1)

as soon as Res = e;. Since the states R(Uﬁj), R( 'i41) belong to €2, by arguing
the robustness of the 1D scheme, we deduce R(L{f{j) € Q. Because R(Q) = Q, we
obtain U} ; € Q.

As a consequence, we have proved that L{Z”j'l stays in €.

Regarding discrete entropy inequalities, once again we argue the reformulation
(3.11). According to the stability property (3.3), we have

(3.12)
pF(S(ui,j)) < pF(s(Y; g)) - Az /2 (G(ui,jv Ui i1, er)— G(ui,jflv U, 61)) )
and

pF(s(RU ;) <pF(s(RU)))

R
Ay/2< ) RU; 1), €1) = GIRA ), RUE)), e1))

Invoking the assumption (3.8), with Res = e, the second relation rewrites
(3.13)

At T~ m n ~Smn n
F(S(UZ/])) < pF(s (uz g)) - m (G(Ui,j7 ui,j+1a e2) — G( i,j—1> uz jo» € )) .

By taking the half-sum of the first inequality of (3.12) and (3.13), the discrete
entropy inequality (3.9) is recovered.

Concerning the minimum entropy principle, from the definition of ¢/ ; and (3.4),
we have
(3.14) S(Z/{fj) > min(s}’ ;. ir St gy Six1,5) s

where we have set s} ; = s(U;";) for all (i, j) € Z°.
Similarly, by definition of R(L{f{ ;), we have

(3.15) s(RU ;) = min(s(RU; 1)), s(RU ), s(RU ;41))) -

)

K3
By invariance of s under the rotational operator R, (2.18), we get
n
3

(3.16) S(Z/[Z'y,j) = min(s 1, 87 5, 83 1) -
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Since the function U — pF'(s(U)) is convex, from (3.11) we have
(3.17) PETE()IS! < 3 (P () (UF5) + 5 (0F () W),

Because F' is a strictly decreasing function, we have

F(S)(ufj) <F (min(sglfl,jv 3?;3'717 52;‘» S?+1,j’ 5?;j+1)) )

F(S)(ui,j) <F (mln(si—l,jv Si,j—10 Si,4» Sit1, 4o 5i,j+1)) .

It follows that
(3.19)

1 .
P?—glF(S)ZL—;l < (ipf] + §P?ZJ)F (mln(S?—l,ja S?,j—la 3?,_7'7 5?—5—1,3‘, 3?,]4-1)) .

By noting that p?jl = % Py +% ply, ; and since F'is a strictly decreasing function, the

required minimum entropy principle (3.10) is obtained. The proof is thus complete.
O

Equipped with Theorem 3.1, we then consider the 1D model given by (3.2)
(3.20) U+ 0, FU)=8SU, (e1 ®e)VIV),

where the vectors U, F(U) and S(U, (e1 ® e1)VW) are defined by (2.3)—(2.4).
According to (2.7), this 1D model can be rewritten as

(3.21) U + 0,F(U, e1) = SU, VW, e1).

4. A RELAXATION MODEL

The numerical approximation of the system (3.20) omitting the source term
SU, (e1 ® e1)VW) has already been studied in [18, 5, 31] by Godunov-type
schemes. In the present work, we design a Godunov-type scheme to approximate
the system (2.2)—(2.5) which incorporates efficiently the source term S(U, (e; ®
e1)VIW). Following works on shallow water systems with gravity forces [14, 36]
and astrophysical fluids with gravitational forces [11], we first propose to introduce
the potential °? defined by,

(41) 1wt = 5 [ aenowien e,
The system (3.20) then rewrites
(4.2)
Oip 0z (pur) =
O (puy) D (puf + per1 + ) =
01 (pus) Oz (puiug + pe12) =

0. ((pu? + per1)ur + 2periur) + 2u1 0,9 =

ax((pUN,LQ + palg)ul + PE12UL + p€11U2) + uanweq =
Dx((pu3 + peaz)ur + 2pe12us)

0z (pessur) =

D¢ (pui + penn)
8t(pu1uQ + 0612)
di(pu3 + peaz)
9 (pess)

+A+

We suggest to approximate weak solutions of (4.2) by weak solutions of a re-
laxation model which is a first order singular perturbation of (4.2). The reader is
referred to [28, 15] for the pioneering works on relaxation models. Here, we adopt
the relaxation model introduced in [5] (see [2], [13], [16], [22]), where most of non-
linearities of the initial model are relaxed. According to [5], the following Suliciu

SO OO O oo
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relaxation-type model is introduced,

(4.3)

Op + 0z (pu1) = 0,
O (puy) + D (pui + 11 + @) = 0,
Oi(pu2) + Oz (purug + II12) = 0,

oy (plliy +a?) + Oz (pIi1uy + a?uy) = Op(penr — 1),

O (plli2 +a?)  + 0z (p12us + a?usg) = dp(pe12 —Iy2),
O(pu? + pe11)  + O ((pu? + perr)uy + 2M11u1) + 2u1 0,0 = 0,
Oc(purug + pe12)  +  Oz((purug + per2)ur + Iigus + hqug) + uelrp = 0,
O(pus + pexa)  + 9 ((pu3 + peaz)ur + 20 2us) = 0,
0(pess) + Ox(pessur) = 0,

O (pp) + 9 (ppun) = 0p(p — ),

O¢(pa) + 0z (pauy) = 0,

where the pressures 1117, and II;5 are the approximations of pe11, and pei2, respec-
tively. Indeed, as soon as the relaxation parameter § goes to infinity, the pressures
pe11 and pepy are recovered [5, 32]. Simultaneously, the approximated potential
is relaxed to the expected value potential ©°?. The evolution of the parameter a is
governed by the transport equation as proposed in [9]. This modification allows to
chose different values of a that accurately bound the Riemann problem wave veloc-
ities coming from the Suliciu relaxation model (4.3). We refer to [6] where another
procedure to introduce different values of a is proposed. The speed a satisfies to
some constraints, the so-called Whitham subcharacteristic condition which will be
discussed later on. First, let us investigate the algebraic properties of (4.3). We
introduce a vector U defined as follows,

P
pu1
pu2

Pl

pll12

(4.4) U= pui + pe1y ,

PULU + PE12

pu3 + pego
PE33
py
pa

belonging to the space

(4.5) V={UeR"Yp>0}.

The model (4.3) then rewrites

(4.6) 8,U + 0,F(U) + A(U)3,U = § T(U),
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where we have introduced:

(4.7)
puy 0
pui + i1 + ¢ 0
puULU2 + H12 0
plliiur + a?uy p(peir —Iqy)
~ plliouy + ausy p(per2 —Ii2)
F(U) = (pu% + pe11 + 2H11)U1 R T(U) = 0 s
p’ll,%LLQ + pe1oul + 115wy + Il us 0
(pu% + pEQQ)’LLl + 2H12'LL2 0
PE33UL 0
ppuL ple — )
pauq 0

and A(U) defined by
(4.8) A, U=0 0 0 0 0 2udsp uxdpp 0 0 0 0)

Now, let us recall the close relationships between the relaxation system (4.3) and
the initial model (4.2). Indeed, there exists a projection matrix, denoted by N,
with rank 7 which satisfies

T

(4.9) NTU)=0 and NU)=U.
Of course, this matrix is obviously given by
1000 0 0 O0OOUOTU OO
01 00 0O0O0OO0OGO0OTO 0D
001 00O0OO0OO0OTO0OTUO0TDO
N=|000O0O0OT1UO0UO0UO0TO0O0
0 000OO0OO0OT1TTU0TGO0TO0DO
0 00O0OO0OO0OO0OT1TO0TO0TO
0 000OO0OO0OO0OTO0DT1TO0TUO
Moreover, by definition of €2 and V', we have

(4.10) NV 2 Q.
In addition, the source term T : R!!' — R admits equilibrium solutions U®?
such that T(U®?) = 0. These equilibrium states, the so-called Maxwellians, are
parametrized as follows:
(4.11) U .= U (U; ¢, a).
As a consequence, we have

NUYU; % a) =U .

According to the derivation of the relaxation model, the main interest coming
from (4.3) stays in a suitable linearization making the associated Riemann problem
easily solvable. Here, such a property is deduced from the linearly degenerated
property satisfied by all the fields, as given in the following result.

Lemma 4.1. Assumea >0 andd = 0. For allU € V the system (4.3) is hyperbolic
and its eigenvalues are given by

u1<w>=u2w>=u1—§,

p3(U) = pa(U) = ps(U) = pe(U) = p7(U) = ps(U) = po(U) = u ,
pro(U) = g (U) = +

Moreover, all the associated characteristic fields are linearly degenerated.
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Proof. First, let us exhibit the algebra coming from the homogeneous system asso-
ciated to (4.3), i.e. we enforce § = 0. By involving primitive variables, the system
writes as follows

3,5;) + ulaszrpﬁxul = 0,
Oy + w10, U1 + %3951_[11 + %éhsa = 0,
3tU2 + UlarUQ + %amnlz = 0,
Odlin + w1 0.1 + “73231»111 + 2“;“ Oza = 0,
Odlis + w10 Il + %@ﬂm + 2(1%3@«@ = 0,
(4.12) Oe1n  + u10z€11 + QH; Oz U1 = 0,
Oe12 + w10ze12 + %axul + %aaﬂ/& = 0,
Oz + U1 0zE22 + 2%@#2 = 0,
Oezz  + U1 02E33 = 0,
O+ U100 = 0,
oa  + u10,a = 0.
We have
(4.13) oV + A(V)9,V =0,
where
(4.14)
p Uy p 0 0 0 0O 0 0 0
Uy 0 Uy 0 1/p 0 0O 0 0 O
Us 0 0 Uy 0 1/p 0 0 0 O
1111 0 a%/p 0 U1 0 0 0 0 0
I, 0 0 a?/p 0 w3 0 0 0 O
V=1 en |, AV)=| 0 2my/p 0 0 0 w 0 0 0
€12 0 ng/p Hll/l) 0 0 0 (751 0 0
€992 0 0 2H12/p 0 0 0 0 (5% 0
€33 0 0 0 0 0 0 0 0 wuw
® 0 0 0 0 0 0 0 0 0
a 0 0 0 0 0 0O 0 0 0

Straightforward computations show that u; is an eigenvalue of A(V) of multiplic-
ity 7, while uy; & a/p are eigenvalues of A(V) of multiplicity 2. In addition, each
characteristic field is linearly degenerated. O

Next, we are concerned with solving the Riemann problem associated to the
relaxation model (4.3) with § = 0. Since all characterics fields are linearly degen-
erated, the exact Riemann solution consists of four constant states separated by
three contact discontinuities described in the following result.

Lemma 4.2. Assume U; and U,. are constant states in V and consider
. U, if =<0,
(4.15) Up(x) = { U, if 250,

as the initial data for the system (4.3) with § = 0. Let a; > 0, a, > 0 and assume
the following condition is satisfied

a a
(4.16) by =p1(U)) =up, — p—i <ul < p11(Uy) =ug,» + p— =b,,
where

aur g +apur,r I, =1 or— @
(4.17) uy = - - .

a; + a, a; + a, a; + a,

Then the weak solution of system (4.3) with § = 0 supplemented by the initial data
defined by (4.15) is given by

—
hS)

SO OO OO O~NO

SIS
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Uy, Zf by >

?7 Zf bl S
UL, = fy
U:a Zf ’U,){ é n S b’r‘a

U,, if by <

(4.18) Ux (%

With g =1, r, let us introduce the following notations,

ut = ajuy, i+ apty, Iy, — 141, e ’
ap + ar a; + ay a; + a,
u = aug,; +arug, . igr — I,
ar + a; ar + aq
7y =M — ag(uy —u),

* _TT*
11,7 — Hn,z — (or — 1),

I}y, =g » +ar(us —ug, ) = Iio — ar(us —ug,g),
1 1 I, — Iy

4.19 Py Py (ag)? 7
( . ) . ( * )2 _ (Hll
€11,g = €11,9 T

*
€12,g = €12

*
€32, = €22,9 T

*
€33,9 — €33,9>
*
(pg - (ng

*
(lg—ag.

Then the star intermediate states Uf and Uy in V are given by

Py
PyUi
* Kk
g--1ll,g g
pyllis + aj
(4.20) U, py(ui)® + phety
PUius + pueia 4
Py (uz)? + phess
p;‘sg&g
Py¥y
P50y

Proof. After straightfoward computations (see also [20]), the Riemann invariants
associated to the eigenvalue u; are

(421) Uy, U2, H127 Hll + Qaa

while those coming from the eigenvalue u; — a/p are

(4.22)
a, ¢, €33, €12 — 1lin/a?, e11 — (11)?/a?, e22 — (12)?/a?, thy + @ /p,
1111 + auq, 1o + aus .
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Finally, the Riemann invariants associated to the eigenvalue u; + a/p are
(4.23)
a, ¢, €33, €12 — 11112 /a®, enn — (I111)?/a®, €20 — (I112)?/a®, Ty + a?/p,
11 — auq, 2 — aus .
Involving the continuity of the Riemann invariants across their associated lin-

early fields immediately imposes the intermediate states U; and Uy to be defined
by (4.19)—(4.20). The proof is thus achieved. O

Let us emphasize that the hypothesis (4.16) is essential and it is always satisfied
for a reasonable choice of positive real numbers a;, and a,. In fact, we have the
following result.

Lemma 4.3. For allU; and U,. given in V with NU;, NU, € Q, there exist two real
numbers a; > 0, and a, > 0 with a_ O(1) such that the intermediate states Uy
and U}, defined in Lemma 4.2, belg;zg toV, and NUS, NU: € Q.

By involving the Riemann invariants, we easily notice the equivalence between

the estimates (4.16) and the positiveness of the intermediate densities pj,..

Proof. For the sake of simplicity, we set [a] = «, — «;. Then from (4.19), we
deduce

11 aful- M-l

(4.24) pi P ar(a + ar) ’
1 _ 1 n afur] + [Th1] + [¢]
Py Pr ar(a; + a,) .

Since p; > 0, p, > 0, a; > 0, a, > 0, the positiveness of p; and p} resulting
from (4.24) turns into

ai(ar + ar) + pi(ar[us] — [ ] = [o]) > 0,

ar(a; + ar) + pr(afur] + [ + [¢]) > 0.
We clearly obtain the required positiveness as soon as a; and a, are large enough.
Nevertheless, in the specific case a; = a, = a, we can easily determine the minimum

value of the unique parameter a such that the intermediate densities are positive.
Indeed, the relation (4.25) writes

{ 2a” + py [ur] @ — po([Mha] + [ee]) > 0,

(4.25)

(4.26) 20 + p; [m] a+ pr ([ + []) > 0.

We introduce

ot = —plu] £ VAr
4

7
—prlun] £ VA1
4

whenever Aj >0,
(4.27)

aIiI = whenever Ajr >0,

where we have set

(4.28) { Ar = (puual)? + 8pu([Mua] + [])

A = (pelua])® = 8pr ([M11] + [0]) ,

to get the following alternatives:

e A; <0and Ar; < Othen any a >0,

e Ay <0and Aj; > 0thena > maX(|a1i1|) )
(4.29) e A;>0and Ay; <0 then a > max(|af]) ,

e A;>0and Ay > 0 then a > max(|af], |a5;]) ,
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to satisfy (4.26).
We now focus on the positiveness of the intermediate internal energy ej, that
of ef is similar. To simplify the notations, let us introduce

Xy = ar[ua] — [Ma:] — ]

a; + a,
4.30
( ) y— w - ar[[uzﬂ — [[ng]]
2 ) a + a, :

)

The internal energies €7, ;, €], ; and €3, ; defined by (4.19), write:

2 2
Iy, Iy,
* bl 3
811,12511,l—< FlX=——,
ay a;

Il 2 11 2
(4.31) €39,1 = €22,1 — <121> + (y - 12’l> ;

ai ap

Iy, T2, Iy, Iz,
* — _ ) ) X — B _ ) )
€12,1 = €12,1 < @ o )7 o Y o

As soon as q; fulfills

(4.32) a; > max <H11,z| H12,l>

)
VEIL T /€221
. " . . . .
we get the required positiveness of the internal energies €11, and €321
2
Finally, we study the positiveness of €7, ;€55 ; — (a{Q l) . By considering X

and ), we have
(4.33)

2 1I 1 2
* * * _ 12, 2
(511,1522,1 - (512,1) ) = | ¢€22,1 — ( a ) X

Iz, i1, Iy, o
+2|e12,1 — — €221 — — | 12,1 — - —— )| &
a; aj aj a

Iy 2 9 1 Iz,
+ |e11,1 — Vo +2 |e12, —€11,1
a; a

2
+e11,1622,1 — (£12,1)° -

The discriminant of the above expression with respect to X is given by

(4.34) A =22 (y2 oMzt
(1) a

Y +€22,l> .

where

D= (5%2’1 — €11,1€22,1) (al)2 + €92, (H11,l)2 —2¢e12,1 19 1, +€n (H12,l)2-

The discriminant of Ay with respect to ) writes

2
(4.35) (Ax)y = 6(11”2))6 (522,1 (a)” — (H12,l)2> :

According to (4.32), we get (Ax)y, < 0 and then Ay < 0 for all X and ) whenever
D<O0,

or equivalently
(4.36)

(e11,1822,1 — 5%2,;) (az)2 — (622,1 (Hu,l)2 —2e19,1 12 1 41,1 + €111 <H127l>2) >0,
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This is satisfied as soon as
T
2 II N_ II
(437) (al) > 11,1 . & 1 11,1 ,
a2 ISP
where the positive definite matrix € is defined by

(438) & — ( €11,1 €121 )

€12,1 €221

17

As a consequence, a; can be chosen large enough to satisfy (4.37). The proof of the

lemma is thus complete.

5. A RELAXATION SCHEME

O

Let us describe the finite volume scheme coming from this approximate Riemann
solver and intended to approach the solution of the relaxation model (4.6). At time
t™, we consider a piecewise constant approximation of the solution of the initial

model (4.2) given by,

(5.1) UA(z, t") =U", z € (Ti—1/2, Tig1/2),
where

i
(5.2) ur =1 ppul;)?+Pp ,

n,,n n n
Pi U1,¢U2,2i + Py

n n 7

Pi (Uzz) + P22,¢

n
Py
31 mn J— -1 n — -1 n J— n-n mn J— -1
with Pu,i = Pif11,4 P12,i = Pi€12, i P22,i = Pi €22, i P33,i = Pi €33,
To evolve in time this approximation, we proceed in two steps:

First step : Fvolution step. According to the equilibrium state definition, intro-

duced in (4.11), we set

(53) U5 = U 0 o).
Hence for all ¢ € Z, we have
P
P?“Q,i

pi Pl + af

pi Pry ; +aj

(5.4) U™ = p?(u?,z’)Q + Py )

piuy uy 4+ Py

P?(ng)z + P2”2,i
Py

P "

n ,n
Pi G

where the characterization of the positive real numbers a} satisfy Lemma 4.3. Ad-

ditional conditions devoted to the choice of af will be discussed later on.

At this level, the quantity ¢;*" is an approximation, at equilibrium, of the

integral

1 (%
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to be defined later on.
To evolve in time this approximation, we consider the juxtaposition of the ap-

T—=Tiq1/2 eq,n eq,n
—=; U0, U ) stated at each

interface x;11/2. As soon as t belongs to (0, At) with At small enough such that

proximate Riemann problems solution Ug (

At 1
— by ; b, ; <=
Az I?EaZX (| l,1+1/2|7 | r,z+1/2|) =5
(5.5) " ar,
K3
biivi/2 = Ul — = bripie =ul 4 + =,
Pi Pit1

the Riemann solvers do not interact. As a consequence, for all t € (0, At), we define

t

From this solution a constant piecewise function is constructed by projection as
follows,

r—x; pe
(5.6) UR(z, t" +1t) =Uzr <+1/2; uyen, Uﬁ’f) ;T € (Wi, Tiy1) -

gl L [T A
(5.7) U = x U2 (z, t" + At) dx .
x

Ti—1/2

We introduce the following quantities

b, — 1 Tit1/2 A n
Uifi/2 “ Az ), U= (z, t" + At) dz,
(5.8) 7n+1 " 1 Ti41 A n
Uty = E/ U (z, " + At de,
Tit1/2
such that the updated state (5.7) reads
Tn—+1 Tn+1,+ n+1,—
(5.9) Uﬁ :Uiq/g +Ui+1/2 :
Practical expressions of the quantities @;:Fll/’; and [U?_:‘ll/’; are provided by
(5.10)
—n 1 " 1
Uijll/’; = Ar |:(bl,i+l/2)+At - 0} U + Az {(Uf i+1/2)+At - (bl,i+1/2)+At:| by
1 N N 1 [Ax n
+ Ar [(br, i+1/2)+At - (U1,i+1/2)+At} U;, + A [2 — (by, i+1/2)+At} Uiy1s
1 1 _ Azl . 1 N _ _ N
Ui:11/2 = Az [(bl,i+1/2) At + 2] U; + Ar {(U1,i+1/2) At — (by,i41/2) At} U5,

1 B B 1 1
+ s [(br, it1/2) At —(u] ;11/0) At} U;, + Az {0 — (br,i+1/2) At] Uia s

where the involved intermediate quantities come from the intermediate states de-
fined inside Ug (%; U;%", Ui?"). As usual, we have introduced the notations

i+1
a®™ = max(a, 0) and a~ = min(a, 0).
Second step: Relazation step. The system
0,0 =46T(U),
(5.11) O
Uo(z) = Uj; if @€ (w172, Tit1/2),

is solved in the limit of § tending to infinity. On each cell (z;_1/2, Zit1/2) the
solution of (5.11) is given by

eq,n+1 __ rn+1, , egn+l  ni4l
U; =UNU!; o5 ,alm).

Let us remark that we recover

(5.12)

n+l _ pn+l _ n+l _n+1 n+l _ pn+l _ n+1_n+l n+l _ pn+l _ n+1l_n+1
Ny =P =p; el e =P, =p; €154, oy =Py, =p; €39 ;-
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eq,n+1

i

Similarly, the quantity ¢
rium, of the integral

is also updated as an approximation, at equilib-

1

(513) 3 eerhaavie ) ac.

A precise discretization of this integral will be clarified later on.
Finally, at time ¢"*!, the updated approximate solution L{i”H is then obtained
as follows

(5.14) UMt = NUSMH = MO

Considering the relations (5.9)—(5.10), the updated state rewrites

1 n+1,+ n+1,—

(5.15) uin+ :ui—1/2 +ui+1/2
where
(5.16)

mn 1 [ n 1 *
u¢++11/’2+ =~ Az (br,i12) At — 0} Ui + Ar {(UT i+1/2)+At - (bl,¢+1/2)+At} NU;,

1 N N 1 [Ax "

+ Ar [(br, ¢+1/2)+At - (U1,i+1/2)+At} NU;, + Ar [2 = (by, i+1/2)+At} i1

10 Az
n+1,— —
Ui/ N (ba,i+1/2) AH—T

1 _ - 1 )
+ s |:(b'r, i+1/2) At —(u] ;11/9) At} NU;, + s [O = (by,i41/2) At} ur, .

n 1 * - - *
]Ui *As [(u1,¢+1/2) At — (byiv1/2) At]NUu

The determination of the scheme is achieved as soon as we exhibit a precise defi-
nition for ¢;%". Now, since the intermediate states defined by (4.19) only involve
the variation of ¢, we have to consider the following approximation:

eq,n eq,n 1 Tt n n
gty =i g [ peamaaw (e e de

i

As a consequence, we suggest the following formula:

n n 1 7 n n n
(5.17) Pit1 — P = Z(pz + P ) (Wi = W)

To conclude this relaxation scheme presentation, let us notice that the scheme (5.9)—
(5.10) is nothing but a Godunov-type scheme according to the work by Harten, Lax,
van Leer [21]. In fact, we easily see that the associated approximate Riemann solver
is given by:

(5.18) u (%;ul,ur) = NUg (% U (Us; o1, @), Ueq(ur;cpr,ar)) :

This approximate Riemann solver is made of two intermediate states that we will
denote, to simplify the notations

* * T e e :
(5.19) Uy = NU; (55 Ui o ), Uy pryar)) - with g = L7,

where the intermediate states U and U} are defined in Lemma 4.2. As a conse-
quence, we get
(5.20)
Ax/2 T
qull/’; = ; NUr (At; Ueq(u?;@fq,n’a?)’ Ueq(uﬁrﬁ@ﬁlaaﬁl)) dr,

0

n — T e n eq,n n e n n n

Z/{ijll/z :/ NUr (At; U (U] Hﬂiq ,ai), U q(ui+1§90¢+1aai+1)> dz.
—Ax/2
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6. DISCRETE ENTROPY INEQUALITIES

The present section is devoted to establishing the nonlinear stability of the
scheme (5.15)—(5.16). Our purpose is to prove the discrete entropy inequalities (3.3).
The first result concerns a sufficient condition to be stated on the intermediate states
to enforce the required stability.

Theorem 6.1. Assume the intermediate states Z:ll* and Z:l: defined by (5.19) belong
to Q for allU;, , € Q and satisfy the following entropy estimates

6.1) {s(e, v)(l;ll*) > s,

s(e, v)UT) = s,

where

s1=s(e, v)(Ur) = s(er, v),
s = s(e, v)(Uy) = s(&r, vr),

and s(e, v) = s(e, v)(U) is given by (2.14).
In addition, assume the following relations are satisfied

(6.2)

pruy — prur, = bi(p] — pi),
pruy — Prul,r = br(pr = pr) -

Assume the CFL condition (5.5) holds. Let U € Q for all i € Z. Then U™
defined by (5.15)—(5.16) preserves the discrete entropy inequalities (3.3) and the
minimum entropy principle (3.4).

Proof. Arguing [21], the considered scheme will be proved to be entropy preserving
as soon as the associated approximate Riemann problem (4.15)—(4.20) leading
to (5.15)—(5.16) is established to be entropy compatible. Let us just recall that the
approximate Riemann solver Ur (ﬁ; U, L{T) is said to be entropy compatible as
soon as the following inequality holds

(6.3)
Ax/2 ~ "
Aix /_A 2 (pF(s(e,v))) (Z/IR (Kt; U, L{T)) dx S%(pZF(sl) + prF(s,))
- % (pTF(ST)ul,r - plF(Sl)Ul,l) .

Now considering the approximate Riemann solver (5.15)—(5.18), we show that
the above inequality holds.

Integrating (pF'(s(e,v))) (Z:lR (& Uy, Z/{T)) over (—Ax/2, Ax/2), we get
(6.4)

[ et (i (Zrawn)) ar= [ e
+/burt (oF (s(e, ) () dm+/::t (oF (s(e, v))) (t7) dx+/f:2 oo F (5,) de.

For all strictly decreasing functions F, from assumption (6.1), we deduce the fol-
lowing inequalities:

F (s(c—:, v) (ul)) < F(s1),
F (s(s, v) (Z;{:)) < F(s) .
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Therefore equality (6.4) rewrites

Ax/2 B T by At uy At
/ (pF(s(e,v))) (Z/IR (Kt’ U, L{T)) dx §/ piF(sp) dx —|—/ p1F(s1) dx
—Ax/2 —Ax/2 by At

by At Ax/2
w [ mpedet [ (s da,
u

1At b At
to obtain
1 Ax/2 R . .
- EN 1
Azx ~/—Aa¢/2 (PF(S(&’U))) (Z/{R (At’ U, ur)) dx —Q(PlF(Sl) + prF(sy))
At ) ..
+ Ay (b= pibi+ pruy) Fs)
At .
+ xp (PTbr = phut = peby) Fsy).

The required inequality (6.3) easily comes from assumption (6.2). In fact, (6.2)
holds for the relaxation method proposed in this paper, it is obtained by performing
simple computations from (4.19).

To conclude the proof, we have to establish the minimum entropy principle.
Since the function U — pF(s(e, v)) is convex, the Jensen’s inequality gives

1 Tiy1/2
prHF(sTHY) < / (PF(s(e, v) U™ (a, " + AY)) da,

i—1/2

to get
(6.5)

1 ~ [T —Zi—1/2
ety < — r Tl oy n
Pi (87, ) = Az Lil/z (p (S(E, U))) (Z/{R ( At » Yi—1> uz )) dz

1 Tity1/2 B T— T2 " N
ran ) rte o (e (2w, ) )

By averaging (6.1), we have

~ Tr—x; .
s(e, ) (un (At“/z ur, fﬂ)) > min(s?, s7, ).

Since F is a strictly decreasing function, from (6.5) we immediately deduce

X4

1 Tit1/2
PRI < Flmin(sl of st 5s [ oAt 4 Al da,
Ti—1/2
1 1 Tit1/2 A
Because pzz-&- — F/ p° (x, t" + At) dx, we get
x

Li—1/2
F<5?+1) S F(min(s?fla 5?7 S?Jrl))’

or equivalently

n+1 : n n o .n
si " Zmin(s , si', si40)

The proof is thus complete. O

Our goal is now to show that the proposed intermediates states U} and U, satisfy
the stability condition (6.1). To address such an issue, we need some following
technical lemmas.

The first lemma exhibits suitable invariants across the wave speeds b; and b,
that are useful for establishing the stability condition (6.1).
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Lemma 6.2. The quantities 1111 4 + (ag)z/pg, €11,9 — (Hng)z/(ag)z, €12,9 —
Iy, gIlia, 4/ (ag)? and 22, g — (12, 4)?/(agy)? are invariant across the wave speeds
by=wu1,;—ai/pi and by, = u1 » + a./py,

(6.6) I, , + (ag*)2 S, (ag)z7
g Pg
. )2
(6.7) 6’1(179_(1_[(61;’)%):511,9_(1—([;;)92)27
o iy~ e~

where g denotes either | or v, 11§y ,, Ty and 115,  being given by (4.19).

Proof. The proposed quantities are non-trivial Riemann invariants shared by the
eigenvalues u; + a/p already exhibited in (4.22). They are known as strong invari-
ants. 0

We now introduce the following mapping

(6.10) [ (e, €12, €22, v) = (I, X11, Xi2, X22),
with
I = P11 + (1211,
P 2
Xy =¢en— ( ;) ;
(6.11) PP
X2 =¢€12 — % ,
P 2
Xog = €90 — ( 13) ,
a

where a is a real number and P is assumed to satisfy P = %s.
The mapping f enables us to do a suitable change of variables for the en-
tropy s(e, v). In this goal, we have the following lemma.

Lemma 6.3. The change of variables f : (€11, €12, €22, v) — (I, X11, X12, X22)
is one-to-one under the Whitham subcharacteristic condition
(v2a® — e11)(v%a? — 3e11)

(6.12) -0,
Proof. The Jacobian of the change of variables (6.10)—(6.11) reads
g (v2a? — e11)(v?a® — 3e11)
f via2 ‘
The non-vanishing condition for Jy that makes f invertible is achieved whenever
the relation (6.12) is satisfied. O

With the bijection f, the entropy can be rewritten as
s(e, v) = s(f'(I, X11, X12, X22))

= S(I(E, ’U), )(11(57 ’U), X12(€, ’U)7 X22(€, U)) s

where S = sf~ 1.
We now introduce the following space

(613) W = {H € Mg(R) such that H33 > O, H13 = H23 = 0} ,
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where M3(R) is the space of 3 x 3 matrices whose entries are real numbers.

The next lemma is connected to Lemma 6.3 by the following remark. Since
the intermediate states generated by the relaxation method exposed in this paper
are artificial, we are not sure that their pressure can be rewritten in term of the
equation of state, i.e. we are not sure that the relations ITj = 1)% €} hold, where

g =1, r. Therefore we can let the pressure matrix P of a state to be independent
from the internal energy matrix € and the specific volume v. In this way, we can
define the variable IT close to the variable P. Then the functions I, X11, X1 and
Xy can be extended into I, X1, X2 and Xao on all the space w by

2
1

I(e, v, ) = Iy; +a’v, Xu(e, v, 1:1):511_{[121 J

(6.14)

_ 2

v 11,411 v - 117.
Xiz2(e, v, II) = €13 — =512 Xoo(e, v, II) = €90 — =12,

which coincide with I, X1, X12 and Xo3 when II = P = P(e, v) for given €, v:

I(e, v, P)= Py +a%v=1I(e, v), Xi1(e, v, P)=¢1; — L X11(e, v),

a2

— — PZ

Xio(g, v, P) =¢€12 — Pl;flz = X12(e,v), Xoa(e, v, P) = €22 — % = Xoo(e, v).
Note that only the components 15T and 11,5 of the matrix IT appear in the definition
of the functions I, X717, Xi2 and Xoy. Therefore, the derivatives with respect

= o . II .
to IT are actually derivatives with respect to the vector ( 1:[11 ) abusively denoted
12

again IT.
Finally, a function

S (I(EJ, v, 1:.[), Xll(e, v, f[), Xlg(E, v, H), XQQ(E, v, H))

can be defined, related to the function S by

s(e,v) = S(I(s, v), X11(e, v), X12(€, v), Xaa(e, v))

_ S(i(s, o, TI), X1 (e, v, TI), Kia(e, v, 1), Xon(e, v, n))

II=P(e,v)

Although the new pressure-like matrix variable IT belongs to the whole space w,
one can exhibit the following result which is a key idea for establishing the stability
condition (6.1) of the two intermediate states solvers proposed in this paper.

Lemma 6.4. The mazimization principle on the specific entropy holds
(6.15)

S(E, ’U) = S(I(E7 ’U), Xll(E, U),Xlg(E, ’U), XQQ(E, ’U))

= § (I_(s, v, ﬁ),Xll(E, v, 1:[), )_(12(5, v, l:[>7 X22(€7 v, f[)) ‘I:[—P(e )

= maXS' (j(é', v, H), Xll(E, v, H), Xlz(E, v, ].:I), ng(&, v, ].:[)) s
Ilew

where the pressure matrix P is related to the given internal energy matrixz € and
the specific volume v by P = %s.
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€11 1:11
Proof. Let Q and W be the vectors Q = c12 LW = Xn . For given @
€22 )§12
v ng
and pressure < gu ) , the vectors Q and W are related by the equations (6.14).
12
€11
Thanks to the bijection (6.10)-(6.11), there exists a vector Q = ?2 such
2
0]
that W = f(Q):
I= Pll(é, 17)-1-0,217:[(5, ’l~)), Xu:&:u—w:){ll(é, 77),

2

X, — & P11(€,9) P12(€,9) _ =~ v = PZ,(&,0) .
Xig =E1p — 7252522 = X9(€, 1), Xog = é2 — 27— = X9a(€, 7).

Now for given e, v and for all IT € w, the quantity

S (I(s, v, ), X11(g, v, II), X12(e, v, ), Xaa(e, v, H))

rewrites
S (I(e, v, IT), X11 (e, v, IT), X12(e, v, II), Xpo(e, v, IT)) = S (W(II))
=s(Q)
= 5 (Quw(m)))
Then the derivative of S with respect to IT is given by the chain rule
oS - _ - - _
871:_[ (I(E, v, H), )(11(67 v, H), X12(€, v, H), X22(€, v, H))
Os . 0Q . OW
= 2= (W) - —— (1T
56 (@ () - S
ds ~ (OWN ' oW _
- 22 . - W) - — (11
5@ (55) - G
which can be rewritten as
oS - _ _ _ _
87].:1 (I(Ev v, H)7 Xll(Ev v, H), X12(57 v, H)» X22(Ev v, H)) =
_ <2 (0 E1llyg — 0 Eopllyy + E11600 — £35) 2 (—€120117 + 5111_[12))
a2 ’5(511522 — 5%2) ’ (l2 (&:11522 — 5%2)
~ Iy, = u
The gradient g—g vanish at i . At these values the Hessian is given
Iy, = &2
by
_ 2E9o 2&12
925 a? (611622—63,)  a? (E11822—E3,)
oz 28, _ 25,
a? (611822 —¢7,) a? (f11822—€1,)
Since the determinant of this Hessian
4

—————— >0
a? (E11é2 — €1y) 7

and its trace ~ _
2 (€22 +€n1)

-5 <0
a®(E11€a2 — €5,)
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€11
b

the Hessian is definite negative. As a consequence is a maximum of the
€12

v

mapping IT — S (W(II)) .

€11

In fact for given €, v, only is the maximum of IT — S (W(I:[)) . Indeed

€12
€, v satisfy

2

I(E, v)—Pu:azv, X11(E, U)+%:€117

2
Xio(e, v) + B1f1i2 — o1 Xoo(e, v) + % =é€22.

Setting IT = P(&, ©) in (6.14), we get
(6.16)

I —Pu(e(W), o(W)) =a*v, X11+w = €11,

_ ST\ (1T (TN (TR _ 2 2R\ ~(TE
X+ P11(€(W)~,v(W)C)lQPm(E(W):v(W)) =12, Xoo+ Pm(E(VZQ),v(W)) E—

The set of equations (6.16) can be rewritten as the nonlinear system g(W) = 0
where W +— g(W) is obvious. The Jacobian of g with respect to W is
7 - 7* (W) a?
g (@(W)2 a? — éll(W)) (172(W)CL2 — 3511(W)) ’

which does not vanish thanks to the Whitham subcharacteristic condition (6.12).

Then for given e, v, the set of equations (6.16) is invertible and its solution is I,
enn
v

X11, X12, Xoo. Hence W =W, and é = &, ¥ = v. Therefore only is the

€12
v

maximum of the mapping IT +— S (W(l:I)) . The lemma is thus proved. O

Thanks to the maximum principle (6.15), we conclude this section by establish-
ing the stability condition (6.1). Indeed, we have the following easy sequence of
relations
(6.17)
5(57 ’U)(Z/N{l*) =5 (I_(Ev v, 1:[)(1;{;)7)211(& v, ﬂ)(z;{l*)v Xl?(ev v, ﬂ)(gl*)’ XQ?(E’ v, ﬁ)(z:{l*)> ‘f[—P(e @)

= U i

= maxg (I_(é?, T}l*a 1:.[), Xll(é?, @l*, 1:1), Xlg(é?, @l*, 1:1), ng(é?, ﬁl*v 1:1))

ITew

> 5 (e, of, T07), X (&7, of, T07), Xoa(&F, 7, TI7), Xon(e7, 37, 7))

Next by involving Lemma 6.2, we deduce the following equalities

S (I, o7, ), Xu(ef, o7, 107), Xua(F, o7, 107), Xoal&7, o7, I0)) =
(6.18) g (I(er, vi, I)), X11(eq, v, ), Xaa(er, v, 1), Xoo(er, v, IL)) =

s(e, v)(Uy),

and the first estimation (6.1) is established. Next, similar arguments immediately
give the second estimation s(e, v)(UY) > s(e, v)(U,-). Therefore the relaxation
scheme proposed in this paper is entropy preserving.
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’ | p | pus | pus | perr | pera | peaz | pess |
[ Uniformstate [1] 0 [ 0 [ 25 | 7 [ 9 [ 8 |

TABLE 1. Uniform state data for a gaussian-type source terms test cases.

| [ p [ pur [ pus [ pers | pera [ peas [ pess |
Left state | 1| —4 | 0 25 7 9 8
Right state | 1 | 4 0 25 7 9 8

TABLE 2. Two rarefaction waves state data for a gaussian-type
source term test case.

7. NUMERICAL TESTS

We now turn to the application of the scheme designed in this paper to certain
pertinent test cases. These tests are shock tube types in 1D setting on the inter-
val [0, 4] along the x-axis and the discontinuity is located at x = 2. The numerical
solution is computed with 4000 points and the CFL condition is always 0.5 for one
dimensional test cases. In the two dimensional setting, the CFL condition is 0.25
and the hierarchy of meshes consisting of 101 by 101 cells, 202 by 202 cells, and 404
by 404 cells, is used. Finally, computational domains are chosen sufficiently large
so that boundary conditions do not influence simulations.

7.1. Uniform plasma state with a gaussian-type source term. The initial
data is given in Table 1. The source term is of gaussian-type, given by

(7.1) W (z,t) = 25 exp (—200 (z — 2)?) .

This expression is typical one of the laser beam used in ICF. In Figure 1 is shown
the density p computed at time 0.1 by the relaxation scheme proposed in this work.
The density is no longer uniform as in the case where the source term is not used.
The solution is symmetric according to the center x = 2 where the source term is
localized. A hole is created which is a manifestation of expulsion of particles due
to the force derived from the gradient of the potential W. Entropy is produced as
displayed in Figure 1, especially in the hole.

7.2. Two rarefaction waves problem with a gaussian-type source term.
The inputs of this test are given in Table 2 while the source term used is of gaussian-
type, provided again by (7.1). When the source term does no longer exist, this test
consists of two rarefaction waves propagating in opposite sides with the same speed,
already discussed in [5, 31]. This severe test leading to vacuum state if the speed is
very large, is well-treated by the new scheme proposed in this paper although the
presence of the source term, as displayed in Figure 2.

7.3. Nonuniform plasma state with a gaussian-type source term in 2D
geometry. We consider a square of size 100 um containing a quasineutral plasma.
The density of electrons is n, = 102" m~2 while the charge number of ions is Z = 4
and the atomic mass is 8. The initial temperature of the plasma is T, = 2.3 x 107
K. This plasma is heated by a laser beam at the center of the square. The laser hot
spot is round with its center localized at (xg, yo) = (50 pm, 50 pum), and its radius
is Rgp = 10 pm. The laser light wavelength is 0.35 um. The laser light is assumed
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11
1.05( —
1
0.95— —
09l —— Density at the initial time t = |
— Density attime t = 0.1
0.85— _
| |
0 1 2 3 4
7.253 I
| —— Entropy at the initial time t = |
— Entropy attime t=0.1
7.252— —
7.251— —
7.25 |
7.249 ‘ ‘ ‘
0 1 2 3 4

FiGURE 1. Uniform plasma state with a gaussian-type source
term: density p calculated at time 0.1, and entropy s computed
at times 0 and 0.1 by the relaxation scheme proposed in this work.

to be a gaussian function with its maximum intensity Iy = 3.89 x 10*° Watt/m?2,
so that the electron quiver energy writes

Z x—xo>2 (y—yo>2
7.2 Wiz, y, t) = Ipexp | — — ,
(72 <y>mmop<(RO -
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Density

2 T T T

— Density with the source term at time t = 0.1
— Density without the source term at time t ={0.1

15 —

0 1 2 3 4
Position

— Entropy with the source term at time t = 0.1
Entropy — Entropy without the source term at time t = 0.1
20 —— Entropy at the initial time t =0

15— —
10 — —

5 | | |
0 1 2 3 4

Position

FIGURE 2. Two rarefaction waves problem with and without a
gaussian-type source term: density p computed at time 0.05, and
entropy s computed at times 0 and 0.1 by the relaxation scheme
proposed in this work.

where m;,, is the mass of ions. Finally, the laser light is supposed to be polarized
linearly along the z-direction leading to the anisotropic quiver energy tensor

(7.3)

W:W(xa Y, t)61®61,
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Density -
— New scheme with 101 cells x 101 cells
— New scheme with 202 cells x 202 cells ]
HLLC-splitting with 101 cells x 101 cells
L — HLLC-splitting with 202 cells x 202 cells |
HL L C-splitting with 404 cells x 404 cells
0.10995- .
0.1099- .
0.10985- .
0.109 \ ; ‘ ‘
20 40 60 80 100
Position

FIGURE 3. Two dimensional test problem of laser-matter interac-
tion: density p computed at time 5 ps by the relaxation scheme
proposed in this work. The comparisons are also proposed with
the solutions rendered by the HLLC-splitting scheme.

to add to the proper isotropic internal energy tensor of electrons when the laser-
matter interaction is turned off, in order to obtain the tensor P.

For clarity, we denote by HLLC-splitting scheme the scheme aiming to approximate
the solution of (2.1), which is based on splitting strategy where the numerical
fluxes are computed by either the HLLC scheme [31] or the relaxation method (4.3)
omitting the source term ¢°?, and the source terms are computed by Euler explicit
method.

Densities are displayed in Figure 3. The mesh refinement shows that the solutions
computed by the two schemes agree, particularly the new scheme is well-suited to
compute the solution.

7.4. More realistic simulation in 2D geometry. An advanced simulation is
proposed in adding the effect of the inverse bremsstrahlung absorption in the above
test case. In inverse bremsstrahlung absorption, a photon (or light wave) moves an
electron past a nucleus. The interaction with the nucleus randomizes the motion
of the electron, which has the effect of extracting energy from the light [1, 17].
The process of inverse bremsstrahlung in the anisotropic plasma considered in this
paper can be modelled by adding a source term 2vppW in the energy equation.
This yields

(7.4) Oh(pu@u+P)+ V- (pH@u) = —(pVW @ u)°® + 2vrpW.

For simplicity, the absorption coefficient vy is set to 1. The reader is referred
to [18, 29, 30] for more details on computation of inverse bremsstrahlung coefficient
absorption. The same geometry and simulation parameters as in the test case 7.3
are used. Temperature, density and entropy at the initial time, 25 ps, 50 ps are
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Temperature

1.6

1.4-

1.2

0.8

— Temperatureat initial time
— Temperatureat 25 ps
Temperatureat 50 ps

08 20 40 60 80 100
Position
Density
0.14 ; N —
— Density at initial time
L — Density at 25 ps J
Density at 50 ps
0.12- i
0.1- B
Ql | 1 | 1
0.0 20 6 80 100
Position
Entropy
75 T T T T T
— Entropy at initial time
L — Entropy at 25ps 1
Entropy at 50 ps
74.5- i

74

73.5

FIGURE 4. Two dimensional test problem of laser-matter interac-
tion taking to account the inverse Bremsstrahlung effect. Temper-
ature, density p and entropy are computed at the initial time, at
times 25 ps, 50 ps by the relaxation scheme proposed in this work.
Temperature is scaled at its the initial value T,, = 2.3 x 107 K
while density is scaled at ne,m;/Z = 102"m; /4 where m; is the ion

mass.
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Anisotropy

100

0.591
0.532
0.473
0.414
0.355
0.296
0.236
0.177
0.118
0.0591
7.85e-09

50 100

Temperature
100

15
1.44
1.39
1.34
1.29
1.24
1.19
1.13
1.08
1.03
0.979

50 100

Density

E il
; 1.08
1.05
1.01
; 0.976
504 4110.94
; 4110.905
; 0.869
0.834
0.798
0.763

50 100

FIGURE 5. Two dimensional test problem of laser-matter inter-
action taking to account the inverse bremsstrahlung effect. Tem-
perature, density p and entropy are computed at 50 ps by the
relaxation scheme proposed in this work. Temperature is scaled at
its the initial value T, = 2.3 x 107 K while density is scaled at
Neymi/Z = 10*"m; /4 where m; is the ion mass.
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shown in Figure 4. Effects of plasma heating due to laser light are obviously dis-
played. The more larger the temperature becomes in the center of the plasma, the
more particles are expulsed from this center. Figure 5 shows the state of the plasma
after 50 ps simulation time.

8. CONCLUSION

In the present paper, a relaxation-type scheme has been built to approximate
weak solutions of the Ten-Moments equations with source terms. A reformulation
of this scheme in term of discrete balance equation is also considered leading to
adequate numerical approximation of source terms. Concerning stability issue of
the scheme, to prove discrete entropy inequalities, we derive a new strategy based
on local minimum entropy principle. Moreover, the procedure is well-suited to show
the entropy skills of the HLLC scheme already derived for Ten-Moments omitting
source terms in another previous paper [31]. Numerical experiments have been also
addressed to show the robustness of the scheme.

Forthcoming works will concern the establishment of local minimum entropy
principle for advanced model of laser-matter interaction in ICF on one side. This
model will be a coupling of Ten-Moments equations with radiative transfer and
magnetic fields generation. On another side the establishment of local minimum
entropy principle will be investigated for Saint-Venant model and for high order
schemes.
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APPENDIX A. ROTATIONAL INVARIANCE OF THE FLUX FUNCTION AND THE
SOURCE TERM FUNCTION

Let U be the state variable as introduced in Section 2,
p

(A.1) U= pu
plu®@u+e)

Let us consider the expression of the directional flux function defined as follows:

0
pEM

(A.2) FU, n) = (u-n)d + s |,
2<(ps n)® u)

where n denotes an arbitrary unit vector.
Let R stands for a rotational matrix given for all § € (0, 27) by,

cosf —sinf 0
R = sinf cosf O
0 0 1

We introduce the following rotational operator defined by
p
(A.3) RU) = pRu
pR(u®u +e)RT
Let us now check the relation
F (R(Z/{), Rn) = R(F(U, n)) .
First, R (F(U, n)) writes,
0

R(FU, n)) = (u-n) RU) + R pen o |
2((psn)®u>

0
pR(en)

= (u-n) RU) + op ((pen) ®U>SRT

Second, F (R(Z/l), Rn) can be expressed as

0
p(Re RT) Rn

2 ((pR (e RT)Rn) ® Ru) ’

Since R is a rotational matrix, the scalar product is invariant by R,
Ru-Rn=u-n.
Straightforward computations show that

(ReR")Rn=Re(R"R)n=R(en).
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Then we get
S S
2 <(pR€ RT.Rn)® Ru) =2 <pR (en)® Ru)

=2R ((psn)@u)sRT,

by direct computations.
Similar computations lead to invariance property of the source term S(U, VW, n)
given by,
0
—ip(n@ VW)n

(o))

APPENDIX B. ROTATIONAL INVARIANCE OF THE MODEL (2.1)

SU, VW, n) =

Let us consider the model (2.1),
Oip+ V- (pu) =0,

1
(B.1) { %lpu) +Va-(pu@utP)=—5pV,W,
1 1
dh(pu@u+P)+V, (pH@u)’ = —5PVWeu—Spua V, W,

where the subscript x is added to emphasize that the corresponding operator is
used according to coordinate z. Let y, v and @Q be new coordinate, velocity and
matrix pressure defined by

y=Rux,
(B.2) v=Ru,
Q=RPRT,
where R stands for a rotational matrix given for all 8 € (0, 27) by,
cosf —sinf 0
R=| sinf® cosf O
0 0 1
We have,
V.V =R"V,V,
(B.3) V,- u=V, - (Ru)=V, v,

V., (TR)=V, T,
RV, T=V, (RT),

where U and T are scalar and matrix, respectively.
According to (B.3), the first equation of (B.1) rewrites,

(B.4) 0=0p+ V- (pu)=0p+V,-(pv).
Multiplying the second equation of (B.1) by R gives,
1
O(pRu)+V, - (Rpu®@u+ RP) = fipRVzW,
wich can be rewritten as

1
O(pRu) +V, - (Rpuu” + RP) = —5PVu W,
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or
T T T 1
O (pv) + V- (Rp(R v) (v' R)+ RPR R) = —ipVyW,
that writes
T T 1
Or(pv) + V- <(pvv +RPR > R) = —épVyW,
or equivalently,
1
o(pv) + V- (,011 ol + RPRT> = 5PV, W
This takes the following form,
1
(pv) + V- (pv ®v+ Q) =—5PVyW.
Note that the following identity holds,
vV, Q=V,- (RPRT) =V, -P.
The last equation of (B.1) can be rewritten as
O (RT <pv Qv+ RPRT> R) + Vo (pH @ u)® =

1 1
- §meW®vR— ipRTv(X)VxW,
or

at(pv<g>v+RP1~2T)+R<Vr . (pH®u)S)RT =

— %pRVxW@)v— %pRTv@@VIWRT.
We have
RV, W®@v=RV,Wvl =RV, W)l =V, Wol =V, Weuv,
{ vV, WRI =v(V,W)T R =v(RV, W) =0(V,W) =v0 V,IW.

The tensor H = RHRT = R(u @ u + 3P/p)RT = ((Ru) ® (Ru) +3RPR" /p) =
v ® v + 3Q/p can be understood as the generalized enthalpy H expressed in the
new frame. Hence, the flux of tensor energy equation can be expressed as,

R(VI - (pH ® u)S) R" = (vz -(p(RHR") ® (Ru))S) R' =V, (pH®wv)%
Therefore, the last equation of (B.1) can be rewritten as

1 1
at(pv®v+Q)+Vy~(pH®v)S:—ipVyW@)v—5pv®VyW,

and the Ten-Moments endows the rotationnal invariance since in the rotated frame
along the definitions (B.2), it takes the following shape,

1
(B.5) O(pv) +Vy - (pr@v+ Q) = —5pV, W,

1 1
H(pr@v+ Q)+ V, (pH )" = —§pVyW®v— §pv®VyW.
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