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Abstract. This work concerns the derivation of HLL schemes to approximate the solutions of
systems of conservation laws supplemented by source terms. Such a system contains many models
such as the Euler equations with high friction or the M1 model for radiative transfer. The main
difficulty arising from these models comes from a particular asymptotic behavior. Indeed, in the
limit of some suitable parameter, the system tends to a diffusion equation. This paper is devoted
to derive HLL methods able to approximate the associated transport regime but also to restore the
suitable asymptotic diffusive regime. To access such an issue, a free parameter is introduced into
the source term. This free parameter will be a useful correction to satisfy the expected diffusion
equation at the discrete level. The derivation of the HLL scheme for hyperbolic systems with source
terms comes from a modification of the HLL scheme for the associated homogeneous hyperbolic
system. The resulting numerical procedure is robust since the source term discretization preserves
the physical admissible states. The scheme is applied to several models of physical interest. The
numerical asymptotic behavior is analyzed and an asymptotic preserving property is systematically
exhibited. The scheme is illustrated with numerical experiments.
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1. Introduction. This work introduces finite volumes methods to approximate
the solutions of hyperbolic systems with source terms. Such systems concern many
applications and they are essential to model physics involving several regimes governed
by relevant parameters.

We derive a class of models issuing from the following partial differential equa-
tions:

ow + 0y f(w) = o(R(z,w) —w), (z,t) € RxRf, (1.1)

where the vector state w belongs to a convex set Q C RV,
We assume that the flux function f: Q — R admits a Jacobian V,, f(w) which
is diagonalizable in R. As a consequence the transport regime:

Ow + 0, f (w) = 0, (1.2)

i.e. the homogeneous system (1.1) with o = 0, is hyperbolic.

Concerning the source term, we impose ¢ > 0. This coefficient o is eventually a
suitable function of z to define 0 = o(z). Finally R : R x Q — Q is a given smooth
enough function.

From a numerical point of view, one of the main difficulty comes from a diffusion
regime satisfied by the solution of (1.1). Indeed, the associated physics involves a
parabolic rescaling parameter (for instance see [12, 7] according to the considered
physics) which modifies (1.1) as follows:

edyw + O f (w) = S(R(w) —w).

The derived numerical method must be relevant whenever ¢ goes to zero. We do not
develop here the stiff relaxation theory and the reader is referred to [28] (for instance,

Université de Nantes, Laboratoire de Mathématiques Jean Leray, 2 rue de la Houssiniere, BP
92208, 44322 Nantes Cedex 3, France.



2 C. Berthon and R. Turpault

see also [2, 11, 6, 5, 16, 32] and references therein). In the present work, several
examples will illustrate the existence and the interest of a diffusive limit equation
satisfied by the solution of (1.1).

As underlined, the model (1.1) proposes a formalism in which enter many applica-
tions. In the next section, three of them are given namely the Telegraph model [23, 13],
the Euler equations with high friction [12, 34] and the M1 model for radiative transfer
[7, 20, 14, 15, 13]. All of them involve their own numerical schemes (see [7, 23, 12] for
a brief overview of the numerical procedures, see also [3, 11, 21, 25, 27, 39] for some
related works). In fact, from a numerical point of view, the main difficulty comes
from the asymptotic regime. Indeed, a numerical method for such a model has to be
relevant in both the transport and diffusion regimes. To access such an issue, several
authors propose to modify suitable Godunov-type schemes in order to take into ac-
count the source terms. Several ideas can be found in the literature. One is based on
the work of [25], and proposes the derivation of an hydrostatic reconstruction [3, 12].
This approach can be seen as free from the choice of the approximation technique
and for the transport operator (1.2). To satisfy the expected diffusion regime, the
usual reconstruction turns out to be very sophisticated and it needs to solve a non-
linear equation. As a consequence, the numerical method may not be relevant to
approximate some models of the form (1.1).

Another technique, introduced by Gosse-Toscani [23, 24], consists in a structural
modification of the Godunov-type scheme considered to approximate the weak solu-
tion of (1.2). Roughly speaking, the idea consists in controlling the natural numerical
viscosity in order to coincide, in a sense to be prescribed, with the expected diffusion
regime (see [7, 20, 14, 15, 13] for further details). The resulting numerical schemes
are improved but for very sophisticated derivation. Since a particular attention must
be paid on the Godunov-type scheme, several extensions are impossible.

To conclude this brief overview, let us emphasize that all the referred methods
deal with a constant o (see for instance [13]) except for some models where o may
depend on z (see [7, 8]).

Following the above procedure, we propose the derivation of a numerical scheme
for (1.1) able to restore any diffusive regime. Put in other words, we modify the HLL
approximate Riemann solver for (1.2) to obtain a suitable discretization of (1.1). To
exhibit the scheme, we involve a suitable rewriting of the system (1.1). Indeed, let us
fix an arbitrary positive parameter @ to write (1.1) in the following equivalent form:

Oyw + 0, f(w) = (a—!—ﬁ)(L_R(w)—k _w—w).
o+0o o+0o
The resulting scheme will involve the arbitrary parameter & which can be fixed to
preserve the relevant diffusion regime. As a consequence, we preserve the robustness
results satisfied by the transport method associated with (1.2).

This paper is organized as follows: in the next section, several models entering
the formalism (1.1) are introduced. We describe the diffusion equation satisfied by
the model in the limit of a rescaling parameter. Next, a third section concerns the
numerical approximation of the solution of (1.1). First, we recall the HLL approximate
Riemann solver to approximate the solutions of (1.2). Then we modify this standard
procedure to take into account the source terms. The resulting numerical scheme is
proved to be robust. The last part of this section concerns the correction to obtain
an asymptotic-preserving scheme and thus to satisfy the expected diffusion equation
as soon as the asymptotic regime is reached. The following section is dedicated to
the application models described in section 2. The derived scheme is applied to each
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of them. A specific attention is paid on the asymptotic behavior in the diffusion
limit. Finally, in the last section, numerical experiments are performed to highlight
the relevance of the scheme.

2. Some mathematical models. In this section, we give several applications
which can take the form of the system (1.1). The interest of these applications comes
from the existence of a diffusion regime in the limit of some relevant parabolic rescaling
parameter. The limit equation is here systematically exhibited since it plays a central
role in the numerical simulations.

2.1. The Telegraph equations. The first model we propose to consider is
given by the Telegraph (or Goldstein-Taylor) equations as follows:

Opu + adyu = o(v — u), 2.1)
O — adyv = o(u — v), '

where a and o are given positive constants and (u,v) € R%. This system clearly writes
into the formalism (1.1) by choosing:

w = (u,v)", f(w) = (au, —av)’ and R(w) = (v,u). (2.2)
Now, let us introduce a parametric rescaling to write:

Qs + adput = < (vF — uf),
° (2.3)
€0® — adyv® = ;(u6 — ),

where ¢ is a (positive) parameter devoted to tend to zero. Let us then consider the
asymptotic regime when ¢ is small and exhibit the diffusion equation satisfied by the
solution of (2.3). Here we skip the rigorous analysis of the asymptotic expansion and
the reader is referred to [34] for further details. First, we set:

U =u®—2v° and V° = u® +0°,
to write (2.3) as follows:
ehU® + a0, Ve = —Q?UUE,
e Ve + a0, U® = 0.

Then, we formally adopt a Chapman-Enskog expansion (see for instance [9] and ref-
erences therein) for U¢ of the form:

Us =eU' + 0(e%).
Taking the leading term from the evolution law of U¢, we deduce:
1 __ _i £
U = 55 0 VE.

Using this expression, we get the following first-order asymptotic diffusive equation
satisfied by the limit of V¢ (called V):

2

oV — am(;—aawv) =0,
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which reads:

2

By (u + ) —8m(;—08x(u+v)) —0. (2.4)

One of the main numerical challenge concerning the approximation of the solution of
(2.1) is the derivation of a scheme able to behave well in both the transport regime
(where o = 0) and the diffusion regime governed by (2.4).

2.2. Euler equation with high friction. The second application we propose
to consider is devoted to the simulation of an isentropic gas flow in a porous media
[33, 44]. Such a model is governed by the isentropic Euler equations supplemented by
a source term (namely the friction term):

O¢p + Ozpu = 0, (2.5)
Bppu+ 0. (pu® + p(p)) = —opu, (2.6)
where p is the density, u is the velocity and o is the friction coefficient. Usually a
polytropic gas with a pressure law given by:
plp) = rp?, v € (1,3], £ >0,

is used (see for instance [34]). In the present work, we do not impose such a restriction.
As a consequence, the pressure p may be any positive increasing smooth function.
Moreover, we emphasize that most works on the numerical approximation of this
system consider only a given positive constant friction coefficient. Unlike them, we
consider the friction coeflicient to be a function of x.

To put (2.5)-(2.6) into the formalism (1.1), let us rewrite (2.5) as follows:

O¢p + Ozpu = o(p — p).
Hence, (2.5)-(2.6) writes into the formalism (1.1) by setting:

T T T
w=(p,pu)", f(w)= (pu,pu®+p) and R(w) = (p,0) (2.7)
The admissible space of state is defined by:
Q:{wGRQ,p>O,u€R}. (2.8)

Let us note that R(w) € Q for all w € Q.

To conclude this brief description of the model, we consider a high friction term
to reach the diffusion regime. Indeed, let us introduce a rescaling parameter ¢ to
rewrite the model in the following form:

€0ip° + Oxpu® =0,
g0 us + 0, (,oa(us)2 +p(pe)) = —gpeus-

When ¢ tends to zero, [34, 33] proved the existence of the following diffusion equation
satisfied by p (the limit of p%):

Op — Oy (%axp(p)) =0. (2.9)

We underline that the proof in [34] was only given for a polytropic gas and a constant
friction coefficient. Formally, a Chapmann-Enskog expansion yields to the diffusion
equation (2.9) as soon as the pressure law and the positive friction coefficient are
smooth enough functions.
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2.3. The M1 model for radiative transfer. This last example concerns a
moment model for radiative transfer. It was introduced by Dubroca and Feugeas in
[20] and have been later studied or extended in [14, 15, 18, 38, 43] (for instance, see
also [29]). It reads as follows:

OE + 0,F = co®aT* — co®E, (2.10)
O F + *0,P = —co' F, (2.11)
pCLoT = co®E — co®aT*. (2.12)

where E denotes the radiative energy, F' the radiative flux and T the material tem-
perature. The unknown vector state is therefore w = (E, F,T)” and the admissible
space of state is defined by:

Q= {w €R®, E>0, |F/cE| <1, T > 0}. (2.13)

Moreover, the radiative pressure P = P(E, F') is a given function defined by:

F 3+ 422
P(E,F) = X(C—E)E, where X(Z) = m

The reader is refered to [1, 30, 36] for pionner derivations of the radiative pressure
law P(E, F).

Finally, cis the speed of the light, @ > 0 is a given constant, p = p(T) is the density
which is supposed to be a given function and ¢¢, ¢® and o/ denote the opacities mean
values. These mean values are critical physical functions of the unknowns (see [42]
and also [35, 37] for their expression). Let us emphasize that the discrepancy between
the present work and classical numerical methods that can be found in the literature
(see [7, 20, 14, 15, 13] for instance) concerns the choice of these opacities mean values.
Indeed, most of the numerical schemes impose 0¢ = 0% = ¢f. Such a restrictive
assumption is rejected here since the opacity may depend on the space.

Let us now write the M1 model using the formalism (1.1). We have clearly
f(w) = (F,*P(E,F), O)T. The main difficulty comes from the source term that has
to be given in the form J(R(w) — w). To access such an issue, two assumptions must
be made on the opacities as stated in the following result:

LEMMA 1. If we set 0™ = max(c?, 07, ";g?), then there exist three positive
coefficients o1, o2 and o3 such that:

e 3
o¢aT
o =040, =0l 409 =

+03. (2.14)

v

With these notations, the system (2.10)-(2.12) can be written in the form (1.1) if we
set o = co™ and

o¢aT* 4+ 01 E ooF %‘F%T)T

)

R(w) = ( (2.15)

om om’ of

Proof. Involving the definition of ¢y, o2 and o3, the components of the source
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term in (2.10)-(2.12) write:

caT* E
UeaT4 —O'aE:JeaT4 — (O'm _Ul)E: O-m(w __E‘)7

F
ol F =™ ),
O-’H'L

of

0*E — g¢aT* _ Um(% +osT T)
pCy .

O-m
The system (2.10)-(2.12) thus writes in the following form:

o¢aT* + o1 FE B E),

O-’H'L

8tE + 8’I'F = CO'm(
O F + *9,P = cam(?—f — F),

o’ E
T = co™ (7'00“ —;JBT — T).
om
The definition of R(w) is easily deduced from the last result and the proof is therefore
achieved. O
The M1 model has to degenerate into the diffusion regime reached by introducing
a rescaling parameter ¢ as follows:

1
OB + 0, F° = - (co®a(T)* — co"E*),
!
e, F° + 29, P(E°, F¢) = — 7" Fe,
g

€pCv8tT€ =

™ | =

(co®E° — co®a(T?)?).

As ¢ tends to zero, the M1 model degenerates into the so-called equilibrium diffusion
equation given by:
c

B} (pch + aT4) — 8, (gam(aT‘*)) —0, (2.16)

where o stands for the Rosseland’s mean value of the opacity.

3. A HLL scheme with source terms. We now consider the numerical ap-
proximation of the system (1.1). To access such an issue, we propose to modify any
suitable HLL scheme associated with the transport limit (1.2). In this sense, we first
introduce a finite volumes scheme to approximate (1.2) according to the formalism
proposed by Harten, Lax and van Leer [26]. Then, we suggest a relevant modification
of the involved approximate solver to produce a discretization of the source terms.
The obtained scheme will be shown to satisfy robustness properties. We conclude
the section with the introduction of an appropriate correction to be applied in order
to get the required asymptotic preserving property. Indeed, such a property makes
the scheme suitable to approximate the diffusion regimes as described in the previous
section.

3.1. The initial approximate Riemann solver. We assume to be given a
finite volumes method to approximate the weak solution of (1.2). Several strategies
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can be adopted and the reader is referred to Godlewski and Raviart [22] (see also
[31, 40]). In the present work, we propose to consider the formalism of Harten, Lax
and van Leer as detailed in [26]. For the sake of completeness, we briefly recall this
approach here.

Let us consider a uniform mesh of constant size Az = Tipr—x 1, L €L and
we denote At the time increment with "1 = ¢” 4+ At for all n € N.

We assume known a piecewise constant approximate solution at time t", denoted
wh(z, ") € Q and defined by:

wh(z,t") = wl if x € (i1, @iq 1)

To evolve this approximation in time, we consider an approximate HLL Riemann
solver stated at each interface x,, 1 This approximate Riemann solver, denoted by
wr (§;wr,wr) is built as follows:

. wLa if % < bi,
wR(?MUL,wR) =4 wr(wr,wg), ifbd” <7 <bT, (3.1)

where bT and b~ denote the minimum and maximum velocity waves involved by
the approximate Riemann solver. Concerning the constant state w*, it describes
the approximate solution inside the dependence cone characterized by x = b~t and
x = bTt. Following [26], we recall that the approximate Riemann solver (3.1) must
satisfy a consistency condition given by:

[ wn (e wr)de = S +wr) — 55 () - fn)), (32)

N‘E\N‘E

where b~ and b* are large enough (see [26]).
The intermediate state, w* (wp,wgr) is thus given by the following constant:

Twr — b~ w
Wt (g ) = SR (fww) - ). (33)

T+t
each cell interface x;, 1. We thus obtain a non-interacting juxtaposition of Riemann
solvers as soon as the %ollowing CFL-like condition is assumed:

At 1

- +
A—xmax(|bi+%|,|bi+%|) < 5 (34)

Then we define an approximate solution at time ¢™ 4 ¢ for all ¢ € (0, At) as follows:

T—x, 1
Next, the approximate HLL Riemann solver wn(—”;w?,wgﬂrl) is stated at

h n
A1) = (7
w(z, t" +t) = wr T

;wf,wﬁ_l), if v € (zq,2i41)-
The projection of this solution on the piecewise constant functions gives the expected
updated approximation:

1
U}n+1 e

i+3
- h n
; s / w (z, " + At)dz. (3.5)

-1
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Now let us involve the condition (3.2) to rewrite the scheme in a standard conservation
form:

~Fiey)s (3.6)

wit = w? — at
i = Wi Az it
where we have:

B b:;%f(wf) - b;_%f(wflu) b:;_% ;_% " " 47
- bt . — b bt — b (wi+1 —w; ) : ( : )
i+ i+i i+ i+3

Fir

[N

To conclude this short description of the numerical approximation of the weak solution
of (1.2), we recall the robustness of the scheme. This property is stated in the following
result:

LEMMA 2. Let w; and wgr be two constant states in €). Let us assume that
w*(;wr, wr), defined in (3.1), belongs to Q. Then, as soon as wi' € §) for all i € Z,
we have w}™ € Q for all i € Z.

We skip the proof of this result (see for instance [4, 11, 26] for further details).

3.2. Extension to include source terms. We correct the above approximate
Riemann solver to take into account the source terms involved in (1.1). We suggest
to modify the intermediate state function as follows:

- (w ) aw*(wr, wr) + (1 —a)R(0™,wr), if ¥ <0,
w T WL, WR | = '
t aw*(wr, wr) + (1 — a)R(0T, wg), if § >0,

where we have set:

bt — b~

T b —b toAz -0 (3.8)

(07

and where 0% denotes the left and right limit as = goes to zero. Such a definition of
the parameter « is not unique and some comments will be made of this section.

Let us recall that the parameter ¢ may depend on z. With some abuse in the
notations, we write o0 = o(x = 0). According to recent work devoted to well-balanced
schemes for source terms, the considered approximate Riemann solver involved a
stationary discontinuity to deal with the source terms. Similar techniques can be
found in [25] or [11].

We note that the corrected intermediate states are nothing but a convex combi-
nation involving the approximate intermediate state for the system (1.2), w*, and the
source term. As a consequence, if ¢ = 0, then @ = 1 and @w* = w* hence we get the
expected transport regime. Later on, we will see that as soon as ¢ tends to infinity,
and thus « tends to zero, the intermediate state tends to R and the diffusion regime
is reached.

The approximate Riemann solver is now given by (see Figure 3.1):
'lZ)R(%;wLawR) =

wr,, if % <b7,

ow*(wp,wgr) + (1 —)R(0™,wr), if min(0,b7) < £ <min(0,b™),

ow*(wp,wgr) + (1 —)R(0T, wg), if max(0,b7) < < max(0,b"),

WR, if % > b+,

(3.9)
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b~ bt

F1G. 3.1. The Riemann wave structure modified by the source term where w} = aw*(wr,wr)+
(1 - a)R(0™,wy) and wh = aw*(wr,wgr) + (1 — ) R(0T, wg).

where b~ and b were introduced in (3.1). Once again, we consider the juxtaposition
of the Riemann solvers stated at each interface. Such a juxtaposition is non-interacting
as long as At satisfies the CFL-like condition (3.4).

Now, at time t™ + ¢ for all ¢ € (0, At), the juxtaposition of non-interacting ap-
proximate Riemann solutions reads as follows:

~h n ~
A t) = R(i
w (Z‘ ) w ™ P

;wf’,wzﬁrl), if v € (x4, 2i41)-
As usual, the updated states are mean values of the solution at time ¢ + At inside
each cell:

J)i+%

Wt = A%; / " (2, t + Ab)da. (3.10)

.7)1'7%

This above integral formulation can be developed to write the scheme under a conser-
vation form supplemented by a relevant discretization of the source term. To address
such an issue, let us consider clear notations according to the definition of the approx-
imate Riemann solver at the interface z, 1. In addition, for the sake of simplicity,
we set:

L
(]

1= Tt + Atmax(0,b, ,),

);

oy = @iy + Atmin(0,b ), (3.11)

[N

T, = z,_1 4+ Atmax(0,b;
2 2 i

Nl=

-1

R _ : +
L1 = Tipd —|—Atm1n(0,bi+%).

Then we have:

1 / " (z,t + At)de = Yims / wh(z,t + At)dx
Az ’ Az ’
T, 1 Tl
3 2
—L =R
Tl_% 7'7_%
1-— Q1
+ Az 2 / wi_dx + / R(x"' w!hde + / w;'dx
T, 1 Tk 1 T
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After a straightforward computation, we obtain:

1 1 A A
- / (ot + Aydr = Suf + A—iai,%fi,% _ A—i (w])
At .
+ A_x(l - 0%—1)5},%,
where:
S* . =max(0,b 1)(wf71 — R(z] ,w?))

A similar computation leads to:

1 " 1 At At
Ao [ Ottt Atde = Jul - Slagy Foy + S
’ At _
+E(1_ai+l)‘9¢+%’

where:

S;r% = min(0, b;%)<wf - R(a:;r%,wf))

+min(0,67 ) (R, wl) —wlyy ) = fw]).

The scheme hence reads as follows:

Wl = wl — ﬂ(a”l}%rl — ai_lfi_l>
? g Ax 2° T3 2 T3
) (3.12)
—ay_1 11—y
par( g 0y
Ax 3 T v

First of all, we note that if we impose ;1 =1 for all i € Z we recover the initial
finite volumes scheme (3.6). Then, by fixing @;y1 = 0, we obtain a source term
discretization:

LEmMMA 3. If wi | = w] = wi; = w € Q a constant state, and assume o is
constant. Then the source term discretization:

spo " Yidge 1T g 3.13
LT Az i—%+ Az i+3 (3.13)

is a first-order approximation of the exact source term O'(R(J?i, w) — w)
Proof. First, we use the usual assumption bf_ . = b (wl ,,wl). Since w? | =
2
w} = w then we have:
St

1
13

= (maX(O, b") — max(0, b_)) (R(CE;% W) — w) + f(w),

and using wi, ; = wi’ = w we also have:

S (min(o,b+) . min(O,b’)) (R(a, ) = w) = f(w).
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Moreover, from the definition of e, 1, we have:

g TBT l—g = 9B
*3 T bt — b + oAz i T bt _b- + oAz

As a consequence, we immediately obtain:

SP = o(R(x;, w) —w) + O(Ax).

K3

The proof is therefore completed. O

To conclude the description of the numerical procedure, let us note that the
proposed scheme involves a numerical flux function given by «; , 1 Fix 1 instead of only
Fit 1. Such a modified flux function is known in the literature to derive asymptotic
preserving methods. The reader is referred to [8, 7, 13, 15, 23] where the weight Qip1
is introduced.

The proposed modified HLL scheme for source terms is easily proved to preserve
the invariant region € as soon as the HLL scheme for (1.2) does it. Indeed, we
establish the following statement:

THEOREM 3.1. Assume that the CFL condition (3.4) holds, and assume that the
scheme (3.6) preserves ). Moreover, assume that w? € Q for all i € Z. Then, for all
i in Z, the updated state w)™', defined by (3.12), belongs to §.

Proof. Since Q is a convex space, from the definition of w]'™! given by (3.10), the
result is established as soon as we have w"(z,t" + At) € Q for all z € R. Now "
turns out to be the juxtaposition of functions of the form wg given by (3.9) composed
of states w}' € © and convex combinations of states in 2. We immediately deduce
that @" (z,t" + At) € Q for all € R, which concludes the proof. O

To achieve the derivation of the extension of source term discretization, let us note
that several choices can be suggested to define the parameters (a; 1 )iez. According

to (3.12), we require the following consistency conditions:

a1 €(0,1), (3.14)

a1 =1+ O0(Ax), (3.15)

Tooiggr 1T Rl — ut) + O(A) (3.16)
Az i—3 Az i+ ¢ ’ ’ ’

which are obviously satisfied by the definition (3.8)

3.3. An asymptotic preserving correction. In the present section, we do not
exhibit the asymptotic preserving property satisfied by the scheme. Such an analysis
will be done for each considered application. In fact, we establish here the existence
of a rewriting of the system (1.1) and hence of the scheme (3.10) in order to introduce
an additional parameter. This new parameter can be seen as a new degree of freedom
which is essential to ensure the expected diffusive regime.

To access such an issue, let us introduce @ > 0 arbitrarily chosen to write (1.1)
as follows:

Dyw + 0y f(w) = o R(z, w) — 0w + (7 — F)w, (3.17)
:(0+5)<(006R(x,w)+%w)—w). (3.18)

For all w € Q we set:
R(x,w) = — R(z,w) + — (3.19)

o+0o o+0o
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in order to have:
dw+ 0, f(w) = (0 +7)(R(w) — w), (3.20)

which exactly enters the formalism of (1.1). Indeed, since € is a convex set and the
parameter ¢ and & are positive, we have R(w) €  for all w € Q.

As expected, this new formulation is free from the definition of @ which may
depend on z. As a consequence, the numerical scheme (3.10) can be considered to
approximate the solution of (1.1) but using the following modified definition of the
discrete source term:

S;_% = min(0, b;+%)(w? — R(z;, ;,wn))

(3.21)

(R o) —wl) + fwp).

From a practical point of view, we have the following discretization of the modified
nonlinear function R:

— 0-7;4,1 67;4,1
R(xi n) = - R(xilv n)+ - w?v
O'iJr%—l—O'iJr% 2 0i+%+0i+%

where the parameter 7, +1 will be defined later on according to the required asymptotic
property.
To summarize, we will consider the following scheme with free parameter o, 1:

At
wf""l:w;l—ﬂ(aﬁé i_i_%—ozi_%}—i_%)—i—AtSf,
bt —b
i+3 i+3
o - - (3.22)
o b;:’% — by +(0iry + Ty AT
l—o;_ 1 1—a;, 1
— + 3 g-
=Ry ST TRy Sey

where Sijil is defined by (3.21). Here, the positive parameters (7, 1)icz stay free

and will be defined later on.
To conclude the description of the correction, we note that the schemes (3.12)

and (3.22) exactly coincide as soon as 7;, 1 = 0 for all i in Z.

3.4. Extension to Godunov type solvers. The above numerical method has
been derived in the framework of the HLL scheme. Arguing the work by Harten, Lax
and van Leer [26], we now propose to consider more general approximate Riemann
solvers. Instead of (3.1) we suggest to adopt the following Riemann solver:

z wr,, if % <b7,
wn<z;wL,wR) =< w(Lwp,wg), ifb” < <bT, (3.23)
WR, if % > b+,
where the intermediate state w* now depends on %. Arguing [26], let us note that

the consistency condition (3.2) must be satisfied. A choice of intermediate state given
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by (3.3) straightforwardly enters the formalism (3.23) though other possibilities may
be proposed. For instance, let us adopt an exact Riemann solver to fix b~ and b
given by the exact minimum and maximum characteristic speeds while w*(x/t) turns
out to be the exact Riemann solution into the dependence cone. The HLLC scheme,
proposed by [41] (see [40, 4] for several examples and extensions), also enters such a
framework.

Next, we state an approximate Riemann solver wR( ;wit,wiy ) at each
cell interface x, 1, to define, under the CFL restriction (3. ) the followmg updated
approximation:

1 x—x7_; — X1
wit! = — / WR Wi, W dx — / wr | ———=; wit, wit )dx.
i Az t”+At Wi A R A
X,

[N

(3.24)
Involving (3.2), we obtain the conservative scheme:
n . At
wi+1:wi —E(]:H,%—fif%), (325)
where:
n Ax n 1 7 T — xv—i—
Fivr = f(wiyy) — oAt T A / WR ( " +A7§2 ; wy wz+1)dff (3.26)

.Z‘i+%
After [26], this numerical method preserves the admissible states. Indeed, as soon as
wi € Q for all i € Z, we have w]' ™ € Q for all i € Z.

Now, let us correct the intermediate state function w* involved in (3.23), as
follows:

B (2t wi, wi) = {aw (z/t;wr,wr) + (1 — a)R(0™;wy), if ¢/t <0,

aw*(z/t;wr,wr) + (1 — a)R(0T;wg), if z/t > 0,

where the parameter « is once again defined by (3.8). The resulting approximate
Riemann solver is therefore given by:

.

wR(t
wr,, if £ <b7,
aw*(F;wr,wr) + (1 —a)R(0;wr), if mm(O b ) < % < min(0,b%),
ow* (2 wp,wr) + (1 — )R(0T;wg), if max(0,67) < £ < max(0,bT),
WR, if z/t > bt.

;vawR) -

(3.27)
Under the CFL-like condition (3.4), at time ¢™ +¢ for all ¢t € (0, At), the juxtaposition
of non-interacting approximate Riemann solutions reads as follows:

Tr—x,

~h n ~ i+3

w(z,t" +1t) =w (7
( ) R ot

Hence, the updated states are given by:

w; wH_l), if v € (@i, xit1).

witt = o / @ (2, t + At)d. (3.28)
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We skip the detail of the computations, to obtain the following expanded formula:

1—o,;_ 1—Ozi+%

5 gt + S

At
n+l _ . n _ - 2 _
w; = w; (aiJr% il ai7%.75i7%)+At< - i1 . i+%)’

g Az

where we have set:
S:; :max(O,bi__l)(wf'_l - R(xj'_ ,wf))
i—1 i—1 i
—|—max(0,b:r_l)(R(xt ;
i—1 i

S;r% :min(O,b;%)(U}?—R(m‘_ wzl))

+min(0, 0 ) (R(af, swl) = wiy) = flwh).
This scheme obviously generalizes (3.12). It also preserves the invariant region ) as
soon as the finite volumes scheme for (3.25) does it. Indeed, we establish the following
statement:

THEOREM 3.2. Assume that the CFL condition (3.4) holds, and assume that the
scheme (3.25) preserves Q). Moreover, assume that w? € Q for all i € Z. Then,
Vi € Z the updated state wit!, defined by (3.28), belongs to Q.

Proof. Since € is a convex space, from the definition of w** given by (3.28),
the result is established as soon as we have @w"(z,t" + At) € Q for all # € R. Now
w" turns out to be the juxtaposition of functions of the form wr given by (3.27)
composed of states w]' € 2 and convex combinations of states in 2. We immediately
deduce that @"(x,t" 4+ At) € Q for all z € R, which concludes the proof. [

To achieve the extension of the numerical procedure to adapt all Godunov type
solvers, let us emphasize that the asymptotic preserving correction, given by (3.22),
can be adopted.

4. Several applications. We now consider the mathematical models introduced
in section 2 for numerical approximation. The modified HLL scheme with a correction
parameter (3.22) is now applied to exhibit a robust numerical method that is able
to deal with both the transport and diffusive regimes. We note that most of the
work devoted to asymptotic preserving schemes pay a particular attention on the
derivation of the initial HLL scheme associated to the transport regime (1.2). One
of the main interest of the numerical procedure introduced in this paper stays in the
lack of assumption on the initial scheme to obtain an asymptotic preserving method.

We emphasize that usual asymptotic preserving schemes (see for instance [7, 12,
13]) need very sophisticated control of the velocities b*. Here, such a control is not
necessary and we can enforce bt = —b~ = b a given positive constant, large enough
to ensure the robustness and the stability (see [10, 11, 7]). Hence, the following
applications will be done using an approximate Riemann solver (3.1) defined by:

w* (wm, we) = (g, + wr) — o (wg) — ().

As a consequence, from (3.7) the numerical flux function is given by:

1, . ; biys "
Fiyy = §(f(wi )+ flwiy) — T(wiJrl —wy'). (4.1)

Before considering applications introduced in section 2, we underline that robustness
Theorem 3.1 easily holds. Hence, the invariant domain €2 is preserved by the scheme
(3.21)-(3.22)-(4.1).
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4.1. The Telegraph equations. The first considered application concerns the
Telegraph equations (2.1). We will here use the notations (2.2). Before construct-
ing a relevant asymptotic preserving scheme, we suggest to use this academic model
with benefit to address the main difficulties which come from the preservation of the
asymptotic regime, here defined by (2.4). To access such an issue, and thus to exhibit
a wrong asymptotic regime, let us first omit the asymptotic preserving correction i.e.
set 7, 1 = 0 in the scheme (3.22).

In order to simplify our purpose, we propose to fix o as a positive constant.
Moreover, after [26, 11] (see also [13]), the parameter b in (4.1) may be fixed to
the wave velocity a. Such a choice preserves the required robustness of the method.
Involving these restrictive assumptions, the scheme (3.22)-(4.1) reads as follows:

At 2a

ntl B 20 oL ALST

b W Aw2a+oAx(’7:”§ ‘7:1*5)4_ tSi',
1 n n a n n

Firy = §(f(w¢ )+ fwiy)) — §(wi+1 —wy'),

n 2a0 —

Si _2a—|—0Aa:(R(wi) wy)-

Let us now study the asymptotic behavior of this numerical method as soon as a
parabolic rescaling is introduced. Denoting ¢ the rescaling parameter, the rescalled
scheme is given by:

At 2a At
ntl _ . — F = gn
Wi YT eAz 20 + olAzx/e (Firgy = Fig) + e v’ (4.2)
n __ 20’0/8 (R(wn) _ wn) .
T 20+ oAx/e g i
The following result is now obtained when ¢ tends to zero:
n+1 _

THEOREM 4.1 (Bad result). When e tends to zero, the unknown vector w;
(u T ot T defined by (4.2), satisfies the following discrete diffusive equation:

K3

(o) = (40! = o (o) =2 o)} + (o)) (43)

We remark that we obtain a wrong diffusive equation since the required diffusion
coefficient is a?/(20) while (4.3) gives a?/o.

Proof. We set Fi, 1 = ( er%,]-';jr%)T to write (4.2) as:
At 2a At 2a
ntl _gyn 20 2 pu 2 2 gy
Ui Y T Az 2ae + JAx( i+3 "_%) + e 2ae + oclAx (vi' — i),
At 2a At 2a
L e A L - R - L S o S Y
Vi ' Az 2ae + JAx( it+3 "_%) + € 2ae + ocAx (i’ =)

Let us next consider the updated formula for v — v to get:

At 2a
— o)t = - —— ?Ll_ ?)1— ?Ll_ ?)1
(u =) (u =) Az 2ae + cAx ((]:”'E ]:H'E) (‘7:1—5 ]:1—5))’
At 4a "

+?2a6+0Aaﬁ(v_u)i'
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As soon as € tends to zero, we obtain for all i € Z, (u—v)? =0.
Then we consider the scheme satisfied by u + v:

At 2a

n+1 _ n_ ="
(u+); (u+); Az 2ae + cAx

(Fry + 7o) — (72

i—

As ¢ tends to 0 we have:

At 2a
ntl — o — v Vo) = (Fr v .
(ut0)i™ = (uto); Az? o ((]:H'E +‘7:1+§) (‘7:1—5 +F ))|(u—u)p:0

-

2
By definition of the numerical flux, we have:

n n
av; +avi;  a

U _ _ _(qyn _
Fiir = 5 2(Ui+1 ui'),
—au? — au’’ a
v _ 7 i+1 n
~7:7+1 - 5 5(%41 - ;")

and therefore we have:

(Fy +70 ) - (e

FELD) g = A+ O =20t 0]+ (@ o)1),

The proof is then achieved. O
To recover the required diffusion coeflicient, we have to consider the asymptotic

preserving correction. We therefore consider @ > 0, a constant to be defined, to write
(3.22) as:
At 2a

ntl 2 " (Fo.—F . ALS™
w; w; AJ?QCL—F(O’—FE)AJ?(}—HrE ‘7:175)—'_ Sv,v

1 n n a n n
Firr = E(f(wv )+ f(wiy)) — §(wi+1 —wy),
2 o 2
n a(oc +7) W) — wl ac

! = Sat (o T3y (Rl —wl) = gy, (R — wf).

Now we introduce the rescaling parameter € to obtain the following rescaled scheme:

At 2a At
n+1 N 1 — .1 — L
Wi YT AT 2a 1 (0 +7)Ax/e (Firy —Fizg) + € St (4.4)
n __ 20’0/E n n .
Si = 2a+ (0 +07)Ax/e (R(wi) wi)'

The asymptotic regime satisfied by this numerical method is stated in the following
result:

THEOREM 4.2 (Good result). Assumed = o. When ¢ tends to zero, the unknown
vector wi'™ = (w1 P defined by (4.4), satisfies the following discrete diffusive
equation:

At a?
Az? 20
Enforcing a relevant @ therefore allows us to obtain the correct diffusive regime.

Proof. The computations are similar to those used to establish (4.3). We finally
obtain:

(o)™ = (ut o)} ()2 =20+l + (et 0)iy).

At a?

n+1l __ n
(u+0)!"" = (u+v)] — Al otz

(0w 0)s = 20w+ )7 + (o) ).
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Using @ = o completes the proof. O

To conclude this application, let us emphasize that extensions to non-constant o
does not yield any difficulty. Indeed, we have:

THEOREM 4.3. Consider the scheme (3.22)-(4.1) for the Telegraph equations
(2.1). Assume that Vi € Z, b;tr% = —b;r% =aand 0,41 = 0,1 Then, the
asymptotic behavior of the scheme is given by:

a?At f(u+v)P, — (ut+v)]  (ut+v)P = (utv)P
( )

(o)™ = (o) — 2 -

Titl o1

4.2. Euler with high friction. We here look for the numerical approximation
for the Euler equation with friction given by (2.5)-(2.6). We use the notation (2.7) to
consider the scheme (3.22)-(4.1). To complete this scheme, we suggest after [26, 11, 12]
to define b as:

bi+% = max(|u? + ', |u:+% + clﬁr% [, |lugyy £ C?HD, (4.5)
where ¢ = \/p/(p). We denote 7, and F!", the components of 7, 1 and we set:
2 2

2bi+%
N 2bi+% —|—(0i+% —|—Ei+%)Aa:’

Qiq

[N

where the positive sequence (7, %)iEZ has to be specified. After straightforward
computations, the scheme reads:

n+1 7 At P P aH‘% B ai_% n
Pi :pi_E(aﬂr%}—ﬂ-%_ai*%fi—%)_FAtT(pu)ia
n n At u u u
(pu)Pt = (pu)? — A_x(a”%fiﬁr% - ai_%.}'ﬁ%) + AtSP, (4.6)
where
SPU — ( bi—30i—4 n biy10its )
! 2b;_1 + (05_1 +0,_1)Az  2bj1 + (0511 +0,41)A ’
Oéi—i-l - Oéi_l n n "
+ 2Aa: 2 (p7 (ui)? +p(p}). (4.7)

Now, let us focus on the asymptotic preserving property satisfied by the scheme and
exhibit the relevant choice of @;, 1. In this sense, we consider the rescaled scheme
obtained by substituting At by At/e and 0,11/2,5i11/2 by 0iy1/2/€,Tit1/2/c. As
¢ tends to zero, from a straightforward computation, we obtain (pu)? = 0. The
asymptotic behavior of the updated formula for the density is given by:

ntl _ on At 2bi+% FPo_ 2bi_% FP
Pi =P A2 T it3 o) i3 .
w*\og 1 +0,01 T 01 40, 2/ |(pu);=0

Since our choice of F* yields:
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we get:

2 2
o+t = pp - 2 ( Vi (P — pi) — = S ))
i oA \og oy T T 4T
In the diffusive limit equation (2.9), the diffusion coefficient is given by p’(p)/o. As a
consequence, an immediate choice would be to fix 7, , 1 to:

202

i+3
Oyl —1). 4.8
+3 (p’(p?) + 0/ (pfy1) ) (48)

Let us note that @ may become negative. To overcome this, we may choose larger
values of b, and thus we have the following statement:

THEOREM 4.4. Let (pit, (pu)?™)T be defined by the numerical scheme (4.6)-
(4.7)-(4.8). Consider the rescalled scheme obtained by substituting At by At/e, o; 41
by UH_%/e and Tiyi by ;. 1/e. Then, when the rescaling parameter tends to zero,
Pl satisfies the following diﬁgusive equation forall i € Z:

P'(p}) + ' (i)

20, 1
L)

nil _ o At (p’(p?')+p’(p?+1)( n

Pi Pi — Az2 2‘7i+% Pi+1 — Pi ) — (pi' — Pi—l))~

To conclude this application, let us illustrate the behavior of the scheme when a more
accurate method is used. Indeed, the numerical flux function given by (4.1) turns out
to be too viscous for most applications of interest.

We now consider the numerical flux (3.7) where, after [11] (see also [5, 16]) we

propose to set b::_% = Uit1 + Qi 1, b;_% =uy — a1 with a; 1 = max(cj', ¢y 1)-
Skipping the details of the now classic computations, we exhibit the limit scheme

satisfied by the density in the limit to zero of the rescalling parameter:

b, —b" b,
it5 i— ==
P;H_l =p; . (p?Jrl 29 . .

At ( =b

A2 (0F = pi). (4.9)

Oird +0ip1 Oit+1 +0ip1

Let us set p;+% = (p'(p}) + ' (p}L1))/2. With —b;lb;% > p;+%, we choose

2 (3

bt BT
— . bi+%bi+% 1
Titd =0ird \ — 7 —— — ]

then we get the following expected diffusion regime from (4.9):

’ /
At Pip1 Pi_1
1 y g .
P =+ o (G e = o) = S0 = ),
2 2

which is nothing but the discrete form of (2.9).

4.3. The M1 model for radiative transfer. Let us apply the scheme (3.22)-
(4.1) to the M1 model for radiative transfer (2.10)-(2.12). According to [7, 26, 13],
the parameter b is assumed to be large enough to ensure the robustness and stability
requirements. We here choose b, 1=c where c is the speed of the light. As before,
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we note FZ i+l F fi . and .7-'1.7; , the components of the numerical flux function. We
2 2

also set:

2c
(e = )
“ta 2c+ (01 + 04 1) A
2

-

where (7, 1 )iez is the free parameter that has to be specified. The numerical schemes
becomes:

At
n+1 n E E
EM = B ——M(ai#?rﬂrl —a; 1 F7y) + ALSE
At
n+1 n F F
Frl— Aa:(aH%]:”%_a 1.7: )—l—AtS

A
Lo 7T LFL )+ AST

n—+1 n
pCvT —pCvT A (1-1—2 i+%_ 1'__

Concerning the definition of the source term, let us recall that the non-linear function
R(x,w) defined by (2.15) depends on the parameter o(x). Then we have

a E" T
n 1 n 2 U"*é 3, £
ca(TM*+ ol JEP 02, F c— to LT
+ n l+ i+3 i+3 p (a3
Rz ,,w)) = , , . (4.10)
i+3 ? om om om
it+1 it+3 it
where we have set, according to (2.14):
1 _m _~a
UH_%—UH_% Ui—‘,—%’
2 m f
Ti+d T %41 7 Tivp
¢ 1a(Tr)3
3,4+ _ m =3
0. 1 =0,_1— )
T3 =3 pCy
e n\3
S _gm iy olT)
i+ i+ oCly ‘

After a straightforward computation, the source term given by (3.21)-(3.22)-(4.1)-
(4.10) reads as follows:

C
SF _ e
' 2+(0m1—|—5¢+;)Ax( frpa(T)' = ol L BY)
i+3
R N T B L
+2+(Uﬁl+5i,%)Ax Ti-y W 3 + Az i
2
C
SF = n o
2+(Uz‘_%+51+1)A$ l+% )
c Qi1 -,
mLE" 2 2 2p(E™. F"
+2+(O—ﬁl+ai_%)A$Jl % v + Ax ( AR] )
2
C
S;T o% E:l—o' aT;n 4)
) 2+(U:i%+51+%)Ax( i+ it ( )
C
Er — ™ 4)
+2+(0'i"i —|—ﬁi7%)Ax(o—7, 1B —of_1a(T)
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Now let us consider the asymptotic regime obtained by substituting At by At/e, the
opacity o by o/e, and @ by 7/e. The details of the computations, which are easy but
arduous, are not given here. As soon as € tends to zero, we obtain V i € Z:

F'=0 and E! =a(TM)"
Moreover, the following discrete diffusive equation is reached for the temperature:
(pCoT + aT*)P ™ = (pC, T + aT*)}
__Atﬁwﬁ%+fﬁQ_2U£%+fT
Az?

=

FP'=0, EP=a(Tp)*

oﬁ%—FEH% Ui”j%—kﬁi_l )
Since the numerical flux function is given by (4.1), we get:

(pC, T + aT*) ! = (pC, T + aT*)}
. At («pcg7h+a14x;1—(pC;T4—¢rﬂ?)_
ACK2 0':1% + EH’%
((pCvT +aT*)} — (pC, T + aT4)?_1) )
+T_1 '

_|_

o™
i

[N

In order to ensure that this scheme approximates the equilibrium diffusion equation
(5.3), we fix:

T —Tn
Fip1 =307 1(1—|—qu, 2% )—aml. (4.11)
= POy = a@mt)
Which is positive as soon as 303;_1 >0l
2 v 2

5. Numerical Examples.

5.1. Telegraph equations. We consider the Telegraph equations to validate
the proposed asymptotic preserving numerical correction. To address such an issue,
we approximate the solution of the Cauchy problem made of (2.1) and the following
initial data:

1 if x <0,
M%@ZU@ﬁ%:{Qm5 if 2 < 0.

Concerning the model constants, we have fixed:
a=2 and o = 1000.

In Figure 5.1, we compare the approximated solutions, at time ¢ = 10, obtained with

the modified HLL scheme (3.12) without asymptotic preserving correction, and with
the corrected asymptotic preserving HLL scheme (3.22). As expected, we note the
crucial impact of the correction.

5.2. Euler equations with high friction. In this paragraph, we apply our
scheme to the resolution of Euler equations with high friction (2.5)-(2.6). The objec-
tive is to illustrate its behavior when considering o that is a function of x. To access
such an issue, we consider the following expression for o:

o=o(x)=¢€" [fwe_(”*'l)m — (pu)L],
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T
Diffusion limit ——

08
06 |
04

02

0

0.2 03 04 05 06 07 08

Fic. 5.1. Telegraph equation approximations: comparison of the diffusion solution, the approx-
imation obtained by the HLL scheme with source term discretization but without correction, and the
asymptotic preserving HLL approximation.

where (pu)y, is the left boundary value imposed on pu. With this form of o, the steady
solution has the following form:

x

p=e",
pu = (pu)r. (5.1)

Figure (5.2) shows the results of two computations performed with this expression of
o and two different space discretizations. We have chosen x = 50, v = 2, pr = 1,
(pu)r = 1 and @ = 0 and compared the steady states with the exact solution (5.1).
We can see that even with a coarse grid the behavior of the solution is perfectly

‘density’ “density’
exp(x) - exp(x) -

0 0‘5 ‘1 1‘5 ‘2 2‘5 3 0 0‘5 ;l 1‘5 ‘2 2‘5 3
FIG. 5.2. Density - Buler with friction o(x), Ax = 2.5 1072 (left) and Az = 1. 1072 (right).

captured.

Since we are free to take o as a function of x in our definition of the numerical
scheme, it is able to deal even with highly non-linear choices. This is a very important
edge compared to other schemes found in the literature.

5.3. M1 model for radiative transfer. We consider here the case of a left
entering Marshak wave in an highly absorbing medium. In such an application, the
M1 model (2.10)-(2.12) has to degenerate into the equilibrium diffusion equation (2.16)
which describes the behavior of the temperature.

For the computations, we set 0 = 1500 and pC, = 10~ The initial and left
boundary conditions are respectively given by Ey = aT(}, Fo = 0and Ef, = aT¢, F, =
0.
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Figure (5.3) shows the comparison between the solutions computed by four differ-
ent numerical schemes. The first one approximates the equilibrium diffusion equation
(2.16) and serves as a reference here. The other schemes consist in approximations
of the M1 model for radiative transfer (2.10)-(2.12) given by our formalism (3.22)-
(4.1) for different choices of numerical fluxes associated with the transport limit (1.2).
We have used a variable speed HLL scheme but also the classical HLL scheme with
bt = —b~ = c and eventually an asymptotic preserving correction parameter .
Without the correction parameter (¢ = 0), the HLL scheme bt = —b~ = ¢ is not

Eq. Diffusion 3 Eq. diffusion
Modified HLL —---——-- e Modified HLL —--—--

= AP scheme T AP scheme
900 = b 900 -

700 |- S B 700 -
600 R 600

500 |- . Bl 500 |-

400 4 400 |

300 L L L 300 L L L
0 0.05 01 0.15 02 0 02 0.4 06 08 1

Fia. 5.3. Temperature predicted by the M1-model compared with the equilibrium diffusion equa-
tion at time t = 3.10~%s and t = 1.10~4s.

asymptotic preserving and we clearly see on figure (5.3) that it does not predict the
correct behavior of the solution. However, if we introduce the choice of & according
to (4.11), we can see that the resulting numerical scheme is asymptotic preserving.
Indeed, its results are very close to those of the variable speed HLL (which is asymp-
totic preserving in this particular case) and of the equilibrium diffusion. Moreover, it
behaves well even for small times.

REFERENCES

>

. N. Anile, S. Pennisi, M. Sammartino, A thermodynamical approach to Eddington factors,
J. Math. Phys., 32, 544-550 (1991).
[2] D. Aregba-Driollet, R. Natalini, Convergence of relaxation schemes for conservation laws, Appl.
Anal., 61, no. 1-2, 163-193 (1996).
[3] E. Audusse, F. Bouchut, M. O. Bristeau, R. Klein, B. Perthame, A fast and stable well-balanced
scheme with hydrostatic reconstruction for shallow water flows, SIAM J.Sci.Comp., 25,
2050-2065 (2004).
[4] P. Batten, N. Clarke, C. Lambert, D. M. Causon, On the choice of wavespeeds for the HLLC
Riemann solver, STAM J. Sci. Comput., 18, 1553-1570 (1997).

. Berthon, Numerical approximations of the 10-moment Gaussian closure, Math. of Comp,
75, 1809-1831 (2006).

. Berthon,M. Breuss, M.-O. Titeux, A relaxation scheme for the approximation of the pressure-
less Euler equations, Numer. Methods Partial Differential Equations, 22, 484-505 (2006).

. Berthon, P. Charrier, B. Dubroca, An HLLC scheme to solve the M1 Model of radiative
transfer in two space dimensions, J. Scie. Comput., J. Sci. Comput., 31, no. 3, 347-389
(2007).

[8] C. Berthon, J. Dubois, R. Turpault, Numerical Approximation of the M1-model, SMF Publi-
cation, Mathematical Models and Numerical Methods for Radiative Transfer, T. Goudon
editor, to apear.

[9] S. Bianchini, B. Hanouzet, R. Natalini, Asymptotic behavior of smooth solutions for partially

dissipative hyperbolic systems with a convex entropy, Communications Pure Appl. Math.,

60, 1559-1622 (2007).

=
Qa a a



[19]
[20]

21]

[36]

[37]
[38]

[39]

Asymptotic preserving HLL schemes 23

F. Bouchut, Entropy satisfying flux vector splittings and kinetic BGK models, Numer. Math.,
94, 623—-672 (2003).
F. Bouchut, Nonlinear stability of finite volume methods for hyperbolic conservation laws, and
well-balanced schemes for sources, Frontiers in Mathematics series, Birkh&user (2004).
F. Bouchut, H. Ounaissa, B. Perthame, Upwinding of the source term at interfaces for Euler
equations with high friction, J. Comput. Math. Appl. 53, No. 3-4, 361-375 (2007).

. Buet, S. Cordier, An asymptotic preserving scheme for hydrodynamics radiative transfer
models: numerics for radiative transfer, Numer. Math., 108, 199-221 (2007).

. Buet, B. Després, Asymptotic analysis of fluid models for the coupling of radiation and
hydrodynamics, J. Quant. Spectrosc. Radiat. Transfer, 85, 3-4, 385-418 (2004).

. Buet, B. Després, Asymptotic preserving and positive schemes for radiation hydrodynamics,
J. Compt. Phy., 215, 717-740 (2006).

. Chalons, J.-F. Coulombel, Relaxation approximation of the Euler equations, J. Math. Anal.
Appl., vol 348, no. 2, 872-893 (2008).

. Chalons, Transport-equilibrium schemes for computing nonclassical shocks. Scalar conser-
vation laws, Numer. Methods Partial Differential Equations, 22, no. 2, 484-505 (2006).
P. Charrier, B. Dubroca, G. Duffa and R. Turpault, Multigroup model for radiating flows during
atmospheric hypersonic re-entry, proceedings of International Workshop on Radiation of
High Temperature Gases in Atmospheric Entry, Lisbonne, Portugal, 103-110 (2003).
G.Q. Chen, C.D. Levermore, T.P. Liu, Hyperbolic Conservation Laws with Stiff Relaxation
Terms and Entropy, Comm. Pure Appl. Math., 47, 787-830 (1995).
B. Dubroca, J.-L. Feugeas, Entropic Moment Closure Hierarchy for the Radiative Transfer
Equation, C. R. Acad. Sci. Paris, Ser. I, 329, 915-920 (1999).
S. Evje, T. Flatten, H. A. Friis, On a relation between pressure-based schemes and central
schemes for hyperbolic conservation laws, Numer. Methods Partial Differential Equations,
24, no. 2, 605-645 (2008).
E. Godlewski, P.A. Raviart, Hyperbolic systems of conservations laws, Applied Mathematical
Sciences, Vol 118, Springer (1995).

. Gosse, G. Toscani, Asymptotic-preserving well-balanced scheme for the hyperbolic heat
equations, C. R., Math., Acad. Sci. Paris, 334, 337-342 (2002).

. Gosse, G. Toscani, Space localization and well-balanced schemes for discrete kinetic models
in diffusive regimes, STAM J. Numer. Anal., 41, 641-658 (2003).

J. M. Greenberg, A. Y. Leroux, A well-balanced scheme for the numerical processing of source
terms in hyperbolic equations, STAM J. Numer. Anal., 33, 1-16 (1996).

. Harten, P.D. Lax, B. van Leer, On upstream differencing and Godunov-type schemes for
hyperbolic conservation laws, STAM Review, Vol 25 (1983), No 1, 35-61.

S. Jin, A steady-state capturing method for hyperbolic systems with geometrical source terms,
M2AN Math. Model. Numer. Anal., 35, 631-645 (2001).

S. Jin, Z. Xin, The Relaxation Scheme for Systems of Conservation Laws in Arbitrary Space
Dimension, Comm. Pure Appl. Math., 45, 235-276 (1995).

C. D. Levermore, Moment closure hierarchies for kinetic theory, J. Statist. Phys., 83, 1021-1065
(1996).

C. D. Levermore, Relating Eddington factors to flux limiters J. Quant. Spectrosc. Radiat.
Transfer, 31, 149-160 (1984).

R. J. LeVeque, Finite volume methods for hyperbolic problems, Cambridge Texts in Applied
Mathematics, Cambridge University Press, Cambridge (2002).

T.P. Liu, Hyperbolic conservation laws with relaxation, Comm. Math. Phys., 108, 153—-175
(1987).

P. Marcati, Approximate solutions to conservation laws via convective parabolic equations,
Comm. Partial Differential Equations, 13, 321-344 (1988).

P. Marcati, A. Milani, The one-dimensional Darcy’s law as the limit of a compressible Euler
flow, Journal of Dirential Equations, 84, no. 1, 129-146 (1990).

D. Mihalas and G. W. Mihalas, Foundation of Radiation Hydrodynamics, Oxford University
Press, 1984.

G. N. Minerbo, Maximum entropy eddington factors, J. Quant. Spectrosc. Radiat. Transfer,
20, 541-545 (1978).

G.C. Pomraning, The Equations of Radiation Hydrodynamics, Sciences Application, 1973.

J.-F. Ripoll, An averaged formulation of the M1 radiation model with presumed probability
density function for turbulent flows, J. Quant. Spectrosc. Radiat. Transfer, 83, 3-4, 493-517
(2004).

P. L. Roe, M. Arora, Characteristic-based schemes for dispersive waves. I. The method of
characteristics for smooth solutions, Numer. Methods Partial Differential Equations, 9, no.

Q aQ a a QA

-

-

>



24

C. Berthon and R. Turpault

5, 459-505 (1993).

E. F. Toro, Riemann solvers and numerical methods for fluid dynamics. A practical introduc-
tion, Second edition. Springer-Verlag, Berlin (1999).

E. F. Toro, M. Spruce, W. Speare, Restoration of the contact surface in the HLL Riemann
solver, Shock waves, 4, pp. 25-34 (1994).

R. Turpault, A consistant multigroup model for radiative transfer and its underlying mean
opacities, J. Quant. Spectrosc. Radiat. Transfer, 94, 357-371 (2005).

R. Turpault, B. Dubroca, M. Frank and A. Klar, Multigroup Half Space Moment Approxima-
tions to the Radiative Heat Transfer Equations, J. Comp. Phys., vol 198, 363-371 (2004).

J. L. Vazquez, Hyperbolic aspects in the theory of the porous medium equation, in Proceedings
of the Workshop on Metastability and PDEs, Academic Press, Minneapolis, 1985.



