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AN ENTROPY-STABLE AND FULLY WELL-BALANCED

SCHEME FOR THE EULER EQUATIONS WITH GRAVITY

CHRISTOPHE BERTHON, VICTOR MICHEL-DANSAC, AND ANDREA THOMANN

Abstract. The present work concerns the derivation of a first-order numerical

scheme to approximate the weak solution of the Euler equations with a gravi-
tational source term. The designed scheme is proved to be fully-well-balanced

since it is able to exactly preserve all the moving or at rest stationary solutions.

Moreover, the proposed scheme is entropy preserving since it satisfies all the
fully discrete entropy inequalities. In addition, in order to satisfy the required

admissibility of the approximated solutions, the positivity of both approxi-

mated density and pressure are established. Several numerical experiments
attest the relevance of the developed numerical method.

1. Introduction

The present paper is devoted to design a numerical scheme to approximate the
weak solutions of the well-known Euler equations with a given gravitational source
term [19, 32, 42, 31, 36, 39, 40]. From a numerical point of view, such a system
poses three main challenges:

• the physical admissibility of the approximated solutions,
• the discrete entropy stability,
• the suitable capture of the steady solutions.

Concerning the admissibility of the discrete solutions; namely to preserve both
density and pressure positive, this is the basic property to be satisfied by any
first-order numerical scheme. For instance, the Godunov scheme, the HLL and
HLLC schemes, the relaxation schemes are usual schemes which satisfy this essential
robustness property (see [38, 37, 27, 17, 13, 29] but the list is clearly not exhaustive).
However, it is worth noticing that the set made of physically admissible states is
not convex so that specific techniques, like entropy inequalities, are required to get
a positive approximate pressure law (for instance, see [3]).

Next, the entropy inequalities are essential to rule out some nonphysical solu-
tions. Indeed, since the system under consideration turns out to be of hyperbolic
type, discontinuous solutions may be involved [23, 18]. The physical admissibility
of the discontinuities are thus governed by the entropy inequalities. The homoge-
neous Euler system contains a large range of entropy inequalities since they are
defined up to a smooth function according to prescribed restrictions [35]. Here, we
are concerned by a non-homogeneous Euler system, supplemented by gravitational
source term. It is thus very interesting to remark that the gravitational source term

2010 Mathematics Subject Classification. Primary .

©XXXX American Mathematical Society

1



2 C. BERTHON, V. MICHEL-DANSAC, AND A. THOMANN

is compatible with the entropies [19] since it contains the same set of entropy func-
tions than the usual homogeneous Euler system. From a numerical point of view,
this essential entropy stability must be preserved. The establishment of discrete
entropy inequalities is known to be very challenging for usual homogeneous hyper-
bolic system. Fro instance, the Godunov scheme, the HLL and HLLC schemes, the
Suliciu relaxation scheme, the Xin-Jin relaxation scheme are known are known to
be entropy satisfying for Euler equations [23, 13, 9, 3, 19, 27]. Here, we have to deal
with additional source terms. In order to recover this crucial stability property, we
adopt some recent Godunov-type techniques [33, 4] well-designed to approximate
source terms. In particular, in one of our main results, we show that the specific
entropy given by the celebrate one intermediate state approximate Riemann solver
by Harten, Lax and van Leer [27] satisfies a decreasing principle when convex func-
tion composition is applied. This nice and useful principle turns out to be one of
our main argument to prove the required discrete entropy inequalities satisfied by
the approximate solutions.

The last challenge we have to deal with concerns the accurate capture of the
steady solutions. Indeed, because of the source term, the system admits non obvious
steady solutions [9, 34, 19]. These particular solutions are of strong interest from
a numerical point of view since huge errors can be introduced by the source term
discretization and they can be propagate over the whole simulation domain. This
numerical failure has been underlined a long time ago in [2, 11, 25, 24] for shallow-
water simulations. For over a decade, numerous works have been devoted to the
derivation of linear steady states preserving schemes (for instance, see [1, 28, 34,
41, 21, 6]; namely the well-balanced schemes. More recently, the fully-well-balanced
schemes were introduced to emphasize the ability of the scheme to exactly restore
all steady linear or nonlinear solutions [12, 33, 10, 5, 15, 16, 8]. In this work,
according to the Godunov-type scheme to be entropy satisfying, we extend some
shallow-water fully-well-balanced schemes to deal with the Euler system endowed
with gravitational source terms.

To address these three issues, the paper is organized as follows. In the next
section, we introduce the Euler system under consideration and we recall the en-
tropy inequalities satisfied by the weak solutions. We also present the nonlinear
steady solutions with non-vanishing velocity. Section 3 is devoted to the derivation
of an approximate Riemann solver which must mimic, in a sense to be prescribed,
the exact Riemann solution associated to the Euler equations with gravitational
source term. This approximate Riemann solver is defined from one hand by the
integral consistency condition stated by Harten, Lax and van Leer in [27]. From
the other hand, the approximate Riemann solver must be at rest as soon as a
steady solution is considered. This condition is a natural way to suitably define
the discretization of the source term [5, 33, 7, 22]. Next, we impose the entropy
integral consistency condition, stated in [27], to recover the expected discrete en-
tropy inequalities. Equipped with the approximate Riemann solver, we exhibit
the associated Godunov-type scheme and we show that the required properties are
satisfied: admissibility of the approximated solutions, entropy stability, fully-well-
balanced property. In section 4, we adopt a recent technique to increase the order
of accuracy of a numerical scheme with fully-well-balanced property [4]. In the
next section, we exhibit several numerical experiments to illustrate the relevance of
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the here designed numerical procedure. A short conclusion is proposed in the last
section.

2. The model equations

The goal of this section is to introduce the model under consideration. The Euler
equations with gravitational potential are described in Section 2.1. Its steady solu-
tions are then derived, firstly in Section 2.2 with a vanishing velocity and secondly
in Section 2.3 with a nonzero velocity.

2.1. The Euler equations with gravity. We consider the compressible Euler
equations, equipped with a gravitational source term and in a one-dimensional
setting, governed by

(2.1)


∂tρ+ ∂x(ρu) = 0,

∂t(ρu) + ∂x(ρu2 + p) = −ρ∂xϕ,
∂tE + ∂x((E + p)u) = −ρu∂xϕ,

where ρ > 0 denotes the density, u ∈ R the velocity and E > 0 the total energy
density. Moreover, ϕ : R→ R is a given time-independent continuous gravitational
potential. The system is closed by the ideal gas equation of state, which defines
the pressure p > 0 by

(2.2) p = (γ − 1)

(
E − 1

2
ρu2

)
,

where γ > 1 denotes the adiabatic index. To shorten notation, we rewrite sys-
tem (2.1) in the following compact form

(2.3) ∂tW + ∂x(F (W )) = S(W ),

where the state vectorW , flux function F and source term S are defined respectively
as

W =

 ρ
ρu
E

 , F (W ) =

 ρu
ρu2 + p
u(E + p)

 , and S(W ) =

 0
−ρ∂xϕ
−ρu∂xϕ

 .

We require the density and pressure to be positive. Thus, the state vector W
belongs to the set of admissible states Ω, defined by

(2.4) Ω =
{
W ∈ R3 such that ρ > 0 and p > 0

}
.

To reflect the influence of the gravitational source term on the wave structure of
the Euler equations, we augment system (2.1) by the additional equation ∂tϕ = 0.
The resulting system is hyperbolic with the eigenvalues

λ± = u± c, λu = u, λ0 = 0,

where c denotes the speed of sound, given for the ideal gas law by

c =

√
γp

ρ
.

This wave structure is represented in the left panel of Figure 1. Note that, compared
to the homogeneous system, which is obtained by setting the gravitational source
terms in (2.1) to zero, there is a zero eigenvalue associated to the gravitational
potential. This leads to a non-ordered wave structure, since λ± and λu can be
positive or negative, depending on the flow. This has a direct consequence on
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the construction of the Riemann solver, see e.g. [19] where a relaxation model is
developed to circumvent the appearance of a zero wave, or [39] where six different
cases of wave order configurations had to be taken into account.

Moreover, admissible entropy weak solutions to system (2.1) satisfy the entropy
inequality

(2.5) ∂t(ρη(s)) + ∂x(ρuη(s)) ≤ 0,

where the specific entropy s is defined by

(2.6) s = − log

(
p

ργ

)
.

After [19], (add refs by tadmor) the entropy function W 7→ ρη(s) is convex as soon
as η is any smooth function satisfying

η′(s) ≥ 0 and γη′′(s) + η′(s) ≥ 0.

However, after [], (add refs by maria), the entropy stability of (2.1) is ensured by
merely adopting entropies defined by functions η such that

(2.7) η′(s) ≥ 0 and η′′(s) ≥ 0.

Note also that the gravitational source term does not interfere with the definition of
the entropy given above. However, the presence of gravity in system (2.1) gives rise
to non-trivial steady solutions, which play an important role in many applications.
Therefore, Sections 2.2 and 2.3 are devoted to a derivation of the steady solutions
of system (2.1).

2.2. Hydrostatic equilibria. In this section, we shortly recap some properties of
hydrostatic steady states for the Euler equations with gravity. Canceling the time
derivatives in (2.1) and setting u = 0 shows that hydrostatic steady solutions are
characterized by the hydrostatic equation

(2.8) ∂xp = −ρ∂xϕ.

Relation (2.8) is the only link between the two unknowns, p and ρ. Thus, hy-
drostatic equilibria are underdetermined and, to obtain unique solutions of (2.8),
additional information about the properties of the equilibrium have to be provided.
Intensively studied examples are so-called isothermal hydrostatic equilibria with
constant temperature or isentropic hydrostatic equilibria with constant entropy,
see e.g. [19, 36, 30, 26]. For example, isentropic hydrostatic equilibria are governed
by

(2.9) u = 0, p− κργ = cst, and
κγ

γ − 1
ργ−1 + ϕ = cst,

where κ > 0 is a constant. One can easily check that (2.9) indeed satisfies the
hydrostatic equation (2.8).

In this work, we are interested in a more general class of steady states. We
discuss below the moving equilibria, where the velocity u is nonzero.
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2.3. Moving equilibria. Time-invariant solutions of (2.1) with a non-zero velocity
u 6= 0, the so-called moving equilibria, are governed by the following system

∂x(ρu) = 0,(2.10a)

∂x(ρu2 + p) = −ρ ∂xϕ,(2.10b)

∂x((E + p)u) = −ρu ∂xϕ.(2.10c)

Assuming smooth enough steady states fulfilling (2.10), we obtain from (2.10a) a
constant momentum q0 = ρu 6= 0. Substituting and dividing by q0 in (2.10c), we
find that

(2.11)
E + p

ρ
+ ϕ = H0,

where H0 denotes a constant total enthalpy.
Substituting ϕ from (2.11) into (2.10b), we obtain

(2.12) ∂x

(
q2
0

ρ
+ p

)
= ρ ∂x

(
E + p

ρ

)
Since p is given by (2.2), we note that

(2.13) E + p =
p

γ − 1
+

1

2

q2
0

ρ
+ p =

γp

γ − 1
+

1

2

q2
0

ρ
.

Using the above relation in (2.12) yields

− q
2
0

ρ2
∂xρ+ ∂xp =

γ

γ − 1
ρ ∂x

(
p

ρ

)
+
q2
0

2
ρ ∂x

(
1

ρ2

)
.

Expanding the derivatives, we obtain

− q
2
0

ρ2
∂xρ+ ∂xp =

γ

γ − 1
∂xp−

γ

γ − 1

p

ρ
∂xρ−

q2
0

ρ2
∂xρ.

Therefore, multiplying the above relation by ρ and rearranging terms, we get(
1− γ

γ − 1

)
ρ ∂xp+

γ

γ − 1
p ∂xρ = 0.

Since p and ρ are positive, dividing by pρ and multiplying by (γ − 1) leads to

−1

p
∂xp+ γ

1

ρ
∂xρ = 0,

and we obtain

∂x
(
− log p+ γ log ρ

)
= 0.

This immediately leads to

∂x

(
− log

(
p

ργ

))
= 0,

and we recognize the expression of the specific entropy s defined in (2.6). Therefore,
smooth moving steady solutions are isentropic, i.e., they satisfy

∂xs = 0.
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Hence, smooth moving steady solutions obeying the ideal gas law, with u 6= 0,
are necessarily isentropic and are characterized by the constant triplet (q0, H0, s0)
given by

(2.14) ρu = q0,
E + p

ρ
+ ϕ = H0, − log

(
p

ργ

)
= s0,

where q0 is a constant momentum, H0 is a total enthalpy (including the contribution
of the potential energy to the total energy), and s0 a constant specific entropy.

Remark that, when q0 = 0, moving equilibria immediately reduce to isentropic
hydrostatic equilibria, governed by (2.9).

In the following, the objective is to derive a Godunov-type finite volume (FV)
scheme based on an approximate Riemann solver (A-RS), which is able to preserve
moving equilibria and isentropic hydrostatic equilibria up to machine precision,
generates admissible solutions in the sense of (2.4), and fulfills the entropy inequal-
ity (2.5).

3. The numerical scheme

We start by briefly recalling the principle of Godunov-type FV schemes based
on approximate Riemann solvers. The space domain is discretized, for i ∈ Z, in
uniform cells Ci = (xi−1/2, xi+1/2), of center xi and of size ∆x. The time domain
is discretized with time steps of varying size ∆t. We seek a way to evolve in time
an approximation of the solution W to the Euler equations (2.3), defined by

Wn
i '

∫ x
i+1

2

x
i− 1

2

W (x, tn) dx.

To that end, we develop an approximate Riemann solver (A-RS). We first state,
in Section 3.1, the structure of our A-RS, as well as the general principle of A-RSs.
Then, basic consistency properties are dealt with in Section 3.2, which allows us to
define the time evolution of the cell averages, up to the final choice of the A-RS,
Section 3.3. The remainder of this section is then devoted to the construction of
the remaining parts of the A-RS to achieve some properties given in Section 3.4.

3.1. The approximate Riemann solver. Let us define an A-RS denoted by W̃ ,
whose role is to approximate the solution of the Riemann problems occurring at each
cell interface. Since this solution is self-similar, the A-RS depends on the variable
x/t, as well as the two states left and right of the interface. For instance, the approx-

imate Riemann solution at interface xi+1/2 is given by W̃ ((x−xi+1/2)/t;Wn
i ,W

n
i+1).

In this work, we select an A-RS made of two intermediate states, as represented
in the right panel of Figure 1. Its expression is given, for two given left and right
states WL and WR, by

(3.1) W̃
(x
t

;WL,WR

)
=


WL if x < −λt,
W ∗L if − λt < x < 0,

W ∗R if 0 < x < λt,

WR if x > λt,
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where the components of the vectors W ∗L and W ∗R are denoted by

W ∗L =

ρ∗Lq∗L
E∗L

 and W ∗R =

ρ∗Rq∗R
E∗R

 .

x

t

u u+ cu− c

x

t

−λ +λ

WL

W ∗L W ∗R

WR

Figure 1. Left panel: One possible wave configuration, with u >
0, of the Euler equations with gravity (2.1). Right panel: Wave
structure of the approximate Riemann solver.

In the A-RS (3.1), the approximate wave speed λ is chosen such that the acoustic
waves are included in the wave fan of the A-RS, i.e., λ ≥ |u| + c ≥ |λ±|. In this
work, we impose that the waves defining the A-RS are symmetric around λ0 = 0.
However, this is just a simplifying assumption. Indeed, in principle, two different
values of λ could be chosen, to account for the asymmetric wave configuration of
the Euler equations with respect to λ0, as long the acoustic waves λ± are contained
in the A-RS. In practice, we take

(3.2) λ = Λ max(|uL|+ c(WL), |uR|+ c(WR)),

which indeed satisfies λ ≥ |λ±|. The parameter Λ ≥ 1 is merely used to scale the
wave speeds, and will be given in the numerical experiments.

The remainder of this section is devoted to the construction of the two interme-
diate states W ∗L and W ∗R. They will be derived such that the resulting numerical
scheme satisfies several key properties, namely consistency, entropy stability (i.e.
fulfilling a discrete equivalent of (2.5)), positivity preservation (i.e. Wn

i ∈ Ω), and
well-balancedness. We start with consistency in Section 3.2.

3.2. Consistency conditions. Let us first derive conditions on the intermediate
states W ∗L and W ∗R to ensure the consistency of the FV scheme with the solution of
the Euler system. According to [27], the scheme is consistent as soon as the average
over a cell of the A-RS (3.1) is equal to that of the exact, self-similar solution to the
Riemann problem, denoted by WR. Therefore, the following equality must hold

(3.3)
1

∆x

∫ ∆x/2

−∆x/2

W̃
( x

∆t
;WL,WR

)
dx =

1

∆x

∫ ∆x/2

−∆x/2

WR

( x

∆t
;WL,WR

)
dx.
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Straightforward computations, detailed in [33], then show that the intermediate
states must satisfy the following relations:

(3.4)



ρ∗L + ρ∗R = 2ρHLL,

q∗L + q∗R = 2qHLL +
1

λ∆t

∫ ∆x/2

−∆x/2

∫ ∆t

0

(−ρ∂xϕ)R

(x
t

;WL,WR

)
dtdx,

E∗L + E∗R = 2EHLL +
1

λ∆t

∫ ∆x/2

−∆x/2

∫ ∆t

0

(−q∂xϕ)R

(x
t

;WL,WR

)
dtdx,

where (−ρ∂xϕ)R and (−q∂xϕ)R respectively represent the second and third compo-
nents of S(WR). Moreover, we have introduced in (3.4) the intermediate stateWHLL

of the well-known HLL Riemann solver from Harten, Lax and van Leer, described
in [27]. It is given by

(3.5) WHLL =

ρHLL

qHLL

EHLL

 =
WL +WR

2
− F (WR)− F (WL)

2λ
.

Next, we introduce two new quantities, Sq and SE , which are approximations of
the cell averages of the integrals of the second and third components of the source
term, i.e.,

(3.6)

Sq ≈ 1

∆t

1

∆x

∫ ∆x/2

−∆x/2

∫ ∆t

0

(−ρ∂xϕ)R

(x
t

;WL,WR

)
dtdx,

SE ≈ 1

∆t

1

∆x

∫ ∆x/2

−∆x/2

∫ ∆t

0

(−q∂xϕ)R

(x
t

;WL,WR

)
dtdx,

where Sq and SE have to be consistent with −ρ∂xϕ and −q∂xϕ, in a sense that will
be prescribed later. Then, using relations (3.6) in the consistency condition (3.4)
yields the following consistency constraints to be satisfied by the intermediate states

(3.7)


ρ∗L + ρ∗R = 2ρHLL,

q∗L + q∗R = 2qHLL +
Sq∆x

λ
,

E∗L + E∗R = 2EHLL +
SE∆x

λ
.

To simplify computations in the following steps, let us introduce Ŵ and δW ,
defined such that

(3.8) Ŵ =
W ∗L +W ∗R

2
and δW =

W ∗R −W ∗L
2

.

We highlight that this corresponds to rewriting the intermediate states in terms of

the unknowns Ŵ and δW . Namely, we have W ∗L = Ŵ − δW and W ∗R = Ŵ + δW .
Equipped with this notation, (3.7) immediately gives the following expressions for

the components of Ŵ :

(3.9)


ρ̂ = ρHLL,

q̂ = qHLL +
Sq∆x

2λ
,

Ê = EHLL +
SE∆x

2λ
.
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We are thus left with the determination of the three components of δW and of
the two source term averages Sq and SE , i.e., five unknowns to determine in to-
tal. However, whatever the expressions of these unknowns, the scheme (3.12) is
constructed to satisfy (3.3), and is therefore consistent by definition.

The remainder of Section 3 is devoted to their derivation, ensuring positivity
preservation, entropy stability and well-balancedness. However, first, we explain in
Section 3.3 how to use the A-RS (3.1) to derive the time update of the numerical
scheme, and precisely define in Section 3.4 the properties to be satisfied by the
scheme, and thus by the intermediate states.

3.3. The Godunov-type scheme finite volume scheme. We start by defining
the cell-wise juxtaposition W∆ of the approximate Riemann solver (3.1), by

∀i ∈ Z, ∀t ∈ (0,∆t], ∀x ∈ (xi, xi+1), W∆(x, tn + t) = W̃

(
x− xi+ 1

2

t
;Wn

i ,W
n
i+1

)
.

This definition is illustrated on Figure 2. The time update of the Godunov-type
scheme is then given by integrating the juxtaposition W∆ of Riemann solvers at
time tn+1 = tn + ∆t over each cell Ci, yielding

(3.10) Wn+1
i =

1

∆x

∫ x
i+1

2

x
i− 1

2

W∆(x, tn+1)dx.

For stability purposes, we impose the following CFL condition on ∆t, see [27]:

(3.11) ∆t ≤ 1

2

∆x

maxi λi+ 1
2

.

tn x

tn+1

t

xi− 1
2

xi+ 1
2

×
xi

λi− 1
2

−λi+ 1
2

W ∗
i− 1

2 ,R
Wn
i W ∗

i+ 1
2 ,L

W̃

(x− xi− 1
2

∆t
;Wn

i−1,W
n
i

)
W̃

(x− xi+ 1
2

∆t
;Wn

i ,Wn
i+1

)W∆(x, tn + ∆t)

Figure 2. Juxtaposition of subsequent A-RSs defining W∆ using
definition (3.14) of the intermediate states W ∗i−1/2,R and W ∗i+1/2,L.

To properly compute the integral in (3.10), we note that W ∗L and W ∗R are given
as functions of the left and right states WL and WR, as well as of the corresponding
left and right gravitational potentials ϕL and ϕR. Since the structure of the A-
RS (3.1) comprises a stationary wave with velocity 0, the scheme, see e.g. [33], is
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given by
(3.12)

Wn+1
i = Wn

i − λ
∆t

∆x

[
W ∗L

(
Wn
i ,W

n
i+1, ϕi, ϕi+1

)
−W ∗R

(
Wn
i−1,W

n
i , ϕi−1, ϕi

)]
.

We emphasize that the scheme (3.12) can also be rewritten in the standard
conservation form

(3.13) Wn+1
i = Wn

i −
∆t

∆x

(
Fni+ 1

2
−Fni− 1

2

)
+

∆t

2

(
Sni+ 1

2
+ Sni− 1

2

)
,

where Fni+1/2 is the numerical flux at interface xi+1/2, and where Sni+1/2 is the

numerical source term at interface xi+1/2. The expressions of Fni+1/2 and Sni+1/2

are obtained thanks to straightforward computations presented in e.g. [27]. Setting

W ∗i+1/2,L = W ∗L(Wn
i−1,W

n
i , ϕi−1, ϕi) and

W ∗i+1/2,R = W ∗R(Wn
i−1,W

n
i , ϕi−1, ϕi),

(3.14)

we obtain

Fni+ 1
2

=
F (Wn

i ) + F (Wn
i+1)

2
−
λi+ 1

2

2

(
W ∗i+ 1

2 ,L
−Wn

i

)
+
λi+ 1

2

2

(
W ∗i+ 1

2 ,R
−Wn

i+1

)
.

The numerical source term is given by

Sni+ 1
2

=

 0
(Sq)

n
i+ 1

2(
SE
)n
i+ 1

2

 ,

where (Sq)ni+1/2 and (SE)ni+1/2 denote the source term approximations (3.6) evalu-

ated at the interface xi+ 1
2
.

By (3.13), or equivalently (3.12), we have defined the time update of the consis-
tent Godunov-type finite volume scheme, up to the definition of the intermediate
states W ∗L and W ∗R and source term approximations Sq and SE . Before giving their
derivation, we detail in Section 3.4 the key properties the scheme has to satisfy.

3.4. Properties to be satisfied by the numerical scheme. The objective of
this section is to state important definitions and give theoretical results. They serve
as the backbone for the derivation of the unknowns in the A-RS, to be carried out
in Sections 3.5 and 3.6.

3.4.1. Well-balancedness. We start with the definition of a well-balanced scheme.
We emphasize that we are interested in developing a so-called fully well-balanced
scheme, which exactly preserves the moving steady solutions described in Sec-
tion 2.3. As such, the scheme will not preserve all hydrostatic equilibria described
in Section 2.2, but only the isentropic ones governed by (2.9), since they are the
limit of moving ones when the velocity vanishes.

To properly introduce our definition of well-balancedness, we first need to intro-
duce the notion of interface steady solution (ISS). Indeed, from (2.14), we know
that a solution is steady if the discharge q, the total enthalpy H and the specific
entropy s are constant. This leads us to the following definition of an ISS.

Definition 3.1 (Interface Steady Solution (ISS)). A pair (WL,WR) of admissible
states is said to be an Interface Steady Solution (ISS) if, and only if,

qL = qR, H(WL, ϕL) = H(WR, ϕR), and s(WL) = s(WR).
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Equipped with the definition of the ISS, we can now properly define a well-
balanced scheme.

Definition 3.2 (Well-balancedness). Scheme (3.12) is said to be well-balanced if

∀i ∈ Z, (Wn
i ,W

n
i+1) is an ISS =⇒ ∀i ∈ Z, Wn+1

i = Wn
i .

Corollary 3.3. Let (WL,WR) be an ISS. A sufficient condition for well-balanced-
ness is that W ∗L = WL and W ∗R = WR.

Proof. Assume that (Wn
i ,W

n
i+1) and (Wn

i−1,W
n
i ) are ISSs. We need to show that

Wn+1
i = Wn

i in order for the scheme to preserve the steady solution. If the interme-
diate states satisfy W ∗L = WL and W ∗R = WR, then W ∗L(Wn

i ,W
n
i+1, ϕi, ϕi+1) = Wn

i

and W ∗R(Wn
i−1,W

n
i , ϕi−1, ϕi) = Wn

i . Plugging these relations into (3.12) immedi-

ately yields Wn+1
i = Wn

i , which concludes the proof. �

According to Corollary 3.3, and recalling the definitions (3.8) of Ŵ and δW , the
following conditions on these quantities must hold

(3.15) (WL,WR) is an ISS =⇒ Ŵ =
WL +WR

2
and δW =

WR −WL

2
.

Put in other words, (W ∗L,W
∗
R) must also be an ISS, i.e.,

(3.16) q∗L = q∗R, H(W ∗L, ϕL) = H(W ∗R, ϕR) and s(W ∗L) = s(W ∗R).

For instance, conditions (3.16) lead to a single momentum component for both
intermediate states, which we denote by q∗ := q∗L = q∗R. Moreover, we define a
single intermediate entropy

(3.17) s∗ := s(W ∗L) = s(W ∗R).

We will use conditions (3.15) – (3.16) to determine the expressions of δW and
Sq, SE in Section 3.5 and Section 3.6 respectively.

3.4.2. Entropy stability. The second important property that we wish to satisfy is
entropy stability, defined below.

Definition 3.4 (Entropy stability). The scheme (3.12) is said to be entropy-stable
if, for all smooth functions η satisfying (2.7) and for all i ∈ Z, the states Wn

i and
Wn+1
i fulfil the discrete entropy inequality

(3.18) ρn+1
i η(sn+1

i ) ≤ ρni η(sni )− ∆t

∆x

(
(ρη(s)u)ni+1/2 − (ρη(s)u)ni−1/2

)
.

In order to reach this important stability property and since we are considering
Godunov-type schemes, we here adopt the well-known integral entropy consistency
stated in [27]. As a consequence, the scheme (3.12) will be entropy-preserving by

satisfying a discrete entropy inequality (3.18) as soon as the A-RS, given by W̃ in
the form (3.1), verifies

(3.19)

1

∆x

∫ ∆x/2

−∆x/2

˜(ρη(s))
( x

∆t
,WL,WR

)
dx ≤

1

2

(
ρLη(sL) + ρRη(sR)

)
− ∆t

∆x

(
ρRη(sR)uR + ρLη(sL)uL

)
,
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where, with abuse of notation, we have defined sL = s(WL) and sR = s(wR).
According to (3.1), we readily show that the integral in (3.19) satisfies

1

∆x

∫ ∆x/2

−∆x/2

˜(ρη(s))
( x

∆t
,WL,WR

)
dx =

(
1

2
− λ∆t

∆x

)
ρLη(sL) + λ

∆t

∆x
ρ∗Lη(s(W ∗L))

+ λ
∆t

∆x
ρ∗Rη(s(W ∗R)) +

(
1

2
− λ∆t

∆x

)
ρRη(sR),

so that, by involving s(W ∗L) = s(W ∗R) =: s∗ imposed in (3.17), (3.19) is immediately
rewritten as

1

2

(
ρ∗L + ρ∗R

)
η(s∗) ≤ 1

2

(
ρLη(sL) + ρRη(sR)

)
− 1

2λ

(
ρRη(sR)uR + ρLη(sL)uL

)
.

For the sake of simplicity in the forthcoming notations, in addition to (3.5), we
define

(ρs)HLL =
1

2

(
ρLsL + ρRsR

)
− 1

2λ

(
ρRsRuR − ρLsLuL

)
,(3.20) (

ρη(s)
)

HLL
=

1

2

(
ρLη(sL) + ρRη(sR)

)
− 1

2λ

(
ρRη(sR)uR − ρLη(sL)uL

)
.(3.21)

As a consequence of this notation, and because (3.7) implies that ρ∗L+ρ∗R = 2ρHLL,
the integral entropy consistency condition (3.19) to be satisfied by the A-RS now
reads

(3.22) ρHLLη(s∗) ≤
(
ρη(s)

)
HLL

.

In order to select a suitable definition of s∗, we now state one of our main results.

Theorem 3.5. Let two given states WL ∈ Ω and WR ∈ Ω, and adopt a definition
of λ such that ρHLL > 0. Then, for all convex smooth functions η, we have

(3.23) η

(
(ρs)HLL

ρHLL

)
≤
(
ρη(s)

)
HLL

ρHLL
.

Proof. The establishment of this important result relies on the introduction of a
standard HLL scheme for an auxiliary system given by

∂tρ+ ∂x(ρu) = 0,(3.24a)

∂t(ρu) + ∂x(ρu2 + p) = 0,(3.24b)

∂t(ρs) + ∂x(ρsu),(3.24c)

where the pressure law is given by s = − log(p/ργ) as in (2.6). We remark that the
weak solutions of the above system satisfy, for all smooth functions g,

(3.25) ∂t(ρg(s)) + ∂x(ρg(s)u).

We introduce UR(x/t;WL,WR) the exact Riemann solution of (3.24), and we con-

sider an A-RS, denoted by Ũ(x/t;WL,WR), made of a single intermediate state
(ρHLL, ρuHLL, ρsHLL). Once again, by considering the integral consistency condi-
tion, here given by

1

∆x

∫ ∆x/2

−∆x/2

Ũ
( x

∆t
;WL,WR

)
dx =

1

∆x

∫ ∆x/2

−∆x/2

UR

( x

∆t
;WL,WR

)
dx,
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we get after easy computations

ρHLL =
1

2
(ρL + ρR)− 1

2λ
(ρRuR − ρLuL) ,

ρsHLL =
1

2
(ρLsL + ρRsR)− 1

2λ
(ρRsRuR − ρLsLuL) .

According to notation (3.5) and (3.20), we remark that

(3.26) ρHLL = ρHLL and ρsHLL = (ρs)HLL.

Next, we integrate over a space-time slab the equation (3.24c) governing ρs, to get∫ ∆t

0

∫ λ∆t

−λ∆t

(
∂t(ρs) + ∂x(ρsu)

)
dx dt = 0.

Computing the integral, we obtain

ρsHLL =
1

2λ∆t

∫ λ∆t

−λ∆t

(ρs)R

( x

∆t
;WL,WR

)
dx,

where (ρs)R is the last component of UR. Then, we have

ρsHLL

ρHLL

=
1

2λ∆t

∫ λ∆t

−λ∆t

sR

( x

∆t
;WL,WR

) ρR ( x∆t ;WL,WR

)
dx

ρHLL

,

where we have set sR = (ρs)R/ρR. Now we notice that the measure

ρR
( ·

∆t ;WL,WR

)
dx

2λ∆tρHLL

is a probability measure over (−λ∆t, λ∆t). Hence, for all convex real functions η,
Jensen’s inequality gives

(3.27) η

(
ρsHLL

ρHLL

)
≤ 1

2λ∆t

∫ λ∆t

−λ∆t

η
(
sR

( x

∆t
;WL,WR

)) ρR ( x∆t ;WL,WR

)
dx

ρHLL

.

Next, since UR defines an exact solution of (3.24), from (3.25) we get, with g = η,∫ ∆t

0

∫ λ∆t

−λ∆t

(
∂t(ρη(s)) + ∂x(ρη(s)u)

)
dx dt = 0.

We thus easily obtain

1

2λ∆t

∫ λ∆t

−λ∆t

(ρη(s))R

( x

∆t
;WL,WR

)
dx =

1

2
(ρLη(s)L + ρRη(s)R)

− 1

2λ
(ρRη(s)RuR − ρLη(s)LuL) .

Arguing notation (3.21), we have

1

2λ∆t

∫ λ∆t

−λ∆t

(ρη(s))R

( x

∆t
;WL,WR

)
dx = (ρη(s))HLL

so that the relation (3.27) now reads

η

(
ρsHLL

ρHLL

)
≤ (ρη(s))HLL

ρHLL

.

Arguing the notation equivalence (3.26), the estimate (3.23) is established, and the
proof is thus completed. �
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Now, arguing Theorem 3.5, we remark that the required integral entropy consis-
tency condition (3.22) is immediately satisfied as soon as

(3.28) ρHLLs
∗ = (ρs)HLL,

which defines the intermediate entropy s∗.

3.4.3. Positivity preservation. After defining entropy stability, we are now able to
precisely state the third required property, positivity preservation, and to give ad-
ditional conditions on the intermediate states. Indeed, since Ω given by (2.4) is a
non-convex set, entropy stability is crucial for a part of the positivity proof.

Definition 3.6 (Positivity preservation). Let Wn
i ∈ Ω for all i ∈ Z and n ≥ 0.

The scheme (3.12) is said to be positivity-preserving if, for all i ∈ Z, Wn+1
i ∈ Ω,

where Ω is the set of admissible states defined in (2.4).

First, we recall that ρHLL > 0 under suitable conditions on λ. Indeed, we have

ρHLL =
ρL
2λ

(λ+ uL) +
ρR
2λ

(λ− uR).

As a consequence, with ρL > 0 and ρR > 0, the required positiveness of ρHLL is
satisfied as soon as λ > max(|uL|, |uR|), which is the case here since λ is given
by (3.2). Next, a way to ensure positivity preservation on ρn+1

i is to impose that
ρ∗L > 0 and ρ∗R > 0. Indeed, in this case, all densities in the Riemann fan are
positive, which implies the positivity of the density at time tn+1. Moreover, recall
that ρ∗L = ρHLL − δρ and ρ∗R = ρHLL + δρ. Therefore, a sufficient condition for the
positivity of density is

(3.29) |δρ| < ρHLL.

Now, with ρ∗L > 0 and ρ∗R > 0, under assumption (3.29), we may also exhibit a

natural condition to get a positive updated pressure p(Wn+1
i ). In fact, we argue

the discrete entropy inequality to address this issue.

Lemma 3.7 (Positivity of the pressure). Let two given states WL ∈ Ω and WR ∈ Ω,
and adopt a definition of λ such that ρHLL > 0. Moreover, let ρ∗L > 0 and ρ∗R > 0,
and consider s∗ given by (3.28). Then, for all i ∈ Z, pi+1 > 0.

Proof. Since W 7→ ρη(s) is convex, by applying Jensen’s inequality to the integral
form of Wn+1

i given by (3.10), we obtain

ρn+1
i η(s(Wn+1

i )) ≤ 1

∆x

∫ x
i+1

2

x
i− 1

2

ρ∆(x, tn+1)η(s∆(x, tn+1))dx,

where we have set s∆ = s(W∆). Using the definition (2.6) of s, we have
(3.30)

η

(
− log

(
p(Wn+1

i )

ρn+1
i

))
≤
∫ x

i+1
2

x
i− 1

2

η

(
− log

(
p(W∆(x, tn+1))

(ρ∆(x, tn+1))γ

))
ρ∆(x, tn+1)dx

∆xρn+1
i

.

Moreover, we remark that, since ρn+1
i > 0, the measure defined by

ρ∆(·, tn+1)dx

∆xρn+1
i

=
ρ∆(·, tn+1)dx∫ x

i+1
2

x
i− 1

2

ρ∆(x, tn+1)dx
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is a probability measure over (xi−1/2, xi+1/2). Now, let us introduce the function

Ξ : (0,+∞)→ R
z 7→ η(− log(z)).

Equipped with the properties (2.7) of η, it is easy to show that Ξ is a monotonically
decreasing and convex function. Therefore, it is invertible, and its inverse Ξ−1 is
monotonically decreasing and concave. Applying Ξ−1 to (3.30) yields

p(Wn+1
i )

ρn+1
i

≥ Ξ−1

∫ x
i+1

2

x
i− 1

2

Ξ

(
p(W∆(x, tn+1))

(ρ∆(x, tn+1))γ

)
ρ∆(x, tn+1)dx

∆xρn+1
i

 .

Since Ξ−1 is a concave function, applying Jensen’s inequality to the right-hand side
of the above inequality, we obtain

p(Wn+1
i )

(ρn+1
i )γ

≥
∫ x

i+1
2

x
i− 1

2

p(W∆(x, tn+1))

(ρ∆(x, tn+1))γ
ρ∆(x, tn+1)

∆xρn+1
i

dx.

Since W∆(x, tn+1) is a juxtaposition of A-RSs defined by (3.1), because of the
positiveness of ρn+1

i and ρ∆(x, tn+1) given by both ρ∗L > 0 and ρ∗R > 0, it results

that p(Wn+1
i ) > 0 as soon as

p(W ∗L) > 0 and p(W ∗R) > 0.

Moreover, according to the definition (2.6) of s, the pressures of the intermediate
states satisfy p(W ∗L) = (ρ∗L)γ exp(−s∗) and p(W ∗R) = (ρ∗R)γ exp(−s∗). Thus, the

above positivity condition always holds, and p(Wn+1
i ) is therefore positive. �

Equipped with these definitions and conditions (3.15) – (3.16) – (3.28) – (3.29),
we now have all the ingredients we need to determine δW in Section 3.5, and Sq, SE

in Section 3.6.

3.5. Determination of δW . The goal of this section is to use the definitions
from Section 3.4 to derive an expression of the three components of δW , with
respect to the left and right states WL and WR and the corresponding left and
right gravitational potentials ϕL and ϕR. We seek expressions of δρ, δq and δE,
such that δW = [W ]/2 as soon as (WL,WR) is an ISS, where we have denoted by
[X] := XR − XL the jump of some quantity X. Moreover, for stability purposes,
we wish to recover the HLL solver in the absence of a gravitational source term.
Therefore, we also impose that, if ϕL = ϕR, then δW must vanish.

We start with the momentum component δq. Note that, according to (3.16), we
set q∗L = q∗R. Therefore, δq = 0 is a suitable choice.

Now, we turn to the density component δρ. Recall that, if (WL,WR) is an ISS,
then H(WL, ϕL) = H(WR, ϕR), that is to say

(3.31)
EL + pL
ρL

+ ϕL =
ER + pR
ρR

+ ϕR.

Defining the enthalpy

(3.32) h =
E + p

ρ
,

and setting hL = h(WL) and hR = h(WR), (3.31) rewrites as

(3.33) [h] = −[ϕ].
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In other words, if [h] 6= 0, then

(3.34) y := 1 +
[ϕ]

[h]
= 0.

The function y 7→ δρ(y) must then fulfil the following properties:

δρ(0) = [ρ]/2,(i)

δρ(1) = 0,(ii)

|δρ| < ρHLL,(iii)

lim
y→±∞

δρ(y) = 0.(iv)

Property (i) corresponds to the ISS case, and ensures that δρ satisfies (3.15). Prop-
erty (ii) corresponds to the no-gravity case, since y = 1 as soon as [ϕ] = 0. In
this case, we wish δρ to vanish, so that ρ∗L = ρ∗R = ρHLL. Property (iii) is the
required condition (3.29) for positivity preservation. Property (iv) ensures that δρ
is well-defined and goes to 0 when [h] vanishes. To determine the final expression
of δρ satisfying properties (i) – (iv), we first introduce a relevant function ψ.

Lemma 3.8. Let ψ be a smooth function given by

(3.35) ψ(y) = cos
(π

2
y
)

exp
(
−2y2

)
.

Then ψ satisfies the following properties:

ψ(0) = 1,(ψ-i)

ψ(1) = 0,(ψ-ii)

|ψ| ≤ 1,(ψ-iii)

lim
y→±∞

ψ(y) = 0,(ψ-iv)

ψ(1 + y) = O(y) as y → 0.(ψ-v)

Proof. Properties (ψ-i) and (ψ-ii) are straightforward to verify by inspection. For
completeness, we provide in Figure 3 a graphical representation of ψ. For property
(ψ-iii), we note that for all y ∈ R,

|ψ(y)| =
∣∣∣cos

(π
2
y
)

exp
(
−2y2

)∣∣∣ ≤ exp(−2y2) ≤ 1.

Property (ψ-iv) holds since cos is a bounded function and y 7→ e−2y2 goes to 0 as y
goes to ±∞. Finally, to prove property (ψ-v), we compute ψ(1 + y) for y ∈ R. We
obtain

ψ(1 + y) = cos
(π

2
+
π

2
y
)

exp
(
−2(1 + y)2

)
= − sin

(π
2
y
)

exp
(
−2(1 + y)2

)
.

Therefore,

ψ(1 + y) ∼ −π
2
e−2y as y → 0,

which proves (ψ-v) and concludes the proof. �

We now have all the ingredients we need to construct δρ as a function of y. Note
that multiple expressions of such a function y 7→ δρ(y) are possible. We give the
chosen smooth expression below, and prove that it satisfies the above properties.
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0 1

0

1

y

ψ

Figure 3. Graph of the function ψ defined in Lemma 3.8. We
observe that ψ indeed satisfies properties (ψ-i) – (ψ-iv).

Lemma 3.9. Let y 7→ δρ(y) be a smooth function given by

δρ(y) =
[ρ]

2
ψ(y),

where y is defined by (3.34) and ψ is given by (3.35). Then, conditions (i) – (iv)
are satisfied by δρ(y).

Proof. First, we note that the properties (ψ-i), (ψ-ii) and (ψ-iv) directly map to
properties (i), (ii) and (iv). Second, to prove property (iii), we need to show that
|δρ| < ρHLL. To that end, we analyze the extrema of the function δρ(y). According
to property (ψ-iii) of ψ, the global extremum of δρ(y) is [ρ]/2, reached for y = 0.
Therefore, since ρL > 0 and ρR > 0, we immediately obtain

|δρ| ≤ |ρR − ρL|
2

≤ ρL + ρR
2

.

Hence, according to the expression (3.5) of ρHLL, there exists a large enough λ such
that |δρ| < ρHLL, and property (iii) is satisfied. The proof is thus concluded. �

Finally, we turn to the energy component δE. Analogously to the derivation of δq
and δρ, we use the last remaining ISS condition on s to determine δE. Namely, we
wish to impose that s(W ∗L) = s(W ∗R) as soon as (WL,WR) is an ISS, as prescribed
in (3.16). Note that this implies, using the definition (2.6) of s, that

− log

(
p(W ∗L)

(ρ∗L)γ

)
= − log

(
p(W ∗R)

(ρ∗R)γ

)
, thus,

p(W ∗L)

(ρ∗L)γ
=
p(W ∗R)

(ρ∗R)γ
.

Therefore, using the expression (2.2) of the pressure law, we obtain

(3.36)
1

(ρ∗L)γ

(
E∗L −

q̃2

2ρ∗L

)
=

1

(ρ∗R)γ

(
E∗R −

q̃2

2ρ∗R

)
,
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where q̃2 denotes an average of q2 which will be determined later on. Arguing

E∗L = Ê − δE and E∗R = Ê + δE leads to the following expression of δE

(3.37) δE =
1

(ρ∗L)γ + (ρ∗R)γ

(
(ρ∗R)γ

(
Ê − q̃2

2ρ∗L

)
− (ρ∗L)γ

(
Ê − q̃2

2ρ∗R

))
.

Note that this expression of δE satisfies both properties required for well-balanced-

ness, independently of the expression of q̃2. Hence, q̃2 is a degree of freedom in the
numerical scheme. It turns out that one can determine q̃2 such that the scheme is
entropy-satisfying, by leveraging condition (3.28) on the intermediate entropy s∗.
Indeed, recall that we have defined s∗ = s(W ∗L) = s(W ∗R), and that s∗ is defined
by s∗ = (ρs)HLL/ρHLL. By definition of a constant-entropy intermediate state, we
obtain

− log

(
p(W ∗L)

(ρ∗L)γ

)
= s∗ =

(ρs)HLL

ρHLL
.

Therefore, taking the exponential of minus both sides leads to

1

(ρ∗L)γ

(
Ê − δE − q̃2

2ρ∗L

)
=

1

γ − 1
exp

(
− (ρs)HLL

ρHLL

)
.

Substituting δE by (3.37) in this relation leads, after straightforward computations,
to

q̃2 =
2ρ∗Lρ

∗
R

ρ∗L + ρ∗R

(
2Ê − exp

(
− (ρs)HLL

ρHLL

)
(ρ∗L)γ + (ρ∗R)γ

γ − 1

)
.

Note that this expression is indeed consistent with a squared momentum, since the
expression in brackets is consistent with a kinetic energy.

Remark 3.10 (Dependence on the EOS). Note that the definition of the EOS enters
the derivation of the states δW for the first time in equation (3.36) to obtain δE
from the entropy ISS (3.16) to reformulate s(W ∗L) = s(W ∗R). This indicates that a
change of EOS merely implies the adaptation of δE and q̃2.

3.6. Determination of Sq and SE. Equipped with the expression of δW , we now
turn to the determination of the last two unknowns, Sq and SE . To that end, we

leverage the expressions (3.9) of Ŵ , and recall that, if (WL,WR) is an ISS, then

Ŵ = W , where we have defined X := (XL + XR)/2 the arithmetic mean of two
quantities XL and XR. Therefore, plugging the expression of WHLL in (3.9), we
obtain that, if (WL,WR) is an ISS, then Sq and SE must satisfy

Sq∆x =

(
q2
R

ρR
+ pR

)
−
(
q2
L

ρL
+ pL

)
,(3.38a)

SE∆x =

(
qR
ρR

(ER + pR)

)
−
(
qL
ρL

(EL + pL)

)
.(3.38b)

Moreover, recall that Sq and SE should be consistent approximations of the source
term averages. Therefore, the goal of this section is to find such consistent averages
satisfying (3.38).

Remark 3.11. Since ϕ is assumed to be a smooth function, for each interface, the
following identities hold:

ϕR = ϕL +O(∆x), i.e., [ϕ] = O(∆x).
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We start with the energy source term SE . Its expression and related properties
are given in the following lemma.

Lemma 3.12. Let two given states WL ∈ Ω and WR ∈ Ω. Further, let

(3.39) SE = −qL + qR
2

ϕR − ϕL
∆x

.

Then SE is consistent with −q∂xϕ and satisfies the well-balanced condition (3.38b).

Proof. To prove consistency with the continuous source term, we take qL = q(x)
and qR = q(x+ ∆x), with ϕL = ϕ(x) and ϕR = ϕ(x+ ∆x). Arguing Remark 3.11,
a simple Taylor expansion of SE then shows that SE = −q∂xϕ + O(∆x), which
proves the consistency of SE .

For the well-balancedness, recall that the enthalpy is given in (3.32) and satisfies
E + p = ρh. So, if (WL,WR) is an ISS with qL = qR = q, then SE∆x must satisfy
SE∆x = q(hR−hL) after (3.38b). However, from (3.33) we have that [h] = −[ϕ] if
(WL,WR) is an ISS. Therefore, SE given by (3.39) satisfies (3.38b) by construction,
which concludes the proof. �

Next, we consider the momentum source term Sq. Its expression and derivation
are more involved; they are summarized in the following lemma.

Lemma 3.13. Let two given states WL ∈ Ω and WR ∈ Ω. Further, let

(3.40) Sq = − 2ρLρR
ρL + ρR

ϕR − ϕL
∆x

+
ε

∆x
ψ

(
1 +

(
ϕR − ϕL
hR − hL

)3
)
,

where ψ is given by (3.35) and ε is given by

(3.41) ε = e−s
(

(ργR − ρ
γ
L)− 2ρLρR

ρL + ρR

γ

γ − 1

(
ργ−1
R − ργ−1

L

))
,

with e−s = (e−sL + e−sR)/2. Then Sq is consistent with −ρ∂xϕ and satisfies the
well-balanced condition (3.38a).

Proof. We first prove that Sq is consistent with the continuous source term. In
this context, we emphasize that (WL,WR) is not necessarily an ISS, but rather a
general pair of states. Performing a Taylor expansion of the first term of Sq, and
recalling Remark 3.11, we immediately see that

− 2ρLρR
ρL + ρR

ϕR − ϕL
∆x

=
∆x→0

−ρ∂xϕ+O(∆x).

For the second term of Sq, we distinguish two cases: either the solution is smooth
and WR = WL +O(∆x), or the solution is not smooth (e.g. in a shock wave) and
WR = WL +O(1). It turns out that the multiplication by ψ in (3.40) is crucial to
overcome a consistency defect in the non-smooth case. In the first case, performing
a Taylor expansion of ε given by (3.41) and noting that [ϕ]/[h] = O(1) since both [ϕ]
and [h] are O(∆x), we obtain that

WR = WL +O(∆x) =⇒ ε = O(∆x3) and ψ

(
1 +

[ϕ]3

[h]3

)
= O(1).

In the second case, arguing property (ψ-v) of ψ and remarking that [ϕ] = O(∆x)
and [h] = O(1), we get

WR = WL +O(1) =⇒ ε = O(1) and ψ

(
1 +

[ϕ]3

[h]3

)
= O

(
[ϕ]3

[h]3

)
= O(∆x3).
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As a consequence, in both cases, the second term of Sq is consistent with 0, with
an error of O(∆x2). Therefore, we have obtained that Sq was indeed consistent
with the continuous source term, i.e., that Sq = −ρ∂xϕ+O(∆x).

We now turn to the well-balanced property; we have to prove that Sq, given
by (3.40), satisfies (3.38a) as soon as (WL,WR) is an ISS. In this case, we recall that
[ϕ] = −[h]. Therefore, arguing property (ψ-i) of ψ, we obtain ψ(1 +([ϕ]/[h])3) = 1.
Hence, we have to prove that

− 2ρLρR
ρL + ρR

(ϕR − ϕL) + ε =

(
q2
R

ρR
+ pR

)
−
(
q2
L

ρL
+ pL

)
as soon as (WL,WR) is an ISS and for ε given by (3.41). To that end, we first
tackle ε. Note that, since we are considering an ISS, we have sL = sR. Therefore,

e−s =
1

2

(
e−sL + e−sR

)
=

1

2

(
pL
ργL

+
pR
ργR

)
=
pL
ργL

=
pR
ργR
.

Using these identities to distribute e−s, ε rewrites

ε = (pR − pL)− 2ρLρR
ρL + ρR

γ

γ − 1

(
pR
ρR
− pL
ρL

)
,

and, from the expression (3.40) of Sq, we obtain

(3.42) Sq∆x = (pR − pL)− 2ρLρR
ρL + ρR

(
(ϕR − ϕL) +

γ

γ − 1

(
pR
ρR
− pL
ρL

))
.

Now, using the steady relation [ϕ] = −[h] together with the definition (2.13) of h,
we get

ϕR − ϕL = −
(
ER + pR
ρR

− EL + pL
ρL

)
= − γ

γ − 1

(
pR
ρR
− pL
ρL

)
−
(

1

2

q2
R

ρ2
R

− 1

2

q2
L

ρ2
L

)
.

Plugging this relation into (3.42), the term in brackets reduces to

(ϕR − ϕL) +
γ

γ − 1

(
pR
ρR
− pL
ρL

)
= −

(
1

2

q2
R

ρ2
R

− 1

2

q2
L

ρ2
L

)
.

Now, recall that one of the ISS relations is qL = qR = q. Consequently, we obtain

2ρLρR
ρL + ρR

(
1

2

q2
R

ρR
− 1

2

q2
L

ρL

)
= q2 2ρLρR

ρL + ρR

(
1

ρ2
R

− 1

ρ2
L

)
= q2

(
1

ρR
− 1

ρL

)
=
q2
R

ρR
− q2

L

ρL
.

Substituting into (3.42) leads to

Sq∆x = (pR − pL) +

(
q2
R

ρR
− q2

L

ρL

)
,

which is nothing but the well-balancedness condition (3.38b). The proof is thus
concluded. �

3.7. Summary of the numerical scheme and main properties. The goal of
this section is to summarize the approximate Riemann solver and state the main
properties of the scheme deriving from this A-RS. The A-RS (3.1) is given by

(3.43) W̃
(x
t

;WL,WR

)
=


WL if x < −λt,

W ∗L = Ŵ − δW if − λt < x < 0,

W ∗R = Ŵ + δW if 0 < x < λt,

WR if x > λt.
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This A-RS is based on the HLL solver, whose intermediate state is given by (3.5),
with the wave speed λ given by (3.2). Recall also the pressure law (2.2) defining p,
the expression (2.6) of the entropy s, and the expression (2.13) of the enthalpy h.
Equipped with these definitions, (3.9) gives the following expression of Ŵ :

(3.44)


ρ̂ = ρHLL,

q̂ = qHLL +
Sq∆x

2λ
,

Ê = EHLL +
SE∆x

2λ
,

where the approximate source terms Sq and SE have been derived in Section 3.6
and are given by

(3.45)

SE = −qL + qR
2

ϕR − ϕL
∆x

,

Sq = − 2ρLρR
ρL + ρR

ϕR − ϕL
∆x

+
ε

∆x
ψ

(
1 +

(
ϕR − ϕL
hR − hL

)3
)
,

where ψ(y) = cos(π2 y)e−2y2 , and where ε satisfies

ε =
1

2

(
e−sL + e−sR

)(
(ργR − ρ

γ
L)− 2ρLρR

ρL + ρR

γ

γ − 1

(
ργ−1
R − ργ−1

L

))
.

The components of δW have been derived in Section 3.5, and we have set

(3.46)



δρ =
ρR − ρL

2
ψ

(
1 +

ϕR − ϕL
hR − hL

)
,

δρ = 0,

δE =
1

(ρ∗L)γ + (ρ∗R)γ

(
(ρ∗R)γ

(
Ê − q̃2

2ρ∗L

)
− (ρ∗L)γ

(
Ê − q̃2

2ρ∗R

))
,

where q̃2 satisfies

q̃2 =
2ρ∗Lρ

∗
R

ρ∗L + ρ∗R

(
2Ê − exp

(
− (ρs)HLL

ρHLL

)
(ρ∗L)γ + (ρ∗R)γ

γ − 1

)
.

Equipped with these expressions, we are ready to state our main result, summa-
rizing all properties of the resulting scheme.

Theorem 3.14. Let the time step ∆t be given by (3.11) and assume that the initial
data satisfies W 0

i ∈ Ω for all i ∈ Z. Then, the numerical scheme (3.12) with the
approximate Riemann solver (3.43), where Ŵ is given by (3.44) and δW is given
by (3.46), satisfies the following properties:

(1) consistency with the Euler system (2.1);
(2) positivity preservation: for all n ≥ 0,

∀i ∈ Z, Wn
i ∈ Ω =⇒ ∀i ∈ Z, Wn+1

i ∈ Ω;

(3) entropy stability: for all smooth functions η satisfying (2.7), for all i ∈ Z,
for all n ≥ 0,

ρn+1
i η(sn+1

i ) ≤ ρni η(sni )− ∆t

∆x

(
(ρη(s)u)ni+1/2 − (ρη(s)u)ni−1/2

)
;
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(4) well-balancedness:

∀i ∈ Z, (Wn
i ,W

n
i+1) is an ISS =⇒ ∀i ∈ Z, Wn+1

i = Wn
i .

Proof. We prove the four properties in order, using the results derived in the pre-
vious sections.

(1) According to [27], the scheme is consistent as soon as the A-RS satisfies the
integral consistency relation (3.3), which holds by construction, as detailed
in Section 3.2. Thus, the A-RS is consistent, and therefore the numerical
scheme (3.12) is also consistent.

(2) We have to prove the positivity of the density and the pressure. A sufficient
condition for the positivity of the intermediate density is given by (3.29).
It is satisfied thanks to Lemma 3.9, which yields ρ∗L > 0 and ρ∗R > 0 in

the A-RS, and thus ρn+1
i > 0 in the numerical scheme. As a consequence,

Lemma 3.7 can be applied, yielding the positivity of the pressure pn+1
i > 0.

(3) After [27], the entropy stability holds as soon as (3.19) is satisfied. However,
following Theorem 3.5, this relation is verified if the intermediate entropy
of the A-RS is given by (3.28), which is the case for the A-RS (3.43). This
proves that the scheme is entropy-stable.

(4) A sufficient condition for well-balancedness is given in Corollary 3.3, from
which follow the sufficient conditions (3.15) to be satisfied by Ŵ and δW in
the intermediate states of the A-RS. As shown in Sections 3.5 and 3.6, these
conditions are satisfied by construction, and consequently the numerical
scheme is fully well-balanced.

Thus, all four properties have been proven, which concludes the proof. �

4. A well-balanced higher order extension

See [4].

θn+1
i+ 1

2

=
εn
i+ 1

2

εn
i+ 1

2

+

(
∆t

Cn
i+ 1

2

)d+1
, where εni+ 1

2
=

∥∥∥∥∥∥
 qni+1 − qni
H(Wn

i+1, ϕ
n
i+1)−H(Wn

i , ϕ
n
i+1)

s(Wn
i+1)− s(Wn

i )

∥∥∥∥∥∥ .

Cni+ 1
2

= Cθ
1

2

(
‖Wn

i+1 −W
n−1
i+1 ‖

2
+
‖Wn

i −W
n−1
i ‖

2

)
if n ≥ 1.

TODO: mention that we reconstruct in primitive variables

5. Numerical results

In this section, we perform numerical test cases to validate the theoretical proper-
ties of the first, second and third order well-balanced scheme, using the polynomials
P0,PWB

1 and PWB
2 respectively for the reconstruction. For all test cases, we con-

sider the isentropic EOS with γ = 1.4. Throughout these tests, we will use the
gravitational potentials ϕ1(x) = (x− 0.5)2/2 and ϕ2(x) = sin(x). Unless otherwise
mentioned, the parameter Λ in (3.2) is set to 1.

TODO: talk about the Cθ from the HO schemes, always 1 unless other stated
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5.1. Accuracy of the numerical schemes. To verify the experimental order of
convergence (EOC) of the numerical schemes, we study an exact solution for the
Euler equations with gravity (2.1) taken from [31], which is a variation of the test
introduced in [40]. The analytical solution is given by

(5.1)

ρ(x, t) = 1 +
1

5
sin(kπ(x− u0t)),

u(x, t) = u0,

p(x, t) =
9

2
− (x− u0t) +

1

kπ
cos(kπ(x− u0t)),

where u0 is a constant velocity, taken as u0 = 1 in the experiment. We take k = 5,
which yields a highly oscillatory solution. This test case is designed for a linear
potential ϕ(x) = x. The simulation is carried out on the computational domain
Ω = [0, 2] up to a final time of tf = 0.1, on seven grids with N = 16 ·2j cells, where
j ∈ {0, . . . , 6}. We prescribe exact boundary conditions. In Figure 4, the L2 errors
are depicted with respect to the number of cells. We recover the expected order of
convergence for all schemes. Namely, we observe that the high-order well-balanced
correction does not negatively affect the convergence rate of the scheme.

16 64 256 1024
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2

3
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N

L2 error on ρ

16 64 256 1024

10−6

10−4

10−2

1

2

3

1

N

L2 error on q

16 64 256 1024

10−6

10−4

10−2

1

2

3

1

N

L2 error on E

P0 P1 PWB
1 P2 PWB

2

Figure 4. Analytical solution (5.1) with ϕ(x) = x: L2 errors and
EOC for the first, second and third order schemes, with or without
the high-order well-balanced correction.

5.2. Well-balanced test cases. To numerically verify the well-balanced property
of the schemes, for hydrostatic atmospheres, as well as for moving equilibria, we
compute the approximations of an equilibrium at rest and a moving equilibrium.

5.2.1. Hydrostatic equilibrium. We begin with an isentropic hydrostatic atmosphere
given by

(5.2) ρhyd(x) =

(
1− γ − 1

γ
ϕ(x)

)1/(γ−1)

, phyd(x) = ρ(x)γ , u = 0.

We consider the two gravitational potentials ϕ1 and ϕ2, on a computational domain
Ω = [0, 1] discretized in 50 cells. We prescribe exact boundary conditions for ϕ1 and
periodic boundary conditions for ϕ2. In Tables 1 and 2, the L2 errors at time tf
are compared to non-well-balanced HLL solver for ϕ1 and ϕ2 respectively. All
well-balanced schemes are able to preserve the hydrostatic equilibrium at machine
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precision, whereas the HLL scheme, as expected, has a quite large error. Moreover,
due to the non-trivial contribution of ϕ2 the error using the HLL scheme is much
higher. This underlines the necessity of well-balanced schemes.

Table 1. Well-balanced test case hydrostatic atmosphere with
ϕ(x) = (x− 0.5)2/2.

HLL P0 PWB
1 PWB

2

ρ 6.390 · 10−3 2.658 · 10−15 2.727 · 10−15 2.436 · 10−15

q 5.002 · 10−4 1.154 · 10−15 1.498 · 10−15 1.691 · 10−15

E 2.289 · 10−3 7.640 · 10−15 7.640 · 10−15 1.020 · 10−14

Table 2. Well-balanced test case hydrostatic atmosphere with
ϕ(x) = sin(x).

HLL P0 PWB
1 PWB

2

ρ 1.109 · 10−1 3.819 · 10−15 2.620 · 10−15 4.255 · 10−15

q 1.898 · 10−2 1.439 · 10−15 1.477 · 10−15 1.522 · 10−15

E 7.170 · 10−2 7.536 · 10−15 6.822 · 10−15 7.270 · 10−15

5.2.2. Moving equilibrium. Next, a moving equilibria is computed, characterized by
the triplet q0 = 1, s0 = 0 and H0 = 5. The gravitational potentials ϕ1 and ϕ2 are
considered. For each ϕ, the initial conditions for ρ and E are obtained by solv-
ing the non-linear system (2.14) employing Newton’s method. The computational
domain is given by Ω = [0, 1], and is partitioned in 50 cells. Homogeneous exact
and periodic boundary conditions are prescribed for ϕ1 and ϕ2, respectively. The
L2 errors at time t = 1 are given in Tables 3 and 4 for ϕ1 and ϕ2 respectively.
Similarly to the simulation of the hydrostatic atmosphere from Section 5.2.1, all
well-balanced schemes are able to preserve the moving equilibrium up to machine
precision, whereas the HLL scheme yields quite large errors. This verifies and illus-
trates the ability of the new well-balanced HLL solvers to capture moving equilibria
up to machine precision, in addition to hydrostatic ones.

Table 3. Well-balanced test case moving equilibrium with ϕ(x) =
(x− 0.5)2/2.

HLL P0 PWB
1 PWB

2

ρ 5.569 · 10−3 3.204 · 10−15 2.897 · 10−15 2.907 · 10−15

q 1.129 · 10−3 1.916 · 10−15 1.727 · 10−15 1.803 · 10−15

E 4.188 · 10−3 7.742 · 10−15 8.970 · 10−15 6.764 · 10−15
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Table 4. Well-balanced test case moving equilibrium with ϕ(x) = sin(x).

HLL P0 PWB
1 PWB

2

ρ 8.9233 · 10−2 2.627 · 10−15 3.607 · 10−15 4.246 · 10−15

q 2.0153 · 10−2 1.877 · 10−15 1.727 · 10−15 1.922 · 10−15

E 6.7186 · 10−2 9.930 · 10−15 9.357 · 10−15 9.607 · 10−15

5.3. Perturbation of equilibrium states. As the main motivation behind the
construction of well-balanced schemes lies in the resolution of small perturbations
around equilibria, the next two sets of test cases concern the performance of the
novel fully-well-balanced HLL solver on such flows. In particular, this allows the
use of coarse meshes, as the solution is not polluted by background errors stemming
from the resolution of the equilibrium state, which would then require a substantial
grid refinement to reduce the truncation error and make the perturbation visible.

In this section, we consider the quadratic potential ϕ1, and the computational
domain is given by Ω = [0, 1], discretized using 50 cells, with inhomogeneous Dirich-
let boundary conditions corresponding to the exact, unperturbed steady solution.
For all cases, we set Cθ = 1 for the PWB

1 scheme and Cθ = 0.15 for the PWB
2 scheme.

5.3.1. Perturbations of a hydrostatic equilibrium. As a first example, we consider
a perturbation around an isentropic atmosphere (5.2) taken e.g. from [14]. The
initial condition is given by
(5.3)

ρ(x, 0) = ρhyd(x), u(x, 0) = 0, p(x, 0) = phyd(x) +A exp

(
−100

(
x− 1

2

)2
)
,

where we set the amplitudes of the perturbations to be A = 10−4 and 10−12,
where the latter is of the order of the truncation error of the well-balanced solver.
The difference of the numerical solution against the equilibrium Wsteady −Wnum

obtained with the novel well-balanced HLL solvers at final time t = 0.075 are
depicted in Figure 5. The top panels contain the results with an initial perturbation
of amplitude 10−4, while the bottom ones display the results with the amplitude
reduced to 10−12. In both cases, we observe that the perturbations are clearly
visible and there are no spurious artifacts from the background atmosphere.

5.3.2. Perturbations of a moving equilibrium. Next, a perturbation of the moving
equilibrium is considered. The initial condition is given by

(5.4) ρ(x, 0) = ρ0(x), q(x, 0) = q0, p(x, 0) = p0(x) +A exp

(
−100

(
x− 1

2

)2
)
,

where the equilibrium states are obtained from the triplet (q0, s0, H0) already intro-
duced to build the steady solution in Section 5.2.2. The numerical results are given
in Figure 6 at the final time t = 0.075, arranged in a similar fashion to Figure 5.
The perturbation around the moving equilibrium is once again well-captured and
no spurious errors are introduced from the background equilibrium. In comparison
to the hydrostatic atmosphere case from Figure 5, the perturbations are skewed
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Figure 5. Perturbation of a hydrostatic equilibrium. Top panels:
perturbation with initial amplitude A = 10−4. Bottom: perturba-
tion with initial amplitude A = 10−12.

towards the right and travel faster. This is due to a non-zero positive background
velocity.

Another interesting test case concerns a moving steady solution perturbed by a
wave stemming from a time-dependent boundary condition. We consider again the
moving equilibrium given by (q0, s0, H0), with the perturbation applied as a right
boundary condition acting only on the velocity, which is given at x = 1 and t > 0
by

(5.5) u(1, t) = 10−8 sin(8πt)

instead of by the unperturbed equilibrium. The computational domain is given by
[0, 1] using 512 cells and the simulation is stopped shortly before the perturbation
reaches the opposite boundary, at t = 0.72. Similar set-ups can be found in [20],
motivated by the study of wave propagation in stellar atmospheres. The difference
between numerical results and the moving equilibrium are given in Figure 7, where
we have set Λ = 5 to add some diffusion to the scheme. In this case, the perturbation
remains well-resolved. The further verifies the ability of the numerical scheme to
resolve small perturbations around hydrostatic and moving equilibria on coarse
grids.

5.4. Riemann Problems. As final test cases, we consider three Riemann Prob-
lems, two classical ones without source term, and one in presence of a gravitational
source term, far from an equilibrium.
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Figure 6. Perturbation of a moving equilibrium. Top panels: per-
turbation with initial amplitude A = 10−4. Bottom: perturbation
with initial amplitude A = 10−12.
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Figure 7. Perturbation of moving equilibrium from the boundary.

In all these cases, the space domain is Ω = [0, 1], and we prescribe homogeneous
Neumann boundary conditions. Moreover, the initial condition takes the form of a
Riemann problem, i.e.,

W (x, 0) =

{
WL if x < x0,

WR if x ≥ x0,

with the jump position x0 = 0.5, and where the left and right states are given
differently for each problem. In each case, we take a grid consisting of 75 cells.
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5.4.1. Sod problem. We first consider the standard Sod problem, which is a well-
known benchmark for Riemann solvers. The initial condition is given by

(5.6) ρL = 1, ρR = 0.125, uL = uR = 0, pL = 1, pR = 0.1.

The gravitational potential is given by ϕ = 0. The results are given in Figure 8,
in primitive variables ρ, u and p at time t = 0.1644. The first order scheme is
diffusive, in particular over the contact and shock waves, whereas increasing the
order of the new well-balanced HLL scheme increases the resolution of all waves. As
is typical for high-order schemes, small oscillations can be observed near the shock
wave. However, all schemes are able to correctly determine the shock position and
amplitude.
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Figure 8. Riemann problem without a gravitational field influ-
ence: Sod problem displayed in primitive variables ρ, u and p, at
time t = 0.1644 using 75 cells.

5.4.2. Double rarefaction. We then turn to a double rarefaction, whose initial data
is

(5.7) ρL = ρR = 1, uL = −10

3
, uR =

10

3
, pL = pR = 1.

This is a challenging problem, as it will lead to a near-vacuum state in the middle of
the domain. We still take the given gravitational potential ϕ = 0. The results are
displayed in Figure 8 at time t = 0.09. Despite the fact that ρ and p are very close
to zero in the middle of the domain, no negative values of ρ and p are observed.

5.4.3. Riemann problem in vacuum. The last Riemann problem is a Sod-like prob-
lem in the presence of a gravitational source term, given by ϕ1. The initial data is
given in steady variables q, s and H, as follows:

(5.8) qL = 0.5, qR = 0, sL = 0, sR = − log(0.75), HL = 6, HR = 3.

The results are displayed in Figure 10 at time t = 0.2. This time, the equilib-
rium variables q, s and H are displayed to underline the difference in background
equilibrium. We observe that the background state is not perturbed by the new
well-balanced scheme, which also accurately captures the shock and rarefaction
waves.
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Figure 9. Riemann problem without a gravitational field influ-
ence: double rarefaction problem displayed in primitive variables
ρ, u and p, at time t = 0.09 using 75 cells.
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Figure 10. Riemann problem under a gravitational field influ-
ence: modified Sod problem displayed in steady variables q, s and
H, at time t = 0.2 using 75 cells.

6. Conclusions
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Université de Strasbourg, CNRS, Inria, IRMA, F-67000 Strasbourg, France

Email address: andrea.thomann@inria.fr


	1. Introduction
	2. The model equations
	2.1. The Euler equations with gravity
	2.2. Hydrostatic equilibria
	2.3. Moving equilibria

	3. The numerical scheme
	3.1. The approximate Riemann solver
	3.2. Consistency conditions
	3.3. The Godunov-type scheme finite volume scheme
	3.4. Properties to be satisfied by the numerical scheme
	3.5. Determination of delta W
	3.6. Determination of Sq and SE
	3.7. Summary of the numerical scheme and main properties

	4. A well-balanced higher order extension
	5. Numerical results
	5.1. Accuracy of the numerical schemes
	5.2. Well-balanced test cases
	5.3. Perturbation of equilibrium states
	5.4. Riemann Problems

	6. Conclusions
	References

