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2 Christophe Berthon et al.to the 
hara
teristi
 speeds of the system. After su
h a long time, the 
lassi
al s
hemes [35,41℄produ
e solutions whi
h are 
ompletely smeared, unless an unreasonably �ne grid is 
onsidered.Yet, several appli
ations of physi
al interest involve 
oupling between phenomena that o

urat very di�erent speeds. An important example 
on
erns kineti
 equations su
h as Boltzmann[24℄, Fokker-Plan
k [29℄, neutroni
s [14℄ and radiative transfer equations [40,39,10℄, (see [15,21,22,34℄ for numerous examples). Usual approximations of these equations, for instan
e dis
reteordinates or spheri
al harmoni
s de
omposition methods [14℄, lead to systems of the form:
∂tw +∇xMw = S(w)where S(w) is a sour
e term. These systems may involve drasti
ally di�erent 
hara
teristi
 speedsfrom one another, for example the �uid speed versus the speed of the light. Limited by the fastestphenomenon, the CFL 
ondition for an expli
it numeri
al approximation for 
oupled problemsmay be
ome too restri
tive. Thanks to asymptoti
-preserving s
hemes [26,9,8,32℄, suitable nu-meri
al s
hemes 
an be written for this system as soon as an e�
ient s
heme for the adve
tionpart is known. It is therefore 
ru
ial to use a reliable impli
it numeri
al method for (1) in 
ou-pling 
ontexts.During the last de
ades, several 
lasses of very e�
ient numeri
al s
hemes were developed forhyperboli
 systems of 
onservation laws. Some of these methods, su
h as Dis
ontinous Galerkin[11,17,16,20,23℄, ENO/WENO [28,36℄ and distributive s
hemes [3,1℄, have been su

essfullyused in a wide range of appli
ations (see also [31,2,18,38,12,19,30℄ for a non-exhaustive list).Generalized Riemann Problem (GRP) methods [4,25℄ are an interesting alternative here sin
earbitrary high-order expli
it GRP s
hemes 
an be written by taking advantage of the linearstru
ture of our problem.However, all these s
hemes, whi
h were designed for more general (nonlinear) systems, are ex-pli
it or involve very sophisti
ated te
hniques [42,33,37℄. Therefore, due to the CFL 
ondition,their 
omputational 
ost be
omes prohibitive when 
onsidering very long times.The aim of this work is thus to introdu
e an e�
ient high-order s
heme for linear adve
tionsystems whi
h works for any time step. In pra
ti
e, involving the transformation matrix P ,the system (1) 
an often be transformed into a de
oupled system of equations for the variable

u = P−1w. Therefore, for the sake of simpli
ity, this arti
le fo
uses on numeri
al approximationsof the linear adve
tion equation Cau
hy problem:
{

∂tu(x, t) + aΩ.∇xu(x, t) = 0,

u(x, t = 0) = u0(x),
(2)where a ∈ R is the speed, and Ω =

(

Ωx

Ωy

) is the normalized dire
tion of the velo
ity.The paper is organized as follows. The next se
tion is 
on
erned with the one-dimensional
ase. First, the prin
iple of the GRP methods is re
alled. In parti
ular, arbitrary high-orderexpli
it GRP s
hemes are built in the linear 
ase. The spa
e-time extension is then introdu
ed.The resulting s
heme 
an be de�ned with no restri
tion on the time step. It is also proved to beof order k in spa
e and time for arbitrary large k. In the following se
tion, a two-dimensionalextension is developed on unstru
tured meshes 
omposed of triangles again for an unrestri
tedtime in
rement. It is also proved to be of order k in spa
e and time. Throughout this paper,the ex
ellent behaviour of the s
heme is illustrated on numeri
al test-
ases. The s
heme is also
ompared with usual high-order methods.
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tion with unrestri
ted time step 32 Presentation of the one-dimensional s
heme2.1 Generalized Riemann ProblemFor the sake of 
ompleteness, we re
all �rst the prin
iple of the Generalized Riemann Problemmethod. This method was introdu
ed by Ben-Artzi and Fal
ovitz in [4℄ and several extensionshave been derived (see for instan
e [5,25,6,7℄). In this paragraph, we re
all the 
onstru
tion of aGRP high-order spa
e dis
retization for linear systems. Indeed, all 
omputations 
an be 
arriedon due to the linearity of the system.We 
onsider the equation:
∂tu+ a∂xu = 0, (3)where u(x, t) ∈ R and the speed a is assumed to be positive. The 
omputations for a < 0 aresimilar and won't be re
alled here.We present the method on a stru
tured mesh with a 
onstant spa
e step ∆x and a 
onstant timestep ∆t. The mesh is 
omposed of the 
ells Ci = (xi− 1

2
, xi+ 1

2
) the 
enters of whi
h are xi. Nextwe introdu
e the set of fun
tions:

P
k
C = {u ∈ L∞(R)/ u|Ci

∈ R
i
k, ∀i ∈ Z, },where Ri

k is the set of polynomials of degree k per 
ell:
R

i
k = {u Ci

∈ Rk[X ]}.In ea
h 
ell Ci, we 
onsider the following 
anoni
al basis:
{

(

x− xi

∆x

)j
}

j=0,...,k

.This 
hoi
e of basis was made to simplify the presentation, but another basis su
h as the Legendrepolynomials may be 
onsidered for example. The asso
iated dot produ
t on the 
ell Ci is de�nedas follows:
< f, g >i=

1

∆x

∫ x
i+1

2

x
i− 1

2

f(x)g(x) dx,and the asso
iated norm is:
‖f‖i =

√

< f, f >i.As opposed to usual te
hniques like MUSCL or WENO for instan
e, the GRP s
heme onlyinvolves two steps: exa
t evolution of a pie
ewise polynomial approximation and Pk-proje
tionover ea
h 
ell of the exa
tly evolved solution.Considered approximation: First, we 
onsider an initial data u0 ∈ Pk
C . At time t = tn, weassume that an approximation of the solution un(x) ∈ Pk

C is known. Then we have un
i (x) ∈ Ri

kfor x ∈ Ci and i ∈ Z. This approximation is now evolved to de�ne an approximated solution
un+1(x) ∈ Pk

C at time t = tn +∆t.Evolution step: The approximation un(x) is exa
tly evolved during a time step ∆t whi
hsatis�es the CFL 
ondition λ = a∆t
∆x

< 1. Thanks to the linearity of the equation, this exa
tsolution uh(x, tn +∆t) is easily determined by adopting the 
hara
teristi
s method (see Fig 1).
uh
i (x, t

n +∆t) =











un
i−1(x− a∆t), if x− xi− 1

2

∆t
< a,

un
i (x− a∆t), if x− xi− 1

2

∆t
> a.
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Fig. 1 Exa
t evolution of the solution thanks to the 
hara
teristi
s method with a > 0Proje
tion step: The exa
t solution uh(x, tn+∆t) is proje
ted on the spa
e Pk
C . The updatedsolution in the 
ell Ci is therefore the solution of the minimization problem:

‖un+1
i − uh

i (t
n +∆t)‖i = inf

p∈P
k
C

‖p− uh
i (t

n +∆t)‖i. (4)Thanks to the Petrov-Galerkin 
onditions, we 
an rewrite this minimization problem (4) as:
< un+1

i − uh
i (t

n +∆t), p >i= 0 ∀p ∈ P
k
C . (5)As usual, the Petrov-Galerkin 
onditions rewrite as a linear system. Indeed, using a de
ompositionof un+1

i in the following form:
un+1
i (x) =

k
∑

j=0

αn+1,j
i

(

x− xi

∆x

)j

,the proje
tion step then 
onsists in solving the following linear system of size k + 1:
k
∑

j=0

αn+1,j
i <

(

x− xi

∆x

)j

,

(

x− xi

∆x

)l

>i= < uh
i (t

n +∆t),

(

x− xi

∆x

)l

>i ∀l = 0, . . . , k. (6)The left hand side in (6) may be rewritten as:
k
∑

j=0

αn+1,j
i <

(

x− xi

∆x

)j

,

(

x− xi

∆x

)l

>i=

k
∑

j=0

αn+1,j
i

1

∆x

∫ x
i+1

2

x
i− 1

2

(

x− xi

∆x

)j+l

dx

=

k
∑

j=0

αn+1,j
i

1

j + l + 1

(

(

1

2

)j+l+1

−

(

−1

2

)j+l+1
)

=
k
∑

j=0

αn+1,j
i Ai(j, l).
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tion with unrestri
ted time step 5The right hand side in (6) be
omes when a > 0:
< uh

i (t
n +∆t),

(

x− xi

∆x

)l

>i=

k
∑

j=0

αn,j
i−1

1

∆x

∫ x
i− 1

2

+a∆t

x
i− 1

2

(

x− a∆t− xi−1

∆x

)j (
x− xi

∆x

)l

dx

+αn,j
i

1

∆x

∫ x
i+1

2

x
i− 1

2

+a∆t

(

x− a∆t− xi

∆x

)j (
x− xi

∆x

)l

dx

=
k
∑

j=0

αn,j
i−1I

−
i (j, l) + αn,j

i I+i (j, l)

= bn+1
i (l).The 
oe�
ients I−i (j, l) and I+i (j, l) 
an be re
ursively 
omputed thanks to su

essive integrationsby parts:

I−i (j, l) =
1

j + 1

(

1

2

)j+l+1
[

(−1 + 2λ)l − (1− 2λ)j+1
]

−
l

j + 1
I−i (j + 1, l− 1),with I−i (j + l, 0) =

1

j + l + 1

(

1

2

)j+l+1
[

1− (1− 2λ)j+l+1
]

,

I+i (j, l) =
1

j + 1

(

1

2

)j+l+1
[

(1− 2λ)j+1 − (−1 + 2λ)l
]

−
l

j + 1
I+i (j + 1, l− 1),with I+i (j + l, 0) =

1

j + l+ 1

(

1

2

)j+l+1
[

(1− 2λ)j+l+1 − (−1)j+l+1
]

.Finally, sin
e we have a polynomial per 
ell approximation of the solution at time t = tn, thes
heme simply 
onsists in solving a linear system of size k + 1 for ea
h 
ell Ci of the mesh:
Aiα

n+1
i = bn+1

i , (7)to obtain the updated approximation at time tn+1. Moreover, the approximation un+1
i (x) of thesolution is in Pk

C by 
onstru
tion. We 
an note that the matrix Ai of the system (7) is the same forea
h 
ell, and does not depend on time, so it has to be 
omputed only on
e for the whole domain.The resulting s
heme is obviously of order k + 1 in spa
e. Using the same idea, an s
hemeof order k + 1 may be 
onstru
ted for λ > 1 though it would require an extended sten
il whi
hdepends on the time step.2.2 Spa
e-time Generalized Riemann ProblemFor sake of simpli
ity, the term impli
it will abusively be used to refer to a situation where λ > 1even though the de�nition of the s
heme does not involve the resolution of a nonlinear system.Similarly, the term expli
it will be used to refer to situations where λ ≤ 1.In order to obtain a 
ompa
t impli
it s
heme, we now 
onsider an extension of the GRPmethod whi
h 
an deal with unrestri
ted time steps. We still 
onsider the equation (3). With theassumptions on the mesh used previously, we denote by In+
1
2 = (tn, tn+1) the interfa
e betweentwo time steps and by Kn

i = Ci × In+
1
2 the spa
e-time 
ontrol volumes.
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heme 
onsists in the usual: exa
t evolution of high-order approximations and proje
tionsteps.Considered approximations and notations: The initial solution is on
e again assumed tobe a polynomial approximation in spa
e at time tn of the solution of degree k; un(x) ∈ Pk
C .Now, we also 
onsider a polynomial approximation of the solution in time on ea
h interfa
e:for tn ≤ t ≤ tn+1, u(xi− 1

2
, t) ≃ v

n+ 1
2

i− 1
2

(t) ∈ R
n
k . The spa
e Rn

k is de�ned by:
R

n
k = {u

I
n+1

2
∈ Rk[X ]},and we de�ne the set of polynomials per interfa
e:

P
k
I = {u ∈ L∞(R)/ u

I
n+1

2
∈ R

n
k , ∀n ∈ N}.On ea
h interfa
e In+

1
2 , we 
onsider the 
anoni
al basis:

{(

t− tn+
1
2

∆t

)r}

r=0,...,k

.Any other suitable basis of Rn
k may be 
onsidered if ne
essary. The asso
iated dot produ
t onthe interfa
e In+

1
2 is de�ned as:

< f, g >n=
1

∆t

∫ tn+1

tn
f(t)g(t) dt.Evolution step: We let the solution evolve in an exa
t way until the next time step. Themain di�eren
e with the GRP is that we have two approximations of the solution: one on the 
ellsand one on the interfa
es. If a > 0, the solution at time tn+1 and on the interfa
e xi+ 1

2
× In+

1
2is fully determined by the values of un

i and v
n+ 1

2

i− 1
2

. If a < 0, the solution at time tn+1 and on theinterfa
e xi− 1
2
× In+

1
2 is fully determined by the values of un

i and v
n+ 1

2

i+ 1
2

(see Fig 2). This impliesthat the s
heme will be 
ompa
t, sin
e all the information required to 
ompute the solution liesinside a single 
ell. Thanks to the linearity of the equation, the exa
t evolution of the solution iseasy to 
ompute. When a > 0 and λ = a∆t
∆x

< 1, the exa
t solutions are:
uh
i (x, t

n +∆t) =







v
n+ 1

2

i− 1
2

(

tn+1 −
x−x

i− 1
2

a

)

, if (x− xi− 1
2
) < a∆t

un
i (x− a∆t), otherwise,

v
n+ 1

2

h (t, xi+ 1
2
) = un

i (xi+ 1
2
− a(t− tn)).and when λ > 1, we have:

uh
i (x, t

n +∆t) = v
n+ 1

2

i− 1
2

(

tn+1 −
x− xi− 1

2

a

)

,

v
n+ 1

2

h (t, xi+ 1
2
) =

{

un
i (xi+ 1

2
− a(t− tn)), if (t− tn) > ∆x

a

v
n+ 1

2

i− 1
2

(

t− ∆x
a

)

, otherwise.As a 
onvention, we will speak of expli
it 
ase when λ < 1 and impli
it 
ase when λ > 1, althoughthe s
heme will be able to handle both of them similarly.
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(
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Fig. 2 Exa
t solutions on the volume Kn
i in expli
it (left) and impli
it (right) 
aseProje
tion step: The exa
t solutions are proje
ted onto the spa
es Pk

C and Pk
I respe
tively.The exa
t solution is proje
ted on Pk

C in the 
ell Ci at time tn+1 and the exa
t solution isproje
ted onto P
k
I on the interfa
e xi+ 1

2
× (tn, tn+1). This leads to two minimization problems:

‖un+1
i − uh

i (t
n +∆t)‖i = inf

p∈P
k
C

‖p− uh
i (t

n +∆t)‖i, (8)
‖v

n+ 1
2

i+ 1
2

− v
n+ 1

2

h (xi+ 1
2
)‖n = inf

q∈P
k
I

‖q − v
n+ 1

2

h (xi+ 1
2
)‖n. (9)Thanks to the Petrov-Galerkin 
onditions, we 
an rewrite (8)-(9) as:

< un+1
i − uh

i (t
n +∆t),

(

x− xi

∆x

)l

>i=0 ∀l = 0, . . . , k, (10)
< v

n+ 1
2

i+ 1
2

− v
n+ 1

2

h (xi+ 1
2
),

(

t− tn+
1
2

∆t

)r

>n=0 ∀r = 0, . . . , k. (11)Using the de
omposition of the solutions in their 
orresponding basis:
un+1
i (x) =

k
∑

j=0

αn+1,j
i

(

x− xi

∆x

)j

,

v
n+ 1

2

i+ 1
2

(t) =

k
∑

s=0

β
n+ 1

2
,s

i+ 1
2

(

t− tn+
1
2

∆t

)s

,



8 Christophe Berthon et al.the minimization problems (10)-(11) are equivalent to solving the two following linear systemsof size k + 1:
k
∑

j=0

αn+1,j
i <

(

x− xi

∆x

)j

,

(

x− xi

∆x

)l

>i =< uh
i (t

n +∆t),

(

x− xi

∆x

)l

>i ∀l = 0, . . . , k,(12)
k
∑

s=0

β
n+ 1

2
,s

i+ 1
2

<

(

t− tn+
1
2

∆t

)s

,

(

t− tn+
1
2

∆t

)r

>n =< v
n+ 1

2

h (xi+ 1
2
),

(

t− tn+
1
2

∆t

)r

>n ∀r = 0, . . . , k.(13)The left hand sides in (12)-(13) have the same form independently of λ:
<

(

x− xi

∆x

)j

,

(

x− xi

∆x

)l

>i=
1

j + l + 1

(

1

2

)j+l+1
[

1− (−1)j+l+1
]

=Au(j, l),

<

(

t− tn+
1
2

∆t

)s

,

(

t− tn+
1
2

∆t

)r

>n=
1

s+ r + 1

(

1

2

)s+r+1
[

1− (−1)s+r+1
]

=Av(s, r).The right hand sides in (12)-(13) will have two expressions depending on the value of λ. If weassume a > 0, we have in the expli
it 
ase:
< uh

i (t
n +∆t),

(

x− xi

∆x

)l

>i=

k
∑

j=0

β
n+ 1

2
,j

i− 1
2

1

∆x

∫ x
i− 1

2

+a∆t

x
i− 1

2





tn+1 −
x−x

i− 1
2

a
− tn+

1
2

∆t





j
(

x− xi

∆x

)l

dx

+

k
∑

j=0

αn,j
i

1

∆x

∫ x
i+1

2

x
i− 1

2

+a∆t

(

x− a∆t− xi

∆x

)j (
x− xi

∆x

)l

dx

=

k
∑

j=0

β
n+ 1

2
,j

i− 1
2

J1
ex(j, l) + αn,j

i J2
ex(j, l)

=bu(l),

< v
n+ 1

2

h (xi+ 1
2
),

(

t− tn+
1
2

∆t

)r

>n=

k
∑

s=0

αn,s
i

1

∆t

∫ tn+1

tn

(

1

2
−

a(t− tn)

∆x

)s
(

t− tn+
1
2

∆t

)r

dt

=

k
∑

s=0

αn,s
i Kex(s, r)

=bv(r),



Spa
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tion with unrestri
ted time step 9where the 
oe�
ients J1
ex, J

2
ex and Kex 
an be re
ursively 
omputed:

J1
ex(j, l) =

1

l + 1

[

(

−1

2

)j (

λ−
1

2

)l+1

−

(

1

2

)j (
−1

2

)l+1
]

+
j

λ(l + 1)
J1
ex(j − 1, l+ 1),

J2
ex(j, l) =

1

l + 1

[

(

1

2

)l+1(
1

2
− λ

)j

−

(

λ−
1

2

)l+1(
−1

2

)j
]

−
j

l+ 1
J2
ex(j − 1, l+ 1),

Kex(s, r) =
1

r + 1

[

(

1

2
− λ

)s (
1

2

)r+1

−

(

1

2

)s (
−1

2

)r+1
]

+
sλ

r + 1
Kex(s− 1, r + 1).For the impli
it 
ase, we have:

< uh
i (t

n +∆t),

(

x− xi

∆x

)l

>i=

k
∑

j=0

β
n+ 1

2
,j

i− 1
2

1

∆x

∫ x
i+1

2

x
i− 1

2





tn+1 −
x−x

i− 1
2

a
− tn+

1
2

∆t





j
(

x− xi

∆x

)l

dx

=

k
∑

j=0

β
n+ 1

2
,j

i− 1
2

Jim(j, l)

=bu(l),

< v
n+ 1

2

h (xi+ 1
2
),

(

t− tn+
1
2

∆t

)r

>n=

k
∑

s=0

αn,s
i

1

∆t

∫ tn+∆x
a

tn

(

xi+ 1
2
− a(t− tn)− xi

∆x

)s(

t− tn+
1
2

∆t

)r

dt

+

k
∑

s=0

β
n+ 1

2
,s

i− 1
2

1

∆t

∫ tn+1

tn+∆x
a

(

t− ∆x
a

− tn+
1
2

∆t

)s(

t− tn+
1
2

∆t

)r

dt

=

k
∑

s=0

αn,s
i K1

im(s, r) + β
n+ 1

2
,s

i− 1
2

K2
im(s, r)

=bv(r),where the 
oe�
ients Jim,K1
im and K2

im 
an be re
ursively 
al
ulated:
Jim(j, l) =

1

l + 1

[

(

1

2
−

1

λ

)j (
1

2

)l+1

−

(

1

2

)j (
−1

2

)l+1
]

+
j

λ(l + 1)
Jim(j − 1, l+ 1),

K1
im(s, r) =

1

r + 1

[

(

−1

2

)s(
1

λ
−

1

2

)r+1

−

(

1

2

)s(
−1

2

)r+1
]

+
sλ

r + 1
K1

im(s− 1, r + 1),

K2
im(s, r) =

1

r + 1

[

(

1

2
−

1

λ

)s(
1

2

)r+1

−

(

−1

2

)s(
1

λ
−

1

2

)r+1
]

+
s

r + 1
K2

im(s− 1, r + 1).The 
omputations are similar in the 
ase a < 0.In pra
ti
e, the method 
an be summarized in the following way:
◦ At the initial time, the solution u0

i (x) is known inside ea
h 
ell, and the solution v
1
2 (t) isknown on the 
orresponding boundary of the domain (left if a > 0, right if a < 0).

◦ The mesh is ran from the left to the right if a > 0, from the right to left otherwise.
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◦ Inside ea
h volume Kn

i , two linear systems of size k + 1 have to be solved to 
ompute theupdates un+1
i (x) and v

n+ 1
2

i+ 1
2

(t) if a > 0, vn+ 1
2

i− 1
2

(t) if a < 0:
Auα

n+1
i = bu, (14)

Avβ
n+ 1

2

i+ 1
2

= bv. (15)At the end of the iteration, the two approximations un+1(x) and vn+
1
2 (t) of the solution arestill in their respe
tive spa
es Pk

C and Pk
I by 
onstru
tion. Sin
e the matri
es Au of the system(14) and Av of the system (15) do not depend on spa
e and time, they have to be 
omputedand inverted only on
e.Example When k = 0, i.e. the 
onstant 
ase, we have:

un
i (x) = αn

i ∈ R,

v
n+ 1

2

i− 1
2

(t) = β
n+ 1

2

i− 1
2

∈ R,and the 
orresponding s
hemes are:Expli
it (λ ≤ 1):


v
n+ 1

2

i+ 1
2

= un
i ,

un+1
i = λv

n+ 1
2

i− 1
2

+ (1 − λ)un
i ,Impli
it(λ > 1):



un+1
i = v

n+ 1
2

i− 1
2

,

v
n+ 1

2

i+ 1
2

= 1
λ
un
i + (1 − 1

λ
)v

n+ 1
2

i− 1
2

.We note that the resulting s
heme is nothing but the upwind s
heme.When k = 1, we have:
un
i (x) = αn,0

i + αn,1
i x,

v
n+ 1

2

i− 1
2

(t) = β
n+ 1

2
,0

i− 1
2

+ β
n+ 1

2
,1

i− 1
2

t,and the 
orresponding expli
it s
heme reads:






























αn+1,0
i = αn,0

i (1 − λ)− λ
2 (1− λ)αn,1

i + λβ
n+ 1

2
,0

i− 1
2

,

αn+1,1
i = 6λ(1− λ)[αn,0

i − β
n+ 1

2
,0

i− 1
2

] + (1− λ)(1 − 2λ− 2λ2)αn,1
i − λ2β

n+ 1
2
,1

i− 1
2

,

β
n+ 1

2
,0

i+ 1
2

= αn,0
i + 1−λ

2 αn,1
i ,

β
n+ 1

2
,1

i+ 1
2

= −λαn,0
i .It is to note that this expli
it s
heme turns out to be equivalent to the one developed by Daiand Woodward in [13℄. Their s
heme, based on moment 
onservation for non linear equations ishowever only de�ned in the expli
it 
ase.In addition to be rather simple to write, we 
an prove that the s
heme we developed is
onservative and of order k + 1 in spa
e and in time.



Spa
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tion with unrestri
ted time step 11Theorem 1 The s
heme is 
onservative on its �rst moment αn,0 and exa
tly preserves thepolynomials of degree k.Let us emphasize that the s
heme is only 
onservative with respe
t to its �rst moment. Therefore,if it is used in a �nite volumes 
ontext, the higher order moments have to be understood as high-order 
orre
tions.Proof By de�nition of the s
heme:
∑

i

αn+1,0
i =

∫

R

uh(x, tn+1)dx,

=

∫

R

uh(x− a∆t, tn)dx =
∑

i

αn,0
i ,and therefore the s
heme is 
onservative on its �rst moment.To simplify the 
al
ulations, we suppose that a > 0 and use an indu
tion pro
edure.We �rst 
onsider the expli
it s
heme.

◦ At time t = 0, the initial solution is polynomial: u0(x) ∈ Rk[X ].
◦ At time t = tn, we suppose that the solution given by the s
heme is the exa
t solution:

un(x) = u0(x− atn). In parti
ular, un(x) ∈ Rk[X ].We want to prove that the exa
t solution is still preserved by the s
heme at time t = tn+∆t.� Considered approximation: inside ea
h 
ell Ci of the domain at time tn, we have un
i (x) =

un(x) Ci
, whi
h is the proje
tion of un(x) onto the spa
e Pk

C . Sin
e un(x) is a polynomialof degree k, its proje
tion {un
i (x)}i∈Z onto the spa
e Pk

C is the exa
t polynomial writtenin the 
orresponding basis.� Evolution step: this step 
onsists in doing an exa
t evolution of the solution. If we fo
uson the volume Kn
i , the exa
t solution on the left interfa
e xi− 1

2
is:

v
n+ 1

2

h (t, xi− 1
2
) = un

i−1(xi− 1
2
− a(t− tn)) ∈ Rk[X ],and on the right interfa
e xi+ 1

2
:

v
n+ 1

2

h (t, xi+ 1
2
) = un

i (xi+ 1
2
− a(t− tn)) ∈ Rk[X ].The exa
t solution in the 
ell Ci is:

uh
i (x, t

n +∆t) =







v
n+ 1

2

i− 1
2

(

tn+1 −
x−x

i− 1
2

a

)

, if (x − xi− 1
2
) < a∆t,

un
i (x− a∆t), otherwise.� Proje
tion step: the exa
t solutions are proje
ted onto the 
orresponding spa
e Pk. On theleft interfa
e xi− 1

2
, sin
e v

n+ 1
2

h (xi− 1
2
) ∈ Rk[X ], the proje
tion onto Pk

I is exa
t. Thereforethe exa
t solution is a polynomial of degree k. Its proje
tion in Pk
I is hen
e the samepolynomial. So the solution on the interfa
e xi− 1

2
is the exa
t solution:

v
n+ 1

2

i− 1
2

(t) = v
n+ 1

2

h (t, xi− 1
2
) = un

i−1(xi− 1
2
− a(t− tn)).Consequently:

uh
i (x, t

n +∆t) =

{

un
i−1(x− a∆t), if (x− xi− 1

2
) < a∆t,

un
i (x− a∆t), otherwise. = uh

i (x− a∆t, tn)
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e uh
i (t

n) ∈ Rk[X ], uh
i (t

n + ∆t) ∈ Rk[X ] and the proje
tion onto Pk
C is on
e againexa
t.

un+1
i (x) = uh

i (x, t
n +∆t) = un(x− a∆t) Ci

.

◦ Finally, we have un+1(x) = un(x − a∆t) = u0(x − atn+1), so the expli
it s
heme gives theexa
t solution if u0 ∈ Rk[X ].Then we have the impli
it 
ase, where we re
all that a > 0.
◦ At time t = 0, we assume that the initial and left boundary solutions are polynomials ofdegree k: u0(x) ∈ Rk[X ] and vL(t) ∈ Rk[X ].
◦ At time t = tn, we suppose that the solution un(x) given by the s
heme is the exa
t solution:
un(x) = u0(x− atn) ∈ Rk[X ].We want to prove that this exa
t solution is still preserved by the s
heme at time t = tn+∆t.� Considered approximation: inside ea
h 
ell Ci of the domain at time tn, we have un

i (x) =
un(x) Ci

, whi
h is the proje
tion of un(x) onto the spa
e Pk
C . Sin
e un(x) is a polynomialof degree k, its proje
tion {un

i (x)}i∈Z onto the spa
e Pk
C is the exa
t polynomial. On theleft boundary, we have v

n+ 1
2

1
2

(t) = vL(t)
I
n+1

2
, the exa
t solution.� We fo
us on the �rst volume K

n+ 1
2

1 .
• Evolution step: the exa
t solution on the 
ell C1 is:

uh
1 (x, t

n +∆t) = v
n+ 1

2
1
2

(

tn+1 −
x− x 1

2

a

)

= vL

(

tn+1 −
x− x 1

2

a

)

I
n+1

2

,and on the interfa
e x 3
2
:

v
n+ 1

2

h (t, x 3
2
) =

{

un
1 (x 3

2
− a(t− tn)), if (t− tn) < ∆x

a
,

v
n+ 1

2
1
2

(

t− ∆x
a

)

, otherwise.
• Proje
tion step: the exa
t solutions are proje
ted onto the 
orresponding spa
es Pk.On the 
ell C1, sin
e v

n+ 1
2

1
2

(t) ∈ Rk[X ], the proje
tion onto Pk
C is exa
t:

un+1
1 (x) = uh

1 (x, t
n +∆t) = vL

(

tn+1 −
x− x 1

2

a

)Consequently, on the interfa
e x 3
2
we have:

v
n+ 1

2

h (t, x 3
2
) =







v
n− 1

2
1
2

(

t− ∆x
a

)

, if (t− tn) < ∆x
a
,

v
n+ 1

2
1
2

(

t− ∆x
a

)

, otherwise =

{

vL(t−
∆x
a
)

I
n−

1
2
, if (t− tn) < ∆x

a
,

vL(t−
∆x
a
)

I
n+1

2
, otherwise.Sin
e vL(t) ∈ Rk[X ], uh

1 (x, t
n+∆t) ∈ Rk[X ] and the proje
tion onto Pk

I is on
e againexa
t.� We suppose now that we 
al
ulated the exa
t solutions un+1
p (x) and v

n+ 1
2

p+ 1
2

(t) on thevolumes {Kn
p }p=1,...,i−1. We fo
us on the volume Kn

i .
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• Evolution step: the exa
t solution on the 
ell Ci at time tn+1 is:

uh
i (x, t

n +∆t) = v
n+ 1

2

i− 1
2

(

tn+1 −
x− xi− 1

2

a

)

,and on the interfa
e xi+ 1
2
:

v
n+ 1

2

h (t, xi+ 1
2
) =

{

un
i (xi+ 1

2
− a(t− tn)), if (t− tn) < ∆x

a
,

v
n+ 1

2

i− 1
2

(t− ∆x
a
), otherwise.

• Proje
tion step: we proje
t the exa
t solution in the 
orresponding spa
es Pk. On the
ell Ci, sin
e v
n+ 1

2

i− 1
2

(t) ∈ Rk[X ], the proje
tion onto Pk
C is exa
t:

un+1
i (x) = uh

i (x, t
n +∆t) = vi− 1

2

(

tn+1 −
x− x 1

2

a

)Sin
e we have the exa
t solutions on the interfa
es {xp+ 1
2
}p=1,...,i−1, we have:

uh
i (x, t

n +∆t) =



















































un
i−1(x− a∆t), if x > xi− 1

2
+ a∆t−∆x,

un
i−2(x− a∆t), if xi− 1

2
+ a∆t−∆x > x > xi− 1

2
+ a∆t− 2∆x...

un
i−p(x− a∆t), if xi− 1

2
+ a∆t− (p− 1)∆x > x > xi− 1

2
+ a∆t− p∆x

un
i−p−1(x− a∆t), if xi− 1

2
+ a∆t− p∆x > x > xi− 1

2
+ a∆t− (p+ 1)∆x

v
n+ 1

2

i−p− 3
2

(

tn+1 −
x−x

i−p− 3
2

a

)

, otherwise.If we de�ne j = int
(

a∆t
∆x

), sin
e we are on the 
ell Ci, we have:
uh
i (x, t

n +∆t) Ci
=

{

un
i−j(x− a∆t), if x > xi− 1

2
+ a∆t− j∆x

un
i−j−1(x− a∆t), if xi− 1

2
+ a∆t− j∆x > x

= un(x− a∆t) Ci
.Sin
e uh

i (x, t
n +∆t) ∈ Rk[X ], its proje
tion un+1

i (x) onto Pk
C is exa
t. On the rightinterfa
e, we have:

v
1
2

h (t, xi+ 1
2
) =







v
n− 1

2

i− 1
2

(t− ∆x
a
), if (t− tn) < ∆x

a
,

v
n+ 1

2

i− 1
2

(t− ∆x
a
), otherwise.

=

{

vi− 1
2
(t− ∆x

a
)

I
n−

1
2
, if (t− tn) < ∆x

a
,

vi− 1
2
(t− ∆x

a
)

I
n+1

2
, otherwise.Sin
e v

1
2

h (t, xi+ 1
2
) ∈ Rk[X ], its proje
tion v

n+ 1
2

i+ 1
2

(t) onto Pk
I is exa
t.

◦ Finally, the impli
it s
heme gives the exa
t solution if u0(x) ∈ Rk[X ] and v 1
2
(t) ∈ Rk[X ].The s
heme is therefore of order k + 1 in spa
e and time for both impli
it and expli
it 
ases.Furthermore, it is very 
ompa
t. This is an important edge for programming and it will alsosimplify the extension in two dimensions on unstru
tured meshes. To illustrate the method wedeveloped, some numeri
al results are presented in the next se
tion.
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e tables for the expli
it s
heme (left) and impli
it s
heme (right)
k # 
ells L2 error order
1 64 2.501.10−3128 3.633.10−4 2.783256 5.798.10−5 2.648
3 64 1.613.10−8128 1.008.10−9 4.000256 6.300.10−11 4.000
5 64 7.718.10−13128 1.205.10−14 6.001256 1.883.10−16 6.000

k # 
ells L2 error order
1 64 3.388.10−1128 5.452.10−2 2.635256 7.296.10−3 2.902
3 64 4.748.10−5128 2.880.10−6 4.043256 1.570.10−7 4.197
5 64 1.875.10−7128 2.958.10−9 5.986256 4.947.10−11 5.9022.3 Numeri
al resultsThe one-dimensional s
heme is now illustrated on test-
ases. All of them are done with a speed

a = e
2 on a regular mesh and with periodi
 boundary 
onditions.Convergen
e for regular solutionWe 
onsider a regular initial solution in order to test the numeri
al order of a

ura
y: u0(x) =

sin(πx) for x ∈ [−1, 1].Table 1 gives the L2-error between the exa
t solution and the solution given by the expli
it(λ = 0.5) and the impli
it s
hemes (λ = 10) after a time t = 10 s. The expe
ted orders arere
overed. Moreover, we see that the L2-errors are very small. In pra
ti
e for the expli
it s
heme,the 
ode had to be run in quadruple pre
ision be
ause the errors were smaller than the numeri
aldouble pre
ision. Sin
e the 
onsidered time step is larger than with the expli
it one, the errorsare larger, yet still small, for the impli
it s
heme.The spa
e-time GRP s
heme is then 
ompared with the WENO and Dis
ontinuous Galerkin(DG) methods.The WENO method is an extension of the ENO s
heme introdu
ed by Harten and al. [28℄ andwas developed by Liu and al. [36℄. It was extended to higher order and in multi spa
e dimensions(see [31,2,18℄). This s
heme almost respe
ts the maximum prin
iple, but its 
omputational 
ostis rather expensive be
ause of the wide sten
il and the numerous 
oe�
ients it requires.The Dis
ontinuous Galerkin method was developed by Co
kburn and Shu in their series of arti-
les [11,12℄ (see also [19,30℄).Unlike the spa
e-time GRP s
heme, these two methods are designed to approximate non-linearequations, but their 
orresponding high-order impli
it extensions (see [37,42,33℄) are not straight-forward. In addition, the generalization in any order k with the WENO or DG is not immediatein the sense that there is no general formula.From a pra
ti
al point of view, we used for numeri
al experiments the DG method as it waswritten in [11℄. The WENO s
heme is the one proposed in [36℄ but with a TVD Runge-Kuttamethod [27℄.The L2-errors of the third order version of these three methods are 
ompared in Table 2. Wetook the same initial 
onditions as above but sin
e the DG method has a more restri
tive CFL
ondition, we had to take λ = 0.2.The order of a

ura
y is re
overed by ea
h method. However, we see that the errors obtainedwith the WENO s
heme are several orders of magnitude larger than with the two other methods.
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tion with unrestri
ted time step 15Table 2 Comparison of the 
onvergen
e of the three 3rd order methods# 
ells WENO DG Spa
e-time GRP order32 3.158.10−1 1.143.10−4 1.531.10−564 1.078.10−1 1.411.10−5 1.914.10−6 3.00002128 2.405.10−2 1.757.10−6 2.394.10−7 2.99954256 3.148.10−3 2.194.10−7 2.992.10−8 2.99991
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Fig. 3 Comparison of the three methods at t = 1000 sIn pra
ti
e, this implies that 10 times more 
ells are required to obtain the same a

ura
y. TheGRP s
heme and the DG give 
omparable results, but we re
all that the CFL 
ondition of theDG s
heme be
omes more restri
tive when the order in
reases.Dis
ontinuous solutionWe now 
onsider the pie
ewise 
onstant fun
tion:
u0(x) =

{

1, if 0.4 < x < 0.6

−1, otherwiseas initial solution in the domain [0, 1]. The solutions presented here are obtained with 100 
ells.The �rst test-
ase is a 
omparison of the three expli
it methods of order 3: spa
e-time GRP,WENO and DG in long time. The solutions represented in Figure 3 are obtained with λ = 0.2and after a time t = 1000 s. After this very long time, the WENO approximation is smeared andthe exa
t solution 
an hardly be guessed. On the other hand, the DG and GRP approximationsare in a good agreement with the exa
t solution, with a slight edge for the latter. Con
erningthe CPU-time, the DG and spa
e-time GRP s
hemes have a similar 
omputational 
ost whilethe WENO method is 
learly more expensive.From now on, we fo
us on the results of the spa
e-time GRP s
heme to 
he
k that it has theexpe
ted behaviour in long time and with large CFL. The �rst test-
ase is devoted to the impa
tof the degree k of the polynomials in long time, and the se
ond test-
ase shows some results ina very long time.The approximations of the solution for di�erent k are 
ompared on Figure 4 after a time t = 1000 swith λ = 10 and λ = 50.



16 Christophe Berthon et al.
-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

’k=1’
’k=5’
’k=7’

’k=11’
’exact’

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

’k=1’
’k=5’
’k=7’
’k=9’

’exact’

Fig. 4 Solutions at t = 1000 s with λ = 10 (left) and λ = 50 (right)
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Fig. 5 Solution at t = 15000 s with λ = 5 (left) and λ = 20 (right)When k in
reases, in addition to improve the quality of the results, the overshoots are 
on
en-trated around the dis
ontinuities and their amplitudes de
rease. Taking an in
reasing degree k,the approximation 
an be as 
lose to the exa
t solution as expe
ted.The s
heme is now tested on an extremely long time t = 15000 s. Figure 5 shows the resultswith k = 13 for a CFL number λ = 5 and λ = 20.Despite the di�
ulty of the test-
ase (only 100 
ells and an extremely long time), the approx-imations are very 
lose to the exa
t solution. Furthermore, the 
omputational time of su
h aben
hmark is still reasonable. With λ = 5, we have a ratio of 8.3 with k = 3, of 12.8 with k = 2and of 20 with k = 1.If we want an extremely long time and a very large CFL, k eventually has to be very large. Sin
ethe 
ondition number of the matri
es in
reases with k, the numeri
al errors turn to be
ome im-portant for large values of k. In pra
ti
e, we 
an hardly ex
eed k = 15− 20. In su
h a 
ase, oneissue is to use a basis of orthogonal polynomials.Linearized Maxwell equationsNow we use our s
heme to approximate the solutions of the system of linearized Maxwell equa-
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Fig. 6 Maxwell test-
ase: solutions at t = 1 with λ = 5 for k = 0, 1, 2, 3.tions:
∂tBz + ∂xEy = 0,

∂tEy + c2∂xBz = 0,where c is the speed of the light, Bz and Ey stand for the z 
omponent of the magneti
 �eld andthe y 
omponent of the ele
tri
 �eld respe
tively.We perform a simulation involving a left-entering signal representative of a laser impulse:
Bz(x = 0, t) = 0.5 exp

(

−100(t− 0.5)2
)

sin(80(t− 0.5)),

Ey(x = 0, t) = 0,and the initial data is �xed to Bz(x, t = 0) = Ey(x, t = 0) = 0. Finally, the speed of the light isnormalized: c = 1. The main di�
ulty here lies in the fa
t that the solution is fully determined bythe time-dependent left boundary 
ondition, whi
h is very os
illating. The results for k = 0, 1, 2and 3 for λ = 5 are shown in Figure 6 and 
ompared to the exa
t solution.It is to note that the �rst order s
heme 
ompletely fails to reprodu
e the behavior of the solution.In this 
ase where λ = 5, the numeri
al di�usion turns out to be predominant. On the otherhand, from k = 2 the solution is well preserved. Aside from the general order of the method, insu
h a situation with a strongly time-dependant boundary 
ondition, having an approximationof order k+1 on the interfa
es is an important edge sin
e it greatly improves the approximationof the boundary 
ondition.
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Fig. 7 SN test-
ase: solutions at t = 2.5 with λ = 16 for k = 0, 1, 2.
SN model for radiative transferThe obje
tive of this test is to show that our s
heme 
an easily be 
oupled with a suitablenumeri
al method for sour
e terms. We hen
e 
onsider the so-
alled SN model for radiativetransfer:

∂tIj + cµj∂xIj = cσ(aT 4 − Ij), for j = 1 . . .N,where Ij(x, t) is a radiative intensity in the dire
tion µj ∈ [−1 . . . 1], c = 1 is the speed of thelight, a is the Stefan-Boltzmann 
onstant and T is the material temperature. The variable ofinterest here is the radiative energy E(x, t) = 2π
∑

j Ijωj where ωj are quadrature weights (see[40℄).From a numeri
al point of view, we here 
onsider a Strang splitting strategy to deal with thesour
e term. For the sake of simpli
ity, only the �rst moments αn,0
i are 
onsidered when dealingwith the sour
e term. This te
hnique is se
ond-order, but higher-order splitting strategies maybe used if ne
essary.The simulation showed in Figure 7 is obtained with the following setup:

aT 4(x) = e−20x2

,

σ(x) = e−20x2

,

Ij(x, t = 0) = 10−2,

I1(x = −3, t) = 0.3(1− e−t)/ω1, IN (x = 3, t) = (1− e−t)/ωN ,the remaining boundary 
onditions are of Neumann-type. Furthermore, we set N = 16 and
λ = 16. Indeed, sin
e the same time step is used for the whole system, this means that the
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ted time step 19maximum value of λ is 16 (for µ = ±1) but λ is smaller in the other dire
tions. We see in Figure7 that there is a large dis
repan
y between the referen
e solution and the �rst-order s
heme.The se
ond-order s
heme (k = 1) behaves better. Furthermore, using k = 2 slightly improvesthe quality of the solution even though the s
heme is still se
ond-order sin
e it is 
onstrained byStrang's splitting.3 Two-dimensional extension for triangular meshes3.1 Spa
e-time GRP solverIn this se
tion, we introdu
e the extension in two dimensions of the spa
e-time GRP s
heme wepreviously developed in one dimension. We still 
onsider the Cau
hy problem (2). We assumethat we have an unstru
tured mesh made of triangles and a 
onstant time in
rement ∆t. Forthe sake of simpli
ity, the presentation is restri
ted to triangular meshes, but any other polygons
ould be 
onsidered. We denote by (xi, yi) the 
enter of gravity of the triangle Ti and Vi its area.The edges of the triangles Ti are the segments sj . The segment sj = [pj , qj ], pj ∈ R2, qj ∈ R2 isparametrized by:
M = (x, y) ∈ sj ⇔ ∃ ω(x, y) ∈ [0, 1]/M = pj + ω(x, y) −−→pjqj .We de�ne as in one dimension the interfa
es: In+ 1

2

j = (tn, tn+1)× sj .Then we de�ne the set of polynomials of degree k per 
ell (triangle):
P
k
C = {u ∈ L∞(R2)/ u Ti

∈ Rk[X,Y ]}.We 
onsider the 
anoni
al basis of this spa
e:
{(

x− xi

Vi

)p(
y − yi
Vi

)q}

p+q=0,...,k

.The asso
iated dot produ
t on the 
ell Ti is de�ned by:
< f, g >i=

1

Vi

∫∫

Ti

f(x, y)g(x, y) dx dy.We also 
onsider a set of polynomials per interfa
e:
P
k
I = {u ∈ L∞(R2)/ u

I
n+1

2
j

∈ Rk[X,Y ]}and its basis:






(

t− tn+
1
2

∆t

)l

ωm







l+m=0,...,k

.The asso
iated dot produ
t on the interfa
e I
n+ 1

2

j is:
< f, g >n=

1

∆t

∫ tn+1

tn

∫ 1

0

f(t, ω)g(t, ω) dω dt.As in the one-dimensional 
ase, the bases of these two sets of polynomials were 
hosen to sim-plify the 
al
ulations, but other bases su
h as the Legendre polynomials may be 
onsidered forexample.



20 Christophe Berthon et al.
j1 j2

j3

sj1
sj2

sj3

Ω

j1 j2

j3

sj1
sj2

sj3

Ω

Fig. 8 Case one target (left) and 
ase two targets (right)This s
heme on
e again 
onsists in the usual exa
t evolution of high-order approximations andproje
tion steps.Considered approximations: The initial solution is assumed to be a polynomial approx-imation of the solution of degree k inside ea
h triangle: u0
i (x, y) ∈ Pk

C for (x, y) ∈ Ti. On ea
hinterfa
e, the solution is also assumed to be a polynomial approximation of the solution of degree
k: for tn ≤ t ≤ tn+1, (x, y) ∈ sj , u(x, y, t) ≃ v

n+ 1
2

j (t, ω(x, y)) ∈ Pk
I .Evolution step: The solutions are exa
tly evolved during a time step. Thanks to the linearityof the equation, the exa
t evolution of the solutions 
an still be 
omputed using the 
hara
teristi
smethod. In the 
ell Ti, we 
onsider that the dire
tion of the �ux lies between the dire
tions ofthe two segments sj1 and sj2. Depending on the sense of the �ux Ω, we have two 
ases to dealwith (see Fig 8):

◦ 
ase one target: the �ux enters in the 
ell through sj1 and sj2,
◦ 
ase two targets: the �ux enters through the third segment sj3.In ea
h 
ase, we have two sub
ases to 
onsider (see Fig 9):
◦ expli
it 
ase: some of the 
hara
teristi
 lines 
oming from the 
ell Ti at time tn 
ross the 
ell
Ti at time tn+1,

◦ impli
it 
ase: all the 
hara
teristi
 lines 
oming from Ti at time tn 
ross �rst an interfa
e.We 
an note that, depending on the size of the 
ells, we 
an have both expli
it and impli
it 
asesduring the same time step.As a 
onvention, we denote by snj the jth segment at time tn and sn+1
j the jth segment attime tn+1. We 
all In+ 1

2

j the re
tangular interfa
e delimited by sj and (tn, tn+1). The 
hoi
e ofparametrization of the segments sj implies that its two edges are ordered: sj = [pj , qj ].In the following, we detail the 
omputations for the impli
it 
ase one target. The other three
ases are detailed in the appendix.Case one target (impli
it):
◦ We know the solution un

i (x, y) in the 
ell Ti at time tn and the solutions v
n+ 1

2

j1 (t, ω) and
v
n+ 1

2

j2 (t, ω) on the interfa
es In+ 1
2

j1 and I
n+ 1

2

j2 .
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Fig. 9 Expli
it 
ase (left) and impli
it 
ase (right) for the 
ase one target
b
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F1
j2 F1
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Fig. 10 In
oming solutions on the interfa
e (left) and on the 
ell (right) for the impli
it 
ase one target
◦ We 
all θ3 the interse
tion between the 
hara
teristi
 line 
oming from the node j3 and theinterfa
e I

n+ 1
2

j3 . We 
all M3 the proje
tion of θ3 on snj3 and M ′
3 its proje
tion on sn+1

j3 (seeFig 10).
◦ The exa
t solution on the 
ell Ti at time tn+1 is:

uh
i (x, y, t

n+1) =

{

v
n+ 1

2

j1 (t1(x, y), ω1(x, y)), if (x, y) ∈ F1
j1

v
n+ 1

2

j2 (t2(x, y), ω2(x, y)), if (x, y) ∈ F1
j2



22 Christophe Berthon et al.where t1, ω1, t2 and ω2 are the 
orresponding 
hanges of variables:
ω1(x, y) =

Ωx(y − ypj1
− aΩy(t

n +∆t)) −Ωy(x− xpj1 − aΩx(t
n +∆t))

Ωx(yqj1 − ypj1
)−Ωy(xqj1 − xpj1

)

t1(x, y) =







xpj1
+ω1(x,y)(xqj1

−xpj1
)−x

aΩx
+ tn +∆t, if Ωx 6= 0

ypj1
+ω1(x,y)(yqj1

−ypj1
)−y

aΩy
+ tn +∆t, otherwise

ω2(x, y) =
Ωx(y − ypj2

− aΩy(t
n +∆t)) −Ωy(x− xpj2 − aΩx(t

n +∆t))

Ωx(yqj2 − ypj2
)−Ωy(xqj2 − xpj2

)

t2(x, y) =







xpj2
+ω2(x,y)(xqj2

−xpj2
)−x

aΩx
+ tn +∆t, if Ωx 6= 0

ypj2
+ω2(x,y)(yqj2

−ypj2
)−y

aΩy
+ tn +∆t, otherwise

◦ The exa
t solution on the interfa
e I
n+ 1

2

j3 is:
v
n+ 1

2

h (t, ωj3) =











un
i (x1(t, ω), y1(t, ω)), if (t, ω) ∈ Di

v
n+ 1

2

j1 (t3(t, ω), ω3(t, ω)), if (t, ω) ∈ D1
j1

v
n+ 1

2

j2 (t4(t, ω), ω4(t, ω)), if (t, ω) ∈ D1
j2with:

x1(t, ω) = xpj3
+ ω(xqj3 − xpj3

)− aΩx(t− tn)

y1(t, ω) = ypj3
+ ω(yqj3 − ypj3

)− aΩy(t− tn)

t3(t, ω) =
c13(ypj1

− yqj1 ) + c23(xqj1 − xpj1
)

d3

ω3(t, ω) =
ac23Ωx − ac13Ωy

d3

c13 = xpj3
− xpj1

+ ω(xqj3 − xpj3
)− aΩxt

c23 = ypj3
− ypj1

+ ω(yqj3 − ypj3
)− aΩyt

d3 = aΩx(yqj1 − ypj1
)− aΩy(xqj1 − xpj1

)

t4(t, ω) =
c14(ypj2

− yqj2 ) + c24(xqj2 − xpj2
)

d4

ω4(t, ω) =
ac24Ωx − ac14Ωy

d4

c14 = xpj3
− xpj2

+ ω(xqj3 − xpj3
)− aΩxt

c24 = ypj3
− ypj2

+ ω(yqj3 − ypj3
)− aΩyt

d4 = aΩx(yqj2 − ypj2
)− aΩy(xqj2 − xpj2

)Proje
tion step: The exa
t solutions are now proje
ted onto the spa
e Pk: in the 
ell Ti attime tn+1, the exa
t solution is proje
ted onto Pk
C , and on the interfa
es I

n+ 1
2

j , the solution isproje
ted onto P
k
I . For the impli
it 
ase one target, this leads to two minimization problems:

‖un+1
i − uh

i (t
n +∆t)‖i = inf

p∈P
k
C

‖p− uh
i (t

n +∆t)‖i, (16)
‖v

n+ 1
2

j3 − v
n+ 1

2

h (ωj3)‖
n = inf

q∈P
k
I

‖q − v
n+ 1

2

h (ωj3)‖
n, (17)
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tion with unrestri
ted time step 23Thanks to the Petrov-Galerkin 
onditions, we 
an rewrite (16)-(17) as:
< un+1

i − uh
i (t

n+1),

(

x− xi

Vi

)l(
y − yi
Vi

)m

>i= 0 ∀ l +m = 0, . . . , k, (18)
< v

n+ 1
2

j3 − v
n+ 1

2

h (ωj3),

(

t− tn+
1
2

∆t

)l

ωm >n= 0 ∀ l +m = 0, . . . , k, (19)Using the de
omposition of the solutions in their 
orresponding basis:
un+1
i (x, y) =

k
∑

p+q=0

αn+1,p,q
i

(

x− xi

Vi

)p(
y − yi
Vi

)q

,

v
n+ 1

2

j1 (t, ω) =

k
∑

p+q=0

β
n+ 1

2
,p,q

j1

(

t− tn+
1
2

∆t

)p

ωq,

v
n+ 1

2

j2 (t, ω) =

k
∑

p+q=0

β
n+ 1

2
,p,q

j2

(

t− tn+
1
2

∆t

)p

ωq,

v
n+ 1

2

j3 (t, ω) =

k
∑

p+q=0

β
n+ 1

2
,p,q

j3

(

t− tn+
1
2

∆t

)p

ωq,the minimization problems (18)-(19) are equivalent to solving the two following linear systemsof size (k+1)(k+2)
2 :

k
∑

p+q=0

αn+1,p,q
i < un+1

i ,

(

x− xi

Vi

)l(
y − yi
Vi

)m

>i=< uh
i (t

n+1),

(

x− xi

Vi

)l(
y − yi
Vi

)m

>i ∀ l +m = 0, . . . , k,

k
∑

p+q=0

β
n+ 1

2
,p,q

j3 < v
n+ 1

2

j3 ,

(

t− tn+
1
2

∆t

)l

ωm >n=< v
n+ 1

2

h (ωj3),

(

t− tn+
1
2

∆t

)l

ωm >n ∀ l+m = 0, . . . , kFor the left hand sides, we have:
< un+1

i ,

(

x− xi

Vi

)l(
y − yi
Vi

)m

>i =
1

Vi

∫∫

Ti

(

x− xi

Vi

)p+l(
y − yi
Vi

)p+m

dx dy

= Ai(p, q, l,m),

< v
n+ 1

2

j ,

(

t− tn+
1
2

∆t

)l

ωm >n =
1

∆t

∫∫

I
n+1

2
j

(

t− tn+
1
2

∆t

)p+l

ωq+mdt dω

=
1

(p+ l + 1)(q +m+ 1)

[

(

1

2

)p+l+1(

−
1

2

)q+m+1
]

= Aj(p, q, l,m).



24 Christophe Berthon et al.For the right hand sides, we have for the impli
it 
ase one target (18)-(19):
< uh

i (t
n +∆t),

(

x− xi

Vi

)l(
y − yi
Vi

)m

>i=

k
∑

p+q=0

β
n+ 1

2
,p,q

j1 Jp,q,l,m
im,j1 + βn+1,p,q

j2 Jp,q,l,m
im,j2

=bi(l,m),

< v
n+ 1

2

h (ωj3),

(

t− tn+
1
2

∆t

)l

ωm >n=
k
∑

p+q=0

αn,p,q
i Kp,q,l,m

im,i + β
n+ 1

2
,p,q

j1 Kp,q,l,m
im,j1 + βn+1,p,q

j2 Kp,q,l,m
im,j2

=bj3(l,m)where the 
oe�
ients are given by:
Jp,q,l,m
im,j1 =

1

Vi

∫∫

F1
j1

(

t1(x, y)− tn+
1
2

∆t

)p

ω1(x, y)
q

(

x− xi

Vi

)l(
y − yi
Vi

)m

dx dy

Jp,q,l,m
im,j2 =

1

Vi

∫∫

F1
j2

(

t2(x, y)− tn+
1
2

∆t

)p

ω2(x, y)
q

(

x− xi

Vi

)l(
y − yi
Vi

)m

dx dy

Kp,q,l,m
im,i =

1

∆t

∫∫

Di

(

x1(t, ω)− xi

Vi

)p (
y1(t, ω)− yi

Vi

)q
(

t− tn+
1
2

∆t

)l

ωmdt dω

Kp,q,l,m
im,j1 =

1

∆t

∫∫

D1
j1

(

t3(t, ω)− tn+
1
2

∆t

)p

ω3(t, ω)
q

(

t− tn+
1
2

∆t

)l

ωmdt dω

Kp,q,l,m
im,j2 =

1

∆t

∫∫

D1
j2

(

t4(t, ω)− tn+
1
2

∆t

)p

ω4(t, ω)
q

(

t− tn+
1
2

∆t

)l

ωmdt dω.Although these numerous 
oe�
ients seem 
ompli
ated, they are all obtained in the same wayon
e we know the 
hanges of variables and the areas for the exa
t solutions.In pra
ti
e, the method 
an be summarized in the following way:
◦ At the initial time, the solution u0(x, y) is known inside ea
h triangle Ti and the solution
v

1
2 (t, ω) is known on the interfa
es sj of the boundary where the �ux enters: nsj ·Ω < 0, with

nsj the outgoing normal to the segment sj .
◦ An order to run the interfa
es is de�ned to insure that the exa
t solution 
an be 
al
ulated.
◦ On ea
h interfa
e I

n+ 1
2

j , the 
orresponding linear system of size (k+1)(k+2)
2 has to be solvedto 
ompute the update v

n+ 1
2

j (t, ω):
k
∑

p+q=0

β
n+ 1

2
,p,q

j Aj(p, q, l,m) = bj(l,m) ∀ l +m = 0, . . . , k.

◦ Inside ea
h 
ell Ti at time tn+1, the 
orresponding linear system of size (k+1)(k+2)
2 has to besolved to 
ompute the updates un+1

i (x, y):
k
∑

p+q=0

αn+1,p,q
i Ai(p, q, l,m) = bi(l,m) ∀ l +m = 0, . . . , k.
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tion with unrestri
ted time step 25We note that the matri
es do not depend on time. On ea
h 
ell, the matrix has then to be
omputed and inverted on
e. On the interfa
es, we also note that the matri
es do not depend onspa
e, so only one matrix has to be 
omputed and inverted for all the interfa
es.Theorem 2 The s
heme exa
tly preserves the polynomials of degree k.Proof The proof is similar to the one-dimensional 
ase.Finally, the resulting s
heme is of order k + 1 in spa
e and time. Moreover, we treat theexpli
it and impli
it 
ases simultaneously. From a numeri
al point of view, the main di�
ulty
omes from the 
omputation of the integrals in the matri
es and in the right hand sides of thesystems. To simplify their 
omputations, some quadrature methods of order 2k 
an be used.To illustrate the method, some numeri
al results are presented in the next se
tion.3.2 Numeri
al resultsNumeri
al order evaluationIn this �rst test-
ase, the numeri
al order of the 2D s
heme is evaluated in the same fashionas it was done in 1D. Indeed, we 
onsider the solution u(x, y, t) = sin(π(x − t)) on the domain
[0, 1]2 × [0, 1.5]. Therefore, the initial and left boundary 
onditions are �xed a

ordingly:

u0(x, y) = sin(πx) and u(0, y, t) = sin(−πt).The results for λ = 0.9 are summarized in Table 3.The meshes were obtained using the Triangle software (http://www.
s.
mu.edu/ quake/triangle.html)Table 3 Convergen
e rate for the 2D s
hemenumber of 
ells max. 
ell area L2 error (k = 1) order L2 error (k = 2) order16677 9.998e-5 3.504e-5 2.01 4.59e-7 3.220411 8.000e-5 1.388e-5 1.97 1.54e-7 3.9233242 5.000e-5 8.731e-6 - 4.98e-8 -and are not re�nement of one another.The expe
ted orders of a

ura
y are re
overed. As in 1D, the L2 errors are very small.Adve
tion of a dis
This test-
ase is done with a speed a = 5 on an unstru
tured mesh. The domain is a 20 ×2re
tangle meshed with 66498 
ells, whose smallest triangle has an area of 1.95.10−4. For the sakeof simpli
ity, it is 
hosen long enough to avoid dealing with periodi
 boundary 
onditions. We
ompare here the s
hemes of order 1, 2 and 3 (k = 0, 1, 2). The initial solution is a dis
 on theleft part of the domain (see Figure 11):
u0(x, y) =

{

1, if (x− 0.6)2 + (y − 1)2 < 0.25

0, otherwiseFor ea
h degree k of polynomials, the test-
ase is run with CFL numbers of 0.5 and 10. Thesolutions are given at time t = 3.6 s on Figures 12-13-14. In order to see the mesh and the
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Fig. 11 Initial solution and 
omputational domain
Fig. 12 Zoomed solution and 
ontour lines of 0.1, 0.5, 0.9 for k = 0 with CFL = 0.5 (left) and 10 (right)
Fig. 13 Zoomed solution and 
ontour lines of 0.1, 0.5, 0.9 for k = 1 with CFL = 0.5 (left) and 10 (right)
Fig. 14 Zoomed solution and 
ontour lines of 0.1, 0.5, 0.9 for k = 2 with CFL = 0.5 (left) and 10 (right)
Fig. 15 Mesh, zoomed solution and 
ontour lines of 0.1, 0.5, 0.9 for k = 2 with CFL = 0.5
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Fig. 16 Cuts of the solution along y = 1 with CFL = 0.5(left) and 10 (right)
Fig. 17 Zoomed solution and 
ontour lines of 0.1, 0.5, 0.9 for k = 2 with CFL = 0.5 (left) and 10 (right)number of 
ells in the dis
ontinuity, Figure 15 shows the same result than Figure 14 with the
orresponding mesh. For a better visibility, the results are zoomed in x between 17 and 20 andthree 
ontour lines of 0.1, 0.5 and 0.9 are added on ea
h �gure. We globally note that the resultsare more di�used in the dire
tion of the �ux. The behaviour of the solutions with the di�erentdegrees k is really 
lose to the one-dimensional 
ase.To have a better 
omparison of the results, some 
uts along the axis y = 1 are represented onFigure 16. For a better visibility, the graphs are also zoomed in x between 17 and 20.The same experiment is done with a square initial solution:

u0(x, y) =

{

1, if (x, y) ∈ [0.2, 1.2]× [0.5, 1.5]

0, otherwise.The results are shown on Figure 17. On
e again, we observe that this approximation is very 
loseto the exa
t solution, and espe
ially, the angles are preserved.Figure 18 is done with the dis
 initial solution on a domain with three times more 
ells whosesmallest triangle has an area of 4.94.10−5. We took k = 2 and a large CFL number (50).In order to test the s
heme in very long time, the last Figure 19 is done with a speed a = 10−3and a CFL number of 20 and shows the solution after a time t = 18000 s. In spite of the verylong time and the large CFL number, the solution given by the s
heme is very 
lose to the exa
tsolution.The last remark 
on
erns the 
hoi
e between re�ning the mesh or taking a smaller CFL number.For a �xed quality of approximation and a given number of 
ells in the mesh, we look for the
orresponding CFL number. We still 
onsider the dis
 initial solution on a re
tangular mesh witha speed a = 5. In Table 4, three 
on�gurations and their 
omputational time are given.We observe that if we 
onsider a mesh four times �ner, the 
orresponding CFL number isdoubled, and the 
omputational time is quadrupled.
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Fig. 18 Zoomed solution and 
ontour lines of 0.1, 0.5, 0.9 for k = 2 with CFL = 50

Fig. 19 Zoomed solution and 
ontour lines of 0.1, 0.5, 0.9 for k = 2 at t = 18000 s with a = 10−3,CFL = 20Table 4 Comparison of 
omputational times for a �xed quality of approximationnumber of 
ells CFL CPU-time
33332 13 13.47
66498 20 25.02
133179 30 50.02

SN modelThis last test-
ase 
on
erns the 2D SN model previously introdu
ed in 1D:
∂tIj + cΩj .∇xIj = cσ(aT 4 − Ij), for j = 1 . . .N,where Ωj ∈ S2 and the other variables have been introdu
ed in the 
orresponding 1D numeri
alexperiment. As in the 1D 
ase, the sour
e term was taken into a

ount using a simple Strangsplitting strategy. On
e again, only the �rst moment of the solution inside the 
ells is used forthis purpose.The radiative energy E =

∑

j Ijωj , where ωj are quadrature weights, is 
omputed with thefollowing setup: N = 16, λ = 4, E(x, t = 0) = 0, aT 4 = 0.01 on a grid made of 15167 trianglesof an hexagonal domain. Two beams are entering the domain with an energy of 1 and two otherwith an energy of 0.5. Two 
omputations 
orresponding to σ = 0.1 and σ = 5 are shown onFigure 20 using k = 1 (whi
h 
orresponds to se
ond-order as Strang's splitting).We 
learly see that, even with k = 1 and λ = 4, that the numeri
al di�usion is negle
table inthe dire
tion transverse to the beams.4 Con
lusionIn this arti
le, we developed a high-order GRP-type s
heme for the linear adve
tion equationwith no restri
tion on the time step. Thanks to the linearity of the equation and our 
hoi
e of
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Fig. 20 Radiative energy at time t = 1.3 for σ = 0.1(l) and σ = 5 (r).proje
tion, the s
heme simply 
onsists in solving one linear system per 
ell and one linear systemper interfa
e. It was proved that the s
heme is of order k + 1 in spa
e and time for k arbitrarylarge. Then, a two-dimensional extension of this s
heme has been developed on unstru
turedmeshes. Again, the time step 
an be 
hosen arbitrary large. Several test-
ases and 
omparisonshave been illustrating the ex
ellent behavior of the s
heme. Moreover, the sour
e terms 
an bein
luded using for instan
e a relevant operator splitting te
hnique.Compared with the standard GRP te
hnique, it has the advantage of being very 
ompa
t forany value of the time step while preserving an order k + 1. It also naturally handles the time-dependant boundary 
onditions and the 
ompa
tness of its sten
il makes its 2D extension easierto program. On the other hand, the additional proje
tions o

uring for very large values of λmakes it slightly less a

urate than the GRP s
heme.Compared with the other existing high-order methods, this spa
e-time GRP s
heme only requiresan initial e�ort for taking the geometry into a

ount. On
e this pri
e has been paid, it is verysimple to 
ode for any value of k (requiring only a relevant quadrature formula). This remarkobviously applies to 3D extensions, whi
h will require an e�ort on the geometry. Finally, thiss
heme is easily parallelizable: for instan
e, we observe a fa
tor 8 on 12 pro
essors with nothingbut OpenMP routines.On the other hand, the extension to nonlinear hyperboli
 systems is far from being trivial. ABGK-type te
hnique seems a promising 
andidate.5 AppendixEvolution step:Case two targets (expli
it):
◦ We know the solution un

i (x, y) in the 
ell Ti at time tn and the solution v
n+ 1

2

j3 (t, ω) on theinterfa
e I
n+ 1

2

j3 .
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Fig. 21 In
oming solutions on the interfa
e (left) and on the 
ell (right) for the expli
it 
ase two targets
◦ We de�ne θ1 as the interse
tion between the 
hara
teristi
 line 
oming from snj3 and thesegment sn+1

j1 . We also de�ne θ2, the interse
tion between the 
hara
teristi
 line 
oming from
snj3 and the segment sn+1

j2 . Then we 
all M1 the proje
tion of θ1 on snj1 and M2 the proje
tionof θ2 on snj2 (see Fig 21).
◦ The exa
t solution on the 
ell Ti at time tn+1 is:

uh
i (x, y, t

n +∆t) =

{

un
i (x1(x, y), y1(x, y)), if (x, y) ∈ F2

i

v
n+ 1

2

j3 (t1(x, y), ω1(x, y)), if (x, y) ∈ F2
j3with:

x1(x, y) = x− aΩx∆t

y1(x, y) = y − aΩy∆t

ω1(x, y) =
Ωx(y − ypj3

− aΩy(t
n +∆t)) −Ωy(x− xpj3 − aΩx(t

n +∆t))

Ωx(yqj3 − ypj3
)−Ωy(xqj3 − xpj3

)

t1(x, y) =







xpj3
+ω1(x,y)(xqj3

−xpj3
)−x

aΩx
+ tn +∆t, if Ωx 6= 0

ypj3
+ω1(x,y)(yqj3

−ypj3
)−y

aΩy
+ tn +∆t, otherwise

◦ The exa
t solution on the interfa
e I
n+ 1

2

j1 is:
v
n+ 1

2

h (t, ωj1) =

{

un
i (x2(t, ω), y2(t, ω)), if (t, ω) ∈ D2

i,1

v
n+ 1

2

j3 (t2(t, ω), ω2(t, ω)), if (t, ω) ∈ D2
j3,1
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ted time step 31with:
x2(t, ω) = xpj1

+ ω(xqj1 − xpj1
)− aΩx(t− tn)

y2(t, ω) = ypj1
+ ω(yqj1 − ypj1

)− aΩy(t− tn)

t2(t, ω) =
c12(ypj3

− yqj3) + c22(xqj3 − xpj3
)

d2

ω2(t, ω) =
ac22Ωx − ac12Ωy

d2

c12 = xpj1
− xpj3

+ ω(xqj1 − xpj1
)− aΩxt

c22 = ypj1
− ypj3

+ ω(yqj1 − ypj1
)− aΩyt

d2 = aΩx(yqj3 − ypj3
)− aΩy(xqj3 − xpj3

)

◦ The exa
t solution on the interfa
e I
n+ 1

2

j2 is:
v
n+ 1

2

h (t, ωj2) =

{

un
i (x3(t, ω), y3(t, ω)), if (t, ω) ∈ D2

i,2

v
n+ 1

2

j3 (t3(t, ω), ω3(t, ω)), if (t, ω) ∈ D2
j3,2with:

x3(t, ω) = xpj2
+ ω(xqj2 − xpj2

)− aΩx(t− tn)

y3(t, ω) = ypj2
+ ω(yqj2 − ypj2

)− aΩy(t− tn)

t3(t, ω) =
c13(ypj3

− yqj3) + c23(xqj3 − xpj3
)

d3

ω3(t, ω) =
ac23Ωx − ac13Ωy

d3

c13 = xpj2
− xpj3

+ ω(xqj2 − xpj2
)− aΩxt

c23 = ypj2
− ypj3

+ ω(yqj2 − ypj2
)− aΩyt

d3 = aΩx(yqj3 − ypj3
)− aΩy(xqj3 − xpj3

)Case one target (expli
it):
◦ We know the solution un

i (x, y) in the 
ell Ti at time tn and the solutions v
n+ 1

2

j1 (t, ω) and
v
n+ 1

2

j2 (t, ω) on the interfa
es Ij1 and I
n+ 1

2

j2 .
◦ We de�ne θ1 as the interse
tion between the 
hara
teristi
 line 
oming from the segment snj1and the segment sn+1

j3 (i.e. su
h that d(snj3, snj1) = a∆t). We also de�ne θ2 as the interse
tionbetween the 
hara
teristi
 line 
oming from the segment snj2 and the segment sn+1
j3 (i.e. su
hthat d(snj3, snj2) = a∆t). Then we 
all M1 the proje
tion of θ1 on snj3 and M2 the proje
tionof θ2 on snj3 (see Fig 22).

◦ The exa
t solution on the 
ell Ti at time tn+1 is:
uh
i (x, y, t

n +∆t) =











un
i (x1(x, y), y1(x, y)), if (x, y) ∈ Fi

v
n+ 1

2

j1 (t1(x, y), ω1(x, y)), if (x, y) ∈ F1
j1

v
n+ 1

2

j2 (t2(x, y), ω2(x, y)), if (x, y) ∈ F1
j2
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Fig. 22 In
oming solutions on the interfa
e (left) and on the 
ell (right) for the expli
it 
ase 1with:
x1(x, y) = x− aΩx∆t

y1(x, y) = y − aΩy∆t

ω1(x, y) =
Ωx(y − ypj1

− aΩy(t
n +∆t)) −Ωy(x− xpj1 − aΩx(t

n +∆t))

Ωx(yqj1 − ypj1
)−Ωy(xqj1 − xpj1

)

t1(x, y) =







xpj1
+ω1(x,y)(xqj1

−xpj1
)−x

aΩx
+ tn +∆t, if Ωx 6= 0

ypj1
+ω1(x,y)(yqj1

−ypj1
)−y

aΩy
+ tn +∆t, otherwise

ω2(x, y) =
Ωx(y − ypj2

− aΩy(t
n +∆t)) −Ωy(x− xpj2 − aΩx(t

n +∆t))

Ωx(yqj2 − ypj2
)−Ωy(xqj2 − xpj2

)

t2(x, y) =







xpj2
+ω2(x,y)(xqj2

−xpj2
)−x

aΩx
+ tn +∆t, if Ωx 6= 0

ypj2
+ω2(x,y)(yqj2

−ypj2
)−y

aΩy
+ tn +∆t, otherwise

◦ The exa
t solution on the interfa
e I
n+ 1

2

j3 is:
v
n+ 1

2

h (t, ωj3) =











un
i (x2(t, ω), y2(t, ω)), if (t, ω) ∈ Di

v
n+ 1

2

j1 (t3(t, ω), ω3(t, ω)), if (t, ω) ∈ D1
j1

v
n+ 1

2

j2 (t4(t, ω), ω4(t, ω)), if (t, ω) ∈ D1
j2
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Fig. 23 In
oming solutions on the interfa
e (left) and on the 
ell (right) for the impli
it 
ase 2with:
x2(t, ω) = xpj3

+ ω(xqj3 − xpj3
)− aΩx(t− tn)

y2(t, ω) = ypj3
+ ω(yqj3 − ypj3

)− aΩy(t− tn)

t3(t, ω) =
(c13(ypj1

− yqj1) + c23(xqj1 − xpj1
)

d3

ω3(t, ω) =
ac23Ωx − ac13Ωy

d3

c13 = xpj3
− xpj1

+ ω(xqj3 − xpj3
)− aΩxt

c23 = ypj3
− ypj1

+ ω(yqj3 − ypj3
)− aΩyt

d3 = aΩx(yqj1 − ypj1
)− aΩy(xqj1 − xpj1

)

t4(t, ω) =
(c14(ypj2

− yqj2) + c24(xqj2 − xpj2
)

d4

ω4(t, ω) =
ac24Ωx − ac14Ωy

d4

c14 = xpj3
− xpj2

+ ω(xqj3 − xpj3
)− aΩxt

c24 = ypj3
− ypj2

+ ω(yqj3 − ypj3
)− aΩyt

d4 = aΩx(yqj2 − ypj2
)− aΩy(xqj2 − xpj2

)Case two targets (impli
it):
◦ We know the solution un

i (x, y) in the 
ell Ti at time tn and the solution v
n+ 1

2

j3 (t, ω) on theinterfa
e I
n+ 1

2

j3 .
◦ We de�ne θ3 as the interse
tion between the 
hara
teristi
 line 
oming from snj3 and thesegment [tn, tn+1] for (x, y) = (xj3, yj3) (see Fig 23).
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◦ The exa
t solution on the 
ell Ti at time tn+1 is:

uh
i (x, y, t

n +∆t) = v
n+ 1

2

j3 (t1(x, y), ω1(x, y)) if (x, y) ∈ Ti,with:
ω1(x, y) =

Ωx(y − ypj3
− aΩy(t

n +∆t)) −Ωy(x− xpj3 − aΩx(t
n +∆t))

Ωx(yqj3 − ypj3
)−Ωy(xqj3 − xpj3

)

t1(x, y) =







xpj3
+ω1(x,y)(xqj3

−xpj3
)−x

aΩx
+ tn +∆t, if Ωx 6= 0

ypj3
+ω4(x,y)(yqj3

−ypj3
)−y

aΩy
+ tn +∆t, otherwise

◦ The exa
t solution on the interfa
e I
n+ 1

2

j1 is:
v
n+ 1

2

h (t, ωj1) =

{

un
i (x1(t, ω, y1(t, ω)), if (t, ω) ∈ D2

i,1

v
n+ 1

2

j3 (t2(t, ω), ω2(t, ω)), if (t, ω) ∈ D2
j3,1with:

x1(t, ω) = xpj1
+ ω(xqj1 − xpj1

)− aΩx(t− tn)

y1(t, ω) = ypj1
+ ω(yqj1 − ypj1

)− aΩy(t− tn)

t2(t, ω) =
(c12(ypj3

− yqj3) + c22(xqj3 − xpj3
)

d2

ω2(t, ω) =
ac22Ωx − ac12Ωy

d2

c12 = xpj1
− xpj3

+ ω(xqj1 − xpj1
)− aΩxt

c22 = ypj1
− ypj3

+ ω(yqj1 − ypj1
)− aΩyt

d2 = aΩx(yqj3 − ypj3
)− aΩy(xqj3 − xpj3

)

◦ The exa
t solution on the interfa
e I
n+ 1

2

j2 is:
v
n+ 1

2

h (t, ωj2) =

{

un
i (x2(t, ω), y2(t, ω)), if (t, ω) ∈ D2

i,2

v
n+ 1

2

j3 (t3(t, ω), ω3(t, ω)), if (t, ω) ∈ D2
j3,2with:

x2(t, ω) = xpj2
+ ω(xqj2 − xpj2

)− aΩx(t− tn)

y2(t, ω) = ypj2
+ ω(yqj2 − ypj2

)− aΩy(t− tn)

t3(t, ω) =
(c13(ypj3

− yqj3) + c23(xqj3 − xpj3
)

d3

ω3(t, ω) =
ac23Ωx − ac13Ωy

d3

c13 = xpj2
− xpj3

+ ω(xqj2 − xpj2
)− aΩxt

c23 = ypj2
− ypj3

+ ω(yqj2 − ypj2
)− aΩyt

d3 = aΩx(yqj3 − ypj3
)− aΩy(xqj3 − xpj3

)
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tion with unrestri
ted time step 35Proje
tion step: The exa
t solutions are respe
tively proje
ted onto the spa
es Pk
C and Pk

I :in the 
ell Ti at time tn+1, the exa
t solution is proje
ted in Pk
C , and on the interfa
es In+ 1

2

j , thesolution is proje
ted in Pk
I . For the 
ase n◦1 expli
it, this leads to the two minimization problems:

‖un+1
i − uh

i (t
n +∆t)‖i = inf

p∈P
k
C

‖p− uh
i (t

n +∆t)‖i, (20)
‖v

n+ 1
2

j3 − v
n+ 1

2

h (ωj3)‖
n = inf

q∈P
k
I

‖q − v
n+ 1

2

h (ωj3)‖
n, (21)for the 
ase n◦2 expli
it, it leads to the three minimization problems:

‖un+1
i − uh

i (t
n +∆t)‖i = inf

p∈P
k
C

‖p− uh
i (t

n +∆t)‖i, (22)
‖v

n+ 1
2

j1 − v
n+ 1

2

h (ωj1)‖
n = inf

q∈P
k
I

‖q − v
n+ 1

2

h (ωj1)‖
n, (23)

‖v
n+ 1

2

j2 − v
n+ 1

2

h (ωj2)‖
n = inf

q∈P
k
I

‖q − v
n+ 1

2

h (ωj2)‖
n., (24)and for the 
ase expli
it two targets, it also leads to three minimization problems:

‖un+1
i − uh

i (t
n +∆t)‖i = inf

p∈P
k
C

‖p− uh
i (t

n+1)‖i, (25)
‖v

n+ 1
2

j1 − v
n+ 1

2

h (ωj1)‖
n = inf

q∈P
k
I

‖q − v
n+ 1

2

h (ωj1)‖
n, (26)

‖v
n+ 1

2

j2 − v
n+ 1

2

h (ωj2)‖
n = inf

q∈P
k
I

‖q − v
n+ 1

2

h (ωj2)‖
n. (27)Thanks to the Petrov-Galerkin 
onditions, we 
an rewrite (20)-(21) as:

< un+1
i − uh

i (t
n +∆t),

(

x− xi

Vi

)l(
y − yi
Vi

)m

>i=0 ∀l +m = 0, 1, . . . , k, (28)
< v

n+ 1
2

j3 − v
n+ 1

2

h (ωj3),

(

t− tn+
1
2

∆t

)l

ωm >n=0 ∀l +m = 0, 1, . . . , k. (29)and (22)-(23)-(24) as:
< un+1

i − uh
i (t

n +∆t),

(

x− xi

Vi

)l(
y − yi
Vi

)m

>i= 0 ∀l +m = 0, 1, . . . , k, (30)
< v

n+ 1
2

j1 − v
n+ 1

2

h (ωj1),

(

t− tn+
1
2

∆t

)l

ωm >n= 0 ∀l+m = 0, 1, . . . , k. (31)
< v

n+ 1
2

j2 − v
n+ 1

2

h (ωj2),

(

t− tn+
1
2

∆t

)l

ωm >n= 0 ∀l+m = 0, 1, . . . , k. (32)
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omposition of the solutions in their 
orresponding basis:
un+1
i (x, y) =

k
∑

p+q=0

αn+1,p,q
i

(

x− xi

Vi

)p(
y − yi
Vi

)q

,

v
n+ 1

2

j1 (t, ω) =

k
∑

p+q=0

β
n+ 1

2
,p,q

j1

(

t− tn+
1
2

∆t

)p

ωq,

v
n+ 1

2

j2 (t, ω) =

k
∑

p+q=0

β
n+ 1

2
,p,q

j2

(

t− tn+
1
2

∆t

)p

ωq,

v
n+ 1

2

j3 (t, ω) =
k
∑

p+q=0

β
n+ 1

2
,p,q

j3

(

t− tn+
1
2

∆t

)p

ωq,the minimization problems (28)-(29) are equivalent to solving the two following linear systemsof size (k+1)(k+2)
2 :

k
∑

p+q=0

αn+1,p,q
i < un+1

i ,

(

x− xi

Vi

)l(
y − yi
Vi

)m

>i=< uh
i (t

n +∆t),

(

x− xi

Vi

)l (
y − yi
Vi

)m

>i ∀l +m = 0, . . . , k

k
∑

p+q=0

β
n+ 1

2
,p,q

j3 < v
n+ 1

2

j3 ,

(

t− tn+
1
2

∆t

)l

ωm >n=< v
n+ 1

2

h (ωj3),

(

t− tn+
1
2

∆t

)l

ωm >n ∀l +m = 0, . . . , k.and (30)-(31)-(32) are equivalent to solving three linear systems of size (k+1)(k+2)
2 :

k
∑

p+q=0

αn+1,p,q
i < un+1

i ,

(

x− xi

Vi

)l(
y − yi
Vi

)m

>i=< uh
i (t

n +∆t),

(

x− xi

Vi

)l (
y − yi
Vi

)m

>i ∀l +m = 0, . . . , k

k
∑

p+q=0

β
n+ 1

2
,p,q

j1 < v
n+ 1

2

j1 ,

(

t− tn+
1
2

∆t

)l

ωm >n=< v
n+ 1

2

h (ωj1),

(

t− tn+
1
2

∆t

)l

ωm >n ∀l +m = 0, . . . , k,

k
∑

p+q=0

β
n+ 1

2
,p,q

j2 < v
n+ 1

2

j2 ,

(

t− tn+
1
2

∆t

)l

ωm >n=< v
n+ 1

2

h (ωj2),

(

t− tn+
1
2

∆t

)l

ωm >n ∀l +m = 0, . . . , k.The matri
es are the same that in the 
ase n◦1 impli
it and the 
ase n◦2 expli
it. For the righthand sides, we have �rst for the 
ase n◦1 expli
it:
< uh

i (t
n +∆t),

(

x− xi

Vi

)l(
y − yi
Vi

)m

>i=

k
∑

p+q=0

αn,p,q
i Jp,q,l,m

ex,i + β
n+ 1

2
,p,q

j1 Jp,q,l,m
ex,j1 + βn+1,p,q

j2 Jp,q,l,m
ex,j2

=bi(l,m),

< v
n+ 1

2

h (ωj3),

(

t− tn+
1
2

∆t

)l

ωm >n=
k
∑

p+q=0

αn,p,q
i Kp,q,l,m

ex,i + β
n+ 1

2
,p,q

j1 Kp,q,l,m
ex,j1 + βn+1,p,q

j2 Kp,q,l,m
ex,j2

=bj3(l,m),
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tion with unrestri
ted time step 37then for the 
ase n◦2 impli
it:
< uh

i (t
n +∆t),

(

x− xi

Vi

)l(
y − yi
Vi

)m

>i=

k
∑

p+q=0

βn+1,p,q
j3 Jp,q,l,m

im,j3

=bi(l,m),

< v
n+ 1

2

h (ωj1),

(

t− tn+
1
2

∆t

)l

ωm >n=

k
∑

p+q=0

αn,p,q
i Kp,q,l,m

im,i + β
n+ 1

2
,p,q

j3 Kp,q,l,m
im,j3

=bj1(l,m),

< v
n+ 1

2

h (ωj2),

(

t− tn+
1
2

∆t

)l

ωm >=
k
∑

p+q=0

αn,p,q
i Mp,q,l,m

im,i + β
n+ 1

2
,p,q

j3 Mp,q,l,m
im,j3

=bj2(l,m)and for the 
ase expli
it two targets:
< uh

i (t
n +∆t),

(

x− xi

Vi

)l(
y − yi
Vi

)m

>i=

k
∑

p+q=0

αn,p,q
i Jp,q,l,m

ex,i + βn+1,p,q
j3 Jp,q,l,m

ex,j3

=bi(l,m),

< v
n+ 1

2

h (ωj1),

(

t− tn+
1
2

∆t

)l

ωm >n=
k
∑

p+q=0

αn,p,q
i Kp,q,l,m

ex,i + β
n+ 1

2
,p,q

j3 Kp,q,l,m
ex,j3

=bj1(l,m),

< v
n+ 1

2

h (ωj2),

(

t− tn+
1
2

∆t

)l

ωm >n=

k
∑

p+q=0

αn,p,q
i Mp,q,l,m

ex,i + β
n+ 1

2
,p,q

j3 Mp,q,l,m
ex,j3

=bj2(l,m),where the 
oe�
ients are given by:
Jp,q,l,m
ex,i =

1

Vi

∫∫

Fi

(

x1(t, ω)− xi

Vi

)p(
y1(t, ω)− yi

Vi

)q (
x− xi

Vi

)l (
y − yi
Vi

)m

dx dy

Jp,q,l,m
ex,j1 =

1

Vi

∫∫

F1
j1

(

t1(x, y)− tn+
1
2

∆t

)p

ω1(x, y)
q

(

x− xi

Vi

)l (
y − yi
Vi

)m

dx dy

Jp,q,l,m
ex,j2 =

1

Vi

∫∫

F1
j2

(

t2(x, y)− tn+
1
2

∆t

)p

ω2(x, y)
q

(

x− xi

Vi

)l (
y − yi
Vi

)m

dx dy

Kp,q,l,m
ex,i =

1

∆t

∫∫

Di

(

x2(t, ω)− xi

Vi

)p(
y2(t, ω)− yi

Vi

)q
(

t− tn+
1
2

∆t

)l

ωmdt dω

Kp,q,l,m
ex,j1 =

1

∆t

∫∫

D1
j1

(

t3(t, ω)− tn+
1
2

∆t

)p

ω3(t, ω)
q

(

t− tn+
1
2

∆t

)l

ωmdt dω

Kp,q,l,m
ex,j2 =

1

∆t

∫∫

D1
j2

(

t4(t, ω)− tn+
1
2

∆t

)p

ω4(t, ω)
q

(

t− tn+
1
2

∆t

)l

ωmdt dω
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Jp,q,l,m
im,j3 =

1

∆t

∫∫

Ti

(

t1(x, y)− tn+
1
2

∆t

)p

ω1(x, y)
q

(

x− xi

Vi

)l(
y − yi
Vi

)m

dx dy

Kp,q,l,m
im,i =

1

∆t

∫∫

D2
i,1

(

x1(x, y)− xi

Vi

)p(
y1(x, y)− yi

Vi

)q
(

t− tn+
1
2

∆t

)l

ωmdt dω

Kp,q,l,m
im,j3 =

1

∆t

∫∫

D2
j3,1

(

t2(t, ω)− tn+
1
2

∆t

)p

ω2(t, ω)
q

(

t− tn+
1
2

∆t

)l

ωmdt dω

Mp,q,l,m
im,i =

1

∆t

∫∫

D2
i,2

(

x2(x, y)− xi

Vi

)p(
y2(x, y)− yi

Vi

)q
(

t− tn+
1
2

∆t

)l

ωmdt dω

Mp,q,l,m
im,j3 =

1

∆t

∫∫

D2
j3,2

(

t3(t, ω)− tn+
1
2

∆t

)p

ω3(t, ω)
q

(

t− tn+
1
2

∆t

)l

ωmdt dω

Jp,q,l,m
ex,i =

1

Vi

∫∫

F2
i

(

x1(x, y) − xi

Vi

)p(
y1(x, y)− yi

Vi

)q (
x− xi

Vi

)l(
y − yi
Vi

)m

dx dy

Jp,q,l,m
ex,j3 =

1

∆t

∫∫

F2
j3

(

t1(x, y)− tn+
1
2

∆t

)p

ω1(x, y)
q

(

x− xi

Vi

)l (
y − yi
Vi

)m

dx dy

Kp,q,l,m
ex,i =

1

∆t

∫∫

D2
i,1

(

x2(x, y)− xi

Vi

)p(
y2(x, y)− yi

Vi

)q
(

t− tn+
1
2

∆t

)l

ωmdt dω

Kp,q,l,m
ex,j3 =

1

∆t

∫∫

D2
j3,1

(

t2(t, ω)− tn+
1
2

∆t

)p

ω2(t, ω)
q

(

t− tn+
1
2

∆t

)l

ωmdt dω

Mp,q,l,m
ex,i =

1

∆t

∫∫

D2
i,2

(

x3(x, y)− xi

Vi

)p(
y3(x, y)− yi

Vi

)q
(

t− tn+
1
2

∆t

)l

ωmdt dω

Mp,q,l,m
ex,j3 =

1

∆t

∫∫

D2
j3,2

(

t3(t, ω)− tn+
1
2

∆t

)p

ω3(t, ω)
q

(

t− tn+
1
2

∆t

)l
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