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Abstract This work concerns high-order approximations of the linear advection equation in
very long time. A GRP-type scheme of arbitrary high-order in space and time with no restriction
on the time step is developed. In the usual GRP solvers, we consider a polynomial approxima-
tion of the solution in space in each cell at the initial time. Here, we add a second polynomial
approximation of the solution in time in each interface. Thanks to this double approximation,
the resulting scheme is compact. It is proved to be of order k£ + 1 in space and time, where k
is the degree of the polynomials. Thanks to the compactness of the scheme, a two-dimensional
extension is detailed on unstructured meshes made of triangles. Several numerical test-cases and
comparison with existing methods illustrate the excellent behaviour of the scheme.

Keywords GRP solvers - linear systems of conservation laws - arbitrary high-order scheme -
large time steps

1 Introduction

This work is devoted to the derivation of a high-order numerical scheme able to suitably approx-
imate the long-time solutions of linear hyperbolic systems of conservation laws. Such systems
can be written in the following form:

0w + VxMw = 0, (1)

where w(x,t) € R™ is the vector of unknowns and M is a constant matrix which is diagonalizable
in R. Here, we are interested in approximations of the solutions after a very long time with respect
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to the characteristic speeds of the system. After such a long time, the classical schemes [35,41]
produce solutions which are completely smeared, unless an unreasonably fine grid is considered.

Yet, several applications of physical interest involve coupling between phenomena that occur
at very different speeds. An important example concerns kinetic equations such as Boltzmann
[24], Fokker-Planck [29], neutronics [14] and radiative transfer equations [40,39,10], (see [15,21,
22,34] for numerous examples). Usual approximations of these equations, for instance discrete
ordinates or spherical harmonics decomposition methods [14], lead to systems of the form:

Ow + VxMw = S(w)

where S(w) is a source term. These systems may involve drastically different characteristic speeds
from one another, for example the fluid speed versus the speed of the light. Limited by the fastest
phenomenon, the CFL condition for an explicit numerical approximation for coupled problems
may become too restrictive. Thanks to asymptotic-preserving schemes [26,9,8,32], suitable nu-
merical schemes can be written for this system as soon as an efficient scheme for the advection
part is known. It is therefore crucial to use a reliable implicit numerical method for (1) in cou-
pling contexts.

During the last decades, several classes of very efficient numerical schemes were developed for
hyperbolic systems of conservation laws. Some of these methods, such as Discontinous Galerkin
[11,17,16,20,23], ENO/WENO [28,36] and distributive schemes [3,1], have been successfully
used in a wide range of applications (see also [31,2,18,38,12,19,30] for a non-exhaustive list).
Generalized Riemann Problem (GRP) methods [4,25] are an interesting alternative here since
arbitrary high-order explicit GRP schemes can be written by taking advantage of the linear
structure of our problem.

However, all these schemes, which were designed for more general (nonlinear) systems, are ex-
plicit or involve very sophisticated techniques [42,33,37]. Therefore, due to the CFL condition,
their computational cost becomes prohibitive when considering very long times.

The aim of this work is thus to introduce an efficient high-order scheme for linear advection
systems which works for any time step. In practice, involving the transformation matrix P,
the system (1) can often be transformed into a decoupled system of equations for the variable
u = P~ 1. Therefore, for the sake of simplicity, this article focuses on numerical approximations
of the linear advection equation Cauchy problem:

{ 8tu(x, t) + GJQ-VXU(Xv t) = 07 (2)

u(x,t = 0) = ug(x),

where a € R is the speed, and 2 = <gl> is the normalized direction of the velocity.
Y

The paper is organized as follows. The next section is concerned with the one-dimensional
case. First, the principle of the GRP methods is recalled. In particular, arbitrary high-order
explicit GRP schemes are built in the linear case. The space-time extension is then introduced.
The resulting scheme can be defined with no restriction on the time step. It is also proved to be
of order k in space and time for arbitrary large k. In the following section, a two-dimensional
extension is developed on unstructured meshes composed of triangles again for an unrestricted
time increment. It is also proved to be of order k in space and time. Throughout this paper,
the excellent behaviour of the scheme is illustrated on numerical test-cases. The scheme is also
compared with usual high-order methods.
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2 Presentation of the one-dimensional scheme
2.1 Generalized Riemann Problem

For the sake of completeness, we recall first the principle of the Generalized Riemann Problem
method. This method was introduced by Ben-Artzi and Falcovitz in [4] and several extensions
have been derived (see for instance [5,25,6,7]). In this paragraph, we recall the construction of a
GRP high-order space discretization for linear systems. Indeed, all computations can be carried
on due to the linearity of the system.
We consider the equation:

Opu + adyu = 0, (3)

where u(x,t) € R and the speed a is assumed to be positive. The computations for a < 0 are
similar and won’t be recalled here.

We present, the method on a structured mesh with a constant space step Az and a constant time
step At. The mesh is composed of the cells C; = (zF% , zH%) the centers of which are x;. Next
we introduce the set of functions:

PE = {u € L*(R)/ u, € R}, Vi € Z,},
where R{ is the set of polynomials of degree k per cell:
R}, = {uic, € Rg[X]}.

In each cell C;, we consider the following canonical basis:

(=]

This choice of basis was made to simplify the presentation, but another basis such as the Legendre
polynomials may be considered for example. The associated dot product on the cell C; is defined
as follows:

1 ["s
<fore=gz [ @) do

and the associated norm is:
1flli = V< £, f >

As opposed to usual techniques like MUSCL or WENO for instance, the GRP scheme only

involves two steps: exact evolution of a piecewise polynomial approximation and P*-projection
over each cell of the exactly evolved solution.
Considered approximation: First, we consider an initial data u® € P’é. At time t = ", we
assume that an approximation of the solution u"(z) € P% is known. Then we have ul'(z) € R}
for x € C; and 7 € Z. This approximation is now evolved to define an approximated solution
u™t(z) € P& at time t = t" + At.

Evolution step: The approximation u™(z) is exactly evolved during a time step At which
satisfies the CFL condition A = a% < 1. Thanks to the linearity of the equation, this exact
solution u"(z,t™ + At) is easily determined by adopting the characteristics method (see Fig 1).

ul 1 (x — aAt) if Tt <a

i—1 - ) A, )

ul(a, ¢+ At = { .
ul(xz — aAt), if ——=2 >a.

At
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X ul ;(z — aAt) ull (x — aAt)
t=tnt
T—x, 1
2
—r o @
t=1t"
Ti-g up (@) Tieg ui(z) Titd

Fig. 1 Exact evolution of the solution thanks to the characteristics method with a > 0

Projection step: The exact solution u"(z, " +At) is projected on the space P¥,. The updated
solution in the cell C; is therefore the solution of the minimization problem:

[uft —ul (1" + At)|i = inf ||p — uP (™ + At)|;. (4)
pePE,

Thanks to the Petrov-Galerkin conditions, we can rewrite this minimization problem (4) as:

<t —ul(t" + At),p>;=0 VpecPL. (5)
As usual, the Petrov-Galerkin conditions rewrite as a linear system. Indeed, using a decomposition
of u?“ in the following form:

k J
n+1 - ntlj (X~ Ti
uim (z) = E Q; ( A )
T

§=0
the projection step then consists in solving the following linear system of size k + 1:

k 7 l l
n+1,j T — T T — _ Ry T — 1 . _
E o <( AL ) ,( AL ) >= < u(t +At),( AL ) >, VI=0,...,k. (6)

Jj=0

The left hand side in (6) may be rewritten as:

k J l k z, 1 J+l
n+1,j T — Tr— n+1,5 1 g (X — @
% < >i=) «q; —-— dz
Z ¢ ( Az ) ’( Az ! Z ¢ Az J, Az
i-3

Jj=0 Jj=0
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The right hand side in (6) becomes when a > 0:

x. 1+aAt J l
b T — 2 i-1 T — alt —x;_1 T — T
St At = E d
ui (" + )’< Az > >i=) 0 1Am _— < Az > ( Az ) .

+a™i 1 Tird T — aAt — x; Iz — T; ! d
o — T
' Az | taAt Az Az

X,
i-g

—ZO& JI ?le—i_(]vl)
= b?“(l).

The coefficients I; (j,1) and I;"(4,1) can be recursively computed thanks to successive integrations
by parts:

1 1 JH+i+1 I
LN =713 142N = (=20 - (41,0 1),
fn=—(3) (e a2y - G-
1 1 jH+i+1 -
with DG+ 00) =g (5) (- 0-207),

+14+1
pG0=747(3) (=200 - 1] - I G- D,
J

1

ith I (j +1,0) = ——
with [ +1,0) = =

1 ]+l+1
(_) [(1 _ 2)\)j+l+1 _ (_1)j+l+1} )
Finally, since we have a polynomial per cell approximation of the solution at time ¢ = ¢, the
scheme simply consists in solving a linear system of size k 4 1 for each cell C; of the mesh:

sl =, 7

to obtain the updated approximation at time ¢t"*1. Moreover, the approximation u"“( ) of the
solution is in P& by construction. We can note that the matrix A; of the system (7) is the same for
each cell, and does not depend on time, so it has to be computed only once for the whole domain.

The resulting scheme is obviously of order k£ + 1 in space. Using the same idea, an scheme
of order k£ + 1 may be constructed for A > 1 though it would require an extended stencil which
depends on the time step.

2.2 Space-time Generalized Riemann Problem

For sake of simplicity, the term implicit will abusively be used to refer to a situation where A > 1
even though the definition of the scheme does not involve the resolution of a nonlinear system.
Similarly, the term ezplicit will be used to refer to situations where A < 1.

In order to obtain a compact implicit scheme, we now consider an extension of the GRP
method which can deal with unrestricted time steps. We still consider the equation (3). With the
assumptions on the mesh used previously, we denote by I nty = (t,t"T1) the interface between
two time steps and by K]' = C} x I3 the space-time control volumes.
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The scheme consists in the usual: exact evolution of high-order approximations and projection
steps.
Considered approximations and notations: The initial solution is once again assumed to
be a polynomial approximation in space at time ¢ of the solution of degree k; u"(z) € ]P’g.

Now, we also consider a polynomial approximation of the solution in time on each interface:

for t" <t <" w(w;_1,t) ~ anrf( t) € R?. The space R? is defined by:

i—5
Ry ={u|,nry € Re[X]},
and we define the set of polynomials per interface:

¥ ={ue L®R)/ u|,.,; €RE¥neN}.

. 1 . . .
On each interface I 2, we consider the canonical basis:

t— gty
At '
r=0 k

.

Any other suitable basis of R} may be considered if necessary. The associated dot product on
the interface 1" 2 is defined as:

tn+1

<fg>" f)g(t) di.

T A
Evolution step: We let the solution evolve in an exact way until the next time step. The
main difference with the GRP is that we have two approximations of the solution: one on the cells
1

and one on the interfaces. If @ > 0, the solution at time ¢"*! and on the interface Tipl X Itz

is fully determined by the values of u}* and v 2. If a < 0, the solution at time ¢"*! and on the
2
1
it3 15
that the scheme will be compact, since all the information required to compute the solution lies
inside a single cell. Thanks to the linearity of the equation, the exact evolution of the solution is
easy to compute. When a > 0 and A = "At < 1, the exact solutions are:

interface x; 1 X Int3 s fully determined by the values of u}' and v 2 (see Fig 2). This implies

bl

n+ Tz, .
v gl , if (x—2,_1) < aAt
ul(z, t" + At) = 1*% ( a > ( i-3)
ull(xz — aAt), otherwise,

+l
UZ : (t,:cH%) = U?(ZEH% —a(t—1t")).

and when A > 1, we have:

1 r—T;_1
ul(z,t" + At) = v <t"+1 72),

—at—1t")), if(t—t") >4

n+2 ( +
v t,x, 1
h (b Tig) = { .+ (t—2z), otherwise.

a

As a convention, we will speak of explicit case when A < 1 and implicit case when A > 1, although
the scheme will be able to handle both of them similarly.
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ntd Tz, 1
v 2 tn+1 _ 2 n+l zfzi,l
i— a ul'(z — aAt) v Pt - ——=2
i1
2
t =il £ t=¢ntl 1
nt L
v 12 (t _ Ax)
i— a
n+%
vn+ 3 (t) x—x17% Ui_% (t) x—x17%
i-3 t—tn @ s a
ul <x1+% —a(t— t")) U (xz+l a( )
t=1t" t=1t"
ey W) T ey W@ T

Fig. 2 Exact solutions on the volume K in explicit (left) and implicit (right) case

Projection step: The exact solutions are projected onto the spaces ]P”é and P¥ respectively.
The exact solution is projected on ]P”é in the cell C; at time t"*! and the exact solution is
projected onto P’} on the interface Tip1 X (t",t"+1). This leads to two minimization problems:

i = (¢ + A8 = nf llp - i (¢ + A1), 8)
C
+l +l . +l
0y =i @ pll” = inf g = o™ i)l (9)

Thanks to the Petrov-Galerkin conditions, we can rewrite (8)-(9) as:

l
<u?+1—uf(t"+At),($ x) >=0 VI=0,....k (10)
Az
n}  ontd il
<UL (@ig1), vl =0 Vr=0,...,k. (11)
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the minimization problems (10)-(11) are equivalent to solving the two following linear systems
of size k + 1:

k 7 l l
7_l+1aj xr — X; xr — X; o h(n A xr — X; ) _
E o; <:( e ) ,( e ) >; =< u;(t" + t)( e ) >, VI=0,...,k,

7=0
(12)
k 1\ $ 1\ " INT
Zoﬂ“r% <<Tﬁ> ,(Tt > =<y, (ZL'Z-JF%), Tt > VT—O,...,]C.
(13)

The left hand sides in (12)-(13) have the same form independently of A:

r—x;\’ x—z-l 1 1 ARRE i1
[ [ P 1 (—1)
() (F) 7 a) b

:Au(]al)a
t—tn 3T (-t 1 1\ttt
- - - n___ - - 1— (=1 s+r+1
< ( At ) ’< At ) ~ s4r+1(2) (1= (D) ]
=A,(s,r).

The right hand sides in (12)-(13) will have two expressions depending on the value of A. If we
assume a > 0, we have in the explicit case:

—z. 1 j

1 k z. 1+aAt ntl T %i-3 n+ l
Tr—x; +15 1 i-3 t - ——2 —{"T2 Tr—x;
<aul(t™+ At), <—Ag: Z) >i= E ﬂ:ﬁ; ]_Al‘/ ’ Zt Az ") de
. x.

o1 Titd r—adt—z;\? [z —z;\
) _— T 2 d
+Zaz Az /I_lJraAt ( Az ) ( Az ) o

I
[]=
NQ
=
S
&,
Al
Yy
=
—
=
+
Q
=73
&,
@kﬁo
Yy
=
-
=

1 at—t")\° [t—tt5)
(5_ Az)(At)dt
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where the coefficients J!

exr?’

J2, and K., can be recursively computed:

1 —1\’ NNy -\t j
LD =— (=) (A== (=) (= JE(GG—1,141
e Ul =77 (2) ( 2) (2) (2) HBYEY) eaJ = LI+ 1),
I+1 J I+1 7 .
1 1 1 1 1 j .
2 (i) =—— (= ) = (A== ) L2141
Jea(31) =77 (2) (2 ) ( 5 5 el — LI+ 1),
1 1 SN N -1\ s\
K, - - - —(2) (= P Koo(s— 1,7+ 1).
ea(8:7) =77 (2 A) (2) (2) (2) t o Kee(s = Lr 1)

For the implicit case, we have:

l T, 1 n+1 m_mi*% n++ ’ l
hoan T — T ntlg 1 i+ [T -2 -tz T —x;
(" + At >i= == d
<u(t"+ A, ( Ax ) ! Zﬁ“% Ax /Iil At Ax *
2

7=0
nti\" k "4z [ *a(tftn)*x- 3 n+ti\"
ntl A TR S | “ (i i\ [t—trts
<un Ty | T >r= et - Az At

s=0
+ k ﬂ"+%,si/tn+1 AN A Y dt
Tims At Sy s At At

k
_ n,sKl n“l’%quQ
- Q; im(sﬂr) + 617% im(s’ 7")

s=0
:bv(r)a

where the coefficients J;,,, K, and K2, can be recursively calculated:

1 11y /"t oy -\ j
im '; i E— P a - a a 7sz ._Ll 1;
Jim (o1 =777 (2 /\) (2) (2) (2) HSYE) Y +1)
1 “1N\* /1 1\ 1\ /-1\"" sA
K! —— (=) (=== (=) (= Kl (s—1,r+1
(1) =77 (2) (/\ 2) (2) (2) ry1Kim(s = Lral),
1 1 1\*/1\"" 1\ /1 1\ s
2 ol oyt (=Y (o1 2 (.

The computations are similar in the case a < 0.
In practice, the method can be summarized in the following way:

o At the initial time, the solution u?(x) is known inside each cell, and the solution v (t) is

known on the corresponding boundary of the domain (left if a > 0, right if a < 0).
o The mesh is ran from the left to the right if @ > 0, from the right to left otherwise.



10

Christophe Berthon et al.

o Inside each volume K', two linear systems of size k£ + 1 have to be solved to compute the

updates u” " (z) and v?:; (t)ifa>0, v 2(t)if a <0

Aua;”r1 = by, (14)
ntg
AuBTY = b (15)

At the end of the iteration, the two approximations u™*+!(x) and v"*2(t) of the solution are
still in their respective spaces P’g and P¥ by construction. Since the matrices A, of the system
(14) and A, of the system (15) do not depend on space and time, they have to be computed
and inverted only once.

Example When k£ = 0, i.e. the constant case, we have:

ui'(z) =of €R,

1 1
o E () =8} €R,

and the corresponding schemes are:

n+%
Explicit (A < 1): 4+
xplicit (A < 1): il )\n+% .
i - ’Ui,I +(17A)U1,

— n
= u;,

uZ Es
2
un+1 . nJF%
Implicit(A > 1):{ ', 72’
mplici :
p vn—i—% _ l’u,n + (1 B l)vn-i-%
i+s T AT PR

We note that the resulting scheme is nothing but the upwind scheme.

When k = 1, we have:

ul (z) = a?’o + a?’lx,

1 1o i1
o () = B B,
i—3 1—3 =3
and the corresponding explicit scheme reads:
10
a0 = a1 - ) = 31— M) 4 /\ﬂ:j;’ ;
1 1
Q= GA(1 = A)[a0 — 5?_22’0] +(1=2)1—2x =222 — AQﬁfg’l,
+l70 —
By = a4zl
n+l,1 ,0
ﬂH; = =X

It is to note that this explicit scheme turns out to be equivalent to the one developed by Dai
and Woodward in [13]. Their scheme, based on moment conservation for non linear equations is
however only defined in the explicit case.

In addition to be rather simple to write, we can prove that the scheme we developed is

conservative and of order k + 1 in space and in time.
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Theorem 1 The scheme is conservative on its first moment o™° and exactly preserves the
polynomials of degree k.

Let us emphasize that the scheme is only conservative with respect to its first moment. Therefore,
if it is used in a finite volumes context, the higher order moments have to be understood as high-
order corrections.

Proof By definition of the scheme:

Za?ﬂ’o = / ul(x, t" ) de,
. R
= / ul(x — aAt, t")dx = Za?’o,
R i

and therefore the scheme is conservative on its first moment.
To simplify the calculations, we suppose that a > 0 and use an induction procedure.
We first consider the explicit scheme.

o At time ¢ = 0, the initial solution is polynomial: ug(z) € Ry [X].
o At time ¢ = t™, we suppose that the solution given by the scheme is the exact solution:
u"™(z) = uo(x — at™). In particular, u™(z) € Ry[X].
We want to prove that the exact solution is still preserved by the scheme at time ¢ = "™ + At.
— Considered approximation: inside each cell C; of the domain at time ", we have u?(x) =
u™(z)|¢,, which is the projection of u™(z) onto the space Pg,. Since u"(z) is a polynomial
of degree k, its projection {u?(x)};cz onto the space P% is the exact polynomial written
in the corresponding basis.
— Evolution step: this step consists in doing an exact evolution of the solution. If we focus
on the volume K7, the exact solution on the left interface z; 1 is:

1
n+3

op (e, y) = uly (2, — alt — ") € Ry[X],
and on the right interface x, 1

1
n+z

o3 (g y) = ey — alt — 7)) € Ry[X].

The exact solution in the cell C; is:

N[

Yy (g TS if (z—;_1) < aAt
ul (@, " + At) = { i A T ’

ul(xz — aAt), otherwise.

— Projection step: the exact solutions are projected onto the corresponding space P¥. On the

1
left interface z;_1, since vZJrZ (;_1) € Re[X], the projection onto P is exact. Therefore

the exact solution is a polynomial of degree k. Its projection in P¥ is hence the same
polynomial. So the solution on the interface x,_1 is the exact solution:

1 1
) = 2 () = Ul (zy

(%
i— L 7
=3 2

1 a(t —t")).

-

Consequently:

ui_y (x —adt), if (z —z;_1) < adt, —d(a — adt, 1)

h n
u(x, t" + At) =
( ) {uf(m — aAt),  otherwise.
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Since ul(t") € Ry[X], ul(t™ + At) € Rix[X] and the projection onto P is once again
exact.
ul T () = ul(z, " 4+ At) = u" (@ — alt)|q, -

o Finally, we have u"T!(z) = u™(x — aAt) = ug(x — at™™!), so the explicit scheme gives the
exact solution if ug € R[X].

Then we have the implicit case, where we recall that a > 0.

o At time t = 0, we assume that the initial and left boundary solutions are polynomials of
degree k: ug(z) € Ri[X] and v (t) € Ri[X].

o At time t = ¢", we suppose that the solution u"(z) given by the scheme is the exact solution:

u™(x) = uo(x — at™) € Ry[X].

We want to prove that this exact solution is still preserved by the scheme at time ¢t = t™ + At.

— Considered approximation: inside each cell C; of the domain at time ¢", we have u?(x) =

u™(z)|¢,, which is the projection of u™(z) onto the space Pg,. Since u"(z) is a polynomial

of degree k, its projection {ul'(z)};ez onto the space P% is the exact polynomial. On the

1
left boundary, we have vz+2 (t) = vL(t)|In+%, the exact solution.
2

1
— We focus on the first volume K| 2.

e Evolution step: the exact solution on the cell C is:

1 X — L X — L
ul(z, 1" + At) = vT_Z (t"Jrl - —2) =y, <t"+1 - —2)
2 a a

)
s
and on the interface zs:

2

n41 UTll SC% 70’(t7tn))7 if (titn) < %’
(t,xs) = 3
(t,xg) WP (E—AT) | otherwise.
2

e Projection step: the exact solutions are projected onto the corresponding spaces P*.
1
On the cell Cy, since v} 2 (t) € Ry[X], the projection onto P§, is exact:
2

n+1 _h n _ n+17x_$%
up ™ (x) = u(z, it + At) =g (¢ —

Consequently, on the interface T3 we have:

n—i A . A .
anr%(t r3) = Y 2(t_71)’ if (6 —17) < 2 _ vL(t*%”["*%’ if (tftn)<%v
, L3 ) = 1 = ]
" 2 UTFZ (t - %) , otherwise v (t — %) |1"+%’ otherwise.
2

Since vy, (t) € Ri[X], ul (z,t" + At) € Ri[X] and the projection onto P¥ is once again
exact. )

— We suppose now that we calculated the exact solutions u;*!(z) and vZ:f (t) on the
2

volumes {Kg}pzlmqi,l. We focus on the volume K.
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e Evolution step: the exact solution on the cell C; at time t"*! is:

r—T;,_1
ul (z,t" + At) = Z”* <t"+1 #> ,
2

a

and on the interface z; 1:

+35 — i — Az

anrz (t x 1) u?(l'li ; — (l(t tn)), lf (t tn) < Az
" ’ 2 ’U: 12( a )ﬂ Otherwis .
2 [§

e Projection step: we project the exact solution in the corresponding spaces P¥. On the

1
cell C;, since U:_Jrg (t) € Ry[X], the projection onto P§, is exact:

a

ut T (2) = ul(z, 1" + At) = v;_a (t”Jrl — %>
K2 K2 ? 7‘—5

Since we have the exact solutions on the interfaces {$p+%}p:1,---7i717 we have:

ull_ | (x — aAt), if x>z, 1 +adt - Az,
ull o(x — aAt), ifz; 1 +adt—Av >z >z, 1 +adi—2Ax
uf (@, 1" + At) = up ,(z — aAt), ifw,_1+adt—(p—1)Az>x>z_1 +all - pAx
up , 4 (z — aAt), if 2,1 +aAt —pAz >z >wx,_1+aldl - (p+1)Ax
vﬁj%i gl — Hipg) , otherwise.
i—p—3 a

If we define j = int (“At) since we are on the cell C;, we have:

Wt A, = up_;(r —aAt), if o> a1 +adl - jAx
E i up j_y(z—adt), ifz,_y +aldt—jAz>a

i—j—1

=u" (v — adt)|g,

Since ult(z,t" + At) € Ry [X], its projection u ™' (z) onto Pf, is exact. On the right
1nterface, we have:

n—1 A . A
! Y z)’ if (¢ — ") < £,
v, (G 2541) = JitE .
2(t— ), otherwise.
1*5
st %)bn,%, if (t—t") < 4z,
v;_ %(t %)|1n+%, otherwise.

1 1
Since vj; (t, ;4 1) € Ri[X], its projection v?:g (t) onto P¥ is exact.

o Finally, the implicit scheme gives the exact solution if ug(z) € Rp[X] and vy (¢) € Rp[X].

The scheme is therefore of order k 4+ 1 in space and time for both implicit and explicit cases.
Furthermore, it is very compact. This is an important edge for programming and it will also
simplify the extension in two dimensions on unstructured meshes. To illustrate the method we
developed, some numerical results are presented in the next section.
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Table 1 Convergence tables for the explicit scheme (left) and implicit scheme (right)

k  #cells L2 error order k  #cells L2 error order
1 64 2.501.10—3 1 64 3.388.10~1
128 3.633.10~4 2.783 128 5.452.10—2 2.635
256 5.798.10~° 2.648 256 7.296.1073 2.902
3 64 1.613.10°8 3 64 4.748.107°
128 1.008.1072  4.000 128 2.880.10~6 4.043
256 6.300.10"11  4.000 256 1.570.10~7 4.197
5 64 7.718.10~ 13 5 64 1.875.10~7
128 1.205.1071%  6.001 128 2.958.10—9 5.986
256 1.883.10716  6.000 256 4.947.10~11  5.902

2.3 Numerical results

The one-dimensional scheme is now illustrated on test-cases. All of them are done with a speed

a = § on a regular mesh and with periodic boundary conditions.

Convergence for regular solution
We consider a regular initial solution in order to test the numerical order of accuracy: ug(x) =
sin(mx) for x € [—1,1].

Table 1 gives the L?-error between the exact solution and the solution given by the explicit
(A = 0.5) and the implicit schemes (A = 10) after a time ¢ = 10 s. The expected orders are
recovered. Moreover, we see that the L2-errors are very small. In practice for the explicit scheme,
the code had to be run in quadruple precision because the errors were smaller than the numerical
double precision. Since the considered time step is larger than with the explicit one, the errors
are larger, yet still small, for the implicit scheme.

The space-time GRP scheme is then compared with the WENO and Discontinuous Galerkin
(DG) methods.
The WENO method is an extension of the ENO scheme introduced by Harten and al. [28] and
was developed by Liu and al. [36]. It was extended to higher order and in multi space dimensions
(see [31,2,18]). This scheme almost respects the maximum principle, but its computational cost
is rather expensive because of the wide stencil and the numerous coefficients it requires.
The Discontinuous Galerkin method was developed by Cockburn and Shu in their series of arti-
cles [11,12] (see also [19,30]).
Unlike the space-time GRP scheme, these two methods are designed to approximate non-linear
equations, but their corresponding high-order implicit extensions (see [37,42,33]) are not straight-
forward. In addition, the generalization in any order k with the WENO or DG is not immediate
in the sense that there is no general formula.
From a practical point of view, we used for numerical experiments the DG method as it was
written in [11]. The WENO scheme is the one proposed in [36] but with a TVD Runge-Kutta
method [27].
The L2-errors of the third order version of these three methods are compared in Table 2. We
took the same initial conditions as above but since the DG method has a more restrictive CFL
condition, we had to take A\ = 0.2.
The order of accuracy is recovered by each method. However, we see that the errors obtained
with the WENO scheme are several orders of magnitude larger than with the two other methods.
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Table 2 Comparison of the convergence of the three 3rd order methods

# cells  WENO DG Space-time GRP  order
32 3.158.10~1  1.143.10~* 1.531.10~®

64 1.078.10-1  1.411.107° 1.914.10~6 3.00002
128 2.405.1072  1.757.10=6  2.394.10~7 2.99954
256 3.148.1073  2.194.10°7  2.992.10—8 2.99991

15
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Fig. 3 Comparison of the three methods at ¢ = 1000 s

In practice, this implies that 10 times more cells are required to obtain the same accuracy. The
GRP scheme and the DG give comparable results, but we recall that the CFL condition of the
DG scheme becomes more restrictive when the order increases.

Discontinuous solution
We now consider the piecewise constant function:

(2) 1, if04<z<06
up(x) =
0 1, otherwise

as initial solution in the domain [0, 1]. The solutions presented here are obtained with 100 cells.
The first test-case is a comparison of the three explicit methods of order 3: space-time GRP,
WENO and DG in long time. The solutions represented in Figure 3 are obtained with A = 0.2
and after a time ¢ = 1000 s. After this very long time, the WENO approximation is smeared and
the exact solution can hardly be guessed. On the other hand, the DG and GRP approximations
are in a good agreement with the exact solution, with a slight edge for the latter. Concerning
the CPU-time, the DG and space-time GRP schemes have a similar computational cost while
the WENO method is clearly more expensive.

From now on, we focus on the results of the space-time GRP scheme to check that it has the
expected behaviour in long time and with large CFL. The first test-case is devoted to the impact
of the degree k of the polynomials in long time, and the second test-case shows some results in
a very long time.

The approximations of the solution for different k are compared on Figure 4 after a time ¢ = 1000 s
with A = 10 and )\ = 50.
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Fig. 4 Solutions at ¢t = 1000 s with A = 10 (left) and XA = 50 (right)
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Fig. 5 Solution at t = 15000 s with A = 5 (left) and X = 20 (right)

When £ increases, in addition to improve the quality of the results, the overshoots are concen-
trated around the discontinuities and their amplitudes decrease. Taking an increasing degree k,
the approximation can be as close to the exact solution as expected.

The scheme is now tested on an extremely long time ¢ = 15000 s. Figure 5 shows the results
with £ = 13 for a CFL number A =5 and A = 20.

Despite the difficulty of the test-case (only 100 cells and an extremely long time), the approx-
imations are very close to the exact solution. Furthermore, the computational time of such a
benchmark is still reasonable. With A = 5, we have a ratio of 8.3 with k = 3, of 12.8 with k = 2
and of 20 with k = 1.

If we want an extremely long time and a very large CFL, k eventually has to be very large. Since
the condition number of the matrices increases with k, the numerical errors turn to become im-

portant for large values of k. In practice, we can hardly exceed k = 15 — 20. In such a case, one
issue is to use a basis of orthogonal polynomials.

Linearized Maxwell equations

Now we use our scheme to approximate the solutions of the system of linearized Maxwell equa-
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Fig. 6 Maxwell test-case: solutions at ¢t = 1 with A =5 for £k =0,1,2, 3.

tions:

OB, + 0, F, =0,
NEy + 0, B, =0,

where c is the speed of the light, B, and E, stand for the z component of the magnetic field and
the y component of the electric field respectively.
We perform a simulation involving a left-entering signal representative of a laser impulse:

B.(z = 0,t) = 0.5exp (—100(¢ — 0.5)*) sin(80(t — 0.5)),
E,(z=0,t) =0,

and the initial data is fixed to B,(z,t = 0) = Ey(z,t = 0) = 0. Finally, the speed of the light is
normalized: ¢ = 1. The main difficulty here lies in the fact that the solution is fully determined by
the time-dependent left boundary condition, which is very oscillating. The results for £ =0, 1,2
and 3 for A =5 are shown in Figure 6 and compared to the exact solution.

It is to note that the first order scheme completely fails to reproduce the behavior of the solution.
In this case where A = 5, the numerical diffusion turns out to be predominant. On the other
hand, from k = 2 the solution is well preserved. Aside from the general order of the method, in
such a situation with a strongly time-dependant boundary condition, having an approximation
of order £+ 1 on the interfaces is an important edge since it greatly improves the approximation
of the boundary condition.
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6 T

Reference Solution

55 o k=0 $

Fig. 7 Sy test-case: solutions at ¢t = 2.5 with A = 16 for k = 0,1, 2.

Sn model for radiative transfer
The objective of this test is to show that our scheme can easily be coupled with a suitable
numerical method for source terms. We hence consider the so-called Sy model for radiative
transfer:

Ol; + cp;0.1; = co(aT* — I;), for j=1...N,

where I;(z,t) is a radiative intensity in the direction u; € [-1...1], ¢ = 1 is the speed of the
light, a is the Stefan-Boltzmann constant and 7" is the material temperature. The variable of
interest here is the radiative energy E(z,t) = 27}, I;w; where w; are quadrature weights (see
[40]).

From a numerical point of view, we here consider a Strang splitting strategy to deal with the
source term. For the sake of simplicity, only the first moments a?’o are considered when dealing
with the source term. This technique is second-order, but higher-order splitting strategies may
be used if necessary.

The simulation showed in Figure 7 is obtained with the following setup:

O’(JS) — 6720962,
Ij(z,t =0)=10"2,
L(z=-3t)=031-e"/wy, IN(x=3,t) = (1 —e ") /wn,

the remaining boundary conditions are of Neumann-type. Furthermore, we set N = 16 and
A = 16. Indeed, since the same time step is used for the whole system, this means that the



Space-time GRP solvers of order k for linear advection with unrestricted time step 19

maximum value of X is 16 (for y = 1) but A is smaller in the other directions. We see in Figure
7 that there is a large discrepancy between the reference solution and the first-order scheme.
The second-order scheme (k = 1) behaves better. Furthermore, using k¥ = 2 slightly improves
the quality of the solution even though the scheme is still second-order since it is constrained by
Strang’s splitting.

3 Two-dimensional extension for triangular meshes
3.1 Space-time GRP solver

In this section, we introduce the extension in two dimensions of the space-time GRP scheme we
previously developed in one dimension. We still consider the Cauchy problem (2). We assume
that we have an unstructured mesh made of triangles and a constant time increment At. For
the sake of simplicity, the presentation is restricted to triangular meshes, but any other polygons
could be considered. We denote by (z;,y;) the center of gravity of the triangle T; and V; its area.
The edges of the triangles T; are the segments s;. The segment s; = [p;, ¢;], p; € R?,¢; € R? is
parametrized by:

M = (z,y) € s; © I w(zx,y) € [0,1]/M = p; +w(m,y)17q]><.

1
We define as in one dimension the interfaces: I;Hz = (t", ") x ;.
Then we define the set of polynomials of degree k per cell (triangle):

BE = {u e L¥(R?)/ ur, € Ry[X, Y]},

We consider the canonical basis of this space:

{(2) ()
Vi Vl p+q=0,....,k

The associated dot product on the cell T; is defined by:

1
<Ly / /T S 9)g(ay) da dy

We also consider a set of polynomials per interface:

P} = {u € L™(R?)/ u|met € Re[X YT}
J

n4 !

1
The associated dot product on the interface I;HZ is:

and its basis:
l+m=0,...,k

tn+1

1
< f,g>"=—
1.9 At /t

As in the one-dimensional case, the bases of these two sets of polynomials were chosen to sim-
plify the calculations, but other bases such as the Legendre polynomials may be considered for
example.

/0 ft,w)g(t,w) dw dt.
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41 853 J2
Fig. 8 Case one target (left) and case two targets (right)

This scheme once again consists in the usual exact evolution of high-order approximations and
projection steps.

Considered approximations: The initial solution is assumed to be a polynomial approx-
imation of the solution of degree k inside each triangle: u{(z,y) € P& for (z,y) € T;. On each
interface, the solution is also assumed to be a polynomial approximation of the solution of degree

1
k: for t" <t <" (z,y) € sj,u(z,y,t) ~ v}ﬂr? (t,w(z,y)) € Ph.

Evolution step: The solutions are exactly evolved during a time step. Thanks to the linearity
of the equation, the exact evolution of the solutions can still be computed using the characteristics
method. In the cell T;, we consider that the direction of the flux lies between the directions of
the two segments s;; and sj». Depending on the sense of the flux €2, we have two cases to deal
with (see Fig 8):

o case one target: the flux enters in the cell through s;; and sjo,
o case two targets: the flux enters through the third segment s;s.

In each case, we have two subcases to consider (see Fig 9):

o explicit case: some of the characteristic lines coming from the cell T; at time ¢™ cross the cell
T; at time t"*1,
o implicit case: all the characteristic lines coming from T; at time ¢™ cross first an interface.

We can note that, depending on the size of the cells, we can have both explicit and implicit cases
during the same time step.
As a convention, we denote by s% the jt" segment at time ¢" and s?“ the j'* segment at

1
time t"*1. We call I;-Hz the rectangular interface delimited by s; and (¢, t"!). The choice of
parametrization of the segments s; implies that its two edges are ordered: s; = [p;, g;].

In the following, we detail the computations for the implicit case one target. The other three
cases are detailed in the appendix.

Case one target (implicit):

1
o We know the solution [ (z,y) in the cell T; at time t" and the solutions v?f” (t,w) and

+l . +l +l
v;g 2(t,w) on the interfaces I;zl 2 and 1;2 2
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Fig. 9 Explicit case (left) and implicit case (right) for the case one target
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Fig. 10 Incoming solutions on the interface (left) and on the cell (right) for the implicit case one target

o We call 03 the intersection between the characteristic line coming from the node j3 and the

1
interface I;l3+2. We call Mj the projection of 3 on s%; and Mj its projection on s?zjl (see
Fig 10).

o The exact solution on the cell 7} at time ¢"*1! is:

t’ﬂ,-l—l)

ul(z,y, ’ ‘ ’
vj2 (tQ(xvy)aWQ(xvy))a lf (:rvy) € ‘F'Q
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where t1,w1,ts and we are the corresponding changes of variables:

Q0 (Y — Yp;, — af2y(t" + At)) — 2y(x — 2pj1 — af2(t" + At))

wi(z,y) =
-Qm(yqj1 - ypjl) - ‘Q’y(‘qu'l - ‘rpjl)
t1(z,y) Zop P 0o 00 )T L yn L AL 2, £0
1\Z,y) = - twi (x, Z_—p_ — X
op e y:g’yﬂ Yrj1) 7Y +t" + At, otherwise
ol y) = Doy = Ypyo — a2y (1" + A)) — Dy (x — T2 — a2, (t" + At))
2\4y -
“QI (ng'z - yij) - “Qy (‘qu'z - ‘ijz)
Tpjo erz(m,y)(mqﬂ 7ij2)71 n .
t2(l',y) = Yp s JrUJz(I,y(;EZI, —Yp. )7y * ! * At, lf QI # 0
= g, + 1" + At,  otherwise

. . +1.
o The exact solution on the interface I;; 2 is:

uf (z1(t,w), y1(t,w)), if (t,w) € D;

n—i—% nt .
on T2 (twjs) = vj;ri(tg(t,w),wg(t,w)), if (t,w) € D}
Vi (ta(tw),walt,w)), if (tw) € Dl

with:
21(t,w) = xp +wW(2g;s — Tp,s) — af2(t —1")
hn (t’ w) = Yp;s + w(yqys - yij) - agy(t - tn)

cé(ypﬂ - yqn) =+ cg(‘r%'l - zpﬂ)

t3(ta w) = d
3
aci, —aci,
ws(t,w) = — g
3
1
€3 = Tp;y — Tp;, +W(Tg;3 — Tpyy) — a8l

€3 = Ypjz — Ypjn + w(yqys - yij) - agyt
ds = af2(Yg; — Yp;i) — af2y(@q;, — Tp,y )

N Czll(ypp - ij2) =+ Ci(xqp - zpjz)

t4(t, w) = d
4
acifd, —aci,
W4(t,W) = d—
4
1
Cy = Tpy; — Tpy, + w(ij‘s - ‘rij) — a2t

€4 = Ypjz — Ypjo T w(yqu - ij3> —af2yt
dy = afl, (ng'Z - ijZ) - a“Qy (mqu - ‘ijz)
Projection step: The exact solutions are now projected onto the space P*: in the cell T} at

1
time t"*1, the exact solution is projected onto IP’%, and on the interfaces I;J”, the solution is
projected onto P¥. For the implicit case one target, this leads to two minimization problems:

lup ™ = ul (" + At = inf lp —ui(t" + AD)];, (16)
pEPE,
+3 +3 . +3
loja* = oy * ia)lI" = inf flg == (@)™, (17)
el
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Thanks to the Petrov-Galerkin conditions, we can rewrite (16)-(17) as

l m
<u?+1u?(tn+1)7<$wxz) <y‘/lyz> =0 Yi+tm=0,... k (18)
n+x n+i t_tn+2
< ’U_j?j_z 7vh+2(wj3)7 (T) wm >n: 0 Vl+m: 05"'5k7 (19)

Using the decomposition of the solutions in their corresponding basis:

k P q
n+1 _ ntlpg (L~ Ti Y—Yi
= 3 aprion (22 (1Y

:D-‘rq—O
+2\7?
n+2 n+2 ,D,q t— tn 2 q
v T AL )
-y e ()
p+q 0
+2\7?
n+2 n+2 ,D,q t—t"T2 q
v T AL )
-3 e (SRR
p+q 0
+1\7
n+2 n+2 ,D,q t—thT2 q
v T AL )
-3 e (SRR
P+q=0
the minimization problems (18)-(19) are equivalent to solving the two following linear systems
of size W:
k T — 1 l Y — s m T — 2 l Y — i m
Z a;l+1,p,q<un+1 ( z) ( z) =< u?(thrl),( z) ( z) > Vi+m=0,...
pram0 Vi Vi Vi Vi
1 [t—¢rte : 1 ot
n+3 P 3 — n+g -
P R e B T e B .

For the left hand sides, we have:

l m p+l p+m
ntl [T —Ti Y —Yi ,:i T —x Y—Yi
<“i’(vi)(vz-)>l V//T(V)(V) e dy

= A'(p,q,l,m),

<otte <t—t”+é> // <t—t"+2> +lwq+mdt dw

7 At T At

1\ P+t 1\ atm+l
ORNCINN

(p+l+1)(q+m+1)
= Aj(p,q,1,m).
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For the right hand sides, we have for the implicit case one target (18)-(19):

h(in T — T Y—Yi
("t + At

2 : ﬁ”+2 P4 gpalm + 6n+1,p,qu7q7l ,m
m,j1l 2

") -

im,j
p+q=0
=b'(l,m),
ntg _t_tn-i_% 1,04 [rP>dslm n+3.0,d 1-p,q,l,;m n+1,p,q 1-0,q,l,m
<V Q(wj?))a Al mSt= Z ;" Kzr7n71 —|—ﬁ 2 Kz;n’]l +6 "Ds Kl’!;’b’j?
p+q=0
:bjg(l,m)
where the coefficients are given by:
Jpqlm: tlxy*t"“ w zfxz Y—Yi d:L'd
im,jl ]:1 1 ‘/l V,l Y
thy 7tn+2 zfxz Yy—Yi
Jp7q7lm _ // w d:z: d
m,j2 ]__1 2 ‘/1 ‘/Z Y
] (e ><t—;;“>
t3(t,w) —t"+z —nts
p,g;lm 3
sz ,J1 At //Dl ( ) W3 ( At ) w™dt dw
l
ta(t,w) —t"+2 t—tntz
145l 4
frr?];n = At //Dl ( ) W4(t,w)q (T) w™dt dw.

Although these numerous coefficients seem complicated, they are all obtained in the same way
once we know the changes of variables and the areas for the exact solutions.

In practice, the method can be summarized in the following way:

o At the initial time, the solution ug(z,y) is known inside each triangle T; and the solution
v (t,w) is known on the interfaces s; of the boundary where the flux enters: n,, -2 <0, with
n,, the outgoing normal to the segment s;.

o An order to run the inferfaces is defined to insure that the exact solution can be calculated.

o On each interface I;HE, the corresponding linear system of size W has to be solved

%(t, w):

to compute the update v;wr

k
S BTEMIA g lom) = bi(lm) Y i+m=0,....
p+q=0

E+DE2) 1as to be

o Inside each cell T; at time t"+!, the corresponding linear system of size 5

solved to compute the updates u"+1(x, Y):

k
> At p g, lm) = B(Lm) VI4m=0,...,
p+q=0
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We note that the matrices do not depend on time. On each cell, the matrix has then to be
computed and inverted once. On the interfaces, we also note that the matrices do not depend on
space, so only one matrix has to be computed and inverted for all the interfaces.

Theorem 2 The scheme ezactly preserves the polynomials of degree k.
Proof The proof is similar to the one-dimensional case.

Finally, the resulting scheme is of order k + 1 in space and time. Moreover, we treat the
explicit and implicit cases simultaneously. From a numerical point of view, the main difficulty
comes from the computation of the integrals in the matrices and in the right hand sides of the
systems. To simplify their computations, some quadrature methods of order 2k can be used.

To illustrate the method, some numerical results are presented in the next section.

3.2 Numerical results

Numerical order evaluation

In this first test-case, the numerical order of the 2D scheme is evaluated in the same fashion
as it was done in 1D. Indeed, we consider the solution u(z,y,t) = sin(w(x — t)) on the domain
[0,1]% x [0, 1.5]. Therefore, the initial and left boundary conditions are fixed accordingly:

uo(x,y) = sin(mz) and u(0,y,t) = sin(—nt).

The results for A = 0.9 are summarized in Table 3.
The meshes were obtained using the Triangle software (http://www.cs.cmu.edu/ quake/triangle.html)

Table 3 Convergence rate for the 2D scheme

number of cells max. cell area L2 error (k =1) order L2 error (k=2) order

16677 9.998e-5 3.504e-5 2.01 4.59e-7 3.2
20411 8.000e-5 1.388e-5 1.97 1.54e-7 3.92
33242 5.000e-5 8.731e-6 - 4.98e-8 -

and are not refinement of one another.
The expected orders of accuracy are recovered. As in 1D, the L? errors are very small.

Advection of a disc

This test-case is done with a speed a = 5 on an unstructured mesh. The domain is a 20 x2
rectangle meshed with 66498 cells, whose smallest triangle has an area of 1.95.10~%. For the sake
of simplicity, it is chosen long enough to avoid dealing with periodic boundary conditions. We
compare here the schemes of order 1, 2 and 3 (k = 0,1,2). The initial solution is a disc on the
left part of the domain (see Figure 11):

(z.5) 1, if (z—-06)*+(y—1)2<0.25
uog\xr =
oA ¥ 0, otherwise

For each degree k of polynomials, the test-case is run with CFL numbers of 0.5 and 10. The
solutions are given at time ¢ = 3.6 s on Figures 12-13-14. In order to see the mesh and the
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Fig. 11 Initial solution and computational domain

Fig. 12 Zoomed solution and contour lines of 0.1, 0.5, 0.9 for k = 0 with CFL = 0.5 (left) and 10 (right)

Fig. 13 Zoomed solution and contour lines of 0.1, 0.5, 0.9 for k = 1 with CFL = 0.5 (left) and 10 (right)

Fig. 14 Zoomed solution and contour lines of 0.1, 0.5, 0.9 for k = 2 with CFL = 0.5 (left) and 10 (right)

Fig. 15 Mesh, zoomed solution and contour lines of 0.1, 0.5, 0.9 for k =2 with CFL = 0.5
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S ko0
/K1
/ k2

Fig. 16 Cuts of the solution along y = 1 with CFL = 0.5(left) and 10 (right)

Fig. 17 Zoomed solution and contour lines of 0.1, 0.5, 0.9 for kK = 2 with CFL = 0.5 (left) and 10 (right)

number of cells in the discontinuity, Figure 15 shows the same result than Figure 14 with the
corresponding mesh. For a better visibility, the results are zoomed in x between 17 and 20 and
three contour lines of 0.1, 0.5 and 0.9 are added on each figure. We globally note that the results
are more diffused in the direction of the flux. The behaviour of the solutions with the different
degrees k is really close to the one-dimensional case.

To have a better comparison of the results, some cuts along the axis y = 1 are represented on
Figure 16. For a better visibility, the graphs are also zoomed in = between 17 and 20.

The same experiment is done with a square initial solution:

oz, y) = 1, if (z,y) €10.2,1.2] x [0.5,1.5]
oY) = 0, otherwise.

The results are shown on Figure 17. Once again, we observe that this approximation is very close
to the exact solution, and especially, the angles are preserved.

Figure 18 is done with the disc initial solution on a domain with three times more cells whose
smallest triangle has an area of 4.94.1075. We took k = 2 and a large CFL number (50).

In order to test the scheme in very long time, the last Figure 19 is done with a speed a = 1073

and a CFL number of 20 and shows the solution after a time ¢ = 18000 s. In spite of the very
long time and the large CFL number, the solution given by the scheme is very close to the exact
solution.
The last remark concerns the choice between refining the mesh or taking a smaller CFL number.
For a fixed quality of approximation and a given number of cells in the mesh, we look for the
corresponding CFL number. We still consider the disc initial solution on a rectangular mesh with
a speed a = 5. In Table 4, three configurations and their computational time are given.

We observe that if we consider a mesh four times finer, the corresponding CFL number is
doubled, and the computational time is quadrupled.
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Fig. 18 Zoomed solution and contour lines of 0.1, 0.5, 0.9 for k = 2 with CFL = 50

Fig. 19 Zoomed solution and contour lines of 0.1, 0.5, 0.9 for k = 2 at t = 18000 s with a = 10~ 3,CFL = 20

Table 4 Comparison of computational times for a fixed quality of approximation

number of cells CFL  CPU-time

33332 13 13.47
66498 20 25.02
133179 30 50.02

Sn model
This last test-case concerns the 2D Sy model previously introduced in 1D:

Oi1j + 02,V I = co(aT* — I), for j=1...N,

where §2; € S and the other variables have been introduced in the corresponding 1D numerical
experiment. As in the 1D case, the source term was taken into account using a simple Strang
splitting strategy. Once again, only the first moment of the solution inside the cells is used for
this purpose.

The radiative energy F = > j I;w;, where w; are quadrature weights, is computed with the
following setup: N = 16, A\ = 4, E(x,t = 0) = 0, aT* = 0.01 on a grid made of 15167 triangles
of an hexagonal domain. Two beams are entering the domain with an energy of 1 and two other
with an energy of 0.5. Two computations corresponding to ¢ = 0.1 and ¢ = 5 are shown on
Figure 20 using k = 1 (which corresponds to second-order as Strang’s splitting).

We clearly see that, even with £k = 1 and A = 4, that the numerical diffusion is neglectable in
the direction transverse to the beams.

4 Conclusion

In this article, we developed a high-order GRP-type scheme for the linear advection equation
with no restriction on the time step. Thanks to the linearity of the equation and our choice of
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Fig. 20 Radiative energy at time t = 1.3 for o = 0.1(1) and o =5 (r).

projection, the scheme simply consists in solving one linear system per cell and one linear system
per interface. It was proved that the scheme is of order k£ + 1 in space and time for k arbitrary
large. Then, a two-dimensional extension of this scheme has been developed on unstructured
meshes. Again, the time step can be chosen arbitrary large. Several test-cases and comparisons
have been illustrating the excellent behavior of the scheme. Moreover, the source terms can be
included using for instance a relevant operator splitting technique.

Compared with the standard GRP technique, it has the advantage of being very compact for
any value of the time step while preserving an order k + 1. It also naturally handles the time-
dependant boundary conditions and the compactness of its stencil makes its 2D extension easier
to program. On the other hand, the additional projections occuring for very large values of A
makes it, slightly less accurate than the GRP scheme.

Compared with the other existing high-order methods, this space-time GRP scheme only requires
an initial effort for taking the geometry into account. Once this price has been paid, it is very
simple to code for any value of k (requiring only a relevant quadrature formula). This remark
obviously applies to 3D extensions, which will require an effort on the geometry. Finally, this
scheme is easily parallelizable: for instance, we observe a factor 8 on 12 processors with nothing
but OpenMP routines.

On the other hand, the extension to nonlinear hyperbolic systems is far from being trivial. A
BGK-type technique seems a promising candidate.

5 Appendix

Evolution step:
Case two targets (explicit):

1
o We know the solution u!'(z,y) in the cell T; at time ¢™ and the solution U}?z (t,w) on the

. n-i-l
interface Ij3 2,
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Fig. 21 Incoming solutions on the interface (left) and on the cell (right) for the explicit case two targets

o We define 61 as the intersection between the characteristic line coming from s7; and the
segment, s?fr L We also define 02, the intersection between the characteristic line coming from
s7; and the segment s;‘; !
of 02 on s}, (see Fig 21).

o The exact solution on the cell 7} at time ™! ig:

. Then we call M; the projection of 6; on s% and My the projection

,,.l ) 3 ) 3 ‘f ) E ‘72
(£ 4 At) = U;J(il(x y)y1(2,9)) 1 (,9) 3
v;s 2 (t(z, y), wilz, y)), if (z,y) € Fi5

with:

x1(x,y) = o — af2, At
yi(z,y) =y — a2, At
20 (Y — Yp,s — a82y(t" + At)) — 2y (1 — 23 — af2,(t" + At))

w1 (SC, y) =
Qo (Yazs = Ypja) = 2y (Taza — Tpjs)
Zpjs +w1(m,y)(mqj3 79517]'3)*1 N ]
t(z,y) = o S AL i 02, #0
) Ypjs 1 (@9) Ways —Yp;5) Y +t" + At, otherwise

af2y,

. . n+i .
o The exact solution on the interface I;;" * is:

Yn n+3

nJr%(t Wi ) . U?(.’L'Q(t,(x)),yg(t,w», if (t,W) € DiQ,l
o vj3 (tQ(taw)aWQ(taw))a if (t,W) € D?’B,l



Space-time GRP solvers of order k for linear advection with unrestricted time step 31

with:
L2 (t’w) = Tpj + w(‘rqjl - ‘ijl) - agl(t - tn)
yQ(t’w) = Ypj1 + w(ylb'l - ypjl) - agy(t - tn)

C% (yij - yqu) =+ C% (xqu - zpjs)

tg(t,w) = d
2
202, — ack 2
2
C% =Tp;, — Tpyz + w(szl - x}’n) — a2t

Co = Ypj1 — Ypjs + w(yq]'l - ypjl) - a“Qyt
do = af2, (ng's - ypjs) - G/Qy(xqui - ‘rpjs)

. . n+3 .
o The exact solution on the interface ;5 * is:

n+l ul(z3(t,w), ys(t,w)), if (t,w) € D2,
’Uh (t,wJQ) — n«‘rl .
Vg (t3(t,w), ws(t,w)), if (t,w) € DJ2.312

with:
z3(t,w) = Tpjo T w(ij‘z - x}’p) —af2(t —t")
yB(tvw) = yij + w(yqu - ypj2) - a“Qy(t - tn)

_ Cé (yij - ng's) + C% (‘Tqys - xpjs)

2 1
acs82, — acz {2
ws(t,w) = %
3
1
C3 = Tpjz — Tpys + w(‘rqu - ‘ijz) - a’QﬂCt
2
€3 = Ypjy — Yp;s + w(yqﬂ - yij) —af2yt

ds = al2, (ijS - yij) - a"Q’y(zq]‘S - zij)

Case one target (explicit):

1
o We know the solution u}'(z,y) in the cell 7; at time t" and the solutions v?fr? (t,w) and
1 1
v?;z (t,w) on the interfaces I;; and I;z;Z.
o We define 6, as the intersection between the characteristic line coming from the segment s7;
and the segment s;’; ! (i.e. such that d(s3, s7;) = aAt). We also define 0 as the intersection
between the characteristic line coming from the segment s, and the segment s}’“ (i.e. such

3
that d(s}s,s7,) = aAt). Then we call M; the projection of ¢; on s7; and M, the projection

of 02 on s7; (see Fig 22).
o The exact solution on the cell 7} at time ¢"*1! is:

u?(‘fl(‘ray)ayl(‘ray))a lf( ) ) e]:i
ul(z,y, 1" + At) = SOl (@ y) wi (e, y),f (z
U E (ta (2, y), wa(,y)),  if (2,y) € Fl
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Fig. 22 Incoming solutions on the interface (left) and on the cell (right) for the explicit case 1

with:

x1(x,y) = — af2, At
yi(z,y) =y — a2y At
20y — yp,, — af2y(t" + At)) — 2y (x — 2pj1 — af2,(t" + At))

wi(z,y) =
“Qz(ng'l - ypjl) - Qy(’r‘bl - ‘rpjl)
zpjl +w1(mvy)(xq]'1 7ij1)71 n .
By =4 0 oot o +in 4+ AL i 82, ;é 0
= g, + 1"+ At,  otherwise
walz,y) = QoY — Ypyo — a2y (1" + At)) — Dy (x — xpj2 — a2, (t" + At))
2 ) -
“QZ (ng'z - yij) - “Qy (’r‘b? - ‘rpﬂ)
szZ erz(x,y)(xqﬂ 7ij2)71 n .
() = R R AL 2, 0
2(T, Ypjo Tw2(2,9) (a0 —Upj0) =Y 4+ AL, otherwise

af2y,

. . +2 .
o The exact solution on the interface I;ls 2 is:

’U/?(.I'Q (t,CU), y2(ta W)), lf (t7w) € Dz
n+i .
twis) = vj;rz (t3(t,w),ws(t,w)), if (t,w) € D},
v?2+§(t4(t,w),w4(t,w)), if (t,CU) € Dj12

1
up 2 (
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Fig. 23 Incoming solutions on the interface (left) and on the cell (right) for the implicit case 2

with:

T2 (tvw) = Tpys T+ w(ij‘s - :ijz) - aQI(t - tn)

yQ(taw) = Ypjs + w(yqys - yij) - a“Qy(t - tn)

t3 (t,w) =

w3 (t,w)

t4 (t, w) =

wy(t,w)

1
Cy

2
Cy

(Cé (ypjl - ng'l) + C% (.qul B :ijl)
ds
aci2, —aci,
ds

= Tp;z — Tpj, + w(xqui - ‘ijs) - a’QﬂCt

yij - ypjl + w(yqja. - ypj3) - aQyt
aQw (ijl - ypjl) - a’gy(xfh'l - xpjl)
(C}l (ijZ - nga) + C?l(quz B ‘T;Dp)
dy
acifl, —aci(,
dy

= Tp;z — Tpjs + w(xqui - ‘ijs) - a’QﬂCt

- ypja - yij + w(yqja. - ypj3) - aQyt

d4 = aQw (yq]'Z - yij) - aﬂy (xqu - xpﬂ)

Case two targets (implicit):

1
o We know the solution u!'(z,y) in the cell T; at time ¢™ and the solution v]3+2 (t,w) on the

. +1
interface 1;3 2.

o We define 03 as the intersection between the characteristic line coming from s7; and the

segment [t",t" 1] for (z,y) = (x;3,y;3) (see Fig 23).
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o The exact solution on the cell 7} at time t"+! is:

n+1 .
’U/?((E,y,tn + At) = Uj3+2 (tl((E,y),L{M((E,y)) lf (:an) € 711'5

with:
or(zy) = Q0 (Y — Yp;s — af2y (1" + At)) — 2,(x — 2pj3 — af2(t" + At))
’ -Qm (yqu - ijB) - -Qy (:qu3 - :ijz)
Tp i3 +wi(T,y)(Te 3 —Tp3)—7 Ly At, if 2, 7& 0
tr(z,y) = T
15 Ypjs +w4(lvy)(yqj'3 ypjg) )

a7, +t" 4+ At, otherwise

. . +1.
o The exact solution on the interface I;.Ll 2 is:

vZ'l‘%(t w'l) _ u?(:fl (tvwvyl(tvw))v if (taw) € ng,l
1Wil) =y n4l .
V3 2 (ta(t,w), wa(t,w)), if (t,w) € D3y 4

with:

r1(t,w) = xp,, +w(xg;, — Tp,,) — af2(t —1")
Y1 (ta w) = ypjl + w(yqﬂ - ypjl) - a“Qy(t - tn)
(C% (yij - ng's) + C% (‘Tqys - ‘rpjs)
ds
ac3 2, —aclf2y,
da

C% = Tpj; — Lpys + w(‘r‘Zjl - ‘ijl) - a’QﬂCt

2y ) — a2yt
02 ypjl y:Ujs + w(ng'l ypjl) a Y
do = af2, (ijS - yij) - agy(ijS - ‘rij)

tQ(t, w) =

wa(t,w) =

. . n+i .
o The exact solution on the interface I, * is:

,Un-l-%(t o ) _ u?(xQ(tvw)va(taw»a if (t,W) € D?,Q
h yWi2) = n+i o D2
Uj3 (t3(t,w),w3(t,w)), 1 (t,W) € 73,2

with:

To(t,w) = Xp, +wW(Tgn — Tp,,) — af2(t —17)
y?(ta w) = yij + w(yqu - ypj2> - a“Qy(t - tn)
(C% (yij - yqu) =+ C% (:qu3 - zpjs)
ds
acgﬁm — ac%.Qy
d3

€3 = Tp;y — Tpjy +W(Tg; — Tpyy) — af25t

2 = — — —af2,t
C3 ijZ y:Ujs + w(ng'z yij) Adsy
d3 = af2, (ng's - ypjs) - agy(‘r‘hﬁ - ‘ijs)

i3 (ta w) =

ws(t,w) =
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Projection step: The exact solutions are respectively projected onto the spaces P’é and Pk:

1
in the cell T} at time t"*!, the exact solution is projected in P, and on the interfaces I;Hz , the

solution is projected in P¥. For the case n°1 explicit, this leads to the two minimization problems:

lup™ —uf (" + At = inf ||p —u (¢" + At)];,
pEPY,

1 1
o5 — v T2 (

. +3
wia) | = inf,flg = ey i) |
I

for the case n°2 explicit, it leads to the three minimization problems:

[uf ¥t = (" + Al = inf [lp —ul (" + A1),
pePE,

|| n+% n+%(

_ . n — inf _ "H‘% . n
v * = i)l = nf g o @)l
I
+3 +3 . +3
lvje * = vy * (wi)|I™ = inf {lg — v, * (wi2) |,
qePY

and for the case explicit two targets, it also leads to three minimization problems:

%

lup™ =l (" + At = inf |p—ui (" )]s,
pEPY,

+3 +3 . +3
o = v (@Il = inf fla— v @)™,
<ty
+3 +3 . +3
loj2* = 2 @Il = inf flg = v * (i)™
I

Thanks to the Petrov-Galerkin conditions, we can rewrite (20)-(21) as:

1 m
n+1 h(n T — T Y—Yi
L At i= l+m=0,1,...,k,
< ’U,l ul( + )7 ( ‘ri > ( ‘,i ) > 0 V + 0,

1 1 t —nts
< o (wjs), (T) W >"=0 Vi+m=0,1,... k.

and (22)-(23)-(24) as:

l m
n+1 h(n T — T Y—Y
A —u(t At i=0 VIl =0,1,...,k,
< u; u (8" + ),( v ) ( v ) > +m

1 1 t— 3
<ot = (W), (T) W >"=0 Vi+m=01,...k

1 1 t—¢nts
<t = (W), (T) W >"=0 Vi+m=01,...k

(20)

(21)
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Using the decomposition of the solutions in their corresponding basis:

k P q
n+1 _ nt+lpg (L Ti Y=Y
W= 3t () (M)

p+q*0
+3\”
n+2 Z n+2,pq<t—fn 2) q
v; Iv) —— | w
J1 ’
p+q 0 At
n+l Z n+3 pq<t—t"+%>p
,U 2 /B 2 wq,
Vo At
+1\?
n-i-2 Z n+3.0:q <t_tn 2) q
v; Bis — | w5
Vo At
the minimization problems (28)-(29) are equivalent to solving the two following linear systems
of size FrL(E+2).
5 :

p+q=0

l N
1 [t — ¢t 1 t— s
Z n+27177q ;l;‘z, <T> WM Sh=c UZ+2(wj3>a <T> W™ >n Vl+m:0,,k

p+q=0

(k1) (k+2)

and (30)-(31)-(32) are equivalent to solving three linear systems of size 5

p+q=0
1 !
nJrzqu % t,t"Jr% m o n n+3 t,t"Jr% m o n
Zﬂ 2 vl B/ (wj1), R Vitm=0,....k,
p+q=0
1 l
n+3 P +3 t— s n+3 t—tnts
Z Bja 2™ o At W >=< v, ® (W), At wm>" Vi4+m=0,...,k.
p+q=0

The matrices are the same that in the case n°1 implicit and the case n°2 explicit. For the right
hand sides, we have first for the case n°1 explicit:

1
h T Y—Yi , Az n+3.0,4 1p,q,l, +1, 1,
U, (t"+At),< v ) ( > >= Z al Pqulqz m+ﬂj1 2 metfjlm+ﬂ;12 P gpia.lm
3

V. ex,j
‘ p+4q=0
:bi(l, m),
1\ !
ntg. t—tnte 2 : n,p,q grpsa,lm n+3,p, 4 pepalm n+1,p.q prp.a,lm
< U, (wi3>’ At @ ex,i +ﬂ ex,jl +ﬂ ex,j2
p+4q=0

:bjg (l, m),

k l m l m
n+1,p,q n+l [T T X Y~ Y _ him T —x Y=Y ' _
E o < u; ,( 7 ) ( 7 ) >i=<u(t +At),( v ) ( v ) > Vi+m=0,...

k l m l m
n+1,p,q ntl (L~ Ti Yy~ Y P YT T — % Y —Yi , _
E a; < ,( v ) ( v ) >i=< u(t +At),( 7 ) ( 7 ) >; Vi+m=0,...



Space-time GRP solvers of order k for linear advection with unrestricted time step

37

then for the case n°2 implicit:

u?(tn + At), (-T ‘—/ZCZ) (y Vyl) Z ﬁn—i-l,p,qupn,g,jlgm

' p+q=0

=b'(l,m),

ot
+3 -tz +3.2,
<vZ 2(wj1),< A ) Z a; P quwf’zl’erﬂn 2 qufwf’Jlém

p+4q=0

= jl(l’m)v

l

n+3

n+j t—t"Te n,p,q 3 rP:a:1Lm n+%.,0,4 5 rp,q,l,m

<y, (wjg),< v wm > g o PIMET +ﬁ My
p+q=0

=bj2(l,m)

and for the case explicit two targets:

1
T —T; -y
u?(t”+At),< v Z> (y Vyl) >= 2 : QP Qngq;lym+/8n+lpq<]5qugm
K3 K3

p+4q=0
=b'(l,m),
1 t—¢nts
< ’UZ+2(CU]'1); <7At ) m>t= Z a; P quwq;l’erﬂnJrz’p qumqjém
p+4q=0
:bjl(l,m),

n+3 t—tmts m o n_ npd ppalm | gt ey palm
<y (ij)’ At we > Z @ ex,i + ﬂ ex,j3
p+q=0
:bjg(l, m),

where the coefficients are given by:

Jfgf{l’m:—// (zltw > <y1 )q<zvsci)l<yvyi>mdz dy
t tn+2 — X ! — Y; m
inqjllm:_// <1xy ) wi(x acvx) (yvy) dz dy
FL i i
Jrakm _ 1 to(x,y) —t""2 96 —z\' (y-ui
w2 T, At wale Vi Vi
[ ]-‘].12 [ 1
Nl
Kepmq;l,m _ Ait// <$2( Z'z> <y2 yz>q (tAt’:E) T
D;
l
alm 1 t3(t,w) —t"t= 4”*2 t— s "
Kepm(,]jl = Zt - (AJ3 Tﬁ w™dt dw
31

l
1 t— 3
P,q,l,m __
Koy = Zt//plz wal(t ( v ) wmdt dw
J

m

dx dy
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p

m_ 1 ty(z,y) —t"F2 z—z\' (y—v\"
Jfrﬂ’s = A // % wi(z,y)? ( v ) (y Vy ) dx dy
T; i i

l
n 1
Kﬁf’f’m=$// (m(x,‘?i)—xi)l’(yl(x,‘y/)—yi)q t_Att+2 S
' D2, i i

p 1
1 to(t,w) — "tz t—tmts
alm _ 2(t,
Ko™ = //D vl BECICEOR vl
73,1
1
ypabm _ L o, y) —wi\" (welwy) —yi\* [L=t"2
m,1 At 2 ‘/z ‘/z At
Dl,Z
p 1
1 ta(t,w) —tntz t—tnts
alm _ 3(t,
W%?—E[L T a ) el Ty ) Wt de
73,2

2 \P —u\¢ — 2\ ! —a\™
Jfg;l,zlzl,m _ %// (zl(zaév) xz) (yl(z,‘li) yz) <$ Vl'z> (y Vyz) de dy
i JJF2 i i i i

p

1 hay) — v ai\' (y-p)"
p,q,l,m S q de d
Je:n,jS At //]__23 At w1 ('Tay) ‘/z ‘/z X ay

1
Kp,q,'l,m = i // :EQ(‘Tay) — Ly b 92(%9) —Yi Tlt—tte O™ dt dw
o At s, v, v At
p 1
1 ta(t,w) — tntz t—nts
vaqllam — ’ t q m At d
ex,j3 At P2 | At w2( 7w) At w d
I
1
MPijlvm o i :E?)(‘Tay) — T b 93(‘%"9) — Yi a t—t"ts O™t dw
ex,i At D22 ‘/; ‘/; At
p 1
1 ts(t,w) — t"tz t—tnte
Mpvqilam — ) t q mdt d
exr,j3 At P2 At CU3( 7w) At w d
VE
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