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Abstract

We consider second-order accuracy MUSCL schemes to approximate the solutions
of hyperbolic system of conservation laws. In the context of the 2D unstructured
grids, we propose a limitation procedure on the gradient reconstruction to enforce
several stability properties. We establish that the MUSCL scheme preserves the
invariant domains and satisfy a set of entropy inequalities. A conservation assump-
tion is not useful in the present work to define the piecewise linear approximations
and the proposed limitation can be understood as a systematic correction of the
standard gradient reconstruction procedure. The numerical method is applied to
the compressible Euler equations. The gradient reconstruction is performed using
the characteristic variables. Several numerical tests exhibit stability and robustness
of the scheme.

Key words: Finite volume method, MUSCL scheme, unstructured meshes,
invariant region, discrete entropy inequalities, compressible Euler equations.

1 Introduction

This paper deals with the numerical approximations for solving multidimen-
sional hyperbolic system of conservation laws on unstructured grids. Following
the ideas of Perthame-Qiu [23], we propose to discuss a variant of the well-
known MUSCL scheme introduced by Van Leer [21]. This scheme is a finite
volume method where the flux approximation is second-order accuracy and
has been leading several researches in this topic (see Colella [8], Durlofsky-
Engquist-Osher [10] Sanders-Weiser [27]). In the MUSCL approaches, a slope
limitation is introduced when computing the gradients. A large literature is
devoted to this limitation useful to avoid numerical oscillations (for instance,
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see Roe [25] or Rostand-Stoufflet [26]) as for scalar conservation laws because
of the TVD properties (see Harten [14]). As soon as systems of conservation
laws are considered, these limitations turn out to be very unnatural since the
TVD properties are thus wrong.

In the work of Perthame-Qiu [23], the authors propose to substitute the usual
gradient reconstruction by interpolations to consider a piecewise constant ap-
proximation on sub-cell and not a piecewise linear function by cell. Next, they
impose a limitation based on a conservation argument and they prove several
stability properties satisfied by the scheme. Owing a recent work of Berthon
[3], we establish that classical MUSCL scheme (see Van Leer [21] but also
Godlewski-Raviart [12] or Toro [29]) based on a gradient reconstruction and
the Perthame-Qiu variant based on the interpolated values coincide. This leads
us to introduce a MUSCL scheme where the limitation step does not involve
a conservation property like in [23]. This states the very discrepancy with the
other stable limitations procedure or relevant variants [23] where conservation
of the gradient reconstruction is imposed.

Another motivation for this interpretation of the MUSCL scheme is given
by physical arguments. Indeed, in the present work, we consider hyperbolic
system in the form

W +divF(W) =0, z€R? t>0, (1)

where the state vector W belongs to a convex set V, assumed to be invariant
by the flow. In general, the invariance of V coincides with physical assump-
tions (for instance, positive density and pressure). Considering a relevant CFL
restriction for the second-order MUSCL scheme, we are able to ensure the nu-
merical invariance of V. Such a stability property is crucial for a large number
of numerical simulations: strong shock interaction, low density, multiphase
models (for instance see Karni [16] or Larrouturou [18]), non thermodynam-
ical equilibrium flows [4]. From now on, let us emphasise that this stability
property just requires to use a numerical scheme which preserves the invariant
region for the one-dimensional first-order problems (with a gradient recon-
struction value fixed to zero).

This first stability property is next completed by a set of discrete entropy
inequalities. Indeed, we assume that the weak solutions of (1) satisfy the fol-
lowing entropy inequalities (see Lax [19,20]):

8,5(W) + divF(W) < 0, 2)

where W — S(W) denotes a convex application. With no additional limi-
tation on the gradient reconstruction, we prove that approximate solutions



by a MUSCL scheme satisfy a discrete form of (2). In addition, let us note
that results concerning the minimum entropy principle (see Tadmor [28], but
also Khobalatte-Perthame [17]) satisfied by both Euler equations and several
derived models are given (see [4]).

The paper is organized as follows. In the next section, we describe the second-
order multidimensional scheme on an unstructured grid. This description will
be very short since the considered scheme is very usual (see [12,17,23]). This
presentation is concluded by an interpretation of the gradient reconstruction
which follows the idea introduced by Perthame-Qiu [23] (see also Berthon [2]).
In the section 3, we give the expected stability result concerning the invariance
of the domain V and the entropy inequalities. These results are stated in the
general context and the assumptions made on the gradient reconstruction will
be weaker as possible. The next section is devoted to numerical applications
where the Euler equations are considered. The MUSCL scheme will be based
on the Suliciu relaxation scheme (see Bouchut [5,6] or Berthon [2,4] to further
details, see also Jin-Xin [15] to a description of the initial relaxation scheme)
and the gradient reconstruction will be performed using the characteristic
variables. Several numerical simulation, involving low density and strong shock
waves, illustrate the method. A brief conclusion achieved the paper.

2 Description of the scheme

In this section, we propose a brief description of the MUSCL scheme for an
unstructured mesh. At this level of the paper, we do not introduce innova-
tive results and we use the usual approaches (see Godlewski-Raviart [12] or
Perthame-Qiu [23] and references therein to further details).

First, we describe the grid uses for the second-order finite volume method. We
propose to consider the variant introduced by Perthame-Qiu [23]. This grid is
adopted since it makes easier the proof of the stability results stated in the
next section. Of course, the other grid approaches, as proposed in [12], can be
used. For instance, the extension to the well-known cell-center or cell-vertex
grids will be seen to be obvious.

Let be given a triangulation, we denote a; the vertexes of the triangles. The
dual cell ©; is the volume control associated with the vertex a;. It is delimited
in joining the barycenter of all the triangles surrounding a; (see figure 1). We
note A(¢) the number of triangles surrounding a;. For each k € {1,...,A(3)},
we set j(k) the index of the cell ;) neighboring €2; (for short, we omit the
dependence on i for j(k)). We note I';; the segment which separates €2; and
Qj(x), and ny;;y the outer unit normal to I'y;). In the sequel, |€2;| is the area
of the cell ; while |I';x)| is the length of the segment I';;). It will be useful,



Fig. 1. Cell-center control volume: dual cell €;

in the sequel, to label the mass center of the triangles. We set M;;;, the mass
center of the triangle (a;, a;, ay).

Now, we give the finite volume scheme to approximate the solutions of (1).
The reader is referred to [12] to complementary details. We set W an average
of W(z,t) at time ¢" in the dual-cell §2;. The sequence (W);cz is evolved in
time as follows:

Wln—i-l . W? A7)
— A" > T 1My, Wiy, Wiiyi) = 0, 3)
k=1

|€2%|

where W;; and W ; are second-order approximations of the solution on each
side of the edge I';;. The limitation procedure to be applied in the construction
of W;; is detailed latter on.

As usual, the numerical flux function ¢(n, W, Wg) is assumed to be locally
Lipschitz-continuous and satisfies

e consistency: ¢(n, W, W) = F(W).n,
e conservation: ¢(n, W, Wg) = —¢(—n, Wg, Wp).

After this brief presentation of the MUSCL scheme, we turn considering the
main motivation of this section. Following the ideas introduced by Berthon [3],
we propose to write the scheme (3) as a relevant average of states obtained
by a first-order scheme. To access such an issue, we split the dual cell €;



as displayed Figure 2. The edges a;M;ju);41) are split into two segments

M;j2)5(3)

Mij(4)j(5)

i(5)7(1)
Fig. 2. Sub-cell decomposition of the dual-cell £2;

separated by the new vertex mjj)jk+1)- To fix the idea, we assume that
Mij(k)j(k+1) 15 the middle of the segment a;M;jk)jr+1). In fact, in the present
work, the location of the vertex m;j();x+1) in the open segment a; M;jx);(rs1)
is free. Better choices will be given latter on.

Next, we introduce 2§ a sub-cell delimited in joining m;e)jk+1) (see Fig-
ure 2). We note () the sub-cell delimited in joining the vertexes Mij—1);k)
Mij(k)jk+1)> Mij(k)j(k+1)s Mij(k—1);(k)- BY construction, we have

Q= U (U w) -

For each sub-cell €2;;(), we associate the second-order inner approximate state
Wik We introduce the intermediate state vector W7, associated to the sub-
cell 27, uniquely defined as follows:

SWE Y
k

L1940
|Ql| -1 i

| .
. Wow =W W

In fact, W} is understood as a convex combination of the vectors W7} and
Wik Now, on the split grid, we propose to evolve in time these states using
the basic first-order version of the scheme (3):



|Q;|—At + ’; T oy, Wi, Wijay) = 0, (5)
Wit — Wig &

[y |+ X [T, Wiy, W) = 0, (6)
k=1

where I} is the segment separating €27 and (2, and nj; ;) the outer unit
normal. With some abuse in the notations, we have UFZ- = 0O and ij
denotes the values of W in the neighboring cells of €2 (see Figure 3).

We immediately deduce that the updated solution W' obtained by the
classical MUSCL scheme (3) is nothing but the following average:

Q"( * AG Qz
W?H _ | 2‘|W?+1’ 4 Z ‘ J(k)‘WZJ(rkl) (7)
€% = 1]

This formulation of the second-order scheme is central to establish the ex-
pected stability properties.

)
‘/

Il

O

7

Fig. 3. Cells €27 and €;; as the disjoint union of triangles.

To conclude this brief presentation, we just assume that the sub-cells are the

disjoint union of triangle Tilj, resp. T2 as displayed Figure 3.

3 Stability Analysis

With a large benefit, we use the decomposition (7) of the scheme (3). Indeed,
considering a second-order approximation of the solution on each side of the



edges I';;, we are able to construct a relevant sub-grid in order to write the
scheme (3) as a first-order average scheme on the sub-grid. Let us note from
now on that, from a practical point of view, the sub-grid will never be com-
puted. This is a crucial point since it does not increase the cost of the method.
It will be seen that solely the ratio |27|/|€;] and |€;;|/|€%]| are useful.

As a consequence, we have just to consider stability analysis for the first-order
scheme on the sub-grid immediately to deduce similar results to the second-
order scheme. In this way, we recall that the first-order 1D scheme derived
from (3) reads as follows:

At

Wotl — wn
? [ AfL’Z

(¢(nz7 W?? WZTLJrl) - d)(_nma W?? Wznfl)) : (8)

The time step At satisfies the first-order CFL restriction:

At 1
WT* W" < =
miZnA;ci r?eazx|/\(n”’ i Wil < 5 (9)
i€

where A(n, W, Wg) denotes, with some abuse in the notation, the numerical
eigenvalues associated to the flux function F evaluated at (n, W, Wg). Since
it will be useful in the sequel, let us note that the CFL number involved in
(9) becomes 1 instead of 1/2 as soon as we have W} = W7, in (8).

In the sequel, the 1D scheme (8) is assumed to satisfy:

H1 If W2 € V then W € V for all i in Z.
H2 For all 7 in Z, the following entropy inequalities are satisfied:

S(Wi™) — S(WY)

At (10)
(F (0, Wi W) + F(—n,, WL W) <0,

1

Z;

where F(n, Wy, Wg) denotes the entropy numerical flux function.

Now, we prove that these two stability properties are preserved by the second-
order 2D scheme (3) as long as relevant CFL condition and limitation proce-
dure are considered.

Theorem 1 Let us consider the second-order 2D scheme (3) and assume that
all the states W;; and W belong to V. Consider the CFL condition



5|
Zé|max|)\(n Wi, Wi <1, VQu, T5, 1<k<A4, (11)
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If the numerical flux function satisfies H1 for the reduced first-order scheme

(8) then H1 is also satisfied by the full scheme (3).

max A, Wi Wiggol < 1, V07, Tho, 1<k < AG). (12)

In addition, assume H2 for the reduced scheme (8), then the second-order
scheme (3) satisfies the following entropy inequalities:

1 . . 1 A(9)
A7 (S(WHh) —sm) + q 2 T [ F (mija), Wijay, Wiai) <0, (13)

v k=1

where ST is defined as follows:

A(d)

Q; o
St = o SWi) + 30 =S (W), (14)
1 k=1 1

The first point we want highlight concerns the entropy inequalities and the
definition of SP. Indeed, one want use S(WV) instead of S to define first-
order entropy inequalities. As a consequence, a second-order error term is
introduced:

A7 (S(WIH) — S(WT)) + a2 Tise [ F (i, Wiga), Wias) <
k=1

where S — S(WZF) is positive by the Jensen inequality. In a sense to be
prescribed, this error term comes from the variation in the reconstruction step.
In the present work, second-order accuracy is assumed and the definition of S}
must be according with it (see Bouchut-Bourdarias-Perthame [7]). In fact, the
definition (14) we propose for SI* can be understood as a quadrature formula
of the definition proposed by Bouchut-Bourdarias-Perthame [7].

Before we establish the above result, it seems important to give some com-
ments. Let us note that the assumption W;; € V and W} € V defines the
limitation procedure. An example is given in the next section devoted to the
numerical applications. We also emphasize the fact that no conservation lim-
itations are imposed. The very discrepancy with more classical approaches
([12,23]) stays in this point.



Concerning the assumption H1 and H2, they are very natural and are satisfied
by most of the schemes. To illustrate this purpose, we just recall that, argu-
ing rotational invariance of the system (1), the numerical 2D flux function
¢(n, W;, Wg) may be given by a 1D flux function stated in the direction of n
(see Godlewski-Raviart [12] to additional details). In general, stability results
are proved in the 1D case: as example see Khobalatte-Perthame [17] for a ki-
netic scheme, Bouchut [6] or Berthon [2] for a Suliciu relaxation scheme (the
reader is also referred to Harten-Lax-Van Leer [13] and references therein).

Let us emphasize that the CFL condition (11)-(12) may be seem unnatural.
In fact, it is nothing but a usual CFL restriction stated, at this time, on the
sub-grid made of dual cells €2;; and €27. This CFL restriction is specified for
each direction nfj and n7 . At this level, we do not consider the initial mesh
made of the cells ;.

The following first-order integration lemma will be useful in the sequel
Lemma 2 Let us consider a dual-cell ); as given Figure 1. Assume that €,

is a disjoint union of triangles T (similarly to the case displayed Figure 3).
The following two formulas are equivalent:

wnrtl _wn A0

i) €] A7 + > Tijom o, Wi, Wig) =0, (15)
k=1
A(3) Tk
ZZ) W;H—l — Z ’ i ‘W?—i_l’Tik’ (16)
k=1 |91’
n+1,TF n At
W; =W} — W\Fij(k)fx
i (17)

<¢(_nij(k)7 Wi, W) + by, Wi, W?(k))>'

Similarly to the reformulation (7), we note that the time evolution on a dual-
cell rewrites as a relevant average. In (16)-(17), the average is made of first-
order time evolution states since (17) coincides with the first-order scheme (8)
in the direction of njy).

Proof of Lemma 2. An obvious Green formula application gives

AG)
> Tijnijw = 0.
k=1



Since @1y, Wi W7') = F(W?).n;;), we can rewrite (15) as follows:

wit - wr 8
1

|€2] A +Z 1 k)\( A(Ng(ry, Wzn?W?(k))_(b(_nij(k)vaawy)) = 0.

We obtain (16)-(17) since we have

M
= > |7

k=1

The proof is achieved. O

Proof of Theorem 1. In the first step of the proof, the result is established
on each sub-cell €2;; and €. For the sake of simplicity in the presentation, we
just consider the sub-cells €2;; since the proof for €2 is analogous.

In the sub-cells €2;;, we recall that the partial state W; is evolved in time using
(6). Next, we apply Lemma 2 to write (6) as a sum of first-order schemes (8)
stated in each direction n;j) and given by

Wit — 24: |7} |Wn+1 T 18)
? 7 18] ’
n+1,T£. k .

W,; = W;; — " ‘\F y( (—nf, Wi, W) + ¢(nf;, W, W )). (19)

Assuming H1 for (8), the CFL condition (11) ensures that the evolved state

wih T belongs to V as long as the vector states W;; and W7 belong to V.

5]
In the same way, W' 1% helongs to V when assuming the CFL condition (12).
Since W7 is given by (7) and V is a convex set, we immediately deduce that

W7 belongs to V.

Concerning the entropy inequalities (13), once again we apply Lemma 2 to
write (5) and (6) as a sum of first-order schemes (8). Next, the assumption H2
is applied to each first-order time evolution, W' 1% and ij“, and we easily
obtain

1 A(3) |7ﬂl*k‘ 1 T 4 u“’ll(k)‘ n+1 T” "
O > Tl F (i), Wiijiey, Wiiyi) <0,
? k=1

10



where S?" is defined by (14). Since the following equality holds:

T*k ’

2 (5

the convex property of the function W — S(W) ensures

T
Z Qz >_1’

’ =1

n+1,T"

A T*k . 4 |TL
> <| Z ‘|5(W?+1’Tik) + - Z(J)(k)_|5(wm(k) ”m)) > S(Wi ).

k=1 7 =1 i

The entropy inequalities (13) is thus established and the proof is achieved. O

4 Numerical applications

In this section, we apply the limitation reconstruction when approximating the
solutions of the 2D Euler equations. The system of gas dynamics equations in
two space dimensions reads:

W + divF (W) = 0,
where the unknown vector is given by

W = (p, pu, pv, pE),

and the flux function F(W) = (F1(W),F5(W)) is defined as follows:

F1(W) = (pu, pu® + p, pwv, (pE + p)u),
Fy(W) = (pv, puv, pv* + p, (pE + p)v),

u? + v?
p=(7—1)<pE—p 5 ) v € (1,3].

The set of admissible states is defined by

2 .2
V:{WER4; p>0,(u,v)€R2,E—u —QHJ >0}

After the work of Lax [20], because of the shock waves, it is known that entropy
inequalities must be considered:

OpG(Ins) 4+ 0,pG(Ins)u + OypG(lns)v <0, s:=s(W)=—,
where G satisfies

G'(y) <0, G'(y)—+G"(y) <0, VyeR,

11



to enforce the convex property of W — pG(In s).

In addition, as proved by Tadmor [28], the specific entropy s satisfies the
following minimum principle:

s(x,t+h) > min{s(z',t);|2" — 2| <[] u || b} (21)

The second-order MUSCL scheme (3) we propose in the present work is based
on the Suliciu relaxation scheme (see [1,2,4-6,9]). In fact, with some benefit we
use the rotational invariance of the flux function (for instance, see Godlewski-
Raviart [12]). We consider the 1D numerical flux function ¢; (W, Wg) in the
z-direction to define

1
o | R. W, Wi | =R 16 (RW,, R Wg),
0
for all unitary transform R with

u
R.W = (p, pR. ,pE).
v

Of course, it is not a genuinely multidimensional scheme but such a procedure
is very frequently used. Our numerical procedure is thus tested in a usual
context.

Let us note that the assumptions H1 and H2 are satisfied by the Suliciu
relaxation scheme. In addition, the 1D first-order relaxation scheme satisfies
a discrete entropy minimum principle [4]:

s(With) > min(s(WiL,), s(W7), s(W7,,)). (22)

Now, we turn detailing the limitation procedure. We propose to consider the
characteristic variables (p, u, v, p). First, we assume that the second-order ap-
proximation W;; is performed using a standard gradient reconstruction (min-
mod, superbee,..., see [11,12,29]). We set

pij = pi +0pij,
uij = U:L -+ (5ui]~,
Uij = U:L + 6Uij7
pij = p; + 0pij,

12



the standard second-order reconstruction. To apply the stability Theorem 1,
we have to modify the gradient approximation (Ap;;, Aw;;, Av;;, Ap;;) in order
to enforce W;; € V and W7 € V. We impose

Apij > —p; and  Ap;; > —p;, (23)

to obtain W;; € V. Concerning the state W7, we have to enforce

p; >0 and p; >0, (24)

where, after (4), we have

A
|Q | U(k

Z ‘Q* ZJ (k)

k=1

Wi =g W

(25)

In the present numerical application, we propose the following procedure:

(a) The density increments Ap;; are modified to ensure

pij = P} + Aﬂu >0,

125l (26)

q
Z |Q* Uk)>0
k=1

(b) With Ap;; fixed in the step (a), the pressure increments Ap;; are modified
to ensure

Dij _p?"'Apij > 0,

20 27)
z ‘“

Ap” (k) = 0.

Z

(c) With Ap;; and Ap;; fixed in the step (a) and (b), the velocity increments
(Au;j, Av;;) are modified to ensure

(pu)})? ((pv)$>2> -0, (28)

2p7 2p7

== (e -

where W is given by (25).
It is very easy to see that that the limitations (23)-(24) are satisfied at the

end of the procedure (a)-(b)-(c). Moreover, let us remark that this procedure
is well-defined.

13



From now on, let us give several comments concerning this numerical proce-
dure. First, since the conservation is not assumed for the gradient reconstruc-
tion, in general we do not have p; = p?. To obtain the first limitation (26), we
adopt a linear approach. We set Ap;; = adp;; the modified density increment.
In order to satisfy (26), the coefficient av must satisfy:

Pij Zp?—i-oz(Spij > 0,

Qijn
r=p— Z' L

5ng k) > 0.

i

We adopt the same strategy to modify both pressure and velocity increments.
We consider the same linear coefficient for both velocities; i.e. we set Au;; =
Bou;; and Av;; = Bov;;. This coefficient 3 is thus compute to enforce (28).

Of course, this numerical procedure is certainly not optimum. But it yields to
very easy computations to modify the increments dp;;, ou;j, 0v;; and op;;. At
this level, we have ensured the main stability results expected for the Euler
equations. Indeed and after Theorem 1, the positiveness of both density and
pressure is proved. In addition, a set of entropy inequalities is satisfied. Once
again, let us emphasize that the computation of the sub-grid is not useful.
Indeed, in the above formulas, solely the ratios |€27|/[€2;] and |Q;;|/|€%]| are
involved. For practical applications, a simple choice is given by

[ 19l _ 1
a1 A@+ L

These results can be completed by a minimum entropy principle.
Theorem 3 Let us consider the second-order 2D scheme (3) and assume that
all the states W; and W7 belong to V. Consider the CFL restriction (11)-(12).

Assume that the numerical flux function of the reduced first-order 1D scheme
(8) satisfies the discrete entropy minimum principle (22) then we have

SOWE) = in (SOW2), 5(Wign), 5(Wia) ) (29)

1<k<A(i)

Let us recall that the Suliciu relaxation scheme we use satisfies this result
since we have (22) for the first-order reduced scheme.

To prove Theorem 3, we need the following technical result:

Lemma 4 Consider the following convex sum

14



N N
W = Z aka, Z ap = 1, A Z 0, (30)
k=1

k=1

and assume the following entropy minimum principle

s(Wy) > jgg(l}g)(s(wj))y

where O(k) denotes a bounded set of admissible indexes. Then we have

s(W)>  min (s(W;)). (31)

—jeud_ (k)

Proof. This result is a direct consequence of the convex property of the func-
tion W — pG(In s(W)). Indeed, as long as W satisfies (30), we have

pG(Ins(W)) < Z; apprd (In s(Wy)).

Since G is a decreasing function, we have

G(1n s(W.)) <G(in min (s(W,),

G(In(_min  (s(W;)))),

jeuN_ e(k)

IN

and thus we have

The expected inequality (31) is then immediately deduced arguing, once again,
the decreasing property of G. The proof is achieved. O

Proof of Theorem 3. The proof exactly follows the establishment of The-
orem 1. Once again, we apply Lemma 2 to write (5) and (6) as a sum of
first-order scheme (8) for each direction n;j(). Under the CFL condition (11)-
(12), we apply the discrete minimum principle (22) to each first-order time
evolution (17). The expected discrete entropy minimum principle (29) is thus
a direct consequence of Lemma 4. O

15
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Fig. 4. A 2D unstructured mesh for the 1D problems, 3996 nodes and 7690 triangles.
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Fig. 5. Shock tube. Comparison of the exact solution and both first-order and sec-

ond-order approximate solution.

The scheme is now applied to performed several numerical tests. We recall
that the Suliciu relaxation numerical flux function (see [4,5]) is used in the

present paper. We have adopted this flux because it satisfies all the stability
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05

Fig. 6. Double rarefaction waves. Comparison of the exact solution and both
first-order and second-order approximate solution.

Khobalatte-Perthame [17] to another scheme satisfying stability properties.
Let us note that several 1D numerical flux functions satisfy H1 and H2 (for
instance, see Bouchut [5]). Arguing the rotational invariance, they can be
applied to develop robust 2D MUSCL schemes.

All the tests are performed using the same strategy. The CFL number is
fixed to 0.5 according to (11)-(12). The gradient reconstruction is performed
with the so-called Superbee limiter (see Roe [25] but also [29] and references
therein). We have adopted this limiter because of its well-known accuracy and
its instabilities (large oscillations) when solving the Euler equations. The Su-
perbee approach involves large oscillations when considering standard MUSCL
schemes. This makes very difficult severe numerical tests. Since our procedure
makes robust the scheme, no problem will appear for severe tests. For the sake
of consistency with the detailed scheme (3), we do not involve a second-order
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Fig. 7. Double Mach reflection. Density at time ¢ = 0.2, 30 isovalues from 7.55 to
21.5.

time accuracy. Actually, many second-order accurate time procedures exist in
the literature (for instance, see [3,17]) which preserve the robustness of the
first-order accurate time schemes.

The two first tests are devoted to 1D problems computed on a 2D unstructured
grid. The grid is made of a random triangulation where we have imposed
amounts 125 nodes in the horizontal direction and amounts 25 nodes in the
vertical direction. First, a classical shock tube is considered. The results are
displayed in Figure 5. Both first- and second-order numerical approximations
are compared to the exact solution.

The second 1D problem concerns a very difficult problem since the density
and pressure vanish. As expected, the present variant of the MUSCL scheme
does not generate negative density or pressure. The numerical results are given
Figure 6 and compared to the exact solution.

In the next numerical experiment, we consider the double Mach reflection on a
ramp proposed by Woodward-Colella [30]. This test is known to be severe for
the robustness and the accuracy of the schemes. It involves discontinuous flows
with very complex structures. It consists of the interaction of a planar Mach 10
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density

pressure

Fig. 8. Mach 3 wind tunnel with a step. Density and pressure at time ¢t = 4, 30
isovalues from 0.7 to 6.5 for the density and from 0.5 to 11.9 for the pressure.

shock with a 30° ramp. Ahead the shock wave, the gas has density 1.4, pressure
1 with ~y fixed to 1.4. The reader is referred to [30] for a detailed description of
the experiment. The test is performed when considering an unstructured grid
made of 47852 nodes and 94847 triangles which corresponds to edge’s length
amounts 1/100. We have considered a similar thickness as proposed in [30]. The
density result is displayed Figure 7. The obtained result is in good agreement
with the results displayed in [30] (see also Ricchiuto-Csik-Deconninck [24]).

We follow performing numerical experiments proposed by Woodward-Colella
[30]. We consider the Mach 3 wind tunnel with a step. Initially, the wind tunnel
contains a uniform gas with density 1.4, pressure 1, velocity 3 and  fixed to
1.4. The solution of this problem involves shock waves interacting with the
tunnel. The test is performed with an unstructured grid made of 20117 nodes
and 39592 triangles which corresponds to edge’s length amounts 1/80. The
thickness of the grid is the same as imposed in [30]. The density and pressure
results are displayed Figure 8.

The last numerical experiment we propose is devoted to a flow around an el-
lipse with a Mach number of 25, an incidence of 30° and ~ fixed to 1.2. This
test has been introduced in Perthame-Qiu [23] and turns out to be partic-
ularly difficult since, in general, negative pressures are reported behind the
body. According to the theory, the modified MUSCL scheme gives a positive
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Fig. 9. Ellipse at 25 Mach number. (a) Adapted grid made of 4810 nodes and 9421
triangles. (b) Mach number with 30 isovalues from —0.2 to 29.

solution. However, let us note that the limitation we have introduced makes
the scheme robust but does not provide the oscillations. In this test, we observe
a bad residue decay. To decrease this residue decay, we try several limitation
approaches as prescribed in [12] pages 412-415. In this numerical experiment,
these limitations must be separated in two families. If we do not enforce our
robust procedure, most of the standard limitations involve negative pressure.
The limitation procedures performing the test give near first-order results.
Now, if we enforce the robustness, numerical results are obtained with both
families of limitations. The results remain “first-order” when the original lim-
itation gave “first-order” results. The remaining limitation procedures give
second-order numerical approximation but for a poor residue decay. Concern-
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ing this numerical experiment, the best results are actually obtained in [23].

An adapted unstructured mesh made of 4810 nodes and 9421 triangles has
been considered to perform the numerical experiment. The Mach number so-
lution is displayed Figure 9 when the initial data is made of the converged
first-order solution. Let us note that the same result is obtained with an ini-
tial data made of a constant state.

5 Conclusion

In this paper, we propose a version of the celebrate MUSCL scheme on 2D
unstructured grid. These schemes are second-order accuracy but are known to
be poorly robust. Arguing a relevant gradient reconstruction limitation and a
relevant CFL restriction, we ensure the expected robustness. When applying
to the compressible Euler equations, the resulting MUSCL scheme preserves
the positiveness of both density and pressure. This robustness of the method is
supplemented by a set of discrete second-order entropy inequalities. Moreover,
in the context of the Euler equations, we establish a discrete entropy minimum
principle. This limitation turns out to be very easy and its numerical imple-
mentation does not involve technical difficulties. In addition, this limitation
can be considered with any MUSCL schemes and thus enforces the expected
robustness but it does not increase the cost of the scheme. To illustrate the
method, we have performed several numerical tests. In the literature, most of
them are considered as severe.
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