LOCAL FULLY DISCRETE ENTROPY STABILITY FOR A
GENUINE SECOND-ORDER SCHEME FOR SCALAR HYPERBOLIC
EQUATIONS

CHRISTOPHE BERTHON* AND LUDOVIC MARTAUD

Abstract. This work concerns the numerical approximations of the weak solutions of scalar
hyperbolic conservation laws. After showing how to bypass the barrier theorems for the linear
advection, the derivation of a second-order entropy-satisfying scheme is presented for non-linear
equations. The fully discrete stability result is established for regular strictly convex entropy and
under a parabolic CFL-like condition. Some numerical experiments are done to assess the accuracy
and the stability of the proposed scheme.

1. Introduction. The present work concerns the numerical approximation of
the weak solutions of scalar conservation laws in the one space dimension on a bounded
domain I C R given by
(1.1) Ow+ 0, f(w)=0, xz€l, t>0,
’ w(z,t =0)=wy(z), =zel.

The unknown is w(z, t) € R, f : R — Ris a smooth given flux function and wo : I — R
is a given measurable function in L'(I). For the sake of simplicity, only periodic
boundary conditions are considered in this work.

According to [37,38,48] (see also [26,27,40,56]), it is well-known that the solutions
of (1.1) may develop, in a finite time, discontinuities and that the weak solutions are in
general non unique. In order to rule out non-admissible weak solutions, (1.1) must be
endowed with entropy inequalities. In this regard, weak solutions of (1.1) containing
discontinuities, verify an entropy inequality (for instance, see [37,38,48]) given by

(1.2) dn(w) + ,G(w) <0 in DI x (0,+00)),

where n : R — R is a convex function and G : R — R is the entropy flux function
satisfying n'(w)f'(w) = G'(w) for all w € R. A weak solution of (1.1) is called an
entropy-satisfying solution if and only if the entropy inequality (1.2) holds for any
pair entropy-entropy flux (7, G).

As for the numerical approximation, the weak solutions of (1.1) are approximated
within the standard finite volume framework. In this regard and considering N € N*|
the periodic-space domain I and time interval [0,4o00) are discretized by uniform
meshes of size Az, At > 0 such that (xH%,t”“‘l) = (z;_1,1") + (Az, At), for all
(i,n) € Z/NZ x N. Considering such meshes, the numerical approximation of the
weak solutions of (1.1) is given by the following piecewise constant function:

(1.3)

n n 1 wiJr%
T,

w(x,t")dx, ifee(rv,_1,2,,1), Vie€Z/NZ,
7% 2 2
and the discrete periodic boundary conditions are enforced with the sequence (w}');ez/nz-J]

Over the past fifty years, numerous strategies have been proposed to evolve in time the
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approximation (1.3) and to define suitable updated states (w?“)iez /nz (for instance,
see [18,26,27,30,40,45,56] and references therein). In the present work, three-points
conservative finite volume schemes are used, so that the updated state reads

(1.4) witt =Wl — %(}"(wf, wi ) — F(wl,wi)),
where F : (R)?> — R is a numerical flux function satisfying the consistency relation
Flw,w) = f(w) (see [27,30,56] for the details). The consistency of the numerical
flux function is required for the convergence of (1.4) but the obtained limit solution
is not necessarily entropy-satisfying. As a consequence, non-admissible discontinuous
waves may appear (for instance, see [15,34]). To correct such irrelevant solutions,

w1, ez /N7 has to satisfy discrete entropy inequalities in the form
7 S /

n+1 n At n n n n
(1.5) n(w;™") < n(w;') — Ax (G(w], wity) = Glwiy,wi)),

where G : (R)? — R is a numerical entropy flux function satisfying the consistency
relation G(w,w) = G(w). Discrete entropy inequalities (1.5) are satisfied by several
first-order schemes, among of them the exact Godunov scheme [28,30], the kinetic
schemes [9, 35], the HLL scheme [30, 31], the HLLC scheme [55], some relaxation
schemes [7,10,17], the numerical strategy introduced by Tadmor [51,52] or the stag-
gered schemes [23,32].

As far as high-order numerical approximations are concerned, the situation turns
out to be drastically distinct and very challenging. Several works devoted to high-
order schemes attempted to exhibit discrete entropy inequalities (1.5) (for a non-
exhaustive list, see for instance [1,2,6, 16, 53,54, 58]) but, from a general point of
view, the time discretization is an important technical obstacle. Hence, semi-discrete
entropy estimates $n(w;(t)) < — 2= (G (w;(t), wi+1(t)) — G(wi—1(t), wi(t))), are of-
ten considered for finite volumes schemes [13, 14,24, 52] or within the Discontinuous
Galerkin (DG) finite element framework [3,36,44]. Unfortunately, such semi-discrete
entropy inequalities are not sufficient to rule out non-admissible discontinuities in
the converged solutions [12]. In [7,11,42,43], fully discrete entropy estimates are
introduced as follows:

(16) n(f ™) < 7~ LG ) — Gy u),
for a suitable entropy average 7" ~ n(w!"). Such discrete entropy inequality strategies
are not fully relevant since Lax-Wendroff Theorem [39] cannot be successfully applied
(see [21] for the details). In addition, in [4,21], numerical experiments exhibited the
capture of non-admissible shock solutions for MUSCL schemes which satisfy (1.6).
This work concerns the design of a second-order scheme (1.4) also satisfying a local
fully discrete entropy inequality (1.5). The paper is organized as follows. Section 2
concerns a discussion about the celebrate order barrier theorems by Godunov in [28]
and Schonbek in [47]. According to these two crucial papers, it comes (for instance
see also [27,56]): that “if a 3-point finite volume scheme (1.4) satisfies the discrete
entropy inequality (1.5) then it is at most first-order accurate. Involving to a suitable
definition of the order of accuracy, we exhibit the limitations of the well-known order
barrier theorems. Moreover, adopting a very easy linear scheme for the usual advection
equation, we present a high-order, i.e. larger than 2, in the form (1.4) which satisfies
the discrete entropy inequality (1.5). In Section 3, a second-order scheme is derived
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and its discrete entropy stability property is given. Section 4 is devoted to the proof of
the second-order accuracy while Section 5 concerns the proof of the entropy stability.
Section 6 is finally dedicated to the numerical experiments.

2. About the order limitation of entropy-satisfying three-points finite
volume schemes. Considering second-order, eventually high-order, finite volume
schemes endowed with a discrete entropy inequality, we immediately have to empha-
size that an entropy satisfying 3-point scheme (1.4) is at most first-order accurate.
The reader is easily convinced by such a restriction after the order barrier theorems by
Godunov [28] and Schonbek [47]. The believe of this order limitation is enforced, from
several decades, by numerous books and articles (for instance, see [27,56]). Arguing
some modern definition of the order of accuracy, in this section we show how bypass
the barriers imposed by Godunov [28] and Schonbek [47].

First, let us consider the order restrictions enforced by Godunov. Indeed, in [28],
the author considers the discretization of the linear advection equation to claim:
Among schemes of second-order accuracy for the (linear advection) equation there
is none which satisfies the monotonicity condition. To address such a statement,
Godunov adopt second-order schemes that remain exact for initial data given by a
polynomial of second order degree. According to such a second-order scheme defini-
tion, Godunov proves the impossibility to get a monotone scheme.

Next, we recall that Schonbek states in [47] that a scheme, given by (1.4), is
necessarily first-order to be entropy satisfying according to (1.5). This time, to es-
tablish this result, the author adopts second-order scheme such that |F(wj, wj, ;) —
FEW (wrr,wl )| < O (Jwly — w[?), where FEW (wl', wl ;) stands for the second-
order Lax-Wendroff numerical flux function [27,39].

From now on, we notice that Godunov [28] and Schonbek [47] adopt two distinct
definitions of the order of accuracy. But, nowadays the definition of the order of
accuracy turns out to be weaker. In the present section, we adopt the certainly more
common definitions; namely the truncation errors [27] and the order of accuracy in
the weak sense [10]. Both definition are given as follow:

DEFINITION 2.1 (Truncation errors [27]). The space and time order of accuracy
of a scheme (1.4) are the largest numbers k > 1 and £ > 1 such that we have for any
smooth solution w of (1.1) and for ﬁ—fc kept constant, T = O(At*) + O(Az*) with
At, Ax — 0 where we have set

1
T= A (w(x,t + At) — w(z,t))
+ Aiz (Flw(z,t), w(z + Az, t)) — F(w(x — Az, t),w(z,t))).

DEFINITION 2.2 (Order of accuracy in the weak sense [10]). For any smooth
solution of (1.1), let us set w = A f;*% w(z,t") dz. With a constant ratio {L,

2
the scheme (1.4) is said of k-order in time and £-order in space if

1 Titd
n+1 2 n _
(2.1) witt — / wa, 1" + At) dz) = = (Rivs ~Rizy),

G

where R 1 = O(AtF) + O(Ax?) is a scheme residue.

From now on, let us underline that the numerical evaluation of the order of
accuracy is, in general, obtained assessing || w™ —w(.,t") |1, || w™ —w(.,t") ||z and
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|| w™ —w(.,t") ||pe. Such a practical numerical order of accuracy is nothing but a
global extension of the weak sense of the order.

Moreover, since the ratio % stays constant, we may consider a global order given
by min(k, £) because of O(AtF) + O(Azt) = O(Az™ink:0),

In fact, the above definitions are similar and they naturally contain the order
of accuracy adopted by Godunov and by Schonbek. However, it is worth noticing
that approximations with second-order according to the truncation error Definition
2.1 or to the weak sense Definition 2.2 may be first-order in the sense of Godunov or
Schonbek. As a consequence, it is clearly possible to envisage a second-order scheme
(1.4), eventually high-order, in a modern definitions 2.1 or 2.2, which stays Godunov
and/or Schonbek first-order, such that a discrete entropy inequality (1.5) is satisfied.
The well-known barrier theorems can be circumvented.

To illustrate our purpose, let us consider the linear advection equation given by
Oyw + ad,w = 0, with a > 0. To approximate the weak solutions of this equation, we
adopt the usual upwind scheme [27,56] given by

At
(2:2) Wt = wf — S (wf - wly),

with the CFL time restriction % < 1. This scheme is well-known to be first-order
and to satisfy all the expected stability properties : L'-stable, L?-stable, L>-stable,
TVD, maximum principle preserving, monotonicity, entropy preserving (for instance,

see [27,56]). Now, we establish that (2.2) can be high-order.

LEMMA 2.3. Let us set C > 0 a generic constant. With a constant ratio %,
the truncation error of the scheme (2.2) reads T = ( - ‘Z—A;) CAzx, while the scheme

residue (2.1) in the weak sense order is R; 1 = (1- a%)ICAx.

The proof of the above statement is classical and it is left to the reader. Of course,
this result clearly establishes that the upwind scheme (2.2) is at least first-order.

However, it is possible to make very easily the upwind scheme (2.2) high-order.
Indeed, let us fix the time increment as follows:

(2.3) a% =1—eAgh 1,
with k£ > 1 and € > 0 such that 1 — A2z*~1 > 0. We emphasize that, as soon as Az
is small enough, it is sufficient to get € = 1.

Now, concerning the order of accuracy of the upwind scheme (2.2) with (2.3), we
immediately have 7 = eCAx* and R, 1= eCAzF, so that the upwind scheme turns
out to be k-order with k£ > 1. But we also remark that the upwind scheme (2.2) is
not modified and the CFL condition aA—Azt < 1is preserved. As a consequence, we have
establish the following result.

THEOREM 2.4. The upwind scheme (2.2) with a time step given by (2.3) is k-order
with k > 1. Moreover, the scheme is L' -stable, L?-stable, L>-stable, TVD, mazimum
principle preserving, monotonicity, and it satisfies a discrete entropy inequality (1.5)
for all entropy pairs (n,G).

Once again, we underline that the upwind scheme, even with a time step given by
(2.3), remains first-order according to both Godunov and Schonbek order definitions.
Let us present some numerical experiments to illustrate our purpose. We adopt
a computational domain given by I = (—1,1] with periodic boundary conditions.
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Cells Lt L? L*> Cells LT L? L
100 - - - 100 - - -
200 | 1.9647 | 1.9646 | 1.9644 200 | 4.9991 | 4.9995 | 4.9995
400 | 1.9943 | 1.9943 | 1.9942 400 | 4.9998 | 4.9998 | 4.9998
800 | 2.0021 | 2.0021 | 2.0021 800 | 4.9999 | 4.9999 | 4.9999
1600 | 2.0023 | 2.0023 | 2.0023 1600 | 4.9999 | 4.9999 | 4.9999
3200 | 2.0014 | 2.0014 | 2.0014 3200 | 4.9999 | 4.9999 | 4.9999
Cells Lt L? L> Cells Lt L? L*>
102 - - - 102 - - -
202 | 0.9972 | 0.4990 | -0.0016 202 | 3.9993 | 3.4991 | 2.9993
402 | 1.0009 | 0.5004 | -0.0005 402 | 3.9999 | 3.4998 | 2.9999
802 | 1.0020 | 0.5010 | -0.0003 802 | 3.9999 | 3.4999 | 2.9999
1602 | 1.0014 | 0.5006 | -0.0002 1602 | 3.9999 | 3.4999 | 2.9999
3202 | 1.0008 | 0.5003 | -0.0001 3202 | 3.9999 | 3.4999 | 2.9999

Table 2.1: Numerical order of accuracy for the scheme (2.2), (2.3) with k = 2 (resp.
k = 5) on the left, (resp. right) and endowed with wo(z) = 0.25 + 0.5sin(7x) (resp.
wo () = X|z|<0.25(x)) on the top (resp. bottom).

The transport velocity is fixed by a = 2 and € > 0 in (2.3) satisfies ¢ = 1. First,
we approximate a smooth solution obtained by considering an initial data given by
wo(z) = 0.25+0.5sin(wz). The L'-, L2- and L*-errors are evaluated at the final time
t = 7. The obtained numerical orders of accuracy are reported on the top of Table 2.1
for kK =2 and k = 5. As expected, we get the correct orders of accuracy. In the second
simulation, a discontinuous initial data is used under the form wo(z) = X|z|<0.25(%)
where x denotes the indicator function. Once again the numerical order of accuracy
is evaluated by considering L'-, L?- and L®-errors. As presented on the bottom of
Table 2.1, we obtain the correct order of the scheme which is given by (k —2) + %
in LP for discontinuous solutions. Moreover, in Figure 3.1 we present the performed
approximate solutions for both initial data. We underline that usual spurious oscil-
lations never occur since the upwind scheme (2.2) satisfies all the expected stability
properties.

3. Local fully discrete entropy stability of a second-order finite volume
scheme. This section concerns the definition of a second-order finite volume scheme
satisfying (1.5). For the sake of completeness, the below lemma is given to characterize
a formal second-order finite volume scheme (1.4) according to Definition 2.2.

LEMMA 3.1 (Weak consistency [10]). Let w(z,t) € R be a smooth solution of
(1.1) and consider wl' = < fm“’% w(z,t") dz. Let F : (R)?> — R be a continuous

T, 1
function defining (1.4) and which verifies the consistency relation F(w,w) = f(w) for
all w € R. If F satisfies F(w]', wi 1) = f(w(w; 1, 1")) + O(Az?), where the O(Az?)
term is uniform with respect to i € Z/NZ then (1.4) is second-order consistent in the
weak sense.

Proof. The reader can be refer to [5,10] for the details of the proof. |
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Fig. 3.1: Numerical simulations for the scheme (2.2), (2.3) with wg(z) = 0.25 4+
0.5sin(mz) (resp. wo(x) = X|z|<0.25(x)) on the left (resp. center and right).

Equipped with the above lemma, the proposed scheme (1.4) in this work is defined
by the following numerical flux:

(3.1a) Flwiwiy) = 5 (f(w) + f(wiyy) — 5A% 1 (Wi, — ),

(3.1b) AZ_% = ;:_% lwiy 1 — wi'| + UZ_%AJ},

where Vi1, 00
2

The main originality in (3.1) is to define a non-linear artificial viscosity (see [8,29])

under the form A;L+% = ’y{‘+%|w?+1 —wi| + (T;L+%AI. For smooth solutions, this

; > 0 have to be restricted according to the entropy stability (1.5).
2

viscosity has O(Az) magnitude and thus it ensures the second-order accuracy. For
discontinuous solutions, the sequel shows the relevancy of A , to enforce (1.5). As a
2

consequence, the scheme (1.4), (3.1) does not involve limitations techniques in contrast
with other usual approaches as MUSCL technique [57], (W)ENO schemes [41, 49, 50]
or DG schemes [22,33,50].

In the forthcoming developments, the entropy-entropy flux pair (n,G) is as-
sumed to belong to (C3(R,R))2. For the sake of clarity in the notations, sequences
((5;‘+%)1-€Z/NZ, ('(/};5_%(5))(i,s)€Z/NZ><[O,1]a (AF!)icz/nz now are introduced as follows:

(3.2a) 61 = wiy —wp,
s) = 5(1—)*(G" (W] + 567, 1) — 0 (W) f" (W] + 57, 1))
— L0 Y w807 ),
Ury(5) = B0 =92 (G" (il — 567, ) — o (i) " (wlyy — 567, ))
- %(n”f’)/(wznﬂ - 36f+%),

(3.2d) AF = Fwi, wity) = F(wiy, wy').

2

(3.2¢)

The main result about the scheme (1.4), (3.1) is the following:

THEOREM 3.2 (Local fully discrete entropy stability of a second-order finite vol-
ume scheme). Consider (n,G) € (C3(R,R))? a strictly convez entropy-entropy flux
pair (i.e. n” > 0) which endowed (1.1). Let (V?+;’Uf+;)ieZ/NZ be bounded sequences

2 2
as Az — 0 and that define (A}, 1)iez/Nz € RYL according to (3.1b). The following
2
hold:
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(i) The scheme (1.4), (3.1) defines a second-order accuracy scheme in the sense

of Lemma 3.1.
(i4) In addition, if o' , >0 and if ¥}, , > 0 is such that
2 2
(3.3)

)y R OKE | fy %7, 1 (s) ds] )
fol(l—s ﬁ”(w?+55” ds fo (1—13s) ,7//( wllyy — 6?+%)d5 ’

’ylﬂl >max(

for all i € Z/NZ, then there exists AAIZ > 0 small enough such that the

updated sequence (w?“)ieZ/NZ given by (1.4), (3.1) satisfies a local fully

discrete entropy inequality (1.5) with the following numerical entropy fluz:

G(wi' wiyy) = 5(Gi) + Gwiyy)) — 547 1 (n(wiy) — n(w]))

(3.4)
— 5 (@" ) w]) + (0" f) (wii)) (Wi —wit).

The constraint (3.3) is fully explicit and, according to the strictly convexity of n(w),
7;, 1 remains bounded. The formulation (3.3) may be also considerably simplified
2

depending on f(w) in (1.1) and depending on the couple (n,G). In this regard,
Section 6 details several cases. Section 6 also presents practical heuristic choices for
the restriction AA—; which is implicitly given in Theorem 3.2. The sequel deals with the
proof of Theorem 3.2 and the following section concerns the second-order accuracy.

4. Proof of the second-order accuracy. This section concerns the proof of
the second-order accuracy of the scheme (1.4), (3.1). The proof is given below.

Proof of Theorem 3.2-(i). According to Lemma 3.1, the proof will be complete
as soon as F(wj', wi ) = f((w(xH%,t”)) + O(Az?) will be established with w? =
o z:f w(z,t") dr, w(z,t) regular and F(w]', w}, ;) given by (3.1).

2
Since u(x,t) is regular, a Taylor expansion in the neighborhood of z, 1 reads

wil = w(@+ @y 1,t") de=w(z;, 1.t )—78 w(w;y1,t )+ O(Az?),

I Ax
Wi, = s /0 w(@+z,1,1") de=w(z; 1,t") + TBIM(:EH%J") +0(Az?).

As a consequence, using the above Taylor expansions in the definition of A?Jrl given
2
n (3.1b), the following holds:

A2,y (wly —w?)

_ (%n% Az, w (e, 1, t7) + O(Aa?)] + a;;%m;) (Aw@ww( Tipy ") + (’)(sz)) ,
(4.1)

= Az? (’y;jr% [Opw(w;y1,1") + O(Az)| + Uf+%> (81w(xi+%,t") + (’)(Ax)) .
7+1 > 0 are bounded as Az — 0 the above
formulation gives AZ‘+%( T —wp) = O(Aa: ). Now, if dyw(z;41,") > 0 then there
exists Az > 0 small enough such that [O,w(z;,1,t") + O(Az)| = Oyw(w,, 1, t") +
7

If Qpw(w;y1,t") = 0 and since ’y+1’



O(Ax). In this case, (4.1) reads

ALy s (wf = wf) = 80 (17 (0w 1) 4 07 4 Oy, 1) + O(Aa) )
= O(Az?).

Since the case d,w(x, %,t”) < 0 would be derived with similar computations, it
results A;:_%(wﬁl —wl') = O(Az?).

On the other hand, the regularity of w — f(w) and Taylor expansions in the
neighborhood of x; 1 lead to

3 (Fi) + fwi) = 3f (wlzis, 1) = 520 f (w(zy1,17)) + O(A2?)
+%f( z+1atn) &a f( ( Z+1,tn))+O(Al‘2),
= F(w(ripy,t") + O(Aa).
(wi

Using the above estimate and A7, , (wi}; —w;') = O(Ax?) in the definition of F given
2
by (3.1), the equality F(w!", wl';) = f(w(z Tyl , 1)) +O(Az?) follows, that concludes

the proof. ]
According to the above proof, A?Jrl(wf+1 — wl') = O(Az?) plays a central role for
2

the accuracy of the scheme (1.4), (3.1). This quantity is also essential for the discrete
entropy stability that is proved in the next section.

5. Proof of the local fully discrete entropy stability. This section is ded-
icated to the proof of the entropy stability (1.5). Since n € C?(R,R), a Taylor
expansion of n(w™!) writes
(5.1)

At At At
n+1ly _ ny__ ! " . " n_ =" n )2
) =t e razr+ (A) o (wr-shtam) a7 s

where (AF}")icz/nz is defined in (3.2d). Equipped with this expansion, the proof
of Theorem 3.2-(ii) consists at first to reformulate (5.1) to show the existence of a
symmetric matrix A7 (s) € Mz 2(R) such that
(5.2)

n+1)

n(w; —n(w}) n G(wy wz+1) G(wi y,wi') 1

1
— - = AMTAM(s)AT d
At Ax 2Aa:/0( i) AT ()AL ds,
where A" = (6;11,6?+1)T € R? and G(w?,w!' ) given by (3.4). To address such
2 2

an issue, several lemma are now derived and the first one given below concerns a
reformulation of (AF)2.

LEMMA 5.1 (Reformulation for (AF™)?). Consider ( +1aA]:¢n)ieZ/NZ defined
2
n (3.2a), (3.2d) respectively and also (a, 1 )iez/nz, (B} )icz/Nz € R X M22(R) such
2
that

1
(5.3) azr% = 0 (! + 35f+%) ds,
(5.4) Bl'= 0y +A?ﬁ%)2 (a?f% +A?f%>(a?+% N A?%)
' SN +An afys =A%) (@ =A% 1)? '

The equality (AF]")?* = 2(AM)TBIAY s satisfied.
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Proof. Since w + f(w) is regular, the definitions of AF}",a’ , given in (3.2d),
2

(5.3) and a Taylor expansion in the neighborhood of w]* give

(AF)? = F(f (i) = fQwiy) = A7 107 s + A7 167 1)%,
= L(f(wfr) — F?) + F(w]) = Fufy) = ATy 467y + AT 67, ),
= (@] 300y Ty 8Ty — AT ST AL )
n n n n 2
:i<(a1+%_ )6 1+(i 1+A )61_%) .

Rewriting this last equality with the definition of B}' given by (5.4), the statement of
lemma follows. d

Equipped with the above lemma, the goal now is to reformulate —n'(w?)AF". Ac-
cording to the definitions of AF}*, F(wj', wj, ) given by (3.2d), (3.1), —n'(w}")AF}
also writes

= (W)AF? = — 50 (w) (f(wiyy) — f(wi’)) — 50’ (i) (f(w]') = fwiy))

AT (I)OT, s — BAT o ()T

(5.5)

The three following lemma establish reformulations for (5.5) and the first one given
below concerns A?+%n'(w?)5;;%/2 - A?_%n’(w?)égl_%/z

LEMMA 5.2. Let n € C*(R,R) and consider the sequence (5::_ )icz Nz given by
(3.2a). For all sequences (A )1€Z/NZ € R, the following equality holds

1 n ’ﬂ 1 n n n
iAH%W’( ) i+3 2A ( i)é’ifl

= ’A?Jr% (n(wiy) = n(w}')) - *Afﬁ( (wi') = n(wiy))

1
~ g N Oy [ (- ol o)

Proof. Since w +— n(w) is regular, Taylor expansions in the neighborhood of w}*
read

1

5.6 W@y = i)~ () = 67y [ (0=l ) ds,
1

5:0) = @)y = i) =) = (57 [ (= = 557 ds

Computing the quantity A”Jr 1 (5.6)/2 + A 1 (5.7)/2, the expected reformulation is
v2
immediate that concludes the proof. 0

Now, it is necessary to rewrite —n’(w?)(f(w?, ;) — f(w?))/2 in the right-hand side
of (5.5). In this regard, the aim is to use the relation G'(w) = (' f’)(w) in order to
couple Taylor expansions of both functions w — f(w) and w — G(w). The lemma

detailed below illustrates this strategy.

LEMMA 5.3 (Reformulation for —n'(wj)(f(wj,) — f(w}))/2). Let (n,G) €
(C3(R,R))? be an entropy-entropy fluz pair and also consider (5?+l)i€Z/NZ be given by
2
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(3.2a). Considering s — 111:;;(8) defined in (3.2b), —n'(wi")(f(wi,,) — f(w}))/2 € R
also reads

=5 (i) (f(wiyy) — f(w]))
== 5(Gwiy) = Gw?)) + g (" ) (w!) + (" ) (wiy) (67, 1)

300" [ 0

Proof. Since w — (f, G)(w) is regular, three-order Taylor expansions in the neigh-
borhood of w}* write
(5.8)

3 (F(wiyy) = fw]))

1
= LWy + WO+ )Y [ s s s
(5.9)
3(G(w}y) — G(w))
1
= 3G (W), + G (W) () + 5(5;;%)3/0 (1= )2G" (w} + 507, )ds

As the entropy flux w — G(w) is defined by G’ = 7 f’, it also satisfies G’ = 0" f' +
n' f", that leads to express —n'(wi")(f(wi,) — f(w}))/2 in (5.8) as follows:

' (wi')
=51 (W) (f(wiy) = f(w]))
== 3G (w)o7, 1 — T (' ) (w67, 1)
1
@)Y [0 s s
== 3G (w)o}, 1 — 3G (W) (07 1) + (0" f) (W) (0} 1)?
1
@)Y [0 s s
Using (5.9) in the above equality, the following reformulation holds:
(5.10)
=g (@) (f(wi) = f(w}))
3(Guy) — Clu)) + 5 )W) )
1
FR ([ = o6l 507y y) — o ) ] 537 ) ).
0
However, the quantity (n’/f’)(w?)(5?+l)2/4 also writes
1" ) (i) (67 1)
= (") @) + (" ) (i) (67 0)* = 5 (0" ) wiy) = (" ) (i) (67 1),

= (")) + 0" ) (wi)) 07 1)? = (67, 1)° / (" f') (wi + 567 1) ds

Hence, associating the above equality to (5.10) then arguing the definition s +—
1/);;1(3) given by (3.2b), the statement of lemma follows. d
2
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Following the computations of the above proof, it is now possible to achieve the
reformulation of the right-hand side of (5.5) with the below corollary that concerns

the quantity —n'(w}")(f (wf') — f(wi',))/2.
COROLLARY 5.4 (Reformulation for —n'(w?)(f(w?) — f(w!1))/2). Let (n,G) €

K2 7

(C3(R,R))? be an entropy-entropy flur pair and also consider (5f+l)i€Z/NZ given by
2
(3.2a). Considering s — 1, 1 (s) given by (3.2c), —n'(wi’)(f(wg') — f(wi_y))/2 € R
2
also reads

=~ 5(Gw!) = GwiLy)) — g (" F)(w’) + (" f) (wi1)) (6 1)°

1
2

Proof. The proof is the same than once used for Lemma 5.3 (mutadis mutantdis).0

According to Lemma 5.2, 5.3 and also Corollary 5.4, (5.5) henceforward reads
(5.11)

= (W)AF =— (G}, wity) — Gwi 4, wy'))

1 1 n n n n
5 D usp)? [ (g o) = Al (1 = s £ 57,)) .
+

Using the above equality and Lemma 5.1, a formulation under the form (5.2) is now
reachable for the second-order scheme (1.4), (3.1). This is detailed in the next lemma.

LEMMA 5.5 (Existence of the formulation (5.2)). Let (n,G) € (C3(R,R))? be an

entropy-entropy flur pair and consider (67, 1, AF}", B')iez/Nz € (R)2x M3 2(R) given
2

by (3.2a) (3.2d), (5.4). If s — Al'(s) € M2 2(R) is defined as

n _ At "(, n At n n
(5.12) Al (s) = CP(s) + 2Am(1 —8)n (wl — SAacA]:i )Bi , Vsel0,1],

where s — CI'(s) € Ms2(R) is such that

n 0 1% 1 (s) 0
Ci'(s) = ( 0 5?+§w;_1(5))

A M (wl =0T ) 0
- (1 - S) B 0 e A" o) 5n )
z+%77 (wi +s ZJF%)

(5.13)

and where 1/’?1;(5) are defined in (3.2b), (3.2¢), then the second-order scheme (1.4),
2
(3.1) verifies (5.2).

Proof. Since A7(s) € M 2(R) given by (5.12) obviously is symmetric, the proof
will be completed as soon as the formulation (5.2) will be reached. In this regard,
arguing Lemma 5.1, the Taylor expansion (5.1) is equivalent to

77(“%‘ H) = n(w;') — Eﬂ’(wi JAF;

At ? ! ' n At n n\T pn An
+ <2Am> /o (1—s)n (wl — SEA]:Z» )(Al) BI'AY ds,
11



where A = (Jf_l,5f+l)T € R?. Arguing (5.11) and the definition of C(s) given in
2 2

(5.13), the above Taylor expansion becomes

) =) = g (G wl) = Gl ud) + 53 [ (ANTCR(s)ATs

At 2 " At n n\T pn AN
+ (2Ax> /0 (1 —s)n" (w}! SA—A}" J(AF)TBI'AT ds.

Since (5.2) can be deduced from A7 (s) defined in by (5.12) and also from a reorgani-
zation of the terms of this last equality, that achieves the proof. ]
Equipped with (5.2), the proof of the discrete entropy inequality (1.5) is now equiv-
alent to show that fo A?(s) ds € My 2(R) has two negative eigenvalues for all
i € Z/NZ. According to 5 12) fo AT (s) ds is symmetric in Mz 5(R) and it de-
pends on w} (5’;1,At As a consequence it is sufficient to show the existence of
At > 0 such that the trace (resp. determinant) of fo A?(s) ds is negative (resp. pos-
itive) for all wi', 07, ;. In this regard, two addltlonal functlons are now introduced as
2

follows:
(5.14)

1 1
D (w) 6i1,At) = Tr(/o A (s)ds), W(w} 5i1,At) = det(/o AP (s) ds).

Considering the above functions, the proof of Theorem 3.2-(ii) will be achieved as
soon as the existence of At > 0 such that

(5.15) O(w]', 071, AL) <0, (w671, At) >0, V(w], Zil)eRi",

will be established. However, since w — (f,n,G)(w) are assumed to belong to

(03 (R,R))g, standard continuity arguments hold in the regimes At — 0. As a con-
sequence, such arguments are now used for the proof of Theorem 3.2-(ii).

Proof of Theorem 3.2-(ii). Considering ¢ € Z/NZ fixed and arguing the defini-

tions of ®(wl, o7, 1, At), A¥(s) given by (5.14), (5.12), ®(w?, 6™ ,,0) writes

i+l i+l

(I)(wza ;nj:lao TI‘ / An dS)|At 0

= / Cl'(s ds

where C”'(s) is given by (5.13). Using (3.1b) to expand A" e = Yitd 1]07 ! |+o7, Agc

and since x = sign(x)|x| for all € R, the above formulation becomes

O (w! 571[17 Z|5 1|/ sign(d Zil() 'y?i%(l—s)n”(w?iséfi%))ds
£

_AxZOfi%/o (l_s)n//(w?iS(S?i%)dS.
+
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Using (3.3) that restricts 7?+% > 0, it comes fol (sign(07, )%i (s)—ylﬁi%(l—s)n//(wlpil

s07, )) ds < 0. As a consequence, and as O’;.ﬂil,’ﬂ > 0 the following upper-bound
2

holds

o(wi', 07 1,0) < AxZaZi%/ 1—s)n"(w?:ts§?i%)ds<0.

This last inequality coupled to a standard continuity argument leads to the existence
of At; > 0 such that ®(w? (5"i1,Ati) < 0. Since such an existence holds for all
i € Z/NZ, the time step 0 < At = min;cz/nz Ati ensures ®(w] 5”i1,At) < 0. The
rest of the proof now deals with U(w?, % e At) >

For i € Z/NZ fixed, using the quantity ¥(wl, %

i17
(5.12), W(w, o7,

At), A?(s) defined in (5.14),
0) writes

1
(w07, 4.0) = det(/ A?(s) ds) | semo,

(5.16) —H/ 15)—mghwWM&@%gw

Now, using (3.1b) to reformulate A7, , and denoting r}! i such that — 1= fo (s1gn (67, ) il (s)— I
2

Y (1= s)n"(w £+ sdzﬂil)) ds < 0, which is non-positive in virtue of the constraint
2 2
(3.3), (5.16) also writes

1
U(wl, :Lil,()) = H ( - |6?i%|r?i% - Aa:afi% /0 (1—s)n"(w £ séini%) ds)

+

1
= 1;[ (|6?i%|r?i% + Axcr?i% /0 (1—s)n"(w £ 85;;:%) ds)
1
= E[\(S?iéh‘?i% +Ax2li_[0?ié/o (1—s)n"(w} :|:5§?i%)ds

1
A ST 0yl [ w8y d,
0 2

+

where both symbols + and F mean + or — but they are such that + = — iif £ = + and

conversely. As 7, > 0and o' ,,n” >0, ¥(w},d", ,,0) in the above formulation is
2

i+l itd

lower-bounded as follows:
U(wy, 67 1,0) > A 1;[ %/0 1—s)n"(w{’j:55?i%)ds>0.
This last inequality leads to the existence of At; > 0 such that ¥(wl, o7,

:I: 1
its 1o At)
Therefore, under the constraint (3.3) and ol n” >0, there exists At > 0 such
2

At;)) >0

As a consequence, 0 < At = min;ez/nz At; enforces W(wj', 7

that the symmetric matrix fol A?(s) ds € M3 o(R) given by (5.12) is also definite
13



negative. Thus, using the formulation (5.2), the second-order scheme (1.4), (3.1
satisfies (1.5) for all strictly convex entropy-entropy flux pair (n,G) € (C*(R,R))?,
that concludes the proof. ]

The above proof stands for a CFL-like restriction for At > 0. This restriction is
implicitly given but it is at least under the form A ~ O(1). Such a CFL-like
condition is highlighted by ®(wl, ", ,,At) in the reglmes 5;‘il — 0 that read

i+
lim ®(w} 1L, AL = A ( ZU 1+ —— (f/(w") F Azol, ;s )2)
0 i z:i: ’ itg 2A:E2 ¢ itg

6'i1—>

As a consequence, when 07 , — 0, the inequality D (wl, or
2

ikl
if AAmtg (1). Such parabolic CFL-like conditions have already been exhibited for

high-order numerical schemes in [19,20,59] and the practical choice of AA;’Q > 0 for

(1.4), (3.1) is discussed in the next section that concerns the numerical experiments.

At) < 0 is enforced

6. Numerical experiments.

6.1. Practical implementation. This section concerns the practical imple-
mentation of the second-order scheme (1.4), (3.1) focusing on the enforcement of a
single discrete entropy inequality (1.5). In this regard, considering a given strictly con-
vex entropy-entropy flux pair (1, G) € (C3(R,R))?, the scheme (1.4), (3.1) needs the

definition of the triplet (o7 il ,’VH 1 )iez/NZ» % > 0 in a such way (1.5) holds. The se-

lection procedure of this triplet starts from (n, G, f) to compute (@bil (8))(i,)ez/NZx [0,1]I
according to (3.2b), (3.2c). Then, for a given o7’ , >0, 1 > 0 has to enforces (3.3).
2 2

Finally, AAth > 0 has to be selected in a such way fol A7 (s) ds € M3 o(R) given by
(5.12) is definite negative. Theorem 3.2 gives explicit constraints for (77, 1 )iez/nz but
2

, AL > 0 is selected

according to the following heuristic:

(6.1) At = CFL A:cierél/ijr\lm('yﬁgw;grl wi|+ ol i Ax),

where CFL € (0, 1]. In the sequel, the above heuristic is also checked with the quantity

AS _m(wi™h) —m(wy) | Gwf wiyy) = Glwiy i)

(6.2) AT Af Az

The above quantity AS/At € R obviously is equivalent to (1.5) and the choices of
(0’;:_%,’)/;:_%)1‘62/]\72, AA—JZ > 0 have to ensure AS/At < 0. In order to illustrate the

above implementation, the first numerical experiment concerns the linear transport
equation.

6.2. Linear transport equation. This section is devoted to the advection
problem endowed by the quartic entropy defined by

(6.3) fw)=aw, a=1, nw)=w?/2+w/4, Gw)=alw?/2+w"/4).

. . 2 n
According to the above formulation, (3.3) reads 'ygré > max <(wn+w Jz”);j('wn)%w (w?‘+wﬂ+12)‘;ui(‘wﬂ+1)2+2) I

Since a straightforward computation shows that the right hand-side of this inequality
14



is bounded by 1, it is sufficient to satisfy Y = 1 As a consequence and for the sake
2
of simplicity, o7, ,,7" . are selected according to
i+57 fitg

(6.4) ol =711 =a>1

N
Nl

The above definition ensures (3.3) and two values for & > 1 are tested in the sequel.
Besides, for all the following simulations, At > 0 is selected according to (6.1) with
CFL =0.2.

At first, the smooth initial data wg(z) = sin(nz) is considered over the periodic
domain [—1,1]. Figure 6.1 (resp. 6.2) displays the numerical results and Table 6.1
(resp. 6.2) reports the order of convergence in (LP),c1,2,00}-norms and in Wassertein
distance W1 (see [25,46] for the details) for the final time ¢t = 0.1 (resp. t = 5).

1.2 AS/AL a =5

Oe+00
0.8
-2e-03
0.4
-4e-03
w 0 -0.8 -0.4 0 0.4 0.8
-0.4
AS Af a=10
-0.8 / 0e+00
|
- -4e-
12 -6e-03
-8e-03

x -0.8 -0.4 0 04 08

Fig. 6.1: Second-order approximation and AS/At defined in (6.2) for f(w) = aw
endowed by wg(z) = sin(7z) on a mesh made of N = 400 cells and at time ¢t = 0.1.

a=5t=0.1
cells | LT order || L2 order || L*® order || W1 order
100 4.9E-03 | - 3.8E-03 | - 3.8E-03 | - 2.3E-03 | -

200 1.2E-03 | 2.0 9.5E-04 | 2.0 9.5E-04 | 2.0 5.8E-04 | 2.0
400 | 3.1E-04 | 2.0 2.4E-04 | 2.0 2.4E-04 | 2.0 1.4E-04 | 2.0
800 | 7.7E-05 | 2.0 5.9E-05 | 2.0 6.0E-05 | 2.0 3.5E-05 | 2.0
1600 | 1.9E-05 | 2.0 1.5E-05 | 2.0 1.5E-05 | 2.0 8.9E-06 | 2.0

a—10,1=01
cells | LT order || L2 order || L order || W1 order
00 9.8E-03 | - 7.5E-03 | - 7.3E-03 | - 4.7E-03 | -

200 | 2.5E-03 | 2.0 1.9E-03 | 2.0 1.9E-03 | 2.0 1.2E-03 | 2.0
400 | 6.2E-04 | 2.0 4.7E-04 | 2.0 4.7TE-04 | 2.0 2.9E-04 | 2.0
800 | 1.5E-04 | 2.0 1.2E-04 | 2.0 1.2E-04 | 2.0 7.1E-05 | 2.0
1600 | 3.9E-05 | 2.0 3.0E-05 | 2.0 2.9E-05 | 2.0 1.8E-05 | 2.0

Table 6.1: Errors and order evaluations for the second-order scheme (1.4), (3.1) for
f(w) = aw endowed by wq(x) = sin(7zx) at the final time ¢t = 0.1.

A good agreement to the exact solution is observed in Figure 6.1-6.2. The inequal-
ity AS/At < 0 is also observed that means the enforcement of the discrete entropy
inequality for the couple (7, G) defined in (6.3). The numerical errors in Table 6.1-6.2
are greater for a = 10 but for both values of a € {5, 10}, the second-order accuracy
is exactly observed as soon as the size mesh is small enough.
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AS/AL, o =5

5 0e-+00
t i -2e-03
0 4e-03

08 04 0 04 08

xT
AS/AL o =1

5 S/at o= 10 0e+-00
‘ -2e-03
4e-03
0 ~6¢-03

08 04 0 04 08

Fig. 6.2: Second-order approximation and AS/At defined in (6.2) for f(w) = aw
endowed by wg(z) = sin(7z) on a mesh made of N = 400 cells and at time ¢t = 5.

a=>5,t=5
cells | LT order || L? order || L™ order || WT order
100 2.0E-01 | - 1.5E-01 | - 1.4E-01 | - 1.0E-01 | -
200 5.8E-02 | 1.8 44E-02 | 1.8 4.3E-02 | 1.7 2.9E-02 | 1.8
400 1.5E-02 | 1.9 1.2E-02 | 1.9 1.2E-02 | 1.9 7.7TE-03 | 1.9
800 | 3.9E-03 | 2.0 3.0E-03 | 2.0 3.0E-03 | 2.0 1.9E-03 | 2.0
1600 | 9.7E-04 | 2.0 7.4E-04 | 2.0 7.4E-04 | 2.0 4.8E-04 | 2.0
a=10,t=25
cells | LT order || L? order || L order || W1 order
100 | 3.4E-01 | - 2.6E-01 | - 2.4E-01 | - 1.8E-01 | -
200 1.1E-01 | 1.6 8.2E-02 | 1.7 7.8E-02 | 1.6 5.5E-02 | 1.7
400 | 3.0E-02 | 1.9 2.3E-02 | 1.9 2.2E-02 | 1.8 1.5E-02 | 1.9
800 7.7TE-03 | 2.0 5.9E-03 | 2.0 5.8E-03 | 1.9 3.9E-03 | 2.0
1600 | 1.9E-03 | 2.0 1.5E-03 | 2.0 1.5E-03 | 2.0 9.7E-04 | 2.0

Table 6.2: Errors and order evaluations for the second-order scheme (
f(w) = aw endowed by wy(z) = sin(mz) at the final time ¢t = 5.

1.4), (3.1) for

Now, the discontinuous initial data x| <o.25(2) is considered over the periodic

domain [—0.5,0.5]. Figure 6.3 (resp. 6.4) displays the numerical results and Table 6.3
(resp. 6.4) reports the order of convergence in (LP),¢(1,2,00}-n0rms and in Wassertein
distance W' (see [25,46] for the details) for the final time ¢t = 0.1 (resp. t = 5).

1.2 AS/At, a =5

0.1 0
0.8 gg gz t i —750
0 : : —1500
w 04F ¢ : 0.3 0 0.3
£ Ex 5 T
() p ) — R i 01 AS/At, a =10 0
i t | 1200
| | | _
04 —2250
025 0 025 0.5 0 ‘ \ ! ~5600
x 0.3 0 0.3
X

Fig. 6.3: Second-order approximation and AS/At defined in (6.2) for f(w) = aw
endowed with wo(z) = X|z|<0.25(7) on a mesh made of N = 400 cells at time ¢ = 0.1.
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a=5t=0.1

cells | LT order || L? order || L order || W1 order
100 4.8E-02 | - 1.2E-01 | - 4.5E-01 | - 1.3E-03 | -

200 3.0E-02 | 0.7 9.5E-02 | 0.3 4.7E-01 | 0.0 4.6E-04 | 1.5
400 1.9E-02 | 0.7 7.6E-02 | 0.3 4.8E-01 | 0.0 1.7E-04 | 1.4
800 1.2E-02 | 0.7 6.0E-02 | 0.3 4.8E-01 | 0.0 6.4E-05 | 1.4
1600 | 7.7E-03 | 0.7 4.8E-02 | 0.3 4.9E-01 | 0.0 2.4E-05 | 1.4

a=10,t=0.1
cells | LT order || L? order || L order || W1 order
100 5.9E-02 1.3E-01 4.6E-01 | - 1.8E-03 | -

200 | 3.7E-02 | 0.7 1.1E-01 | 0.3 4.7E-01 | 0.0 6.7E-04 | 1.5
400 | 2.3E-02 | 0.7 8.5E-02 | 0.3 4.8E-01 | 0.0 2.5E-04 | 14
800 | 1.5E-02 | 0.7 6.7E-02 | 0.3 4.8E-01 | 0.0 9.4E-05 | 14
1600 | 9.3E-03 | 0.7 5.3E-02 | 0.3 4.9E-01 | 0.0 3.5E-05 | 1.4

Table 6.3: Errors and order evaluations for the second-order scheme (1.4), (3.1) for
f(w) = aw endowed by wo(r) = X|s|<0.25(2) at time ¢ = 0.1.

AS/AL, o=
5 S/At, a =5 0
t
0 ‘ : ‘ —1500
-0.3 0 0.3
x
AS/At, a =10 0
f i
0 ‘ : ‘ —3000
-0.3 0 0.3

Fig. 6.4: Second-order approximation and AS/At defined in (6.2) for f(w) = aw
endowed with wo(x) = X|z|<0.25(2) on a mesh made of N = 400 cells at time ¢ = 5.

a=>5,t=5
cells | LT order || L2 order || L order || W1 order
100 1.8E-01 2.4E-01 5.0E-01 1.4E-02 | -

200 | 1.1E-01 | 0.7 1.9E-01 | 0.3 5.0E-01 | 0.0 5.0E-03 | 1.4
400 | 7.2E-02 | 0.7 1.5E-01 | 0.3 5.0E-01 | 0.0 1.9E-03 | 1.4
800 | 4.5E-02 | 0.7 1.2E-01 | 0.3 5.1E-01 | 0.0 73E-04 | 14
1600 | 2.8E-02 | 0.7 9.2E-02 | 0.3 5.1E-01 | 0.0 2.8E-04 | 14

a=10,t=5
cells | LT order || L2 order || L*® order || W1 order
100 2.3E-01 2.7E-01 | - 4.9E-01 2.1E-02 | -

200 | 1.4E-01 | 0.7 2.1E-01 | 04 5.0E-01 | 0.0 7.8E-03 | 1.4
400 | 8.8E-02 | 0.7 1.6E-01 | 0.3 5.0E-01 | 0.0 29E-03 | 1.4
800 | 5.5E-02 | 0.7 1.3E-01 | 0.3 5.0E-01 | 0.0 1.1E-03 | 14
1600 | 3.5E-02 | 0.7 1.0E-01 | 0.3 5.0E-01 | 0.0 43E-04 | 14

Table 6.4: Errors and order evaluations for the second-order scheme (1.4), (3.1) for
f(w) = aw endowed by wo(x) = X|z|<0.25(2) at time ¢ = 5.
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Both values of o generate spurious oscillations but their amplitudes are genuinely
reduced when a = 10. In this case, the numerical results are very diffusive. For both
values a € {5, 10}, the inequality AS/At < 0 is checked that means the enforcement
of the discrete entropy inequality (1.5) for the couple (1, G) defined in (6.3).

6.3. The Burgers equation. This section is devoted to the Burgers equation
endowed by the quadratic entropy that reads

(6.5) flw) = w2/27 n(w) = w2/2, G(w) = w3/3.

In this case, (3.3) reads 'yﬁr% > ¢ max (|1 — 2w?|, |1 — 2w?,,]). Since the right hand-
side of this inequality is not bounded with respect to the sequence (wj');cz/nz, the
opportunity is taken to test the choice (6.4) for the non-linear Burgers equation (6.5).
Besides, the time step At > 0 is selected according to (6.1) with CFL = 0.2. The
heuristic choices (6.1), (6.4) are obviously checked with the criteria AS/At defined in
(6.2).

In the first numerical test, the smooth initial data wo(z) = sin(w(x — 1)) is
considered over the periodic domain [—1,1]. Such an initial condition involves the
emergence of a shock wave at time ¢ = 1/7. As a consequence, for the sake of
completeness, two simulations are led : one for the pre-shock time and an other for
the post-shock time. For the pre-shock simulation, the final time is t = 0.05. Figure
6.5 displays the results and Table 6.5 reports the order of convergence in (L?) e (1,2,00}-
norms and in Wassertein distance W1 (see [25,46] for the details).

L2 0.05 AS/At o =5 0e-+00
0.8 ) “2¢-03
0.4 -3e-03
-5e-03

w 0 08 04 0 04 038

0.4

08 0.05 = At 10 0e+00
. “4e-03
2 R[E
0 1e-02

x 08 04 0 04 08

Fig. 6.5: Second-order approximation and AS/At defined in (6.2) for f(w) = w?/2
endowed by wg(z) = sin(7(xz — 1)) on a mesh made of N = 400 cells at time ¢t = 0.05.

a=2>5,t=0.05
cells | LT order || L? order || L order || W1 order
100 2.7E-03 | - 2.2E-03 | - 2.8E-03 | - 1.1E-03 | -
200 6.7E-04 | 2.0 5.5E-04 | 2.0 7.1E-04 | 2.0 2.8E-04 | 2.0
400 1.7E-04 | 2.0 1.4E-04 | 2.0 1.8E-04 | 2.0 6.8E-05 | 2.0
800 4.2E-05 | 2.0 3.4E-05 | 2.0 4.5E-05 | 2.0 1.7E-05 | 2.0
1600 | 1.0E-05 | 2.0 8.5E-06 | 2.0 1.1E-05 | 2.0 4.2E-06 | 2.0
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a=10,t=0.05

cells | LT order || L? order || L order || W1 order
100 5.3E-03 | - 4.2E-03 | - 5.3E-03 | - 2.3E-03 | -

200 1.3E-03 | 2.0 1.1E-03 | 2.0 1.4E-03 | 2.0 5.7TE-04 | 2.0
400 3.3E-04 | 2.0 2.7E-04 | 2.0 3.4E-04 | 2.0 1.4E-04 | 2.0
800 8.3E-05 | 2.0 6.7E-05 | 2.0 8.5E-05 | 2.0 3.5E-05 | 2.0
1600 | 2.1E-05 | 2.0 1.7E-05 | 2.0 2.1E-05 | 2.0 8.7E-06 | 2.0

Table 6.5: Errors and order evaluations for the second-order scheme (1.4), (3.1) for
f(w) = w?/2 endowed by wq(z) = sin(r(z — 1)) at time ¢ = 0.05.

A good agreement to the exact solution is observed in Figure 6.5. The inequality
AS/At < 0 is also satisfied that implies the enforcement of the discrete entropy
inequality for the couple (1, G) defined in (6.5). For « € {5,10}, the second-order
accuracy is exactly once again observed. For the post-shock simulation, the final
time is ¢ = 0.5. Figure 6.6 displays the results and Table 6.6 reports the order of
convergence in (LP),e1,2,003-norms and in Wassertein distance W' (see [25,46] for
the details).
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Fig. 6.6: Second-order approximation and AS/At defined in (6.2) for f(w) = w?/2
endowed by wg(z) = sin(n(z — 1)) on a mesh made of N = 400 cells at time ¢ = 0.5.

a=5t=0.5
cells | LT order || L? order || L order || W1 order
100 6.4E-02 | - 1.7E-01 | - 7.4E-01 | - 8.9E-03 | -

200 | 3.3E-02 | 0.9 1.2E-01 | 0.5 7.6E-01 | 0.0 3.9E-03 | 1.2
400 | 1.7E-02 | 1.0 8.7E-02 | 0.5 7.7E-01 | 0.0 1.8E-03 | 1.1
800 | 8.9E-03 | 1.0 6.2E-02 | 0.5 7.8E-01 | 0.0 8.5E-04 | 1.1
1600 | 4.5E-03 | 1.0 4.4E-02 | 0.5 7.8E-01 | 0.0 4.2E-04 | 1.0

a=10,t=0.5
cells | LT order || L? order || L order || W1 order
100 8.6E-02 | - 2.0E-01 | - 8.1E-01 | - 1.2E-02 | -

200 | 4.3E-02 | 1.0 1.5E-01 | 0.5 8.2E-01 | 0.0 4.6E-03 | 1.4
400 | 2.2E-02 | 1.0 1.0E-01 | 0.5 8.3E-01 | 0.0 2.0E-03 | 1.2
800 1.1E-02 | 1.0 74E-02 | 0.5 8.4E-01 | 0.0 9.0E-04 | 1.1
1600 | 5.7E-03 | 1.0 5.2E-02 | 0.5 8.4E-01 | 0.0 4.3E-04 | 1.1

Table 6.6: Errors and order evaluations for the second-order scheme (1.4), (3.1) for
f(w) = w?/2 endowed by wg(x) = sin(7(x — 1)) at time ¢ = 0.5.
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The case of discontinuous initial data is now investigated considering wo(x) = Xzeo,1](7)}}
over the periodic domain [—2,5]. Under such conditions, the exact solution is made
of rarefaction and shock waves which are independent for short times and then which
interact. To illustrate the proposed scheme in both situations, two simulations are
done. For the first (resp. second) one, the final time is ¢t = 0.1 (resp. t = 5). Figure
6.7 (resp. 6.8) displays the numerical results and Table 6.7 (resp. 6.8) reports the or-
der of convergence in (LP),e1,2,003-n0rms and in Wassertein distance W (see [25,46]
for the details).
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Fig. 6.7: Second-order approximation and AS/At defined in (6.2) for f(w) = w?/2
endowed with wo(z) = Xze[,1](#) on a mesh made of N = 400 cells and at time
t=0.1.

a=51t=0.1
cells | LT order || L? order || L order || W1 order
100 1.6E-01 | - 2.1E-01 | - 4.5E-01 | - 2.2E-01 | -
200 8.8E-02 | 0.9 1.5E-01 | 0.5 4.8E-01 | 0.1 9.0E-02 | 1.3
400 4.9E-02 | 0.8 1.0E-01 | 0.5 4.3E-01 | 0.1 1.8E-02 | 2.3
800 2.7E-02 | 0.9 7.2E-02 | 0.5 4.6E-01 | 0.1 2.9E-02 | 0.7
1600 | 1.4E-02 | 0.9 4.9E-02 | 0.6 4.7E-01 | 0.0 1.1E-02 | 1.4
a=10,t=0.1
cells | LT order || L? order || L*° order || W1 order
100 2.7E-01 | - 2.8E-01 | - 4.7TE-01 | - 2.4E-01 | -
200 1.2E-01 | 1.2 1.8E-01 | 0.7 4.8E-01 | 0.0 9.2E-02 | 1.4
400 6.6E-02 | 0.9 1.2E-01 | 0.5 4.5E-01 | 0.1 1.9E-02 | 2.3
800 3.6E-02 | 0.9 8.7TE-02 | 0.5 4.7E-01 | 0.1 2.9E-02 | 0.6
1600 | 1.9E-02 | 0.9 5.9E-02 | 0.6 4.8E-01 | 0.0 1.1E-02 | 1.4

Table 6.7: Errors and order evaluations for the second-order scheme (1.4), (3.1) for

f(w) = w?/2 endowed by wy(z) = Xz€[0,1] (z).
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Fig. 6.8: Second-order approximation and AS/At defined in (6.2) for f(w) = w?/2
endowed with wo(z) = Xze(0,1)(z) on a mesh made of N = 400 cells and at time ¢ = 5.

a=5,t=5
cells | LT order || L? order || L order || W1 order
100 2.0E-01 | - 2.1E-01 | - 5.1E-01 | - 2.8E-01 | -

200 | 8.0E-02 | 1.3 9.5E-02 | 1.2 3.6E-01 | 0.5 1.6E-01 | 0.8
400 | 4.8E-02 | 0.7 9.9E-02 | 0.1 5.2E-01 | 0.5 5.8E-02 | 1.5
800 1.9E-02 | 1.4 5.8E-02 | 0.8 4.6E-01 | 0.2 2.3E-02 | 1.3
1600 | 9.2E-03 | 1.0 3.3E-02 | 0.8 3.9E-01 | 0.3 1.4E-02 | 0.7

a=10,t=5
cells | LT order || L? order || L°° order || W1 order
100 3.2E-01 | - 2.6E-01 | - 5.2E-01 | - 4.2E-01 | -

200 1.2E-01 | 1.4 1.3E-01 | 1.0 4.2E-01 | 0.3 2.2E-01 | 1.0
400 | 6.7E-02 | 0.9 1.2E-01 | 0.2 5.3E-01 | 0.3 8.2E-02 | 1.4
800 | 2.7E-02 | 1.3 7.0E-02 | 0.7 4.8E-01 | 0.1 3.4E-02 | 1.3
1600 | 1.3E-02 | 1.1 4.2E-02 | 0.7 4.3E-01 | 0.2 1.9E-02 | 0.8

Table 6.8: Errors and order evaluations for the second-order scheme (1.4), (3.1) for
f(w) = w?/2 endowed by wo(x) = Xzeo,1] ().

Both values of o generate spurious oscillations but their amplitudes once again
are reduced when a = 10. In this case, the numerical results are very diffusive. For
both values o € {5,10}, the inequality AS/At < 0 is checked so the discrete entropy
inequality (1.5) is satisfied for the couple (n, G) defined in (6.5).

The third test case investigates a sonic wave problem considering wo () = 2xz>0(z)—|}
1 over the domain [—0.5,0.5]. The exact solution in that case is an expanding rarefac-
tion wave with a sign change at = 0. The final time is ¢ = 0.2. Figure 6.9 displays
the numerical results and Table 6.9 reports the order of convergence in (L?),e(1,2,00}-
norms and in Wassertein distance W1 (see [25,46] for the details).
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Fig. 6.9: Second-order approximation and AS/At defined in (6.2) for f(w) = w?/2
endowed by wo(z) = 2xz>0(x) — 1 on a mesh made of N = 400 cells at time ¢t = 0.2.

a=5t=0.2
cells | LT order || L? order || L™ order || W1 order
100 3.6E-02 | - 5.8E-02 1.5E-01 | - 5.7TE-03 | -

200 | 1.8E-02 | 1.0 3.2E-02 | 0.9 9.4E-02 | 0.7 2.8E-03 | 1.0
400 | 9.2E-03 | 1.0 1.7E-02 | 0.9 5.7E-02 | 0.7 1.4E-03 | 1.0
800 | 4.6E-03 | 1.0 8.8E-03 | 0.9 3.4E-02 | 0.7 6.8E-04 | 1.0
1600 | 2.3E-03 | 1.0 4.5E-03 | 1.0 2.0E-02 | 0.8 3.4E-04 | 1.0

a=10,t=0.2
cells | LT order || L? order || L™ order || W1 order
100 51E-02 | - 8.0E-02 2.0E-01 8.3E-03 | -

200 | 2.6E-02 | 1.0 4.4E-02 | 0.9 1.2E-01 | 0.7 4.0E-03 | 1.0
400 1.3E-02 | 1.0 2.4E-02 | 0.9 7.5E-02 | 0.7 2.0E-03 | 1.0
800 | 6.6E-03 | 1.0 1.2E-02 | 0.9 4.4E-02 | 0.8 9.8E-04 | 1.0
1600 | 3.3E-03 | 1.0 6.4E-03 | 1.0 2.6E-02 | 0.8 4.9E-04 | 1.0

Table 6.9: Errors and order evaluations for the second-order scheme (1.4), (3.1) for
f(w) = w?/2 endowed by wg(x) = 2xz>0(z) — 1 at time t = 0.2.

Some slight spurious oscillations are observed and the scheme is diffusive. However,
the fully discrete entropy stability (1.5) is still enforced for the couple (1, G) defined
in (6.5).

To conclude this section, the numerical experiment defined in [25]-Section 6 is
redone below to highlight the relevancy of the Wassertein distance in the presence
of shock waves (see [25,46] for the details). Figure 6.10 shows the numerical re-
sults at time ¢t = {0.15,0.3} and Tables 6.10-6.11 report the order of convergence in
(LP)pef1,2,001-n0rms and in Wassertein distance W'. For this numerical experiment,
the second-order accuracy is reached in W '-distance.
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Fig. 6.10: Second-order approximation for f(w) = w?/2 endowed by the numerical
experiment given in [25]-Section 6 on a mesh made of N = 400.

a=>5,t=0.15
cells | LT order || L? order || L*° order || W1 order
100 3.0E-02 | - 9.3E-02 | - 4.9E-01 | - 4.7E-03 | -
200 1.6E-02 | 0.9 6.3E-02 | 0.6 4.2E-01 | 0.2 7.2E-05 | 6.0
400 8.1E-03 | 0.9 4.5E-02 | 0.5 4.2E-01 | 0.0 1.9E-05 | 2.0
800 4.3E-03 | 0.9 3.2E-02 | 0.5 4.2E-01 | 0.0 4.8E-06 | 1.9
1600 | 2.2E-03 | 0.9 2.2E-02 | 0.5 4.2E-01 | 0.0 1.3E-06 | 1.9
a=10,¢t=0.15
cells | LT order || L? order || L order || W1 order
100 3.9E-02 | - 1.1E-01 | - 5.0E-01 | - 4.6E-03 | -
200 1.9E-02 | 1.0 7.5E-02 | 0.5 4.4E-01 | 0.2 1.3E-04 | 5.2
400 9.9E-03 | 1.0 5.3E-02 | 0.5 4.4E-01 | 0.0 3.2E-05 | 2.0
800 5.0E-03 | 1.0 3.7TE-02 | 0.5 4.4E-01 | 0.0 7.9E-06 | 2.0
1600 | 2.5E-03 | 1.0 2.6E-02 | 0.5 4.4E-01 | 0.0 2.0E-06 | 2.0

Table 6.10: Errors and order evaluations for the second-order scheme (1.4), (3.1) for
f(w) = w?/2 endowed by the numerical experiment given in [25]-Section 6 at time

t =0.15.
a=>5,1=0.3
cells | LT order || L? order || L order || W1 order
100 3.0E-02 | - 1.4E-01 | - 1.0E4+00 | - 3.5E-03 | -
200 1.5E-02 | 1.0 8.8E-02 | 0.6 8.0E-01 | 0.3 6.8E-05 | 5.7
400 7.6E-03 | 1.0 6.2E-02 | 0.5 8.0E-01 | 0.0 1.7E-05 | 2.0
800 3.9E-03 | 1.0 4.4E-02 | 0.5 8.0E-01 | 0.0 4.4E-06 | 2.0
1600 | 2.0E-03 | 1.0 3.1E-02 | 0.5 8.0E-01 | 0.0 1.1E-06 | 2.0
a=10,t=0.3
cells | LT order || L? order || L order || W1 order
100 3.9E-02 | - 1.6E-01 | - 1.0E+00 | - 3.8E-03 | -
200 1.9E-02 | 1.0 1.1E-01 | 0.6 8.5E-01 | 0.2 1.2E-04 | 4.9
400 9.5E-03 | 1.0 7.5E-02 | 0.5 8.5E-01 | 0.0 3.1E-05 | 2.0
800 | 4.8E-03 | 1.0 5.3E-02 | 0.5 8.5E-01 | 0.0 7.7TE-06 | 2.0
1600 | 2.4E-03 | 1.0 3.7E-02 | 0.5 8.5E-01 | 0.0 1.9E-06 | 2.0
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Table 6.11: Errors and order evaluations for the second-order scheme (1.4), (3.1) for
f(w) = w?/2 endowed by the numerical experiment given in [25]-Section 6 at time
t=0.3.

7. Conclusion. This work shows the existence of weak-second-order schemes
satisfying a local fully discrete entropy inequality for the numerical approximation of
the weak solutions of scalar hyperbolic equations. This result is established from an
overcoming of the barrier theorems which are in fact not equivalent. The proposed
scheme is fully explicit in its formulations and its stability is ensured under an implicit
parabolic CFL time step restriction. Considering heuristic implementations of such a
CFL, numerical experiments confirm the accuracy and the stability of the proposed
scheme. Future works will be devoted to the improvement of the practical implemen-
tation. Extensions to systems of conservation laws in one- and two-dimensional space
will be also considered.
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