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Abstract. This work concerns the numerical approximations of the weak solutions of scalar
hyperbolic conservation laws. After showing how to bypass the barrier theorems for the linear
advection, the derivation of a second-order entropy-satisfying scheme is presented for non-linear
equations. The fully discrete stability result is established for regular strictly convex entropy and
under a parabolic CFL-like condition. Some numerical experiments are done to assess the accuracy
and the stability of the proposed scheme.

1. Introduction. The present work concerns the numerical approximation of
the weak solutions of scalar conservation laws in the one space dimension on a bounded
domain I ⊂ R given by

(1.1)

{︄
∂tw + ∂xf(w) = 0, x ∈ I, t > 0,

w(x, t = 0) = w0(x), x ∈ I.

The unknown is w(x, t) ∈ R, f : R → R is a smooth given flux function and w0 : I → R
is a given measurable function in L1(I). For the sake of simplicity, only periodic
boundary conditions are considered in this work.

According to [37,38,48] (see also [26,27,40,56]), it is well-known that the solutions
of (1.1) may develop, in a finite time, discontinuities and that the weak solutions are in
general non unique. In order to rule out non-admissible weak solutions, (1.1) must be
endowed with entropy inequalities. In this regard, weak solutions of (1.1) containing
discontinuities, verify an entropy inequality (for instance, see [37,38,48]) given by

(1.2) ∂tη(w) + ∂xG(w) ≤ 0 in D′(I × (0,+∞)),

where η : R → R is a convex function and G : R → R is the entropy flux function
satisfying η′(w)f ′(w) = G′(w) for all w ∈ R. A weak solution of (1.1) is called an
entropy-satisfying solution if and only if the entropy inequality (1.2) holds for any
pair entropy-entropy flux (η,G).

As for the numerical approximation, the weak solutions of (1.1) are approximated
within the standard finite volume framework. In this regard and considering N ∈ N∗,
the periodic-space domain I and time interval [0,+∞) are discretized by uniform
meshes of size ∆x,∆t > 0 such that (xi+ 1

2
, tn+1) = (xi− 1

2
, tn) + (∆x,∆t), for all

(i, n) ∈ Z/NZ × N. Considering such meshes, the numerical approximation of the
weak solutions of (1.1) is given by the following piecewise constant function:
(1.3)

w∆(x, t
n) = wn

i ≈ 1

∆x

∫︂ x
i+1

2

x
i− 1

2

w(x, tn) dx, if x ∈ (xi− 1
2
, xi+ 1

2
), ∀i ∈ Z/NZ,

and the discrete periodic boundary conditions are enforced with the sequence (wn
i )i∈Z/NZ.

Over the past fifty years, numerous strategies have been proposed to evolve in time the
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approximation (1.3) and to define suitable updated states (wn+1
i )i∈Z/NZ (for instance,

see [18,26,27,30,40,45,56] and references therein). In the present work, three-points
conservative finite volume schemes are used, so that the updated state reads

(1.4) wn+1
i = wn

i − ∆t

∆x

(︁
F(wn

i , w
n
i+1)−F(wn

i−1, w
n
i )
)︁
,

where F : (R)2 → R is a numerical flux function satisfying the consistency relation
F(w,w) = f(w) (see [27, 30, 56] for the details). The consistency of the numerical
flux function is required for the convergence of (1.4) but the obtained limit solution
is not necessarily entropy-satisfying. As a consequence, non-admissible discontinuous
waves may appear (for instance, see [15, 34]). To correct such irrelevant solutions,
(wn+1

i )i∈Z/NZ has to satisfy discrete entropy inequalities in the form

(1.5) η(wn+1
i ) ≤ η(wn

i )−
∆t

∆x

(︁
G(wn

i , w
n
i+1)− G(wn

i−1, w
n
i )
)︁
,

where G : (R)2 → R is a numerical entropy flux function satisfying the consistency
relation G(w,w) = G(w). Discrete entropy inequalities (1.5) are satisfied by several
first-order schemes, among of them the exact Godunov scheme [28, 30], the kinetic
schemes [9, 35], the HLL scheme [30, 31], the HLLC scheme [55], some relaxation
schemes [7, 10, 17], the numerical strategy introduced by Tadmor [51, 52] or the stag-
gered schemes [23,32].

As far as high-order numerical approximations are concerned, the situation turns
out to be drastically distinct and very challenging. Several works devoted to high-
order schemes attempted to exhibit discrete entropy inequalities (1.5) (for a non-
exhaustive list, see for instance [1, 2, 6, 16, 53, 54, 58]) but, from a general point of
view, the time discretization is an important technical obstacle. Hence, semi-discrete
entropy estimates d

dtη
(︁
wi(t)

)︁
≤ − 1

∆x

(︁
G
(︁
wi(t), wi+1(t)

)︁
− G

(︁
wi−1(t), wi(t)

)︁)︁
, are of-

ten considered for finite volumes schemes [13, 14, 24, 52] or within the Discontinuous
Galerkin (DG) finite element framework [3,36,44]. Unfortunately, such semi-discrete
entropy inequalities are not sufficient to rule out non-admissible discontinuities in
the converged solutions [12]. In [7, 11, 42, 43], fully discrete entropy estimates are
introduced as follows:

(1.6) η(wn+1
i ) ≤ η̄ni − ∆t

∆x

(︁
G(wn

i , w
n
i+1)− G(wn

i−1, w
n
i )
)︁
,

for a suitable entropy average η̄ni ≈ η(wn
i ). Such discrete entropy inequality strategies

are not fully relevant since Lax-Wendroff Theorem [39] cannot be successfully applied
(see [21] for the details). In addition, in [4, 21], numerical experiments exhibited the
capture of non-admissible shock solutions for MUSCL schemes which satisfy (1.6).

This work concerns the design of a second-order scheme (1.4) also satisfying a local
fully discrete entropy inequality (1.5). The paper is organized as follows. Section 2
concerns a discussion about the celebrate order barrier theorems by Godunov in [28]
and Schonbek in [47]. According to these two crucial papers, it comes (for instance
see also [27, 56]): that “if a 3-point finite volume scheme (1.4) satisfies the discrete
entropy inequality (1.5) then it is at most first-order accurate. Involving to a suitable
definition of the order of accuracy, we exhibit the limitations of the well-known order
barrier theorems. Moreover, adopting a very easy linear scheme for the usual advection
equation, we present a high-order, i.e. larger than 2, in the form (1.4) which satisfies
the discrete entropy inequality (1.5). In Section 3, a second-order scheme is derived
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and its discrete entropy stability property is given. Section 4 is devoted to the proof of
the second-order accuracy while Section 5 concerns the proof of the entropy stability.
Section 6 is finally dedicated to the numerical experiments.

2. About the order limitation of entropy-satisfying three-points finite
volume schemes. Considering second-order, eventually high-order, finite volume
schemes endowed with a discrete entropy inequality, we immediately have to empha-
size that an entropy satisfying 3-point scheme (1.4) is at most first-order accurate.
The reader is easily convinced by such a restriction after the order barrier theorems by
Godunov [28] and Schonbek [47]. The believe of this order limitation is enforced, from
several decades, by numerous books and articles (for instance, see [27, 56]). Arguing
some modern definition of the order of accuracy, in this section we show how bypass
the barriers imposed by Godunov [28] and Schonbek [47].

First, let us consider the order restrictions enforced by Godunov. Indeed, in [28],
the author considers the discretization of the linear advection equation to claim:
Among schemes of second-order accuracy for the (linear advection) equation there
is none which satisfies the monotonicity condition. To address such a statement,
Godunov adopt second-order schemes that remain exact for initial data given by a
polynomial of second order degree. According to such a second-order scheme defini-
tion, Godunov proves the impossibility to get a monotone scheme.

Next, we recall that Schonbek states in [47] that a scheme, given by (1.4), is
necessarily first-order to be entropy satisfying according to (1.5). This time, to es-
tablish this result, the author adopts second-order scheme such that |F(wn

i , w
n
i+1) −

FLW (wn
i , w

n
i+1)| ≤ O

(︁
|wn

i+1 − wn
i |2
)︁
, where FLW (wn

i , w
n
i+1) stands for the second-

order Lax-Wendroff numerical flux function [27,39].
From now on, we notice that Godunov [28] and Schonbek [47] adopt two distinct

definitions of the order of accuracy. But, nowadays the definition of the order of
accuracy turns out to be weaker. In the present section, we adopt the certainly more
common definitions; namely the truncation errors [27] and the order of accuracy in
the weak sense [10]. Both definition are given as follow:

Definition 2.1 (Truncation errors [27]). The space and time order of accuracy
of a scheme (1.4) are the largest numbers k ≥ 1 and ℓ ≥ 1 such that we have for any
smooth solution w of (1.1) and for ∆t

∆x kept constant, τ = O(∆tk) + O(∆xℓ) with
∆t,∆x→ 0 where we have set

τ =
1

∆t
(w(x, t+∆t)− w(x, t))

+
1

∆x
(F(w(x, t), w(x+∆x, t))−F(w(x−∆x, t), w(x, t))) .

Definition 2.2 (Order of accuracy in the weak sense [10]). For any smooth
solution of (1.1), let us set wn

i = 1
∆x

∫︁ x
i+1

2
x
i− 1

2

w(x, tn) dx. With a constant ratio ∆t
∆x ,

the scheme (1.4) is said of k-order in time and ℓ-order in space if

(2.1)
1

∆t

(︂
wn+1

i − 1

∆x

∫︂ x
i+1

2

x
i− 1

2

w(x, tn +∆t) dx
)︂
=

1

∆x

(︂
Ri+ 1

2
−Ri− 1

2

)︂
,

where Ri+ 1
2
= O(∆tk) +O(∆xℓ) is a scheme residue.

From now on, let us underline that the numerical evaluation of the order of
accuracy is, in general, obtained assessing ∥ wn−w(., tn) ∥L1 , ∥ wn−w(., tn) ∥L2 and
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∥ wn − w(., tn) ∥L∞ . Such a practical numerical order of accuracy is nothing but a
global extension of the weak sense of the order.

Moreover, since the ratio ∆t
∆x stays constant, we may consider a global order given

by min(k, ℓ) because of O(∆tk) +O(∆xℓ) = O(∆xmin(k,ℓ)).
In fact, the above definitions are similar and they naturally contain the order

of accuracy adopted by Godunov and by Schonbek. However, it is worth noticing
that approximations with second-order according to the truncation error Definition
2.1 or to the weak sense Definition 2.2 may be first-order in the sense of Godunov or
Schonbek. As a consequence, it is clearly possible to envisage a second-order scheme
(1.4), eventually high-order, in a modern definitions 2.1 or 2.2, which stays Godunov
and/or Schonbek first-order, such that a discrete entropy inequality (1.5) is satisfied.
The well-known barrier theorems can be circumvented.

To illustrate our purpose, let us consider the linear advection equation given by
∂tw+ a∂xw = 0, with a > 0. To approximate the weak solutions of this equation, we
adopt the usual upwind scheme [27,56] given by

(2.2) wn+1
i = wn

i − a∆t

∆x
(wn

i − wn
i−1),

with the CFL time restriction a∆t
∆x ≤ 1. This scheme is well-known to be first-order

and to satisfy all the expected stability properties : L1-stable, L2-stable, L∞-stable,
TVD, maximum principle preserving, monotonicity, entropy preserving (for instance,
see [27,56]). Now, we establish that (2.2) can be high-order.

Lemma 2.3. Let us set C > 0 a generic constant. With a constant ratio ∆t
∆x ,

the truncation error of the scheme (2.2) reads τ =
(︁
1− a∆t

∆x

)︁
C∆x, while the scheme

residue (2.1) in the weak sense order is Ri+ 1
2
=
(︁
1− a∆t

∆x

)︁
C∆x.

The proof of the above statement is classical and it is left to the reader. Of course,
this result clearly establishes that the upwind scheme (2.2) is at least first-order.

However, it is possible to make very easily the upwind scheme (2.2) high-order.
Indeed, let us fix the time increment as follows:

(2.3) a
∆t

∆x
= 1− ε∆xk−1,

with k ≥ 1 and ε > 0 such that 1− ε∆xk−1 > 0. We emphasize that, as soon as ∆x
is small enough, it is sufficient to get ε = 1.

Now, concerning the order of accuracy of the upwind scheme (2.2) with (2.3), we
immediately have τ = εC∆xk and Ri+ 1

2
= εC∆xk, so that the upwind scheme turns

out to be k-order with k ≥ 1. But we also remark that the upwind scheme (2.2) is
not modified and the CFL condition a∆t

∆x ≤ 1 is preserved. As a consequence, we have
establish the following result.

Theorem 2.4. The upwind scheme (2.2) with a time step given by (2.3) is k-order
with k ≥ 1. Moreover, the scheme is L1-stable, L2-stable, L∞-stable, TVD, maximum
principle preserving, monotonicity, and it satisfies a discrete entropy inequality (1.5)
for all entropy pairs (η,G).

Once again, we underline that the upwind scheme, even with a time step given by
(2.3), remains first-order according to both Godunov and Schonbek order definitions.

Let us present some numerical experiments to illustrate our purpose. We adopt
a computational domain given by I = (−1, 1] with periodic boundary conditions.
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Cells L1 L2 L∞

100 - - -
200 1.9647 1.9646 1.9644
400 1.9943 1.9943 1.9942
800 2.0021 2.0021 2.0021
1600 2.0023 2.0023 2.0023
3200 2.0014 2.0014 2.0014

Cells L1 L2 L∞

100 - - -
200 4.9991 4.9995 4.9995
400 4.9998 4.9998 4.9998
800 4.9999 4.9999 4.9999
1600 4.9999 4.9999 4.9999
3200 4.9999 4.9999 4.9999

Cells L1 L2 L∞

102 - - -
202 0.9972 0.4990 -0.0016
402 1.0009 0.5004 -0.0005
802 1.0020 0.5010 -0.0003
1602 1.0014 0.5006 -0.0002
3202 1.0008 0.5003 -0.0001

Cells L1 L2 L∞

102 - - -
202 3.9993 3.4991 2.9993
402 3.9999 3.4998 2.9999
802 3.9999 3.4999 2.9999
1602 3.9999 3.4999 2.9999
3202 3.9999 3.4999 2.9999

Table 2.1: Numerical order of accuracy for the scheme (2.2), (2.3) with k = 2 (resp.
k = 5) on the left, (resp. right) and endowed with w0(x) = 0.25 + 0.5 sin(πx) (resp.
w0(x) = χ|x|≤0.25(x)) on the top (resp. bottom).

The transport velocity is fixed by a = 2 and ε > 0 in (2.3) satisfies ε = 1. First,
we approximate a smooth solution obtained by considering an initial data given by
w0(x) = 0.25+0.5 sin(πx). The L1-, L2- and L∞-errors are evaluated at the final time
t = 7. The obtained numerical orders of accuracy are reported on the top of Table 2.1
for k = 2 and k = 5. As expected, we get the correct orders of accuracy. In the second
simulation, a discontinuous initial data is used under the form w0(x) = χ|x|<0.25(x)
where χ denotes the indicator function. Once again the numerical order of accuracy
is evaluated by considering L1-, L2- and L∞-errors. As presented on the bottom of
Table 2.1, we obtain the correct order of the scheme which is given by (k − 2) + 1

p
in Lp for discontinuous solutions. Moreover, in Figure 3.1 we present the performed
approximate solutions for both initial data. We underline that usual spurious oscil-
lations never occur since the upwind scheme (2.2) satisfies all the expected stability
properties.

3. Local fully discrete entropy stability of a second-order finite volume
scheme. This section concerns the definition of a second-order finite volume scheme
satisfying (1.5). For the sake of completeness, the below lemma is given to characterize
a formal second-order finite volume scheme (1.4) according to Definition 2.2.

Lemma 3.1 (Weak consistency [10]). Let w(x, t) ∈ R be a smooth solution of
(1.1) and consider wn

i = 1
∆x

∫︁ x
i+1

2
x
i− 1

2

w(x, tn) dx. Let F : (R)2 → R be a continuous

function defining (1.4) and which verifies the consistency relation F(w,w) = f(w) for
all w ∈ R. If F satisfies F(wn

i , w
n
i+1) = f(w(xi+ 1

2
, tn)) +O(∆x2), where the O(∆x2)

term is uniform with respect to i ∈ Z/NZ then (1.4) is second-order consistent in the
weak sense.

Proof. The reader can be refer to [5, 10] for the details of the proof.

5



Fig. 3.1: Numerical simulations for the scheme (2.2), (2.3) with w0(x) = 0.25 +
0.5 sin(πx) (resp. w0(x) = χ|x|<0.25(x)) on the left (resp. center and right).

Equipped with the above lemma, the proposed scheme (1.4) in this work is defined
by the following numerical flux:

F(wn
i , w

n
i+1) =

1
2

(︁
f(wn

i ) + f(wn
i+1)

)︁
− 1

2Λ
n
i+ 1

2
(wn

i+1 − wn
i ),(3.1a)

Λn
i+ 1

2
= γni+ 1

2
|wn

i+1 − wn
i |+ σn

i+ 1
2
∆x,(3.1b)

where γn
i+ 1

2

, σn
i+ 1

2

> 0 have to be restricted according to the entropy stability (1.5).

The main originality in (3.1) is to define a non-linear artificial viscosity (see [8, 29])
under the form Λn

i+ 1
2

= γn
i+ 1

2

|wn
i+1 − wn

i | + σn
i+ 1

2

∆x. For smooth solutions, this

viscosity has O(∆x) magnitude and thus it ensures the second-order accuracy. For
discontinuous solutions, the sequel shows the relevancy of Λn

i+ 1
2

to enforce (1.5). As a

consequence, the scheme (1.4), (3.1) does not involve limitations techniques in contrast
with other usual approaches as MUSCL technique [57], (W)ENO schemes [41, 49, 50]
or DG schemes [22,33,50].

In the forthcoming developments, the entropy-entropy flux pair (η,G) is as-
sumed to belong to (C3(R,R))2. For the sake of clarity in the notations, sequences
(δn

i+ 1
2

)i∈Z/NZ, (ψ
±
i+ 1

2

(s))(i,s)∈Z/NZ×[0,1], (∆Fn
i )i∈Z/NZ now are introduced as follows:

δni+ 1
2
= wn

i+1 − wn
i ,(3.2a)

ψ+
i+ 1

2

(s) = 1
2 (1− s)2

(︁
G′′′(wn

i + sδni+ 1
2
)− η′(wn

i )f
′′(wn

i + sδni+ 1
2
)
)︁

− 1
4 (η

′′f ′)′(wn
i + sδni+ 1

2
),

(3.2b)

ψ−
i+ 1

2

(s) = 1
2 (1− s)2

(︁
G′′′(wn

i+1 − sδni+ 1
2
)− η′(wn

i+1)f
′′(wn

i+1 − sδni+ 1
2
)
)︁

− 1
4 (η

′′f ′)′(wn
i+1 − sδni+ 1

2
),

(3.2c)

∆Fn
i = F(wn

i , w
n
i+1)−F(wn

i−1, w
n
i ).(3.2d)

The main result about the scheme (1.4), (3.1) is the following:

Theorem 3.2 (Local fully discrete entropy stability of a second-order finite vol-
ume scheme). Consider (η,G) ∈ (C3(R,R))2 a strictly convex entropy-entropy flux
pair (i.e. η′′ > 0) which endowed (1.1). Let (γn

i+ 1
2

, σn
i+ 1

2

)i∈Z/NZ be bounded sequences

as ∆x → 0 and that define (Λn
i+ 1

2

)i∈Z/NZ ∈ R∗
+ according to (3.1b). The following

hold:
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(i) The scheme (1.4), (3.1) defines a second-order accuracy scheme in the sense
of Lemma 3.1.

(ii) In addition, if σn
i+ 1

2

> 0 and if γn
i+ 1

2

> 0 is such that

(3.3)

γni+ 1
2
≥ max

(︂ |
∫︁ 1

0
ψ+
i+ 1

2

(s) ds|∫︁ 1

0
(1− s)η′′(wn

i + sδn
i+ 1

2

)ds
,

|
∫︁ 1

0
ψ−
i+ 1

2

(s) ds|∫︁ 1

0
(1− s)η′′(wn

i+1 − sδn
i+ 1

2

)ds

)︂
,

for all i ∈ Z/NZ, then there exists ∆t
∆x2 > 0 small enough such that the

updated sequence (wn+1
i )i∈Z/NZ given by (1.4), (3.1) satisfies a local fully

discrete entropy inequality (1.5) with the following numerical entropy flux:

(3.4)
G(wn

i , w
n
i+1) =

1
2

(︁
G(wn

i ) +G(wn
i+1)

)︁
− 1

2Λ
n
i+ 1

2

(︁
η(wn

i+1)− η(wn
i )
)︁

− 1
8

(︁
(η′′f ′)(wn

i ) + (η′′f ′)(wn
i+1)

)︁
(wn

i+1 − wn
i )

2.

The constraint (3.3) is fully explicit and, according to the strictly convexity of η(w),
γn
i+ 1

2

remains bounded. The formulation (3.3) may be also considerably simplified

depending on f(w) in (1.1) and depending on the couple (η,G). In this regard,
Section 6 details several cases. Section 6 also presents practical heuristic choices for
the restriction ∆t

∆x2 which is implicitly given in Theorem 3.2. The sequel deals with the
proof of Theorem 3.2 and the following section concerns the second-order accuracy.

4. Proof of the second-order accuracy. This section concerns the proof of
the second-order accuracy of the scheme (1.4), (3.1). The proof is given below.

Proof of Theorem 3.2-(i). According to Lemma 3.1, the proof will be complete
as soon as F(wn

i , w
n
i+1) = f

(︁
(w(xi+ 1

2
, tn)

)︁
+ O(∆x2) will be established with wn

i =
1

∆x

∫︁ x
i+1

2
x
i− 1

2

w(x, tn) dx, w(x, t) regular and F(wn
i , w

n
i+1) given by (3.1).

Since u(x, t) is regular, a Taylor expansion in the neighborhood of xi+ 1
2
reads

wn
i =

1

∆x

∫︂ 0

−∆x

w(x+ xi+ 1
2
, tn) dx = w(xi+ 1

2
, tn)− ∆x

2
∂xw(xi+ 1

2
, tn) +O(∆x2),

wn
i+1 =

1

∆x

∫︂ ∆x

0

w(x+ xi+ 1
2
, tn) dx = w(xi+ 1

2
, tn) +

∆x

2
∂xw(xi+ 1

2
, tn) +O(∆x2).

As a consequence, using the above Taylor expansions in the definition of Λn
i+ 1

2

given

in (3.1b), the following holds:

Λn
i+ 1

2
(wn

i+1 − wn
i )

=
(︂
γni+ 1

2
|∆x∂xw(xi+ 1

2
, tn) +O(∆x2)|+ σn

i+ 1
2
∆x
)︂(︂

∆x∂xw(xi+ 1
2
, tn) +O(∆x2)

)︂
,

= ∆x2
(︂
γni+ 1

2
|∂xw(xi+ 1

2
, tn) +O(∆x)|+ σn

i+ 1
2

)︂(︂
∂xw(xi+ 1

2
, tn) +O(∆x)

)︂
.

(4.1)

If ∂xw(xi+ 1
2
, tn) = 0 and since γn

i+ 1
2

, σn
i+ 1

2

> 0 are bounded as ∆x → 0 the above

formulation gives Λn
i+ 1

2

(wn
i+1 − wn

i ) = O(∆x2). Now, if ∂xw(xi+ 1
2
, tn) > 0 then there

exists ∆x > 0 small enough such that |∂xw(xi+ 1
2
, tn) + O(∆x)| = ∂xw(xi+ 1

2
, tn) +
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O(∆x). In this case, (4.1) reads

Λn
i+ 1

2
(wn

i+1 − wn
i ) = ∆x2

(︂
γni+ 1

2
(∂xw(xi+ 1

2
, tn))2 + σn

i+ 1
2
∂xw(xi+ 1

2
, tn) +O(∆x)

)︂
= O(∆x2).

Since the case ∂xw(xi+ 1
2
, tn) < 0 would be derived with similar computations, it

results Λn
i+ 1

2

(wn
i+1 − wn

i ) = O(∆x2).

On the other hand, the regularity of w ↦→ f(w) and Taylor expansions in the
neighborhood of xi+ 1

2
lead to

1
2

(︁
f(wn

i ) + f(wn
i+1)

)︁
= 1

2f
(︁
w(xi+ 1

2
, tn)

)︁
− ∆x

2 ∂xf
(︁
w(xi+ 1

2
, tn)

)︁
+O(∆x2)

+ 1
2f
(︁
w(xi+ 1

2
, tn)

)︁
+ ∆x

2 ∂xf
(︁
w(xi+ 1

2
, tn)

)︁
+O(∆x2),

= f
(︁
w(xi+ 1

2
, tn)

)︁
+O(∆x2).

Using the above estimate and Λn
i+ 1

2

(wn
i+1−wn

i ) = O(∆x2) in the definition of F given

by (3.1), the equality F(wn
i , w

n
i+1) = f

(︁
w(xi+ 1

2
, tn)

)︁
+O(∆x2) follows, that concludes

the proof.

According to the above proof, Λn
i+ 1

2

(wn
i+1 − wn

i ) = O(∆x2) plays a central role for

the accuracy of the scheme (1.4), (3.1). This quantity is also essential for the discrete
entropy stability that is proved in the next section.

5. Proof of the local fully discrete entropy stability. This section is ded-
icated to the proof of the entropy stability (1.5). Since η ∈ C2(R,R), a Taylor
expansion of η(wn+1

i ) writes
(5.1)

η(wn+1
i ) = η(wn

i )−
∆t

∆x
η′(wn

i )∆Fn
i +

(︃
∆t

∆x

)︃2 ∫︂ 1

0

(1−s)η′′
(︂
wn

i −s
∆t

∆x
∆Fn

i

)︂
(∆Fn

i )
2ds,

where (∆Fn
i )i∈Z/NZ is defined in (3.2d). Equipped with this expansion, the proof

of Theorem 3.2-(ii) consists at first to reformulate (5.1) to show the existence of a
symmetric matrix An

i (s) ∈ M2,2(R) such that
(5.2)

η(wn+1
i )− η(wn

i )

∆t
+

G(wn
i , w

n
i+1)− G(wn

i−1, w
n
i )

∆x
=

1

2∆x

∫︂ 1

0

(∆n
i )

TAn
i (s)∆

n
i ds,

where ∆n
i = (δn

i− 1
2

, δn
i+ 1

2

)T ∈ R2 and G(wn
i , w

n
i+1) given by (3.4). To address such

an issue, several lemma are now derived and the first one given below concerns a
reformulation of (∆Fn

i )
2.

Lemma 5.1 (Reformulation for (∆Fn
i )

2). Consider (δn
i+ 1

2

,∆Fn
i )i∈Z/NZ defined

in (3.2a), (3.2d) respectively and also (an
i+ 1

2

)i∈Z/NZ, (B
n
i )i∈Z/NZ ∈ R×M2,2(R) such

that

ani+ 1
2
=

∫︂ 1

0

f ′(wn
i + sδni+ 1

2
) ds,(5.3)

Bn
i =

(︄
(an

i− 1
2

+ Λn
i− 1

2

)2 (an
i− 1

2

+ Λn
i− 1

2

)(an
i+ 1

2

− Λn
i+ 1

2

)

(an
i− 1

2

+ Λn
i− 1

2

)(an
i+ 1

2

− Λn
i+ 1

2

) (an
i+ 1

2

− Λn
i+ 1

2

)2

)︄
.(5.4)

The equality (∆Fn
i )

2 = 1
4 (∆

n
i )

TBn
i ∆

n
i is satisfied.
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Proof. Since w ↦→ f(w) is regular, the definitions of ∆Fn
i , a

n
i+ 1

2

given in (3.2d),

(5.3) and a Taylor expansion in the neighborhood of wn
i give

(∆Fn
i )

2 = 1
4 (f(w

n
i+1)− f(wn

i−1)− Λn
i+ 1

2
δni+ 1

2
+ Λn

i− 1
2
δni− 1

2
)2,

= 1
4

(︁
f(wn

i+1)− f(wn
i ) + f(wn

i )− f(wn
i−1)− Λn

i+ 1
2
δni+ 1

2
+ Λn

i− 1
2
δni− 1

2

)︁2
,

= 1
4

(︁
ani+ 1

2
δni+ 1

2
+ ani− 1

2
δni− 1

2
− Λn

i+ 1
2
δni+ 1

2
+ Λn

i− 1
2
δni− 1

2

)︁2
,

= 1
4

(︁
(ani+ 1

2
− Λn

i+ 1
2
)δni+ 1

2
+ (ani− 1

2
+ Λn

i− 1
2
)δni− 1

2

)︁2
.

Rewriting this last equality with the definition of Bn
i given by (5.4), the statement of

lemma follows.

Equipped with the above lemma, the goal now is to reformulate −η′(wn
i )∆Fn

i . Ac-
cording to the definitions of ∆Fn

i ,F(wn
i , w

n
i+1) given by (3.2d), (3.1), −η′(wn

i )∆Fn
i

also writes

(5.5)
−η′(wn

i )∆Fn
i =− 1

2η
′(wn

i )
(︁
f(wn

i+1)− f(wn
i )
)︁
− 1

2η
′(wn

i )
(︁
f(wn

i )− f(wn
i−1)

)︁
+ 1

2Λ
n
i+ 1

2
η′(wn

i )δ
n
i+ 1

2
− 1

2Λ
n
i− 1

2
η′(wn

i )δ
n
i− 1

2
.

The three following lemma establish reformulations for (5.5) and the first one given
below concerns Λn

i+ 1
2

η′(wn
i )δ

n
i+ 1

2

/2− Λn
i− 1

2

η′(wn
i )δ

n
i− 1

2

/2.

Lemma 5.2. Let η ∈ C2(R,R) and consider the sequence (δn
i+ 1

2

)i∈Z/NZ given by

(3.2a). For all sequences (Λn
i+ 1

2

)i∈Z/NZ ∈ R, the following equality holds:

1

2
Λn
i+ 1

2
η′(wn

i )δ
n
i+ 1

2
− 1

2
Λn
i− 1

2
η′(wn

i )δ
n
i− 1

2

=
1

2
Λn
i+ 1

2

(︁
η(wn

i+1)− η(wn
i )
)︁
− 1

2
Λn
i− 1

2

(︁
η(wn

i )− η(wn
i−1)

)︁
− 1

2

∑︂
±

Λn
i± 1

2
(δni± 1

2
)2
∫︂ 1

0

(1− s)η′′(wn
i ± sδni± 1

2
) ds.

Proof. Since w ↦→ η(w) is regular, Taylor expansions in the neighborhood of wn
i

read

η′(wn
i )δ

n
i+ 1

2
= η(wn

i+1)− η(wn
i )− (δni+ 1

2
)2
∫︂ 1

0

(1− s)η′′(wn
i + sδni+ 1

2
) ds,(5.6)

−η′(wn
i )δ

n
i− 1

2
= η(wn

i−1)− η(wn
i )− (δni− 1

2
)2
∫︂ 1

0

(1− s)η′′(wn
i − sδni− 1

2
) ds.(5.7)

Computing the quantity Λn
i+ 1

2

(5.6)/2 + Λn
i− 1

2

(5.7)/2, the expected reformulation is

immediate that concludes the proof.

Now, it is necessary to rewrite −η′(wn
i )
(︁
f(wn

i+1) − f(wn
i )
)︁
/2 in the right-hand side

of (5.5). In this regard, the aim is to use the relation G′(w) = (η′f ′)(w) in order to
couple Taylor expansions of both functions w ↦→ f(w) and w ↦→ G(w). The lemma
detailed below illustrates this strategy.

Lemma 5.3 (Reformulation for −η′(wn
i )(f(w

n
i+1) − f(wn

i ))/2). Let (η,G) ∈
(C3(R,R))2 be an entropy-entropy flux pair and also consider (δn

i+ 1
2

)i∈Z/NZ be given by

9



(3.2a). Considering s ↦→ ψ+
i+ 1

2

(s) defined in (3.2b), −η′(wn
i )(f(w

n
i+1)− f(wn

i ))/2 ∈ R
also reads

− 1
2η

′(wn
i )
(︁
f(wn

i+1)− f(wn
i )
)︁

=− 1
2

(︁
G(wn

i+1)−G(wn
i )
)︁
+ 1

8

(︁
(η′′f ′)(wn

i ) + (η′′f ′)(wn
i+1)

)︁
(δni+ 1

2
)2

+ 1
2 (δ

n
i+ 1

2
)3
∫︂ 1

0

ψ+
i+ 1

2

(s) ds.

Proof. Since w ↦→ (f,G)(w) is regular, three-order Taylor expansions in the neigh-
borhood of wn

i write
(5.8)

1
2

(︁
f(wn

i+1)− f(wn
i )
)︁

= 1
2f

′(wn
i )δ

n
i+ 1

2
+ 1

4f
′′(wn

i )(δ
n
i+ 1

2
)2 + 1

4 (δ
n
i+ 1

2
)3
∫︂ 1

0

(1− s)2f ′′′(wn
i + sδni+ 1

2
)ds,

(5.9)
1
2

(︁
G(wn

i+1)−G(wn
i )
)︁

= 1
2G

′(wn
i )δ

n
i+ 1

2
+ 1

4G
′′(wn

i )(δ
n
i+ 1

2
)2 + 1

4 (δ
n
i+ 1

2
)3
∫︂ 1

0

(1− s)2G′′′(wn
i + sδni+ 1

2
)ds.

As the entropy flux w ↦→ G(w) is defined by G′ = η′f ′, it also satisfies G′′ = η′′f ′ +
η′f ′′, that leads to express −η′(wn

i )(f(w
n
i+1)− f(wn

i ))/2 in (5.8) as follows:

− 1
2η

′(wn
i )
(︁
f(wn

i+1)− f(wn
i )
)︁

=− 1
2G

′(wn
i )δ

n
i+ 1

2
− 1

4 (η
′f ′′)(wn

i )(δ
n
i+ 1

2
)2

− 1
4η

′(wn
i )(δ

n
i+ 1

2
)3
∫︂ 1

0

(1− s)2f ′′′(wn
i + sδni+ 1

2
)ds,

=− 1
2G

′(wn
i )δ

n
i+ 1

2
− 1

4G
′′(wn

i )(δ
n
i+ 1

2
)2 + 1

4 (η
′′f ′)(wn

i )(δ
n
i+ 1

2
)2

− 1
4η

′(wn
i )(δ

n
i+ 1

2
)3
∫︂ 1

0

(1− s)2f ′′′(wn
i + sδni+ 1

2
)ds.

Using (5.9) in the above equality, the following reformulation holds:
(5.10)
− 1

2η
′(wn

i )
(︁
f(wn

i+1)− f(wn
i )
)︁

= − 1
2

(︁
G(wn

i+1)−G(wn
i )
)︁
+ 1

4 (η
′′f ′)(wn

i )(δ
n
i+ 1

2
)2

+ 1
4 (δ

n
i+ 1

2
)3
(︂∫︂ 1

0

(1− s)2
(︁
G′′′(wn

i + sδni+ 1
2
)− η′(wn

i )f
′′′(wn

i + sδni+ 1
2
)
)︁
ds
)︂
.

However, the quantity (η′′f ′)(wn
i )(δ

n
i+ 1

2

)2/4 also writes

1
4 (η

′′f ′)(wn
i )(δ

n
i+ 1

2
)2

= 1
8

(︁
(η′′f ′)(wn

i ) + (η′′f ′)(wn
i+1)

)︁
(δni+ 1

2
)2 − 1

8

(︁
(η′′f ′)(wn

i+1)− (η′′f ′)(wn
i )
)︁
(δni+ 1

2
)2,

= 1
8

(︁
(η′′f ′)(wn

i ) + (η′′f ′)(wn
i+1)

)︁
(δni+ 1

2
)2 − 1

8 (δ
n
i+ 1

2
)3
∫︂ 1

0

(η′′f ′)′(wn
i + sδni+ 1

2
) ds.

Hence, associating the above equality to (5.10) then arguing the definition s ↦→
ψ+
i+ 1

2

(s) given by (3.2b), the statement of lemma follows.
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Following the computations of the above proof, it is now possible to achieve the
reformulation of the right-hand side of (5.5) with the below corollary that concerns
the quantity −η′(wn

i )(f(w
n
i )− f(wn

i−1))/2.

Corollary 5.4 (Reformulation for −η′(wn
i )(f(w

n
i )−f(wn

i−1))/2). Let (η,G) ∈
(C3(R,R))2 be an entropy-entropy flux pair and also consider (δn

i+ 1
2

)i∈Z/NZ given by

(3.2a). Considering s ↦→ ψ−
i+ 1

2

(s) given by (3.2c), −η′(wn
i )(f(w

n
i ) − f(wn

i−1))/2 ∈ R
also reads

− 1
2η

′(wn
i )
(︁
f(wn

i )− f(wn
i−1)

)︁
=− 1

2

(︁
G(wn

i )−G(wn
i−1)

)︁
− 1

8

(︁
(η′′f ′)(wn

i ) + (η′′f ′)(wn
i−1)

)︁
(δni− 1

2
)2

+ 1
2 (δ

n
i− 1

2
)3
∫︂ 1

0

ψ−
i− 1

2

(s) ds.

Proof. The proof is the same than once used for Lemma 5.3 (mutadis mutantdis).

According to Lemma 5.2, 5.3 and also Corollary 5.4, (5.5) henceforward reads
(5.11)
−η′(wn

i )∆Fn
i =−

(︁
G(wn

i , w
n
i+1)− G(wn

i−1, w
n
i )
)︁

+
1

2

∑︂
±

(δi± 1
2
)2
∫︂ 1

0

(︂
δni± 1

2
ψ±
i± 1

2

(s)− Λn
i± 1

2
(1− s)η′′(wn

i ± sδni± 1
2
)
)︂
ds.

Using the above equality and Lemma 5.1, a formulation under the form (5.2) is now
reachable for the second-order scheme (1.4), (3.1). This is detailed in the next lemma.

Lemma 5.5 (Existence of the formulation (5.2)). Let (η,G) ∈ (C3(R,R))2 be an
entropy-entropy flux pair and consider (δn

i+ 1
2

,∆Fn
i , B

n
i )i∈Z/NZ ∈ (R)2×M2,2(R) given

by (3.2a) (3.2d), (5.4). If s ↦→ An
i (s) ∈ M2,2(R) is defined as

(5.12) An
i (s) = Cn

i (s) +
∆t

2∆x
(1− s)η′′

(︁
wn

i − s
∆t

∆x
∆Fn

i

)︁
Bn

i , ∀s ∈ [0, 1],

where s ↦→ Cn
i (s) ∈ M2,2(R) is such that

(5.13)

Cn
i (s) =

(︄
δn
i− 1

2

ψ−
i− 1

2

(s) 0

0 δn
i+ 1

2

ψ+
i+ 1

2

(s)

)︄

− (1− s)

(︄
Λn
i− 1

2

η′′(wn
i − sδn

i− 1
2

) 0

0 Λn
i+ 1

2

η′′(wn
i + sδn

i+ 1
2

)

)︄
,

and where ψ±
i+ 1

2

(s) are defined in (3.2b), (3.2c), then the second-order scheme (1.4),

(3.1) verifies (5.2).

Proof. Since An
i (s) ∈ M2,2(R) given by (5.12) obviously is symmetric, the proof

will be completed as soon as the formulation (5.2) will be reached. In this regard,
arguing Lemma 5.1, the Taylor expansion (5.1) is equivalent to

η(wn+1
i ) = η(wn

i )−
∆t

∆x
η′(wn

i )∆Fn
i

+

(︃
∆t

2∆x

)︃2 ∫︂ 1

0

(1− s)η′′
(︁
wn

i − s
∆t

∆x
∆Fn

i

)︁
(∆n

i )
TBn

i ∆
n
i ds,
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where ∆n
i = (δn

i− 1
2

, δn
i+ 1

2

)T ∈ R2. Arguing (5.11) and the definition of Cn
i (s) given in

(5.13), the above Taylor expansion becomes

η(wn+1
i )− η(wn

i ) = −∆t

∆x

(︁
G(wn

i , w
n
i+1)− G(wn

i−1, w
n
i )
)︁
+

∆t

2∆x

∫︂ 1

0

(∆n
i )

TCn
i (s)∆

n
i ds

+

(︃
∆t

2∆x

)︃2 ∫︂ 1

0

(1− s)η′′
(︁
wn

i − s
∆t

∆x
∆Fn

i

)︁
(∆n

i )
TBn

i ∆
n
i ds.

Since (5.2) can be deduced from An
i (s) defined in by (5.12) and also from a reorgani-

zation of the terms of this last equality, that achieves the proof.

Equipped with (5.2), the proof of the discrete entropy inequality (1.5) is now equiv-

alent to show that
∫︁ 1

0
An

i (s) ds ∈ M2,2(R) has two negative eigenvalues for all

i ∈ Z/NZ. According to (5.12),
∫︁ 1

0
An

i (s) ds is symmetric in M2,2(R) and it de-
pends on wn

i , δ
n
i± 1

2

,∆t. As a consequence, it is sufficient to show the existence of

∆t > 0 such that the trace (resp. determinant) of
∫︁ 1

0
An

i (s) ds is negative (resp. pos-
itive) for all wn

i , δ
n
i± 1

2

. In this regard, two additional functions are now introduced as

follows:
(5.14)

Φ(wn
i , δ

n
i± 1

2
,∆t) := Tr

(︁ ∫︂ 1

0

An
i (s) ds

)︁
, Ψ(wn

i , δ
n
i± 1

2
,∆t) := det

(︁ ∫︂ 1

0

An
i (s) ds

)︁
.

Considering the above functions, the proof of Theorem 3.2-(ii) will be achieved as
soon as the existence of ∆t > 0 such that

(5.15) Φ(wn
i , δ

n
i± 1

2
,∆t) < 0, Ψ(wn

i , δ
n
i± 1

2
,∆t) > 0, ∀(wn

i , δ
n
i± 1

2
) ∈ R3,

will be established. However, since w ↦→ (f, η,G)(w) are assumed to belong to(︁
C3(R,R)

)︁3
, standard continuity arguments hold in the regimes ∆t → 0. As a con-

sequence, such arguments are now used for the proof of Theorem 3.2-(ii).

Proof of Theorem 3.2-(ii). Considering i ∈ Z/NZ fixed and arguing the defini-
tions of Φ(wn

i , δ
n
i± 1

2

,∆t), An
i (s) given by (5.14), (5.12), Φ(wn

i , δ
n
i± 1

2

, 0) writes

Φ(wn
i , δ

n
i± 1

2
, 0) = Tr

(︁ ∫︂ 1

0

An
i (s) ds

)︁
|∆t=0

= Tr
(︁ ∫︂ 1

0

Cn
i (s) ds

)︁
=
∑︂
±

∫︂ 1

0

(︂
δni± 1

2
ψ±
i± 1

2

(s)− Λn
i± 1

2
(1− s)η′′(wn

i ± sδni± 1
2
)
)︂
ds,

where Cn
i (s) is given by (5.13). Using (3.1b) to expand Λn

i± 1
2

= γi± 1
2
|δn

i± 1
2

|+σn
i± 1

2

∆x

and since x = sign(x)|x| for all x ∈ R, the above formulation becomes

Φ(wn
i , δ

n
i± 1

2
, 0) =

∑︂
±

|δni± 1
2
|
∫︂ 1

0

(︂
sign(δni± 1

2
)ψ±

i± 1
2

(s)− γni± 1
2
(1− s)η′′(wn

i ± sδni± 1
2
)
)︂
ds

−∆x
∑︂
±
σn
i± 1

2

∫︂ 1

0

(1− s)η′′(wn
i ± sδni± 1

2
) ds.
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Using (3.3) that restricts γn
i+ 1

2

> 0, it comes
∫︁ 1

0
(sign(δn

i± 1
2

)ψ±
i± 1

2

(s)−γn
i± 1

2

(1−s)η′′(wn
i ±

sδn
i± 1

2

)) ds ≤ 0. As a consequence, and as σn
i± 1

2

, η′′ > 0, the following upper-bound

holds:

Φ(wn
i , δ

n
i± 1

2
, 0) ≤ −∆x

∑︂
±
σn
i± 1

2

∫︂ 1

0

(1− s)η′′(wn
i ± sδni± 1

2
) ds < 0.

This last inequality coupled to a standard continuity argument leads to the existence
of ∆ti > 0 such that Φ(wn

i , δ
n
i± 1

2

,∆ti) < 0. Since such an existence holds for all

i ∈ Z/NZ, the time step 0 < ∆t = mini∈Z/NZ ∆ti ensures Φ(w
n
i , δ

n
i± 1

2

,∆t) < 0. The

rest of the proof now deals with Ψ(wn
i , δ

n
i± 1

2

,∆t) > 0.

For i ∈ Z/NZ fixed, using the quantity Ψ(wn
i , δ

n
i± 1

2

,∆t), An
i (s) defined in (5.14),

(5.12), Ψ(wn
i , δ

n
i± 1

2

, 0) writes

Ψ(wn
i , δ

n
i± 1

2
, 0) = det

(︁ ∫︂ 1

0

An
i (s) ds

)︁
|∆t=0,

=
∏︂
±

∫︂ 1

0

(︂
δni± 1

2
ψ±
i± 1

2

(s)− Λn
i± 1

2
(1− s)η′′(wn

i ± sδni± 1
2
)
)︂
ds.(5.16)

Now, using (3.1b) to reformulate Λn
i+ 1

2

and denoting rn
i± 1

2

such that−rn
i± 1

2

=
∫︁ 1

0

(︂
sign(δn

i± 1
2

)ψ±
i± 1

2

(s)−

γn
i± 1

2

(1− s)η′′(wn
i ± sδn

i± 1
2

)
)︂
ds ≤ 0, which is non-positive in virtue of the constraint

(3.3), (5.16) also writes

Ψ(wn
i , δ

n
i± 1

2
, 0) =

∏︂
±

(︂
− |δni± 1

2
|rni± 1

2
−∆xσn

i± 1
2

∫︂ 1

0

(1− s)η′′(wn
i ± sδni± 1

2
) ds

)︂
=
∏︂
±

(︂
|δni± 1

2
|rni± 1

2
+∆xσn

i± 1
2

∫︂ 1

0

(1− s)η′′(wn
i ± sδni± 1

2
) ds

)︂
=
∏︂
±

|δni± 1
2
|rni± 1

2
+∆x2

∏︂
±
σn
i± 1

2

∫︂ 1

0

(1− s)η′′(wn
i ± sδni± 1

2
) ds

+∆x
∑︂
±
rni± 1

2
|δni± 1

2
|σn

i∓ 1
2

∫︂ 1

0

(1− s)η′′(wn
i ∓ δni∓ 1

2
) ds,

where both symbols ± and ∓mean + or − but they are such that ∓ = − iif ± = + and
conversely. As rn

i± 1
2

≥ 0 and σn
i± 1

2

, η′′ > 0, Ψ(wn
i , δ

n
i± 1

2

, 0) in the above formulation is

lower-bounded as follows:

Ψ(wn
i , δ

n
i± 1

2
, 0) ≥ ∆x2

∏︂
±
σn
i± 1

2

∫︂ 1

0

(1− s)η′′(wn
i ± sδni± 1

2
) ds > 0.

This last inequality leads to the existence of ∆ti > 0 such that Ψ(wn
i , δ

n
i± 1

2

,∆ti) > 0.

As a consequence, 0 < ∆t = mini∈Z/NZ ∆ti enforces Ψ(wn
i , δ

n
i± 1

2

,∆t) > 0.

Therefore, under the constraint (3.3) and σn
i+ 1

2

, η′′ > 0, there exists ∆t > 0 such

that the symmetric matrix
∫︁ 1

0
An

i (s) ds ∈ M2,2(R) given by (5.12) is also definite
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negative. Thus, using the formulation (5.2), the second-order scheme (1.4), (3.1)
satisfies (1.5) for all strictly convex entropy-entropy flux pair (η,G) ∈ (C3(R,R))2,
that concludes the proof.

The above proof stands for a CFL-like restriction for ∆t > 0. This restriction is
implicitly given but it is at least under the form ∆t

∆x2 ∼ O(1). Such a CFL-like
condition is highlighted by Φ(wn

i , δ
n
i± 1

2

,∆t) in the regimes δn
i± 1

2

→ 0 that read

lim
δn
i± 1

2

→0
Φ(wn

i , δ
n
i± 1

2
,∆t) =

∆x

2
η′′(wn

i )
(︂
−
∑︂
±
σn
i± 1

2
+

∆t

2∆x2

∑︂
±

(f ′(wn
i )∓∆xσn

i± 1
2
)2
)︂
.

As a consequence, when δn
i± 1

2

→ 0, the inequality Φ(wn
i , δ

n
i± 1

2

,∆t) < 0 is enforced

if ∆t
∆x2 ∼ O(1). Such parabolic CFL-like conditions have already been exhibited for

high-order numerical schemes in [19, 20, 59] and the practical choice of ∆t
∆x2 > 0 for

(1.4), (3.1) is discussed in the next section that concerns the numerical experiments.

6. Numerical experiments.

6.1. Practical implementation. This section concerns the practical imple-
mentation of the second-order scheme (1.4), (3.1) focusing on the enforcement of a
single discrete entropy inequality (1.5). In this regard, considering a given strictly con-
vex entropy-entropy flux pair (η,G) ∈ (C3(R,R))2, the scheme (1.4), (3.1) needs the
definition of the triplet (σn

i+ 1
2

, γn
i+ 1

2

)i∈Z/NZ,
∆t
∆x2 > 0 in a such way (1.5) holds. The se-

lection procedure of this triplet starts from (η,G, f) to compute (ψ±
i+ 1

2

(s))(i,s)∈Z/NZ×[0,1]

according to (3.2b), (3.2c). Then, for a given σn
i+ 1

2

> 0, γn
i+ 1

2

> 0 has to enforces (3.3).

Finally, ∆t
∆x2 > 0 has to be selected in a such way

∫︁ 1

0
An

i (s) ds ∈ M2,2(R) given by
(5.12) is definite negative. Theorem 3.2 gives explicit constraints for (γn

i+ 1
2

)i∈Z/NZ but

the restriction for ∆t
∆x2 > 0 remains implicit. As a consequence, ∆t

∆x2 > 0 is selected
according to the following heuristic:

(6.1) ∆t = CFL ∆x min
i∈Z/NZ

(γni+ 1
2
|wn

i+1 − wn
i |+ σn

i+ 1
2
∆x),

where CFL ∈ (0, 1]. In the sequel, the above heuristic is also checked with the quantity

(6.2)
∆S
∆t

:=
η(wn+1

i )− η(wn
i )

∆t
+

G(wn
i , w

n
i+1)− G(wn

i−1, w
n
i )

∆x
.

The above quantity ∆S/∆t ∈ R obviously is equivalent to (1.5) and the choices of
(σn

i+ 1
2

, γn
i+ 1

2

)i∈Z/NZ,
∆t
∆x2 > 0 have to ensure ∆S/∆t ≤ 0. In order to illustrate the

above implementation, the first numerical experiment concerns the linear transport
equation.

6.2. Linear transport equation. This section is devoted to the advection
problem endowed by the quartic entropy defined by

(6.3) f(w) = aw, a = 1, η(w) = w2/2 + w4/4, G(w) = a(w2/2 + w4/4).

According to the above formulation, (3.3) reads γn
i+ 1

2

≥ max
(︂

2|wn
i+1|

(wn
i +wn

i+1)
2+(wn

i )2+2 ,
2|wn

i |
(wn

i +wn
i+1)

2+(wn
i+1)

2+2

)︂
.

Since a straightforward computation shows that the right hand-side of this inequality
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is bounded by 1, it is sufficient to satisfy γn
i+ 1

2

≥ 1. As a consequence and for the sake

of simplicity, σn
i+ 1

2

, γn
i+ 1

2

are selected according to

(6.4) σn
i+ 1

2
= γni+ 1

2
:= α ≥ 1.

The above definition ensures (3.3) and two values for α ≥ 1 are tested in the sequel.
Besides, for all the following simulations, ∆t > 0 is selected according to (6.1) with
CFL = 0.2.

At first, the smooth initial data w0(x) = sin(πx) is considered over the periodic
domain [−1, 1]. Figure 6.1 (resp. 6.2) displays the numerical results and Table 6.1
(resp. 6.2) reports the order of convergence in (Lp)p∈{1,2,∞}-norms and in Wassertein
distance W 1 (see [25,46] for the details) for the final time t = 0.1 (resp. t = 5).

Fig. 6.1: Second-order approximation and ∆S/∆t defined in (6.2) for f(w) = aw
endowed by w0(x) = sin(πx) on a mesh made of N = 400 cells and at time t = 0.1.

α = 5, t = 0.1
cells L1 order L2 order L∞ order W 1 order
100 4.9E-03 - 3.8E-03 - 3.8E-03 - 2.3E-03 -
200 1.2E-03 2.0 9.5E-04 2.0 9.5E-04 2.0 5.8E-04 2.0
400 3.1E-04 2.0 2.4E-04 2.0 2.4E-04 2.0 1.4E-04 2.0
800 7.7E-05 2.0 5.9E-05 2.0 6.0E-05 2.0 3.5E-05 2.0
1600 1.9E-05 2.0 1.5E-05 2.0 1.5E-05 2.0 8.9E-06 2.0

α = 10, t = 0.1
cells L1 order L2 order L∞ order W 1 order
00 9.8E-03 - 7.5E-03 - 7.3E-03 - 4.7E-03 -
200 2.5E-03 2.0 1.9E-03 2.0 1.9E-03 2.0 1.2E-03 2.0
400 6.2E-04 2.0 4.7E-04 2.0 4.7E-04 2.0 2.9E-04 2.0
800 1.5E-04 2.0 1.2E-04 2.0 1.2E-04 2.0 7.1E-05 2.0
1600 3.9E-05 2.0 3.0E-05 2.0 2.9E-05 2.0 1.8E-05 2.0

Table 6.1: Errors and order evaluations for the second-order scheme (1.4), (3.1) for
f(w) = aw endowed by w0(x) = sin(πx) at the final time t = 0.1.

A good agreement to the exact solution is observed in Figure 6.1-6.2. The inequal-
ity ∆S/∆t ≤ 0 is also observed that means the enforcement of the discrete entropy
inequality for the couple (η,G) defined in (6.3). The numerical errors in Table 6.1-6.2
are greater for α = 10 but for both values of α ∈ {5, 10}, the second-order accuracy
is exactly observed as soon as the size mesh is small enough.
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Fig. 6.2: Second-order approximation and ∆S/∆t defined in (6.2) for f(w) = aw
endowed by w0(x) = sin(πx) on a mesh made of N = 400 cells and at time t = 5.

α = 5, t = 5
cells L1 order L2 order L∞ order W 1 order
100 2.0E-01 - 1.5E-01 - 1.4E-01 - 1.0E-01 -
200 5.8E-02 1.8 4.4E-02 1.8 4.3E-02 1.7 2.9E-02 1.8
400 1.5E-02 1.9 1.2E-02 1.9 1.2E-02 1.9 7.7E-03 1.9
800 3.9E-03 2.0 3.0E-03 2.0 3.0E-03 2.0 1.9E-03 2.0
1600 9.7E-04 2.0 7.4E-04 2.0 7.4E-04 2.0 4.8E-04 2.0

α = 10, t = 5
cells L1 order L2 order L∞ order W 1 order
100 3.4E-01 - 2.6E-01 - 2.4E-01 - 1.8E-01 -
200 1.1E-01 1.6 8.2E-02 1.7 7.8E-02 1.6 5.5E-02 1.7
400 3.0E-02 1.9 2.3E-02 1.9 2.2E-02 1.8 1.5E-02 1.9
800 7.7E-03 2.0 5.9E-03 2.0 5.8E-03 1.9 3.9E-03 2.0
1600 1.9E-03 2.0 1.5E-03 2.0 1.5E-03 2.0 9.7E-04 2.0

Table 6.2: Errors and order evaluations for the second-order scheme (1.4), (3.1) for
f(w) = aw endowed by w0(x) = sin(πx) at the final time t = 5.

Now, the discontinuous initial data χ|x|≤0.25(x) is considered over the periodic
domain [−0.5, 0.5]. Figure 6.3 (resp. 6.4) displays the numerical results and Table 6.3
(resp. 6.4) reports the order of convergence in (Lp)p∈{1,2,∞}-norms and in Wassertein
distance W 1 (see [25,46] for the details) for the final time t = 0.1 (resp. t = 5).

Fig. 6.3: Second-order approximation and ∆S/∆t defined in (6.2) for f(w) = aw
endowed with w0(x) = χ|x|≤0.25(x) on a mesh made of N = 400 cells at time t = 0.1.
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α = 5, t = 0.1
cells L1 order L2 order L∞ order W 1 order
100 4.8E-02 - 1.2E-01 - 4.5E-01 - 1.3E-03 -
200 3.0E-02 0.7 9.5E-02 0.3 4.7E-01 0.0 4.6E-04 1.5
400 1.9E-02 0.7 7.6E-02 0.3 4.8E-01 0.0 1.7E-04 1.4
800 1.2E-02 0.7 6.0E-02 0.3 4.8E-01 0.0 6.4E-05 1.4
1600 7.7E-03 0.7 4.8E-02 0.3 4.9E-01 0.0 2.4E-05 1.4

α = 10, t = 0.1
cells L1 order L2 order L∞ order W 1 order
100 5.9E-02 - 1.3E-01 - 4.6E-01 - 1.8E-03 -
200 3.7E-02 0.7 1.1E-01 0.3 4.7E-01 0.0 6.7E-04 1.5
400 2.3E-02 0.7 8.5E-02 0.3 4.8E-01 0.0 2.5E-04 1.4
800 1.5E-02 0.7 6.7E-02 0.3 4.8E-01 0.0 9.4E-05 1.4
1600 9.3E-03 0.7 5.3E-02 0.3 4.9E-01 0.0 3.5E-05 1.4

Table 6.3: Errors and order evaluations for the second-order scheme (1.4), (3.1) for
f(w) = aw endowed by w0(x) = χ|x|≤0.25(x) at time t = 0.1.

Fig. 6.4: Second-order approximation and ∆S/∆t defined in (6.2) for f(w) = aw
endowed with w0(x) = χ|x|≤0.25(x) on a mesh made of N = 400 cells at time t = 5.

α = 5, t = 5
cells L1 order L2 order L∞ order W 1 order
100 1.8E-01 - 2.4E-01 - 5.0E-01 - 1.4E-02 -
200 1.1E-01 0.7 1.9E-01 0.3 5.0E-01 0.0 5.0E-03 1.4
400 7.2E-02 0.7 1.5E-01 0.3 5.0E-01 0.0 1.9E-03 1.4
800 4.5E-02 0.7 1.2E-01 0.3 5.1E-01 0.0 7.3E-04 1.4
1600 2.8E-02 0.7 9.2E-02 0.3 5.1E-01 0.0 2.8E-04 1.4

α = 10, t = 5
cells L1 order L2 order L∞ order W 1 order
100 2.3E-01 - 2.7E-01 - 4.9E-01 - 2.1E-02 -
200 1.4E-01 0.7 2.1E-01 0.4 5.0E-01 0.0 7.8E-03 1.4
400 8.8E-02 0.7 1.6E-01 0.3 5.0E-01 0.0 2.9E-03 1.4
800 5.5E-02 0.7 1.3E-01 0.3 5.0E-01 0.0 1.1E-03 1.4
1600 3.5E-02 0.7 1.0E-01 0.3 5.0E-01 0.0 4.3E-04 1.4

Table 6.4: Errors and order evaluations for the second-order scheme (1.4), (3.1) for
f(w) = aw endowed by w0(x) = χ|x|≤0.25(x) at time t = 5.
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Both values of α generate spurious oscillations but their amplitudes are genuinely
reduced when α = 10. In this case, the numerical results are very diffusive. For both
values α ∈ {5, 10}, the inequality ∆S/∆t ≤ 0 is checked that means the enforcement
of the discrete entropy inequality (1.5) for the couple (η,G) defined in (6.3).

6.3. The Burgers equation. This section is devoted to the Burgers equation
endowed by the quadratic entropy that reads

(6.5) f(w) = w2/2, η(w) = w2/2, G(w) = w3/3.

In this case, (3.3) reads γn
i+ 1

2

≥ 1
6 max

(︁
|1− 2wn

i |, |1− 2wn
i+1|

)︁
. Since the right hand-

side of this inequality is not bounded with respect to the sequence (wn
i )i∈Z/NZ, the

opportunity is taken to test the choice (6.4) for the non-linear Burgers equation (6.5).
Besides, the time step ∆t > 0 is selected according to (6.1) with CFL = 0.2. The
heuristic choices (6.1), (6.4) are obviously checked with the criteria ∆S/∆t defined in
(6.2).

In the first numerical test, the smooth initial data w0(x) = sin(π(x − 1)) is
considered over the periodic domain [−1, 1]. Such an initial condition involves the
emergence of a shock wave at time t = 1/π. As a consequence, for the sake of
completeness, two simulations are led : one for the pre-shock time and an other for
the post-shock time. For the pre-shock simulation, the final time is t = 0.05. Figure
6.5 displays the results and Table 6.5 reports the order of convergence in (Lp)p∈{1,2,∞}-
norms and in Wassertein distance W 1 (see [25,46] for the details).

Fig. 6.5: Second-order approximation and ∆S/∆t defined in (6.2) for f(w) = w2/2
endowed by w0(x) = sin(π(x− 1)) on a mesh made of N = 400 cells at time t = 0.05.

α = 5, t = 0.05
cells L1 order L2 order L∞ order W 1 order
100 2.7E-03 - 2.2E-03 - 2.8E-03 - 1.1E-03 -
200 6.7E-04 2.0 5.5E-04 2.0 7.1E-04 2.0 2.8E-04 2.0
400 1.7E-04 2.0 1.4E-04 2.0 1.8E-04 2.0 6.8E-05 2.0
800 4.2E-05 2.0 3.4E-05 2.0 4.5E-05 2.0 1.7E-05 2.0
1600 1.0E-05 2.0 8.5E-06 2.0 1.1E-05 2.0 4.2E-06 2.0
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α = 10, t = 0.05
cells L1 order L2 order L∞ order W 1 order
100 5.3E-03 - 4.2E-03 - 5.3E-03 - 2.3E-03 -
200 1.3E-03 2.0 1.1E-03 2.0 1.4E-03 2.0 5.7E-04 2.0
400 3.3E-04 2.0 2.7E-04 2.0 3.4E-04 2.0 1.4E-04 2.0
800 8.3E-05 2.0 6.7E-05 2.0 8.5E-05 2.0 3.5E-05 2.0
1600 2.1E-05 2.0 1.7E-05 2.0 2.1E-05 2.0 8.7E-06 2.0

Table 6.5: Errors and order evaluations for the second-order scheme (1.4), (3.1) for
f(w) = w2/2 endowed by w0(x) = sin(π(x− 1)) at time t = 0.05.

A good agreement to the exact solution is observed in Figure 6.5. The inequality
∆S/∆t ≤ 0 is also satisfied that implies the enforcement of the discrete entropy
inequality for the couple (η,G) defined in (6.5). For α ∈ {5, 10}, the second-order
accuracy is exactly once again observed. For the post-shock simulation, the final
time is t = 0.5. Figure 6.6 displays the results and Table 6.6 reports the order of
convergence in (Lp)p∈{1,2,∞}-norms and in Wassertein distance W 1 (see [25, 46] for
the details).

Fig. 6.6: Second-order approximation and ∆S/∆t defined in (6.2) for f(w) = w2/2
endowed by w0(x) = sin(π(x− 1)) on a mesh made of N = 400 cells at time t = 0.5.

α = 5, t = 0.5
cells L1 order L2 order L∞ order W 1 order
100 6.4E-02 - 1.7E-01 - 7.4E-01 - 8.9E-03 -
200 3.3E-02 0.9 1.2E-01 0.5 7.6E-01 0.0 3.9E-03 1.2
400 1.7E-02 1.0 8.7E-02 0.5 7.7E-01 0.0 1.8E-03 1.1
800 8.9E-03 1.0 6.2E-02 0.5 7.8E-01 0.0 8.5E-04 1.1
1600 4.5E-03 1.0 4.4E-02 0.5 7.8E-01 0.0 4.2E-04 1.0

α = 10, t = 0.5
cells L1 order L2 order L∞ order W 1 order
100 8.6E-02 - 2.0E-01 - 8.1E-01 - 1.2E-02 -
200 4.3E-02 1.0 1.5E-01 0.5 8.2E-01 0.0 4.6E-03 1.4
400 2.2E-02 1.0 1.0E-01 0.5 8.3E-01 0.0 2.0E-03 1.2
800 1.1E-02 1.0 7.4E-02 0.5 8.4E-01 0.0 9.0E-04 1.1
1600 5.7E-03 1.0 5.2E-02 0.5 8.4E-01 0.0 4.3E-04 1.1

Table 6.6: Errors and order evaluations for the second-order scheme (1.4), (3.1) for
f(w) = w2/2 endowed by w0(x) = sin(π(x− 1)) at time t = 0.5.
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The case of discontinuous initial data is now investigated considering w0(x) = χx∈[0,1](x)
over the periodic domain [−2, 5]. Under such conditions, the exact solution is made
of rarefaction and shock waves which are independent for short times and then which
interact. To illustrate the proposed scheme in both situations, two simulations are
done. For the first (resp. second) one, the final time is t = 0.1 (resp. t = 5). Figure
6.7 (resp. 6.8) displays the numerical results and Table 6.7 (resp. 6.8) reports the or-
der of convergence in (Lp)p∈{1,2,∞}-norms and in Wassertein distance W 1 (see [25,46]
for the details).

Fig. 6.7: Second-order approximation and ∆S/∆t defined in (6.2) for f(w) = w2/2
endowed with w0(x) = χx∈[0,1](x) on a mesh made of N = 400 cells and at time
t = 0.1.

α = 5, t = 0.1
cells L1 order L2 order L∞ order W 1 order
100 1.6E-01 - 2.1E-01 - 4.5E-01 - 2.2E-01 -
200 8.8E-02 0.9 1.5E-01 0.5 4.8E-01 0.1 9.0E-02 1.3
400 4.9E-02 0.8 1.0E-01 0.5 4.3E-01 0.1 1.8E-02 2.3
800 2.7E-02 0.9 7.2E-02 0.5 4.6E-01 0.1 2.9E-02 0.7
1600 1.4E-02 0.9 4.9E-02 0.6 4.7E-01 0.0 1.1E-02 1.4

α = 10, t = 0.1
cells L1 order L2 order L∞ order W 1 order
100 2.7E-01 - 2.8E-01 - 4.7E-01 - 2.4E-01 -
200 1.2E-01 1.2 1.8E-01 0.7 4.8E-01 0.0 9.2E-02 1.4
400 6.6E-02 0.9 1.2E-01 0.5 4.5E-01 0.1 1.9E-02 2.3
800 3.6E-02 0.9 8.7E-02 0.5 4.7E-01 0.1 2.9E-02 0.6
1600 1.9E-02 0.9 5.9E-02 0.6 4.8E-01 0.0 1.1E-02 1.4

Table 6.7: Errors and order evaluations for the second-order scheme (1.4), (3.1) for
f(w) = w2/2 endowed by w0(x) = χx∈[0,1](x).
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Fig. 6.8: Second-order approximation and ∆S/∆t defined in (6.2) for f(w) = w2/2
endowed with w0(x) = χx∈[0,1](x) on a mesh made of N = 400 cells and at time t = 5.

α = 5, t = 5
cells L1 order L2 order L∞ order W 1 order
100 2.0E-01 - 2.1E-01 - 5.1E-01 - 2.8E-01 -
200 8.0E-02 1.3 9.5E-02 1.2 3.6E-01 0.5 1.6E-01 0.8
400 4.8E-02 0.7 9.9E-02 0.1 5.2E-01 0.5 5.8E-02 1.5
800 1.9E-02 1.4 5.8E-02 0.8 4.6E-01 0.2 2.3E-02 1.3
1600 9.2E-03 1.0 3.3E-02 0.8 3.9E-01 0.3 1.4E-02 0.7

α = 10, t = 5
cells L1 order L2 order L∞ order W 1 order
100 3.2E-01 - 2.6E-01 - 5.2E-01 - 4.2E-01 -
200 1.2E-01 1.4 1.3E-01 1.0 4.2E-01 0.3 2.2E-01 1.0
400 6.7E-02 0.9 1.2E-01 0.2 5.3E-01 0.3 8.2E-02 1.4
800 2.7E-02 1.3 7.0E-02 0.7 4.8E-01 0.1 3.4E-02 1.3
1600 1.3E-02 1.1 4.2E-02 0.7 4.3E-01 0.2 1.9E-02 0.8

Table 6.8: Errors and order evaluations for the second-order scheme (1.4), (3.1) for
f(w) = w2/2 endowed by w0(x) = χx∈[0,1](x).

Both values of α generate spurious oscillations but their amplitudes once again
are reduced when α = 10. In this case, the numerical results are very diffusive. For
both values α ∈ {5, 10}, the inequality ∆S/∆t ≤ 0 is checked so the discrete entropy
inequality (1.5) is satisfied for the couple (η,G) defined in (6.5).

The third test case investigates a sonic wave problem considering w0(x) = 2χx>0(x)−
1 over the domain [−0.5, 0.5]. The exact solution in that case is an expanding rarefac-
tion wave with a sign change at x = 0. The final time is t = 0.2. Figure 6.9 displays
the numerical results and Table 6.9 reports the order of convergence in (Lp)p∈{1,2,∞}-
norms and in Wassertein distance W 1 (see [25,46] for the details).
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Fig. 6.9: Second-order approximation and ∆S/∆t defined in (6.2) for f(w) = w2/2
endowed by w0(x) = 2χx>0(x)− 1 on a mesh made of N = 400 cells at time t = 0.2.

α = 5, t = 0.2
cells L1 order L2 order L∞ order W 1 order
100 3.6E-02 - 5.8E-02 - 1.5E-01 - 5.7E-03 -
200 1.8E-02 1.0 3.2E-02 0.9 9.4E-02 0.7 2.8E-03 1.0
400 9.2E-03 1.0 1.7E-02 0.9 5.7E-02 0.7 1.4E-03 1.0
800 4.6E-03 1.0 8.8E-03 0.9 3.4E-02 0.7 6.8E-04 1.0
1600 2.3E-03 1.0 4.5E-03 1.0 2.0E-02 0.8 3.4E-04 1.0

α = 10, t = 0.2
cells L1 order L2 order L∞ order W 1 order
100 5.1E-02 - 8.0E-02 - 2.0E-01 - 8.3E-03 -
200 2.6E-02 1.0 4.4E-02 0.9 1.2E-01 0.7 4.0E-03 1.0
400 1.3E-02 1.0 2.4E-02 0.9 7.5E-02 0.7 2.0E-03 1.0
800 6.6E-03 1.0 1.2E-02 0.9 4.4E-02 0.8 9.8E-04 1.0
1600 3.3E-03 1.0 6.4E-03 1.0 2.6E-02 0.8 4.9E-04 1.0

Table 6.9: Errors and order evaluations for the second-order scheme (1.4), (3.1) for
f(w) = w2/2 endowed by w0(x) = 2χx>0(x)− 1 at time t = 0.2.

Some slight spurious oscillations are observed and the scheme is diffusive. However,
the fully discrete entropy stability (1.5) is still enforced for the couple (η,G) defined
in (6.5).

To conclude this section, the numerical experiment defined in [25]-Section 6 is
redone below to highlight the relevancy of the Wassertein distance in the presence
of shock waves (see [25, 46] for the details). Figure 6.10 shows the numerical re-
sults at time t = {0.15, 0.3} and Tables 6.10-6.11 report the order of convergence in
(Lp)p∈{1,2,∞}-norms and in Wassertein distance W 1. For this numerical experiment,
the second-order accuracy is reached in W 1-distance.
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Fig. 6.10: Second-order approximation for f(w) = w2/2 endowed by the numerical
experiment given in [25]-Section 6 on a mesh made of N = 400.

α = 5, t = 0.15
cells L1 order L2 order L∞ order W 1 order
100 3.0E-02 - 9.3E-02 - 4.9E-01 - 4.7E-03 -
200 1.6E-02 0.9 6.3E-02 0.6 4.2E-01 0.2 7.2E-05 6.0
400 8.1E-03 0.9 4.5E-02 0.5 4.2E-01 0.0 1.9E-05 2.0
800 4.3E-03 0.9 3.2E-02 0.5 4.2E-01 0.0 4.8E-06 1.9
1600 2.2E-03 0.9 2.2E-02 0.5 4.2E-01 0.0 1.3E-06 1.9

α = 10, t = 0.15
cells L1 order L2 order L∞ order W 1 order
100 3.9E-02 - 1.1E-01 - 5.0E-01 - 4.6E-03 -
200 1.9E-02 1.0 7.5E-02 0.5 4.4E-01 0.2 1.3E-04 5.2
400 9.9E-03 1.0 5.3E-02 0.5 4.4E-01 0.0 3.2E-05 2.0
800 5.0E-03 1.0 3.7E-02 0.5 4.4E-01 0.0 7.9E-06 2.0
1600 2.5E-03 1.0 2.6E-02 0.5 4.4E-01 0.0 2.0E-06 2.0

Table 6.10: Errors and order evaluations for the second-order scheme (1.4), (3.1) for
f(w) = w2/2 endowed by the numerical experiment given in [25]-Section 6 at time
t = 0.15.

α = 5, t = 0.3
cells L1 order L2 order L∞ order W 1 order
100 3.0E-02 - 1.4E-01 - 1.0E+00 - 3.5E-03 -
200 1.5E-02 1.0 8.8E-02 0.6 8.0E-01 0.3 6.8E-05 5.7
400 7.6E-03 1.0 6.2E-02 0.5 8.0E-01 0.0 1.7E-05 2.0
800 3.9E-03 1.0 4.4E-02 0.5 8.0E-01 0.0 4.4E-06 2.0
1600 2.0E-03 1.0 3.1E-02 0.5 8.0E-01 0.0 1.1E-06 2.0

α = 10, t = 0.3
cells L1 order L2 order L∞ order W 1 order
100 3.9E-02 - 1.6E-01 - 1.0E+00 - 3.8E-03 -
200 1.9E-02 1.0 1.1E-01 0.6 8.5E-01 0.2 1.2E-04 4.9
400 9.5E-03 1.0 7.5E-02 0.5 8.5E-01 0.0 3.1E-05 2.0
800 4.8E-03 1.0 5.3E-02 0.5 8.5E-01 0.0 7.7E-06 2.0
1600 2.4E-03 1.0 3.7E-02 0.5 8.5E-01 0.0 1.9E-06 2.0
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Table 6.11: Errors and order evaluations for the second-order scheme (1.4), (3.1) for
f(w) = w2/2 endowed by the numerical experiment given in [25]-Section 6 at time
t = 0.3.

7. Conclusion. This work shows the existence of weak-second-order schemes
satisfying a local fully discrete entropy inequality for the numerical approximation of
the weak solutions of scalar hyperbolic equations. This result is established from an
overcoming of the barrier theorems which are in fact not equivalent. The proposed
scheme is fully explicit in its formulations and its stability is ensured under an implicit
parabolic CFL time step restriction. Considering heuristic implementations of such a
CFL, numerical experiments confirm the accuracy and the stability of the proposed
scheme. Future works will be devoted to the improvement of the practical implemen-
tation. Extensions to systems of conservation laws in one- and two-dimensional space
will be also considered.
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