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Modélisation Mathématique et Analyse Numérique

HOW TO ENFORCE AN ENTROPY INEQUALITY OF (FULLY)
WELL-BALANCED GODUNOV-TYPE SCHEMES FOR THE SHALLOW WATER
EQUATIONS.

Lupovic MARTAUD! AND CHRISTOPHE BERTHON 2

Abstract. This work concerns the design of well-balanced entropy-stable numerical schemes for the
shallow water equations. The fully discrete entropy inequality is reached by introducing a local entropy
condition incorporated in the scheme design. The source term is discretized to preserve both steady
states and entropy stability. The method yields explicit schemes which are relevantly illustrated with
several test cases.

2020 Mathematics Subject Classification. 65M08, 65M12.

1. INTRODUCTION

The present work is devoted to the numerical approximation of the weak solutions of the shallow water
equations with the source term related to topography in one space dimension given by

o (/ZJ o (W thQ /2) - <_g;?awz) : (1)

This model governs the water height h > 0 and the velocity u € R of a fluid. In order to deal with dry areas,
the water velocity is defined as follows (see [5},43] for the details):

(hu) .
w = T, lfh>0,

0, otherwise,

The gravitational constant is ¢ > 0 and z : R — R is a given time-independent smooth topography function.
The unknown state vector w = (h, hu)T is assumed to be in the convex set Q = {(h, hu) € R*|h > 0, hu € R}.
The system is endowed with given initial data wg : R — € at time ¢ = 0. As a consequence, we consider the
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following Cauchy problem:

(2)

Ow + 0 f(w) = S(w, z), xR, t>0,
w(z,t=0) =wo(z), z€R,

where we have set
f(w) = (hu, hu® + gh?/2)", and S(w,z) = (0,—ghdyz)". (3)
For the sake of clarity in the forthcoming notations, we introduce 1 = (h, hu, )T, which takes its values in the
convex set ) defined by
Q= {(h,hu,z) e R*|h>0,hu € R,z € R}.
In the flat regions (i.e 9,z = 0), it is well-known that the homogeneous shallow water system is endowed
with the following entropy inequality:
on(w) + 0,G(w) <0, (4)
with
n(w) =hu?/2+gh?/2  and  G(w) = hu®/2 + gh*u. (5)
A smooth generic function z modifies the above inequality with the term —ghud,z in its rright-hand side. As
a consequence, the entropy inequality associated to shallow water system now reads

on(w) + 0,G(w) < —ghudy, z. (6)

According to (for instance, see also ) and since Jd;z = 0, the inequality @ reformulates equivalently
in a conservative form given by

Oy (n(w) + ghz) + 0y (G(w) + g(hu)z) <0.

Let us set (huy? 2 ()’
Loy gn~ N . N
7(w) = o + 5 +ghz, Gw)= 572 +glhu)(h+2), Vw €, (7)
so that the above entropy inequality now reads
Oy () + 0, G(1b) < 0. (8)

Therefore, the presence of the source term S(w,z) in the system leads to the entropy inequality that
contains and a contribution of the topography function.

In addition, the presence of the source term S(w, z) involves the existence of non-trivial stationary solutions
that satisfy

2
hu = cst, % + g (h+2) = cst. (9)

Among these steady states, a special attention is paid to the lake at rest (for instance, see
for a nonhexaustive list) which is given by

u=0, h+z=cst. (10)

From a numerical point of view, the solutions of the shallow water system are approximated on uniform
space meshes (xH%)ieZ in R of constant size Az > 0. Thus, we have z; ;1 = x; 1 + Az for all ¢ € Z. Uniform
meshes in time (¢"),ey in [0, +00) of constant size At > 0 are also considered and they satisfy t"T! =" + At
for all n in N. At time t° = 0, the initial condition wy and the given smooth function z are discretized by
(w9, 2i)),cp n Q) such that

(w?,2)" = A%:/ 2w, 2)T () dz, Ve Z. (11)
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. . . . T
The sequence ((wf,z)7), <y, defines a piecewise constant approximation of (w(-,t=0),z) . Asa consequence, a
numerical approximation of w(-,t"*1) is entirely defined by a numerical scheme that gives the updated sequence

(w?“)iez from the sequences (w});cz and (z;)i;ez . However, a suitable updated sequence (wm’l)iez has to

3
satisfy some properties. In order to give these properties and for the sake of clarity, the notation @ = (w?, z;)T
is now being considered but we emphasize that z; is a given quantity.

The sequence (w?“)iez has to be well-balanced that means it exactly preserves stationary solutions. On

the one hand, the well-balanced property for the lake at rest writes

IfvieZ, ul

7

=0 and A4z =cst then Vie€Z, w!tt=uwl (12)

Several schemes satisfying this property have been proposed during the last two decades (for instance, see

). On the other hand, the well-balanced property for the moving equilibrium @ is given
by

(uf)®
2
For instance, such a property is satisfied by the schemes described in .
In addition to the well-balanced property, the sequence (12)1"+ )icz has to satisfy a discrete entropy inequality.

IfVvieZ, (hu)!=cst and +g(h 4+ z) =cst  then VieZ, wl=wl (13)

K2 3

Denoting QZ i@ consistent approximation of G defined by @, such an inequality writes

oy = i(ap) | Gieg =9

1
2 < ] .
A7 AL <0, VieZ (14)

In the flat region, i.e. 0,2z = 0, the system is nothing but a conservative hyperbolic system and several
schemes verifying the discrete entropy inequality have already been introduced (for a nonhexaustive list,
see ) In the present work, we focus on Godunov-type scheme based on an approximate
Riemann solver made of two intermediate constant states (see for details). Considering the well-known
Euler equations, the fully discrete entropy inequality can be established for the two intermediate state
HLLC scheme or equivalently, for the Suliciu relaxation schemes . Let us underline that Section
b.ii in presents an alternative to derive an entropy satisfying Godunov-type scheme with two intermediate
constant states.

For a generic function z (i.e. 9,2z # 0), the design of a well-balanced scheme that satisfies a discrete
entropy inequality turns out to be more challenging. Both properties are satisfied by some Godunov-type
schemes @ or a relaxation well-balanced for the lake at rest scheme 7 but all of these schemes
need to solve a set of non-linear equations at each cell of the mesh and for each time iteration. For instance,
in , we have to solve a third-order polynomial equation to get an entropy preserving and well-balanced lake
at rest scheme. Similarly in , a fifth-order polynomial equation must be solved to obtain a well-balanced
scheme for the moving steady states which satisfies an entropy inequality. Moreover, the fully discrete entropy
estimates may contain an error term (for instance, see [11]) in the form O(Ax?) such that

— 1

A —i@p) | Gt =93 e

1
I3 2
At N

The error term O(Az?) does not occur in the works of but the proposed well-balanced schemes satisfied
a global version of the entropy inequality that writes Y, ., (@) ) Az < 7j(d)) Az where tVV and t° denote
the final and the initial time of the simulation.

In this work, we propose to design numerical schemes to approximate the weak solutions of system which
satisfies the discrete entropy inequality . The main originality is the introduction of conditions in the scheme
design that enforce the discrete entropy inequality . As a consequence, the entropy stability is included
in the scheme definition. Therefore, it is very easy to establish it whereas in general the proof of the discrete
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entropy stability is a very difficult task. For instance, the HLLC scheme [46] was defined in 1994 and the proof
of its entropy stability was only given in 2004 [13].

In addition, our schemes also have to satisfy the well-balanced property as soon as the topography function
z is non-constant. More precisely, we consider schemes written under the following form:

wit =] — %(ﬁ(m;ﬂwh) — F(apy,af)) + = (7 L +8L), VieL (15)

where F : ()2 — R? stands for the numerical flux function and SZ_ 1€ [R? denotes a consistent approximation
of the source term (0, —ghd,z)T at the interface Tiy1 To address such an issue, the paper is organized as
follows. In Section |2} we adopt Godunov-type schemes to design . We give sufficient conditions to obtain
the weak consistency, the discrete entropy inequality and the well-balanced property. The first two sufficient
conditions are used in Section [3|to define an approximate Riemann solver made of two intermediate states. This
approximate Riemann solver is governed by an under-determined system that ensures the consistency and the
discrete entropy stability . In Section 4] the proposed scheme derivation is exemplified to obtain consistent,
entropy satisfying schemes in the case of z = cst. Then Sections [5] and [f] propose other closures in order to
define consistent, entropy satisfying, well-balanced schemes for both lake at rest and moving equilibrium
@. In Section |7} numerical tests are carried out to illustrate our numerical schemes.

2. GODUNOV-TYPE SCHEME DERIVATION

In this section, we design the finite volume scheme adopting Godunov-type approaches . To address
such a derivation, we introduce a given approximate Riemann solver w(%;wr,wr) € 2, with @ = (wr, z)T
and W = (wg,zr)" in Q, to mimic the behavior of the exact Riemann solution associated to with an initial
data given by wo(z) = wy, if © < 0 and wo(z) = wg if z > 0. This approximate Riemann solver will be enforced
to satisfy some consistency conditions given later on. In fact, the sequel of the present paper is devoted to
suitably designing w.

Next, equipped with an approximate Riemann solver, we are able to derive the Godunov-type scheme as
follows:

1 E z 1 0 T
W = A730/0 g By, 0F) do . g 0 ) o, Vi€ . (16)
We emphasize that the time step At is now assumed to be small enough such that two successive approximate
Riemann solvers do not interact; namely w(&, @}’ ;,w;") = w(—¢, w7, Wi ;) with £ in a neighborhood of QA—A‘Z.
This time step restriction is nothing but a CFL-like condition.

The following lemma precisely states the condition to be satisfied by an approximate Riemann solver w :

R x ()2 = Q so that the numerical scheme and the Godunov-type scheme coincide.

Lemma 2.1 (Reformulation of the numerical scheme ) Let us consider w = (w,2)T in Q. a function
5:(Q)? = R such that
§(w,w) = —gh, Y € Q, (17)

and (5'1” icz a sequence in R? that writes

+§>

an 0 .

where (2;)iez is defined by . Let us also consider a Godunov-type scheme defined by an approximate
Riemann solver w : R x ()2 — Q that satisfies w(-, 1w, %) = w and the following integral consistency condition:

1 2 “n  Am w?+w? At n n qn
7/ (i i) do = TR ) ) + g (19)
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Assume At small enough such that the non-interacting CFL-like condition holds. The Godunov-type scheme
then reformulates as the numerical scheme with the numerical fluz function F : (Q)? — R? given by

F~(Am am f(w? )+f(wzn) Az n " 1 2 -
F(@f!, oy ) = +12 _m(wiﬂ_wi)—'—ﬂ/o W i > Wi

1 O n am
_QAt/AT w(KtvwivwiJrl) dz.
-2

Proof. Since the non-interacting CFL-like condition holds, the Godunov-type scheme (16 can be rewritten as
follows:

n+1l __ 1 0 - T n n d 1 % L n n d
w! _m/_%mw(At’w“wiH) :E+E/O U/(Kt»wiﬂawi) r

1 %Nm n n 1 %~II; n o,,n
+onn | a Mgt i) et g [ 0 (Rp el i) do

Ax

1 0 -, X n n 1 R n n
Using the integral consistency relation , the above equality rewrites
1 0 x 1 ¥ x
w;ﬁl:@/_m w(ﬂ,w?,w?ﬂ) d$+ﬂ/o @(Ktvw;’ilaw?) dz
E

n rA 3
1(% _ EZ (Fwp) = fF(wpy)) + AtSi_%)

2
+ 5(% Az (f(wiy) = f(w]!)) + AtS’*%)

1 o n n 1 %~ T ..
7E/MUJ(ngi_1awi)dl’*m ; w(Kt’wi’wi"rl) dz.

2

We then easily recover the finite volume scheme where the numerical flux function F is given by and
the source term (Sf+;)iez by (L7)-(18). The proof is thus completed. O
2

Now, we state the main conditions to be satisfied by the approximate Riemann solver and the source term
approximation in order to get the required entropy stability and the well-balanced property. To address such
an issue, we first give the adopted discretization of the steady solutions and the properties to be satisfied by a
well-balanced scheme.

Definition 2.1 (Local equilibrium and well-balanced scheme for the shallow water equations (1))). Consider
the shallow water equations endowed with the notation

B(w) = “; +g(h+2), Ve (21)

At time t", let us also consider W} and Wi, two states in Q respectively on the left and on the right of the
interface x; 1.

(i) The two states wj' and Wy, , define a local lake at rest equilibrium at the interface Tyl if

uf =ullyy =0, B4z =B i (22)
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(it) The two states wi and Wy, define a local moving equilibrium at the interface Ti1 if
n, n n n D (AN D (A
hiui = hilquity,  B(w]) = B(wi,). (23)

(7i1) A numerical scheme is well-balanced for the lake at rest if w?“ =w} for all i € Z as soon as we
have Vi € Z
up =upy =0 and hit 4 zi = hi'y 1 + ziq1.
n+1

(iv) A numerical scheme is fully well-balanced for the moving equilibrium @D ifw " =w! foralli €7 as

soon as we have Vi € Z
hi'ui = hi'yuiy and B(UA’?) = B(UA’?H)

The conditions to be imposed on the approximate Riemann solver w to get both the expected discrete entropy
inequality and the well-balanced property are now stated. From now on, we underline that the well-balanced
conditions are well-known (for instance, see [8[10[42/43]) and they are here recalled for the sake of completeness.
Moreover, although the function w — n(w), given by , is a convex function, it is worth noticing that the
entropy function w — #j(w) is not a convex function. As a consequence, the well-known integral entropy
consistency introduced by Harten, Lax and van Leer in [30], cannot be applied here. The main originality in
the present work is the introduction of an adapted integral entropy consistency based on the convex function
w — n(w). In the following statement, this new integral entropy consistency is presented and shown to give the
expected discrete entropy inequality .

Lemma 2.2 (Consistent, well-balanced, entropy-stable Godunov-type scheme for the shallow water equations

(1)). Consider the functions n,G : Q — R defined by . Let us also consider (S” )icz, which satisfies the

H—%
consistency definitions -, and an approximate Riemann solver 0 : R x ()2 — Q wverifying the integral
consistency relation . Let us denote *FZL+1 the numerical flux of the variable h given by the first component of
2
F(wj, Wi 1) defined by . Assume that the CFL condition of non interaction holds. The following statements
hold:
(¢) The Godunov-type scheme , or equivalently the scheme ——, is consistent with the shallow

water system .
(it) If the approzimate Riemann solver satisfies the inequality

1 2 g AN AT
ﬂ/_ n(w(ani7wi+1)) dr <

9 - Ar (G(wz‘+1) - G(w; )) - gm(%‘ﬂ - zi)fih-i-

. VieZ, (24)

1
2

then the Godunov-type scheme , or equivalently the scheme ——, verifies a discrete entropy
inequality where

5 G(wiy,) + G(w}) o Zit1tz Az n n
QH% = 3 + g]:”%T T IAL (U(wi+1) — n(w; )) )
Ax
1 2 T 1 0 X
+ E/@ n(w(E,w?,wfﬂ)) dx — A% /_A; n(w(—t,w?,wgﬁrl)) dz.
(#i1) If the approximate Riemann solver satisfies
x wl if x <0,
W, Wi Wi 1) =9 n . VieZ, (26)
t wiy, otherwise,



TITLE WILL BE SET BY THE PUBLISHER 7

as soon as the sequence (W}');ecz verifies, at each interface of the mesh, a local moving equilibrium
(resp. a local lake at rest equilibrium ) then the Godunov-type scheme , or equivalently the
scheme ——, is well-balanced for the moving equilibrium (resp. for the lake at rest).

Proof. Concerning the first statement (i), according to the definition of Sﬁrl given by ([L7)-(18) and since the
2
function z is smooth enough, SZZ , is immediately consistent with (0, —ghd,2)T. As a consequence, after |30]
2

(see also |23|), an approximate Riemann solver that verifies the consistency integral relation defines a
consistent scheme. The statement (7) is then proved.

Concerning the discrete entropy inequality given by (i), let us consider the convex function w — n(w) defined
by . Hence, the Jensen inequality applied to the Godunov-type scheme gives

n(wi ™) <
1 0 T 1 4 x
2Ax _% n(w(E’wl ’wH‘l)) dz + m/o n(w(vaz—lﬁwi )) dx
1 5 1 4z
- T n An ~ i snoan
+2Ax 7%77(7”(&)“%—1’“% )) dx"'TAx %Tl(w( t’w“wl+1)> dz
1 0 T 1 4° x
—2A{E / % (w(EﬂUz—lawz )) do — m/{; U(W(E,wl 7wz+1)) dz
Using the inequality in the above estimate, we have
n(w; ™) <
1 0 T o om 1 EINVP
2Az /_Azmn(w(mawmwiﬂ)) dx—i_TAx/o U(M(Kt,wi,l,wi ) da
Ln(wiy) +n(wi') At n n At
+§( 2 N (G(wl ) — G(wifl)) - EQ(ZZ 2171)-7'—1-7% (27)
1 /n(wi) +n(wi,) At N . At .
+§( 2 - & (Gia) = Gwi) = T-9(zi = Zi)}"H%)
1 0 P o 1 &e o
T9A 7%77(1"(5,1“1—17% ) dl’*m ; n(w(E,wi,le)) dx

Now, since there is no contribution of the source term S(w, z) in the first equation of the shallow water system
, the numerical scheme for the variable h writes

At
+1 _ 1n h h .
Multiplying the above equation by gz; and adding to the inequality , we then obtain an inequality in
the form

At
D)+ gh? ey < qw?) + gtz — 2o (Gros — Gy 1), VielL,

Az 2
with ,C';Z-Jr% given by .
Since we have (W) = n(w) + ghz and since the function z does not depend on the time, this last inequality
rewrites in the expected form of . Before concluding the proof of the statement (ii), we have to show that
the entropy numerical flux G, 1 given by is consistent with the entropy flux function G defined by .
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For a given constant state w € €2, we set 1 = (w, z)T. Next, considering the consistency equality @ (-, W, %) =
w and the consistency of the water height numerical flux fﬂl, we get
2

‘ﬂmw):g@1§§92+9ﬂﬂwmz—§%0mw—nw»
1 % . R 1 0 .
+E/o U(w(ﬂ,w,w)) dx_@ﬁﬂn(w(ﬂ’w7w)) dz,

Since G () = G(w) + g(hu)z, the above equality achieves to prove the statement (i7).
Finally, concerning the statement (i77), let us assume that the sequence (@}');cz is such that a local equilibrium

is maintained at each interface of the mesh. In this case, using the condition in a Godunov-type scheme

, we have

n+1 1 %»« T AT ~T 1 0 ~ AL AT

wizml“ﬁwmwm“xﬁlwywwmm
1 0

Ax_/o WAt Ay _%wl v

:wn

According to Definition [2.1}(¢¢) or (iv), this last equality gives the required well-balanced property that con-
cludes the proof. O

3. CONSISTENT, ENTROPY-STABLE TWO STATES APPROXIMATE RIEMANN SOLVER FOR
THE SHALLOW WATER EQUATIONS

It is now clear that the complete characterization of the Godunov-type scheme , or equivalently
where the numerical flux function is given by and the source term approximation by (17)-(L8)), is obtained
as soon as a suitable definition of both approximate Riemann solver w(&, Wy, wr) and source term approximation
$(wy,wr) are designed. Of course w and § must satisfy the conditions stated in Lemma in order to get an
entropy-stable and well-balanced scheme. At this level, we reformulate these conditions as a system to be solved
by the intermediate states when adopting an approximate Riemann solver made of two intermediate states as
follows:

wr, if E < —/\a
wh, if —)\<%§0,
QIJ(SL’/At,li)L71f)R) = N ; T N (29)
if0< — <
Wre BOS G SN
x
if A < —.
WR, 1 < At

For the sake of simplicity in the forthcoming derivations, we focus on an interface separating (wl,z;) =
(wp,zr) = wr and (wf,,,zi41) = (wr,2zr) = Wgr. Moreover, on this interface we set 5pr = (g, wg) to
be consistent with —gh.
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Because of this particular choice of approximate Riemann solver, let us underline that the non-interacting
CFL-like condition is satisfied as soon as

A> max}|ua:i:\/gha| and Z—Atg . (30)
x

ac{L,R

Now, we give sufficient relations to be satisfied by w} and w¥, so that the resulting approximate Riemann
solver yields a consistent and entropy preserving Godunov-type scheme. At this level, it is essential to notice
that the required discrete entropy inequality comes from the estimate (24)) which also holds if the equality is
imposed. The main idea here is to consider an equality in to get an additional non-linear equation.

In order to exhibit these equations to be satisfied by w} and w}, some notations are introduced. Indeed, for
the sake of clarity, we set

WHLL = (RHLL () HULYT WR "21' WL _ f(wR);)\f(wL) € R?, (31a)
RHLLGHLL _ (o yHLL | %}\_%) €R, (31b)
GULL = (HLL pHLLGHLL, %)T € R3, (31c)
L n(wr) ‘2*‘77(“’L) _ G(wR)Z_)\G(wL) €R, (31d)
AL — (W) ;ﬁ(wL) — é(wR)”\G(wL) eR. (31e)

Lemma 3.1. Consider wy and wg two states with hy, > 0 and hg > 0, §r a consistent discretization of —gh
according to and W(-, 1, wR) : R — R? an approzimate Riemann solver in the form . Let us also
consider the couples (1, @) and (7, G) given by and (7). Assume that the CFL condition holds. The
integral consistency condition completed with the following integral entropy consistency condition:

5 (32)
n(wr) +n(wr) At At
B - E(G(WR) — G(wr)) *QE(ZR*ZL)]'—ERv
reformulates
% + h%

L—|2_ R _ pHLL (33a)
hiug ‘; hruk _ pHLL GHLL (33b)

hihk . 2, 9« * 2 _ »HLL _ -~/ ~HLL g 2
QJ,HLL (uf —ul) +§(hR* Lt2r—zL)" =1 —n(w )JFg(ZR*ZL) . (33¢)

Before proving the above statement, we emphasize the quantity AN aHEL given by (31b)) depends on the free
parameter §p . This parameter has to satisfy the consistency condition described in (17 and some admissible
choices will be given in the next sections devoted to the well-balanced property. Lemma [3.1]is now established.
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Proof. First, we show that the system made of and coincides with the system . Since w is given
by , the left-hand side of the equation ([19]) writes

1%~xAAd
A ) o (G e de

1 AAE 1 /0 AAL 1 %
= — d —_— * d ~ j d U d
Ax / Az wrdr Az /—/\At wr &+ Ax /o W e+ Az Jyar R

At 1 At At 1 At
( /\A+2) L‘|‘/\A wL+)\Ax R+<2—/\M)wR.

As a consequence the equation equivalently rewrites

)\ﬁ_i_l +)\ﬁ *+)\ﬁ *_|_ 1 )\ﬁ _
Ar T 2) ET AN LT ARG YR\  T A ) R T

wL+wR_)\ﬁf(wR)—f(wL)+)\ﬁ 0 5pr(2R — 21) *
2 Az A Az 7’ A

Writing the above equation component by component, we easily obtain the equations (33a)) and (33b)).
Now, we have to recover the last equation (33c]). By expanding the integral of the left hand side in , we

get
1 z
A.I/_A;cn (w (Ewawa>> dz
1 AAL 1 /0 AAL 1 e
:E/M (wL)daH_E/_AAt (w )dﬂ%kﬂ/ n(wR)dx—i—E/AAtn(wR)dx,
So that, the equation (3 equivalently writes

At 1 At At (1 At B

( )\A—er )ﬁ(wL)+>\A$77( )+)\A7 n(wr) + ( AM) n(wr) =
n(wr) +n(we) | At G(wg) — G(wi) At zp — 2L

2 Ax A g Ax )\

With nHE defined by (31d]), we immediately reformulate as follows:

2 =7 97N

n(wg) +n(wy) HLL ZR — ]_—LR (34)

We now expand the numerical flux F7, given by . Adopting the notation [X]| = Xr — X, for any quantity
X, since the approximate Riemann solver is given by 7 the water height numerical flux function writes

Fpp = 0L Ay A

As a consequence, and using the definition of A" given by (31a)), we have

2] _[Elh] | [ (hu)r, + (hu)r
2>\]: T Z([h] B A )

)
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[Z] [h*] ZRhR + ZLhL 2L + ZR h,HLL - [huz]

4 2 2 2X

Now, considering the above relation and AL, given by (31e), expanding n(w}) and n(w}), we then deduce
from
Wi + R L) (L) + ()
1 g 4
Moreover, from the equation (33a)) we directly obtain

. . 2L + 2
+ ] = gt — g T SR (35)

& (h + hy)? = SR,
8 2
so that, subtracting the above equation to , we deduce

P (up)? + 1y (up)?
4

9 9 . g zL+z
+ g[h*]Q + Z[z][h*] _ nHLL N 5(hHLL)Q —g L 5 RhHLL. (36)

The next step consists in rewriting h% (u})2+hj(u%)? in order to show that the above equation (36)) is equivalent

to
h*h*u*Q g N g N R ./ ~H
# H[LL] Al I+ Wl = At — @), (37)

According to the definition of w™™" given by (31a)), a direct computation shows that A" writes

h h
hHLL:7R(1_UTR)+?L(1+uTL). (38)

Since the CFL condition holds and since h;, > 0 and hgr > 0, the above equality leads to A > 0. As a
consequence, and using the equations (33a))-(33b)), the following computation holds:

hi(i)? + hip(up)? _ i (up)® + Wi (uR)® by + b,

4 4 2hHLL *
_ (hjug)® + 20 uj g, + (hpuf)? + hiphi [w']
- {HHLL ’
1 Ryt + hup\2 R hg[u*]?
B 2hHLL< 2 ) SpHLL ~
B (hHLLﬁHLL)Q N hih%[u*F (39)
- 2hHLL SpHLL °

Considering the above relation in , we eventually deduce that the equation is equivalent to the equation

(7). Adding £ [§]2 on both sides of ([37), we deduce the expected equation ([33d) and the proof is achieved. [

In the above lemma we have imposed hy > 0 and hr > 0. To deal with the dry-wet transitions, we need a
specific treatment [5,41,43]. Indeed, the quantity 4" given by (31b]) is defined up to a multiplication by AHML.
According to (38), since AL is null if and only if Az = 0 and hg = 0, the admitted convention in [5,41}|43]

requires to define &H" in R as follows:

O, ith:Oand hRZO,
(hu)HLL + SLrR(zR—2L) (40)

2) :
L HLL , otherwise.

GHLL —

However, from a practical point of view, the dry-wet transitions must be considered but they are not the main
goal of this work. As a consequence, and for clarity, with hry > 0 and hgr > 0 both definitions (31bf) and
are equivalent.
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(¢) and (it), will produce a consistent entropy preserving Godunov-type scheme ([16). At this level, we also
notice that the system made of and governing wj and wj, is under-determined since we have only
three equations to define h}, h%, u], uf, and the source term discretization 51 r. The missing relation will be
detailed in the next section according to the selected well-balanced property.

To conclude this section, we note a natural compatibility condition to be satisfied in . Indeed, it is clear
that a well-posed property of this quadratic equation requires the following inequality:

Now, we emphasize that intermediate states w} and wy, satisfying and (32]), because of Lemma

2
. PN 9\FR — 2L

At this level, this above given inequality cannot be proved in its full generality. However, some properties are
now provided.

Lemma 3.2. Consider Wy, and wg two states with hy, > 0 and hg > 0. Let us also consider the couples (1, G)
and (), G) given by and (7)), and the quantities (WY AHE) and (wHE, pHUL) - defined by (31). Assume
that the CFL-like condition (30) holds. The following statements are verzﬁed

(1) For all given quantity $1,r, the following estimate is satisfied:

M = (@) + S (e = 21)? =
hrhr(up —ur)? L9
4(hr + hr) 8

(up —ur)?hghr(hpug — hgur)  hpur + hrug 5rr(zrR — 21) 1
N AN(hy + hp)? - 75 (g(’ZR — L) ) +O\x)

(hg —hr + 2r — 21)* (42)

(i) Assume zp, = zr = 0 and adopt the CFL-like restriction , then we have
77HLL _ n(wHLL) > 0. (43)

Proof. Concerning (i), with the notation [X] = Xg — X, for any quantity X and arguing to define the

quantities oL AHEL 5/(pHEL) we obtain
$pr(zr—21))\2
~HLL  /~HLL 9r 12 _ ~HLL ((h“)HLL + == 2\ ) 9/, HLL HLL?L Tt 2R | 9 12
o =) + g[z] =" = ohHLL §(h )* = gh 2 + §['z]
hrzr + hrz [huz] 2r + 2
HLL LZL RZR HLL <L R
= — h _—
oty B n(w) - 2
(hU)HLL SLR( ZR — ZL Spr(zr — ZL 2 g: 1o
T T hHLL 2\ 8hHLL + g[z] ’
g
= L () + Sz n) + a2
R 2
g (hu)HEL ) p(2R — 21) 1 SLr(2rR — 21)
— 5[2’] (hLUL + hRUR) - hHLL 2)\ - 8hHLL )\

(44)

The right-hand side of the above equality is now expanded with respect to % in a neighborhood of 0. Developing
wHtt and nHtE ) given by (31a) and (31d)), we have

hru?2  hgru? (h2 +h%)  [G]
HLL _ HLLy _ LU, RUR | g\ r) M
n nw™) =g =t gt 1 2

) HEL) 2
(hR—l-hL—[h;\u]) _((f;h)TL)' (45)

(el INS
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h HLL 2
Now, it is necessary to expand the quantity &;QTL)) in the above equality. Using the definition of AH"" and

(hu)HML given by (31a)), we have

hrur, + hrug 1 gh2
(hu)HEL = s - ﬁ[hu2 + T]’ (46a)
1 1
2hHLL [hu]
(hL + hR) (1 - A(hR-&-hL))
Considering the square of (hu)"™" in (46a]) and interpreting the quantity # as a geometric series,
t )
we ge
h h 1 1
(huyiir)? = (PRUL ERRURN L 4 hpug) e + In2 0 (=) (47a)
2 2A 2 A2
1 [hu) ( 1 )
— =1+ ——+0 (=5 |. 47h
R T P T R P (470)
HLL) 2

As a consequence, using the two above equalities to develop the quantity (21;1{7%) with respect to +, from

X
we obtain

2 2 2
_ (hpur + hpug)®lhu] | (hpug + hrug)[hu® + §07] o (1)
4>\(hL + hR)2 2)\(hL + hR) A2 )7
_ thL[u]2 g[ ]2 _ [u]2thL(hLuR - hRUL) o) (1> .
4(hr, + hg) 8 AN(hy + hg)? A2

HLL

With the two equalities , it is also possible to develop (hh“gLL and hHlLL in the equation then using the
above estimate, we eventually deduce

. N g
77HLL _ 'I](’LUHLL) + 7[2]2 _

thL[u]2
4(hL + hR)

2 _ 3 _
n %[h—l—z]Q B [u] thL(hLuR hRuL) _ hrur + hrug (g[z} n SLR(ZR ZL)> —I—O( 1 ) 7

AN(hp + hp)? AN HHLL A2
to achieve the establishment of ().
Concerning (i), with §pg|,5=», = 0, because of we directly get the following equality:

. N g
(nHLL _ n(wHLL) + g(zR _ ZL)2> HLL _ n(wHLL).

=n
ZL=ZR
To conclude the proof of this result, we underline that the inequality is just an easy consequence of the
discrete entropy inequality satisfied by the well-known one intermediate-state HLL scheme given in [30]. O

It is worth noticing that the statement (7) of the above lemma highlights the role of the parameter §1,r in the
inequality . In fact the choice of this parameter has to be motivated on the one hand for the consistency
but also, on the other hand, to enforce the inequality in the case uy, = ug and hy 4+ z;, = hr + zg.

Now, this system is adopted to define an approximate Riemann solver .
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4. APPLICATION IN THE FLAT REGIONS

This section concerns the design of an approximate Riemann solver defined by the system but for
z = cst. We have to deal with z;, = zg locally on an interface. As a consequence, the system now reads

* *
hy ‘;‘ W _ pHLL (48a)
hjup +hpuk _ p#iL, HiL (48D)
2 b
hphk x %2 Qh*_h*Q_ HLL _ HLL 48
8hHLL(“R uf,) +8( rR—hL)=n n(w"), (48c)

where wH and nttl are given by (31al) and (31d), and with

0, ithZOanthZO,

u =< (hu)HLL
(h%’ otherwise.
Since the system is under-determined, it is completed with the continuity of u in the intermediate states
of the solver . Such continuity writes
uy, = up, (49)
which has already been proposed in [46] for the HLLC scheme, for instance.

Lemma 4.1 (Entropy-satisfying approximate Riemann solver for the homogeneous shallow water equations).
Let us consider wy, and wg with hy > 0 and hg > 0. Let us define an approzimate Riemann solver w(-,wr, wg) :
R — R? in the form ([29). Assume the CFL-like condition ([30) holds. If the intermediate states w} and w},
of the approrimate Riemann solver are defined by the system— then, there exists two solutions for wy
and wy, according to the notations , given by

wp = ulh = ut (50a)
2

By = W+ \/ (o = (), (50b)
2

Bt = pHLL £ \/g (HEL — p(wHEL)). (50c)

Moreover, a Godunov-type scheme (L6|) associated with one of the two above approzimate Riemann solvers
(1) is consistent with the homogeneous shallow water equations given by with z = cst,

(it) satisfies a discrete entropy inequality —.

In the equalities , both symbols + and F that mean + or — but they are self-dependent. If 4 is positive
(resp. negative) then F is negative (resp. positive). This notation will be kept in the sequel.
Before we establish the above result, since z = cst, we emphasize that the discrete entropy inequality, given

by — , reads

S (@) +2m ) )+ 2h) ) + 5 (G +270) — (g +270,) ) <0,

2
where

Gwiy,) +Gw?) Az n n
Gip1 = +1 5 1AL (n(wiy) —n(wi"))
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e PP L .
+2At ; n(w —t,wl,wlﬂ))dx—?At AT77w(—t,wz,wzﬂ)) dz (51)
Since we have
At
n+l _ 1n /Y h . h
mt =y - g (Pl - 7).

then we recover the usual discrete entropy inequality

1 . on 1
~ (@) = (@) + 1= (913 —Giny) <0 (52)
Proof of Lemma[{.1 First, invoking the notation we solve the system —. Since u}, = uj = u*, the
equation (48b]) associated to (48a)) gives

h* * h* *
pHLL HLL _ LU ; Rk
hy + h}
_hp+ R
2
= pHLLyx, (53)

With Ay, > 0 and hr > 0 then, under the CFL-like condition (30), A" > 0 so that (50al) is obtained.
Now, we prove the expressions of h} and h% given by (50b)-(50c). Since the equality uj = u} holds, the

equation (48c|) reads

9%
g(hR — )2 = gLl n(wHLL).

According to Lemma the inequality n™™t — n(wHLL) > 0 is ensured by the CFL-like condition . As a
consequence, we get

R L — g

The above equation with (48al) immediately gives (50b)-(50c)).

Next, we note that w(-,w,w) = w for all w € Q. Since the approximate Riemann solver satisfies the
integral consistency, according to Lemma and relations reformulated here by —, the resulting
Godunov-type scheme is consistent.

Eventually, the discrete entropy stability (i7) is a direct consequence of the equation , of Lemma
and of Lemma [3.1] which concludes the proof. O

Iy . i\/8(77HLL _ n(wHLL)) .

Unfortunately, adopting (50b|) and (50c) to define A} and k%, it is not possible to satisfy h} > 0 and h}, > 0
for all wy, and wg in . To enforce the required positivity of the intermediate water heights, we adopt a
conservative cut-off introduced in @

Lemma 4.2 (Robust and entropy-satisfying approximate Riemann solver for the homogeneous shallow water
equations). Consider wy, and wg in Q. Consider a Godunov-type scheme that approzimates the solution of
the homogeneous shallow water equations and defined by an approzimate Riemann solver w(-,wr,wr) : R — R?
in the form (29). Assume the CFL-like condition holds. Let us also consider the quantities w™™ and nHtL
given by and , and let us denote

~ 2 ~ 2
i, = pHLL 4 \/g (nHLL _ n(wHLL))7 hy = pHLL ¥ \/g (,r]HLL _ n(wHLL)). (54)
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If the intermediate states wi and wy, of the approzimate Riemann solver write

up, = up = yHE

h% = min (max (il\f%, 0),2hHLL)a (55)

7 = min (max (ifzg, 0), 2hHLL>,

then we have

(1) The Godunov-type scheme , or equivalently the scheme ——, associated to such an ap-
proximate Riemann solver is consistent with the homogeneous shallow water equations given by with

z = cst and it preserves the convex set €.

(i) Ifffz\*; > 0 and f’L\j; > 0 then the Godunov-type scheme , or equivalently the scheme (15))-(18])-(20)),

associated to such an approximate Riemann solver satisfies the discrete entropy inequality (51])-(52)).

Proof. First, if l;g and }fl;}; given by are both positive then coincides with . In this case, Lemma
applies and the required consistency and entropy stability are recovered. Moreover, since h} > 0 and h} > 0,
then by the definition of the Godunov-type scheme we immediately get h7** > 0 for all i € Z.

Next, if one of h} or h} is non-positive, say h} < 0, then by we get h} = 0 and h}, = 2RHLL - Ag
a consequence, the consistency condition (48a) is satisfied and the scheme remains consistent. Once again,
since b7 > 0 and h% > 0, the associated Godunov-type scheme also preserves the positivity of the updated
approximate water height h?“ > 0 for all i € Z. The proof is thus complete. (]

We emphasize that the positiveness procedure min(max(-,),-), imposed in (55)), ensures the robustness in
the regions near the dry areas. This procedure still ensures the consistency relation (48a) when A% < 0 or

]fl;}; < 0 but it does not necessarily ensure the entropy condition (48c)). As a consequence, the discrete entropy
stability may be locally lost in the dry-wet transition regions.

5. A WELL-BALANCED ENTROPY-STABLE NUMERICAL SCHEME FOR THE LAKE AT REST

In this section, we consider the shallow water equations for a given arbitrary smooth function z : R — R.
We aim to design a consistent, entropy satisfying and well-balanced scheme for the lake at rest . In this
regard, we propose to define an approximate Riemann solver with the under-determined system
completed as follows:

uz = u}(%’ (56&)
. . /g hpup+hgrug
dpp = SWEBAR — _gpHLL _ HHLL L (zr — z1), (56b)

where the notation 8V PAR means Well-Balanced At Rest. This notation is defined in order to distinguish §\PAR

given by from a generic discretization Sy .

According to Lemma the under-determined system will be shown to be a sufficient condition for the
consistency and the discrete entropy inequality for the couple (7, é) defined by . The closure is
sufficient to ensure the well-balanced property for the lake at rest . Before proving this property, we show
the existence of the solutions of the system made of and .

Lemma 5.1. Consider Wy, and wg two states with hy, > 0 and hg > 0 and consider w(-,wr,Wg) : R — R?
an approzimate Riemann solver in the form . Assume the CFL-like condition holds and A > 0 large
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enough. The intermediate states, wi and wk, solutions of the system (33|) and (56|, are given b
g i L R’ y ) g y

wp = uy = ot (57a)
AHLL _ 5 (pHLL
HLL (ZR—ZL)i\/SW+(ZR—ZL)2
hy = hHEE 5 : (57b)
SHLL __ 5 wHLL
(ZR — ZL) + \/8(7]7;()) + (ZR — ZL)2
hy = hHEE 4 5 : (57c)

where
. (ﬁHLL _ ﬁ(,uA]HLL))
g
A Godunov-type scheme defined by such an approximate Riemann solver

+ (zr — 21)* > 0. (58)

(i) is consistent with the shallow water equations (I,
(it) satisfies a discrete entropy inequality for the couple (ﬁ,é’) defined by @, where the numerical
entropy fluz function G, 1 of this inequality is given by .
(i) is well-balanced for the lake at rest (10).

Proof. First, we solve the system made of and . As u} = u}, let us denote u* = u} = uj. The
equation ([33b)) associated to (33al) gives

pHLLHLL _ hiup + hiug
2 9
hy +hy
= 2 u y
= pHELyx, (59)

Since hy, > 0 and hr > 0, we have h' ' > 0 to obtain (57a)).

Next, to exhibit A% and h} given by (57b)-(57c), we study the equation (33c). With uj = u} and the
notation [X] = X — X, for any quantity X, (33c|) rewrites
g

[+ 22 = 1 — (@) + L2, (60)

oS

Since the above equation is quadratic, it is now necessary to show that its right-hand side is positive; namely,

we have to prove the estimate (58]). Let us first consider the case zr — z;, = 0. Then, since éXVEAR is consistent

and the CFL condition holds, Lemma [3.2}(i7) gives

— L p(pHLL) > 0,

<ﬁHLL — (@) 4 Q[Z]z) o= >

8

Next, with zp — 2z, # 0, Lemma (l) gives the following relation:

. PN g
nHLL _ 77(wHLL) + g[2]2 _

thL[u]2 g 2 [UPthL(hLUR_hRUL) hLuL—l—hRuR §LR(ZR_ZL) 1
B - - SR L —.
Thy +he) st Nhp £ h)? n g+ = )+ O\ 3z

(61)
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Therefore, if [u] # 0 or [h + 2] # 0 then there exists a A > 0 large enough such that the inequality HM —

H(wH) 4 > 0 is satisfied. Now, assume uy, = up = u and [h + 2] = 0. Arguing the definition of §\PAR

given by (b6b)), we have

(hr + hR)
(hHLL)%

— 25 /g(h + hp) Fulsl? + O <i) |

ul2]?,

§WBAR[2]
(9[2] + %) =0, = V9
[h+2]=0

Considering the above equality in the relation (61), we deduce

CHLL o/ ~HLLy | 9712 (hy + hr)u 8T R 1
n — (W )+ 312 [W]=0, = 1y gl2] HLL (=0, ) T+ o 32 )
( S6P) =0 o h [HZ]_O) A

(62)

2 271212 1
:“7gu E +0|—= ).
hp +hr A A2
According to the above equation, if u # 0, there exists once again A > 0 large enough such that the inequality
2
AHALL — f(pHEE) + % > 0 holds for the cases [h + z] = 0 and uy, = ug # 0. To conclude, we have to consider

the last case [h + 2] = 0 and uy, = ug = 0 which defines a local equilibrium for the lake at rest (22)). In this
specific situation, a direct computation using W™ and §VPAR defined by (31d) and (56b) gives

pHLL _lithr
up=up=0, = T g
[h+2]=0
hr + hr zr — 2
WBAR L R %R L
SLR up=ur=0, -9 ’ <63)
[Lh+zi%20 2 Ax
(RHELGHELY | o = = (03— (b + b)) =~ (he, + hg)[h+ 2] = 0.
ufh{i?:O ) A\ 4\ 4\

2
Considering the three above relations in the quantity /"F — 7(wHM) + %, we obtain

hrhpul*> g 2
= —m—--—-—-—- —_ h = . 4
up=up=0. = I0p + 8[ + 2] 0 (64)

~HLIL ~/ ~HLI 9r 12
(77 17(11) ) + 7[2’] )
[h+2z]=0

Therefore, there always exists A > 0 large enough such that the required inequality is verified.
As a consequence, the quadratic equation is well-posed and we get

[+ 2] = :l:\/8 (7 Z(wHLL)) + [2]%.

Associating the above equation to , we deduce the expected definition of h} and h7, given by and
(157c]).

Concerning the statements (i) and (ii), /AR is consistent and a direct computation shows that @ (-, w, ) =
w. In addition, as the intermediate states are defined by the system , Lemma ensures that the approx-
imate Riemann solver verifies the consistency integral relation and the inequality . Therefore, the
consistency of the Godunov-type scheme (i) and the discrete entropy stability (ii) are direct consequences of
Lemma 2.2
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To establish the well-balanced property (7ii), according to Lemma we have to show that wj = wp,
and wi = wg as soon as Wy and wWg define a local lake at rest equilibrium , namely u;, = ug = 0 and
hy + 2z, = hg + zg. With pr, w], wj given by (56b)) and , we now show that u* = 0, h} = hy and
hy = hg.

First, we establish that 4" = 0. According to (31a)) and (31b) we have

1 h2 h2 (ZR — ZL)
(hHLLaHLL) ur=ur=0, — oy (gR _gL) + 73[13 urp=ur=0," (65)
(htzl=0 22" 2 2 22 (htzl=0

Since

R HLL

SLR ur=ur=0, h ur,=ur=0,"

[h+2]=0 [h+2]=0
_%(hL + hr),
we get
N g g
e | o (h% —h) - o he +he)(zr = 2).
[h+2z]=0

We notice that zg — 2z, = hy, — hg because of the assumption [h+ z] = 0, and we immediately obtain G =0

as soon as ur, = ur = 0 and hy, + 2z, = hr + zg that implies u} = uj = 0.
Now, we prove that h} = hy and h}, = hg. When the local lake at rest equilibrium holds, Lemma
2
gives in the equality APl — f(wHM) 4+ % = 0. Associating this equality to h}, and h} given by (57b)
and (57¢)), we obtain

. hL+hR—[Z] hL—FhR—F[h}
hR ur=ur=0, = 9 = 2 = hR’
[h+2]=0
N hyp +hp+1[2]  hp+hg—[h]
hL ur,=ur=0, = 2 = 9 = hL7
[h+2]=0
that concludes the establishment of the well-balanced property (ii7). The proof is thus complete. O

Let us remark that the consistent discretization SWBAR given by - leads to the following equalities:

,&HLL o — nHLL o ’I](U)HLL).

. L 9
— JHLL and (nHLL — f(aHIl) 4 §[2]2)

[z]=0

As a consequence, as soon as zj, = zg, the intermediate states degenerate toward . The approximate
Riemann solvers of Lemma [5.1] can be understood as extensions of the solvers presented in Section [ for flat
topography.

The explicit formulations of w} and wj given by completely define an approximate Riemann solver
(29). Nevertheless, it is necessary to complete these formulations by a limitation technique that ensures the
robustness for the dry-wet transitions.

Theorem 5.1 (Robust, entropy satisfying, well-balanced Godunov-type scheme for the lake at rest). Consider
Wy and Wy two states of Q and w(-, g, wgr) : R —> R? an approzimate Riemann solver in the form (29

Assume X > 0 is such that the CFL-like condition ) holds and such that the system made of l and‘
admits reals solutions. Let us also consider the quantities WYY and HHYY defined by ) and , and the
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quantity (fl;];, ifzg) in R? such that

AHLL _ 5 (pHLL
(ZR — ZL) + \/SW + (ZR — ZL)2

h% = hHLL — 5 , (66a)
(ﬁHLL?ﬁ(wHLL))
o HLL (ZszL):l: 8f+(2’pble/)2
hi =h + 5 . (66D)
If $1.r verifies
0, ’ith =0 and hR = 0,
gh%{/Q, if hpur =0 and hy, =0 and hg + zr < zr,
SLR = —gh% /2, ifhpur =0 and hg =0 and hy + 21 < 2R, (67)
—g(hy + hr)(zr — 21)/2, if hp =0 or hr =0,
§\LN1§AR, otherwise,
with §‘£V1§AR defined by (56b) and if the intermediate states, w} and wp, write
(0,0,0,0)", ifhy =0 and hg =0,
(0,0, 2n8VE GHENT - if by — 0 and hy > 0,
hi (2R GHEL 0. 0)" . if by, > 0 and hg =0,
u*L = : 7% HLL (68)
h% min (max (hz, 0) ,2h )
u¥ ~HLL
R v otherwise,
min (max (h’]}, ()) , ZhHLL)
GHLL

then the Godunov-type scheme defined by such an approrimate Riemann solver
(i) is consistent with the shallow water equations (I,
(i9) preserves the convex set €, i.e.: if (W])iez C ) then, (W)

K3 7
(#i1) is robust for the dry-wet transitions,
(iv) is well-balanced for the lake at rest (10).

In addition, if ﬁ\i > 0 and /,1\7; > 0 then the Godunov-type scheme associated to such an approximate
Riemann solver satisfies a discrete entropy inequality for the couple (1), G) defined by @ with a numerical
entropy flur function gi+% given by .

The well-balanced property and the discrete entropy inequality detailed in the above theorem are also given
in [13] with a relaxation scheme that needs to solve a cubic equation. The result of Theorem overcomes
this constraint and its main originality arises from the explicit solution of a quadratic equation. This explicit
solving gives two numerical schemes distinguished by the symbol + in the definitions . Both schemes are
entropy satisfying, well-balanced for the lake at rest and preserves the set  thanks to the limitation techniques
min(max(+, ), ). However, as soon as the limitation is active, the system is no longer necessarily satisfied
and consequently, the entropy stability might be locally lost in the dry-wet transitions.

These transitions are also treated with the several cases in the equalities and . According to [41]
Section 3.1.2.4], theses equalities are robust, preserve the well-balanced property of the scheme defined Lemma
but it is clear that they are not continuous with it.

+1)i€Z C Q:
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We now prove Theorem

Proof. Concerning (7), the consistency has only to be proved in the wet regions. Therefore, if i?i and f?j; given
by are both positive then coincides with . In this case, the consistency is shown in Lemma
Next, if A5 < 0 or h}, < 0, then the limitation technique min(max(-,-),-) is active but, following the arguments
as in the proof of Lemma [{.2] the integral consistency relation is shown to be preserved. As a consequence, we
deduce the consistency of the numerical scheme.

Now, the preservation of the convex set Q, given by (i), comes from h% > 0 and h% > 0. According to ,
these inequalities are obviously satisfied.

Concerning (#i7) and according to |41, Section 3.1.2.4], the definitions for $r and for the states
w}, and wf ensure the robustness of the scheme in wet-dry transitions.

The last statement (iv) easily comes from Lemma [5.1}(iii), the source term definition (67) and the interme-
diate state definition .

Finally, concerning the discrete entropy inequality, if A} and h¥, given by , are both positive then
coincides with . In this case, the discrete entropy inequality is a direct consequence of the approximate
Riemann solver definition and Lemma (m), that concludes the proof. ]

The schemes designed in Theorem are obtained by adopting to enforce both consistency and entropy
preservation completed by the source term discretization (56b]). An other closure is now presented in order to
define an entropy-satisfying well-balanced scheme for the moving equilibrium.

6. A FULLY WELL-BALANCED ENTROPY-STABLE NUMERICAL SCHEME FOR THE GENERAL
EQUILIBRIUM

In this section, the equations are completed with a suitable source term discretization in order to achieve
a well-balanced property for the moving equilibrium @

Considering an interface separating (wy', z;) = (wr,2r) = wr and (w},,,ziy1) = (WR, 2r) = Wk, the local
moving equilibrium now reads

hrup = hpur, and B(iwg) = B(iwg), (69)

where B(w) is defined by 21).
For the sake of clarity in the notations, for any quantity X we set

X = X’[hu]:O [B]=0

Since the local moving equilibrium imposes hpur, = hrug, the notation ¢°@ € R is now defined as follows:
¢°1 = (hpur)® = (hrur)®%.

Finally, & denotes the arithmetic mean of hy, and hp which is written as h = %—7}“) in RT.
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In addition, we need to introduce some technical quantities, (1. r, qr.r, Brr and Fz r» Which will take particular
values when w;, and wg define a local moving equilibrium . These quantities are given by

Cr = [hu]® + R[B(@)]* /9, (70a)
0, if[z]=0and( g =0,
qrr = § min(hrur, hpur)(g[z]At)?
(9[z]At)* + CLr ’
0, ifand [u] =0and [h+ 2] =0and (g =0,

: (70b)

otherwise,

BLr = (h[u])? + ghlh + 2)? otherwise ; (70c)
(Rlu))? + ghlh + 22 + Cor’ ’
Flg=— i (70d)

ghrhphHLL

Straightforward computations show the above quantities stay bounded and the following technical lemma gives
properties satisfied by (;r, qrr and FfR.

Lemma 6.1. Let us consider wy, and wr two states with hy, > 0 and hr > 0. Let us consider A\ > 0, At > 0
satisfying the CFL-like condition , Let us also consider w given by [B1a) and CLr, qrr, Fig defined by
(70). The following statements are satisfied:
(1) CLr =0 if and only if Wy, and g verify a local equilibrium .
(i) If [z] # 0 then q¢;% = ¢°9.
2 Yeq _ _(¢°H®
(133) If [2] # 0 then (F7gp)® = Ghohe)
Proof. Concerning (i), since hy, > 0 and hr > 0, we have h > 0. As a consequence, (1 is a positive quantity
which vanishes if and only if [hu] = 0 and [B(w)] = 0.
For the statement (4¢) with [2] # 0, the equality (;% = 0 gives
ch _ (Hlin(hLuL,I’LR’LLR)(L(][Z]Alf)2
L (9z]At)* +Crr

)eq = (min(hLuL,hRuR))eq = ¢°%

Finally, for (4ii), writing the definition of h'''Y given by (31a), we obtain

o hr + hg _ [hu]eq . hy + hgr

hHLL eq
( ) 2 2\ 2

= h.

Using the above relation and the statement (i7) in the definition of F? given by (70d]), we deduce the expected
result that concludes the proof. O

Considering the definitions , the equations are completed as follows:

2
* * * * q * *
rhL(uf — UL)2 = L& (hR — hL)Qa (7la)
hrhr,
. _ .FWB _ ,WBAR ghF?g (hg —hi)® hrug + hrug (2r — 21.)*
SLR =SLR = SLR +6LR(4thR Ax \/.5 (hHLL)% A ) (71b)

The notation $¥WE means Fully Well-Balanced. According to (71b)), §E‘gB is nothing but a correction of é}iVEAR

LR
given by (56b).

The solving of the system made of and is now detailed in the following lemma. From now on, it is
worth noticing that the obtained solutions will depend on the usual + signs. In fact, £ signs will be involved
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twice in the solutions. So, to avoid any possible confusion, we introduce two independent symbols +; and =4
such that if £; o is positive (resp. negative) then F; 5 is negative (resp. positive).

Lemma 6.2. Let us consider wy, and wg two states with hy, > 0 and hr > 0. Let us also consider w(-, Wy, Wg) :
R — R? an approzimate Riemann solver , Assume the CFL-like condition holds. Then, there exists
A > 0 large enough and At > 0 small enough such that the system made of and admits four solutions
given by

z — hHLL o [};]7 (72&)
*

s = pHLL | [hg ], (72b)

* _ ~HLL qrr[h*] h%
_ "r 2

=T e \ B (720
* h*

wh = L 4, qLr[] L (72d)

2hHLL /R hg \| Ry
with

ISECTEL \/ 8L — (M) | (an = 21)® )
+Fir g 1+Fpg (1+ Fig)?
where WY and HHTY are defined b and .
Finally, a Godunov-type scheme (16)) defined by such approximate Riemann solvers
(i) are consistent with the shallow water equations (T,
(it) satisfy a discrete entropy inequality for the couple (7}, @), defined by (7). where the entropy numer-
ical flux function QAH_% is given by .

The symbols +7 and +5, adopted in -, may be interpreted as free parameters that will be set in the
sequel to guarantee the well-balanced property.

Before proving Lemma [6.2] it is now necessary to give two intermediate results. The first one concerns the
behavior of $fWE defined by (71D).

Lemma 6.3 (Property of $8¥WB). Consider @y, and wr two states with hy, > 0 and hg > 0. Assume that the
CFL-like condition holds. In the expression of RHYEAMEL - given by (310), impose spp = §E¥¥B, then

GFWB(, eq
RHLL jHLLyeq _ ( hu)HLL o SLE (2r ZL)) ey
(R = ()10 4. St ‘
Proof. The proof is led through three exhaustive cases given by
(1) [2] =0,
(79) [z] # 0 and ¢°9 = 0,
(i7i) [2] # 0 and ¢°1 # 0.
In the case (i), and according to the definition (71b]), we immediately have ¥ WE = 0. In addition, a local

smooth equilibrium defined by [z] = 0 necessarily implies Wy = Wwg. As a consequence, using the definition of
RHLLGHLL oiven by (31D), we get

(hHLLﬁHLL)cq | =0 _ ((hu)HLL)cq7

(hrup)®d + (hgug)®d  [hu® + #]Cq

2 2\ ’

= qeq

)
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and the result is established in the case (i).

The case (i7) is defined by [z] # 0 and ¢°¢ = 0. A direct computation shows that the local moving equilibrium
degenerates towards the local lake at rest equilibrium that is expressed as ur, = ug = 0 and [h + 2] = 0.
But, according to the definition of S given by , if the local lake at rest equilibrium occurs, then g r = 0.
Therefore, using the identity , we have

hyp +hgrzr — 2L

sFWB\eq _ (aWBAR\eq _
(SLR ) (8 ) qe4=0 - g 2 Ax

q°91=0 - LR

As a consequence, arguing , we deduce hHFLGHEE — 0, Since R > 0, this concludes the second case.
Let us consider now the case (ii7) defined by [z] # 0 and ¢°* # 0. Since Wy, and wg define a local moving

equilibrium with ¢°1 # 0, from (70d) and (69)), we obtain

(¢°9)?

[h%] + glh + 2] = 0.
2h3 h%,

Bi%lgeazo =1 and —

eq\2
qq

GhihnthThn)) then we have

Arguing the above identities and Lemma (m) to get (F7p)®4 =2

hr + hgr g hr +hgr
qea£0 —QT[Z] g[h]gm iR
hr +hg [h* [P2)(g°9)?
=—g——|7] I N RN
2 4 hihy(hr + hg)
hr 4+ hg g[h]2 [h—i—z]
=-—yg [2] :
2 2 hp+hg

(SLR° (2R — 21))%

q°I£0’

Plugging this last identity into the definition of RHFFGHEL given by (B1D), we deduce

HLL ~HLL\e
(h’ u ) 4 qeq;éo
~FWB
_ (pHLL HLL | Sir (2R — ZL)\*
= (h u + By E— ) I£0
1 a)2[p2 —(hg +hg)?[2] + [h?[h + 2
:qeq72(h - (7((1 )[ ]+g(hL+hR)2[h})+i (L R)[] [][ ]’
L+ R))\ thL 2 4)\ hL+hR
— €9 g[h + Z] 4h+ h 2 2
- (- + (hr + h — [h]?),
Ty + by et (e o+ he)” = (AF)

= qeq.

The proof is thus complete. O

The second technical intermediate result to establish Lemmal[6.2]is an inequality that defines a necessary and
sufficient condition for the existence of h} and h}; satisfying the system made of and .

Lemma 6.4. Consider wy and wgr two states with hy, > 0 and hg > 0. Assume that the CFL-like condition
holds and spp = §E\;¥B. Let us adopt the notation hHYaHEL given by (BID). Consider the quantities

Wi HHLL gnd F2 . defined by (31d), (B1e) and (70d). Then there exists X > 0 large enough and At > 0 small
enough such that the following inequality is satisfied:

~HLL _ /. ~HLL 9r 12 9[2]2 FgR
i = a(wt) + S - —=5— > 0. (74)
8 8 1+ FER

Proof. The proof is led through three exhaustive cases given by
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(i) [2] =0,
(#4) [2] £ 0 and (g =0,
(#3i) [2] #0 and (g # 0.
First, we consider the case (i) defined by [2] = 0. Using the definition (70b)), we have ¢ g = 0 and using
the equation (71b]), we obtain §E})%VB = 0. As a consequence, in the case [z] = 0, we deduce F f r = 0 and
HEL = ¢ HLL Next, an analogous computation of gives

~HLL _ ¢ ~HLL g9 2_9[2]2 Fip

(4 = aathy + Glef? - FE )

(RHEEGHEE)? 9 /7 HLL\2 g hrur + hrur
o~ 50+ (I - =)

[z]=0

HLL

opHLL [2]=0

= HLL _ p(yHLL),

Since the CFL condition is satisfied, the inequality nHt — n(wHLL) > 0 is ensured (see Lemma (u) for
details).

The case (i¢) is defined by [z] # 0 and (g = 0. Since (g = 0, Wy, and wx define a local moving equilibrium
and a direct computation gives G(wg) — G(wr) = [B]¢®® = 0. According to Lemma the equality
(RHLLgHLLYed — ged ig also verified. As a consequence, we have

G(wg)* — G(ip)*
2

~ € AL e eq+ °d
(1 by = I S )

(hHLLﬂHLL)2 eq g(hHLL)Q eq HLLyeq 2L T 2R
B (%T) B (f) — g(RHh )=
U0 W S Y PP
N 4 (hL+hR)+4(hL+hR)+2(hLZL+hRZR)
°)? hi + hp)?
_ h(Lq+)hR ~g(hr : rR) %(hL + hg) (2L + 2R),
( ) thR 1 2 g 9 g
~A(he +hR) n| Rl g,
3 g

Using the above equation, we obtain the required estimate as follows:

(ﬁHLL ~ ) 4 %[z]z _ 9[;] : fLFI,-%R)Cq _ g(l + (F25)°)[h]? + Z[h][ z] + gH([Z}lLQR)ea
= (e et + ——2—)" >0,
8 1+ (FZg)ea

Finally, the last case (4i¢) is such that [2] # 0 and for couples @y and wx that not define a local moving
equilibrium . This last case is expressed as [z] # 0 and (g # 0 and Lemma (z) gives the following
estimate:

AHLL _ ﬁ(uA)HLL) + %[Z]z _
thL[u]2 g 2 [u]QthL(hLuR—hRuL) hLuL+hRuR §LR(ZR—ZL) 1
4(hL + hR) + S[h + Z] 4)\(hL + hR)2 4\ ( [Z] hHLL ) +0 A2

(75)
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Then, as soon as [u] # 0 or [h + z] # 0, there exists a A > 0 large enough such that the following inequality is
satisfied

2
z
77HLL _ ﬁ(wHLL) + 9[8] > 0. (76)
For the particular cases [u] = 0 and [h + z] = 0, the following equations are verified:
Bral w=o, =0 and  SLR°[g, 0 = SR
[h+2]=0

As a consequence, the existence of the inequality is linked to the proof of Lemma which concerns the
estimate with S p = “XVI}E‘AR. But, according to the computations (62)) and , the inequality can
be held except for wy, and wg defined by a local lake at rest equilibrium (22)). Since, the lake at rest coincides
with a moving equilibrium with a null velocity, it has already been treated in the case (i7). As a consequence,
the inequality can always be ensured for this case (ii¢). In addition, according to the definitions and
7 and since (rr # 0, then F?, is proportional to At?. Then, if the inequality is verified, the large
inequality can be satisfied with At > 0 small enoough such that

~HLL _ ¢ ~HLL 912 g2 FIQ,R
- = > . 7
A )+ S > S (77)
We thus easily deduce the expected inequality (74)) for this last case that concludes the proof. O

The inequalities , stand for an additional CFL condition to the standard one given by . As a
consequence, A and At have to be selected according to the more restrictive of the two. Equipped with both
above lemmas, Lemma |6.2] is now established.

Proof of Lemma[6.3 First, we show that the formulations are solutions of the system made of and

(7). Plugging (71a) into (B3¢) and according to the definition of F?, given by (70d), we deduce the two
following equations satisfied by h} and h¥:

* *
% — pHLE (78a)
9 g . -
S+ FER)[RT? + T[] = "t — (), (78b)

Now, we have to show that the above quadratic equation is well-posed. Dividing this quadratic equation ([78b))

on both sides by S(I%Fz}%) then adding %, we obtain
([h*] + [Z] )2 _ §ﬁHLL - ﬁ(’wHLL) + [Z}Q
1+ Fip/ g  1+Fig (1+Fig)?
8 urn eoomnny , 92 927 Fig )
= — n(w + Z[2]" — —=n ).
pEEn o G U U B S v

According to Lemma if A (resp. At) is large (resp. small) enough then the right-hand side of the above
equation is positive As a consequence, as soon as A and At are well-chosen, the previous equation is well-posed
and a direct computation leads to [h*] given by . Next, coupling [h*] = h}, — h} to (78a]), we deduce the
values of k% and h¥, as given by (72a) and (72b).

Since the quantities h% and h} are known and since they are assumed to be positive, the equation (71a)

re-writes

[u*] -+ dLR ﬁ (79)

Vhphg /B RS
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Using the above equation and (|78a)) in the relation w = RHLEGHEL e obtain

* ok * *
pHLLGHLL _ MUl + hipug

2 )
_ A hg g g [
2 2 4
_ pHLLYL T UR ar (W] (80)

2 4Vhphg /By
This equation associated to the equalities and (78a)) gives

HLL qLRr[h"] - qrr[P*]?
2y/hohphihy — ARPLL/ B b /IGhs

HLL | qrr[h] (1_ [h*] )
2/hphrh} %} 2hHLL/”

HLL qLr[h”] hy,

2y/hphgh} by WHLE

From this last equality, we get the formulation for u} presented in . Since uj, given by , can be
derived from an analogous computation, this achieves to prove .

Concerning the statements (i) and (ii), 8¥ WP is consistent and a direct computation shows (-, @, W) = w.
In addition, as the intermediate states are defined by the system , Lemma ensures that the approximate
Riemann solver verifies the integral consistency relation and the entropy inequality . Therefore, the
consistency of the Godunov-type scheme (¢) and the discrete entropy stability (i) are direct consequences of

Lemma [2.2] which concludes the proof. O

U

U

I
>

Il
>

As previously underlined, exhibits four solutions which depend on the choices of the symbols +; and
+5. The selection of one solution must be made according to the well-balanced property.

In order to satisfy this property, 2 must be negative (which imposes Fo to be positive) and a direct
computation shows that the choice of +1 must be made according to a condition obtained when w; and wg
define a local equilibrium (69). This condition formally writes

+77 = sign((1 + (FZg)*Y)[h] + [2]).
As a consequence, a simple formulation for the symbol +; is given by
+1 = sign((1+ (FZg))[h] + [2])-

This definition of 4+ will be adopted but other choices are possible. This formulation leads to expressions for
(h7,u}) and (A}, u%) now detailed in the following result.

Theorem 6.1 (Robust, entropy-satisfying, well-balanced Godunov-type scheme for all smooth equilibrium).
Consider Wy, and Wwr two states of 0 and W (-, g, wg) : R — R? an approzimate Riemann solver in the form

. Assume A > 0 and At > 0 such that the CFL-like condition holds and such that the system (33)), (71)
31d), (B1e)

admits reals solutions. Let us also consider the quantities w9, YA g = and F? . defined by |
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(70b)), (70d) and the quantity (ﬁ,ﬁ,@,@) in R* given by

— h*

hy, = hHHE — il 5 ! (81a)
"% _ sHLL qrr[P”] hg

LT SRR i \ By (B10)
—~ h*

hy = hHLL 4 ] 5 ], (81c)
—~ h* h*

wy = GHLL _ qrr[P”] L (81d)

2RHLL\ /B hp

with
_ ) 8 AHLL — (HHLL) (25 — 2p)2
p = R =) 1+ F2.)[h . 82
In addition, consider Sy g in the form
0, ’ithZO and hRZO,
h%{/Q, if hpur =0 and hy, =0 and hg + zr < zr,
SLp = —gh% /2, ifhpur =0 and hg =0 and hy + 21 < 2R, (83)
—9(he + hr)(zr — 22)/2, ifhp =0 or hg =0,
“E\I)%VB, otherwise,
with §E}’;¢VB defined by (71b). For e > 0, assume that the intermediate states, w} and w}, are given by
(0,0,0,0)", ifhy =0 and hg =0,
(0,0, 205 GFLNT e by = 0 and hg > 0,
h, (2hHEE GFLL 0 0)" ) if by > 0 and hg =0,
ur | _
Iy min (max (h’i, , 2pHLL s) (84)
u*
f UL otherwise.
min (max (h}}, e), 2nHLL 6)
“R

The Godunov-type scheme . 116)) defined by such an appmm'mate Riemann solver
(1) is consistent with the shallow water equations
(i1) preserves the convex set Q, i.e.: if (W])iez C Q then (WY iez € Q, and it is robust for the dry-wet
transitions,
(iv) is well-balanced for all moving smooth equilibrium @
In addition, if }fl\*/ > 0 and i? > 0 then the Godunov-type scheme associated to such an approzimate
Riemann solver satzsﬁes a discrete entropy inequality (14] . for the couple (77, ) defined by (7] . with a numerical

entropy flux function QH% given by (125] .

Proof. Concerning (i), the consistency only needs to be proved in the wet regions. Therefore, if ;L\i and Ej;
given by (81al) and (81c|) are both positive then coincides with (BI)). In this case, the consistency is shown
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in Lemma (z) If 5 <0 or h} <0, then the limitation technique min(max(-,-),-) works and an analogous
computation to the one done in Lemma (1) shows that these procedures preserve the consistency integral
relation for all € > 0 small enough. As a consequence, we deduce the consistency statement ().

For the statement (%) related to the preservation of the convex set Q, it is sufficient to prove the inequalities
h} > 0 and h% > 0 but according to (84)), these inequalities are obviously ensured for £ > 0 being small enough.
Moreover, the robustness of the scheme in wet-dry transitions is ensured by [41] Section 3.1.2.4] with §1r given
by and w} and wy given by .

For the well-balanced property (i), according to Lemma it is sufficient to show that if @y and wg define
a local moving equilibrium (69) then w} = wr and wj = wgr. Adopting a local moving equilibrium, $rr, w}
and w¥, are thus given by and 7 and the proof of Lemma yields

_hp+hpg

HLL\eq/~HLL\eq
e

(,&HLL)cq — ch.

Next, according to the proof of Lemma [6.4}(ii), the above equation infers

g 1 2 veq 2 (.HLL _ ./ ~HLLy , 9 2_9[2}2 Fip \e
ST e (U R b+ E]) = (7 =i + G~ S ),

_ (ﬁHLL)eq _ ﬁ(,uA)HLL)eq N g [Z]
L+ (FEp)™

Plugging this last equation into (82)), we deduce that [h*]°? verifies

[h]ee =
[z] ) 0 eq |8 (ﬁHLL)eq _ ﬁ(wHLL)cq [2]2
~ T g (e FL + D) Vg AR R
[ on 2 veayrn o oy L (F2R) )R] + 2]
- 1+ (F[%R)eq + g ((1 + (FLR) )[h] + [ D |1 +L5F£R)eq‘ 5 (85)
_ A+ A+ (FER)*Y[R] + [2]
1+ (F7g)e ’
= [h].

Associating the above equality to (81a)) and (81c), we eventually have (h} )% = hy and (h})°? = hg.
Now, we have to show the equalities

40 = ()" ()" = (h)* (3.

Since (h})°? = hz and (h})°? = hg, the above equalities are equivalent to (u})®? = ‘;Le; and (uj)®? = ‘};q.

o R
According to Lemma we have ¢7% = ¢ and from (81b]) we get

eq *leq * \eq
*\eq _ (nHLLyeq qLR[h ] (h’R)

) = T S oo Ttz | )

2 q°i[h]

~ hp+hr  (hp+hr)hy’

_ eq 2hr, + [h]

(hy +hg)hy’
'
= —— =ur.

hr
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Arguing (81d)), a similar computation gives (u})°? = ug, and we deduce the well-balanced property.
Concerning the discrete entropy inequality, if A} and h%, given by (81a)) and (81c) are both positive then the

formulations coincide with . In this case, the discrete entropy inequality is a direct consequence of the

Riemann solver definition and this inequality is shown in Lemma [6.2] which completes the proof. O

To conclude this section, let us notice that the dry-wet transitions in the above theorem are addressed with
several cases in the formulations and (84). These case distinctions are robust (see [41} Section 3.1.2.4]) but
their formulations are not continuous with the numerical scheme defined in Lemma [6.21

Moreover, the limitation technique min(max(-,-), ) used in is an e-parametrized version of the procedure
defined in Sections [d and [5} The parameter ¢ > 0 guarantees the inequalities b7 > 0 and h} > 0 that are
essential for solving the system — (see Lemma .

In addition, we remark that Theorem [6.1]shows the existence of an entropy-satisfying well-balanced numerical
scheme for the moving equilibrium. This scheme generalizes the entropy-satisfying well-balanced scheme for the
lake at rest established in Theorem m Indeed, as soon as we have qr g = 0 then degenerates toward .
As a consequence, Theorem unifies the numerical schemes introduced in Theorem (well-balanced for the
lake at rest) and in Lemma (z = cst).

7. NUMERICAL RESULTS

For all test cases, we fix ¢ = 9.81. Subsection [7.1] concerns the flat regions and we focus on the schemes given
by Lemma Subsection illustrates the entropy-stable schemes that are only well balanced for the
lake at rest . Finally, the numerical tests of Subsection deal with the fully well-balanced entropy-stable
scheme described in Theorem

7.1. Two states entropy-stable approximate Riemann solvers in the flat regions

In this section, we consider the two schemes described in Lemma [.1] and their limited versions given by
Lemma [£2] For all interfaces having the states wy,, wg on either on its sides, the numerical artificial viscosity
A > 0 and the time step At > 0 are taken to be equal to

AAE 1
= @ + als A S o) La .
A aerr{l%’)%} [te £ vV ghal =3 V(L, R) (86)

The results are compared to the Suliciu relaxation scheme and to the solver proposed in |30, Section b.ii]. The
two constants C; and Cy required for the scheme in [30, Section b.ii] are fixed to C; = Cy = 1077.

First, we illustrate the influence of the choice of the intermediate states h* given by Lemma [4.1l In this
regard, we set

2
7% _ hHLL + \/ (nHLL _ n(wHLL))’
ECl : g
hh = pHLL _ \/g (nHLL _ n(wHLL)).
2 87
by, = pHLL _ \/ (nHLL _ n(wHLL))’ (87)
ECQ : g
A \/g (nHLL — p(wHLL)).

ECj3 : random(EC;, ECy),

with w!El pHLL oiven by (31a)-(31d) and where random(EC;, EC2) denotes a random choice between the two
configurations EC; and ECy. The domain [—1,1] is discretized with 400 cells and we consider the following
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initial condition:

3, ifx<0.5,

1 ug(x) = 0. (88)

, otherwise,

ho(e) = {

We impose homogeneous Neumann boundary conditions on both sides. The exact solution consists of a rar-
efaction wave and a shock wave. The final time is 0.1. Figure [[] shows the results.

3 2.5
17 ]
1.5 t+
h 2 u
1 L
1.5
| EC,
0.5 EC,
5 EC3 N
i Exact N
1 0 =
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
X X
3.5 2.5
ECs
Relax
HLLSE B
3 Exact 27
2.5 1.5
h u
2 1
1.5 0.5
1 ‘ A 0
-1 -0.5 (0] 0.5 1 -1 1

M

F1GURE 1. Numerical results at time 0.1 for the initial condition 7 with the legend
(ECi)ieq1,2,3y: Lemmald.1|solvers with the configurations , Relax: Suliciu relaxation scheme
and HLLSE: solver |30, Section b.ii].

The three configurations (EC;);c(1,2,31 provide very similar results. As a consequence, we only retain the EC3
configuration. The second numerical test concerns the role of the limitation technique for the dry areas used in
Lemma

The domain [—1,1] is discretized with 400 cells and we consider the following initial condition:

10 ifz < 0.5,

0 otherwise. (89)

ho(z) = 0.1, ug(z) = {

We lay down homogeneous Neumann boundary conditions on both sides. The exact solution consists of two
strong shock waves near the dry areas. The CFL condition is given by . The final time is 0.1. Figure
shows the results.
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1 12
EC; -
Relax o
HLLSE 10 =
Exact
0.75 8l )i
+ 6 -
h 05 4 u
o 4 L .
'y
- .
o 2 L &
L & s
025 . ECg - L
& 0+ Relax g Sssssssesssssnen)
o HLLSE  »
Exact
0 L L - L H L
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
X b4

FIGURE 2. Numerical results at time 0.1 for the initial condition , with the legend ECjs:
Lemma’s solvers, Relax: Suliciu relaxation and HLLSE: solver Section b.ii].

We observe very good agreement with the exact solution. Without the conservative limitation technique used
in Lemma this problem cannot be carried out with the solvers from Lemma

7.2. Well-balanced two states entropy-stable approximate Riemann solvers

In this section, we consider the schemes of Theorem [5.1I} For these solvers, the numerlcal artificial viscosity
A > 0 has to be selected to ensure the existence of solutlons of the system made of and (| . We adopt
the following selection procedure. Starting from the equation , we increase A until the system made of
and . admits solutions. The time step At > 0 is then determined according to the standard CFL condition
’\AAt < % Unless otherwise stated, to run the following simulations, we randomly select one of two solvers
defined in Theorem [5 u and we compare the results to the standard hydro-static reconstruction |3 . coupled to
the standard Rusanov numerical flux

The first experiment is devoted to a ﬂow at rest with emerging bottom as introduced in . The spatial
domain [0, 25] is discretized with 400 cells. The initial condition and the topography are given by

ho(z) = max (0.15 — 2(z),0), up(z) =0, with z(z) = max(0,0.2 — 0.05(z — 10)?). (90)

We prescribe periodic boundary conditions. The exact solution is a lake at rest equilibrium . The final time
is 100. Figure [3| shows the results.
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0.2 n
Errors on (h, hu) for the lake at rest.
0.15 I h
Lt L? Lee
htz 01 WBEC | 1.69E-21 4.795-21 2.29F-41
HR 6.55E-18 8.44E-18 1.25E-17
hu
0.05 HR - Lt L? L
Coae WBEC | 9.88E-20 3.43E-20 1.145-22
0 ‘ i Z HR 3.17E-17 2.52E-17 3.07E-17
0 5 10 15 20 25

X

FIGURE 3. On the left: numerical results at time 100.0 for the lake at rest problem with the
legend WBEC: entropy-satisfying well-balanced solvers for the lake at rest given by Theorem
HR: hydro-static reconstruction [3| with Rusanov numerical flux [45]. On the right: errors
between the exact and the numerical solutions at time 100.0 for the variables h, hu.

Thanks to the well-balanced property and to the transition toward dry areas, the steady state at rest is
preserved up to the machine precision.

The second numerical experiment concerns the three Goutal and Maurel test cases [28]. For these three
experiments, the spatial domain [0, 25] is discretized with 400 cells. Using the superscript GM;, GMs and GM3
to denote each problem, the initial conditions are

hSM# () = REMx, (hu)§™M* (z) = M+, Wk € {1,2,3}, (91)

where (hGMk)ke{1,273} and (qGMk)ke{172,3} are given in Table |1} The bottom topography z is given by . On
the left boundary, the water height satisfies a homogeneous Neumann condition and the discharge ¢ = hu is
set to (qGMk)ke{l,Zg}. On the right boundary, the water height is set to RM* when the flow is subcritical and
a homogeneous Neumann boundary condition is prescribed otherwise. The discharge follows a homogeneous
Neumann boundary condition.

Parameters used for the Goutal and Maurel test cases.
GM; GM; GM;j;

Final time 500 125 1000

Initial height AGMx 2 0.66 0.33

Boundary discharge ¢“™M* 4.42 1.53 0.18

TABLE 1. Final times, initial values and boundary conditions for the Goutal and Maurel test

cases @

Such initial and boundary conditions provide a transient state followed by a steady state consisting of a uniform
discharge. For GM; and GMs, this steady state is continuous whereas GMj involves a stationary shock. The
final times are given in Table The exact solutions are computed using the software SWASHES [20] and Figure
[ shows the results.
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FI1GURE 4. Numerical results for the Goutal and Maurel problems on a mesh composed
of 400 cells. The legend is WBEC: entropy satisfying well-balanced solvers for the lake at rest
given by Theorem HR: hydro-static reconstruction |3| with the standard Rusanov numerical

flux .

The free surface h+z given by our schemes may be misplaced: it is particularly obvious for the GMs problem. For
the GMj3 problem, the free surface is undervalued before the stationary shock wave and it is sharp after. Despite
the fully discrete entropy stability verified by the Theorem [5.1] schemes, the numerical solutions may converge
to a non-admissible weak solution. Such arbitrary wrong convergences have already been observed .
In addition, the schemes of Theorem produce spurious oscillations for the variable hu. For these three test
cases, the standard hydro-static reconstruction [3| coupled to the Rusanov numerical flux [45] is more effective.
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The last test case of this section is devoted to the dam break problem as described in . The domain
[—1,1] is discretized with 400 cells. We consider the following initial condition and topography:

{3 if x <0,

. I
| otherwise, uo(x) =0, with, z(z)= 5 cos (rx). (92)

ho(z) + z(z) =

We prescribe homogeneous Neumann boundary conditions on both boundaries. The final time is 0.1. A reference
solution is computed using the standard HLL scheme [30] on a fine grid made of 50 000 cells and coupled to the
discrete source term (—ghd,z)(z;,t") ~ —g%% We also compare the influence of the intermediate
states h* defined in Lemma [5.1} Hence, we set

,fHLL?,’A 'LDHLL
* _ pHLL (#r —21) - \/8(](]7()) +(zr — 21)?
rR— N - )
WBEC, : 2
AHLL _ 7 ((pHLL
pr — pHLL (zr —21) — \/8(];()) +(2r —2)?
L — + 2 )
. (93)
C rem ¢8<<>> t (2n— 2,
B, = HHLL _ ‘ ,
WBEC, : 2
~HLL __ 5 ,d)HLL
Bt = pHLI (2r —zL) + \/8 b Z( ) +(2r — 21)?
LL =N + 2 )

WBEC;3 : random(WBEC;, WBECy;),

with wHtE HHLL oiven by ([BTa)-(B1d) and where random(WBEC;, WBEC:) denotes a random choice between
the two configurations WBEC;, WBEC,. Figure [f] displays the results.

3| Ref
HR
WBEC;
2t
u
1¢t
0 0
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FI1GURE 5. Numerical results at time 0.1 for the dam break problem on a mesh composed
of 400 cells with the legend (WBEGC;);c(1,...,33: Theorem solvers with the configurations
, HR: hydro-static reconstruction |3| with the Rusanov numerical flux .

For all configurations , we observe very good agreement to the reference solution. The shock wave is sharper
with the schemes detailed in Theorem [5.11

7.3. Fully well-balanced entropy-stable two states approximate Riemann solvers

In this section, we consider the fully well-balanced entropy-stable scheme defined in Theorem For this
scheme, the numerical artificial viscosity A > 0 and the time step At > 0 have to be selected to guarantee the
existence of solutions of the system made of and . To select such a couple, we initialize A > 0 with the
value given by the equation (86)) and we set At > 0 according to % = % Then, we increase A and decrease At
until the system composed and admits solutions. For the sign function required in equation
we use the following regularized version:

r

~N—_— (94)
7| +CLr/(gh)

sign(r)

where (rr and h are defined by (70). We compare the schemes of Theorem m to those detailed in \
Section 3.2] and in that will be denoted FMT and BM. The scheme BM is associated with the standard
Rusanov numerical flux . These two schemes are chosen for the comparative because, like the scheme
they are well-balanced for equilibria with non-null velocities. In addition, both satisfy a semi-discrete entropy
inequality and BM preserves the convex domain 2.
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The first test case examines the fully well-balanced property. We consider the domain [0, 1] discretized with
400 cells. The initial conditions and the bottom topography verify

2

WD) 4 (g +2)(a) = B, with 2(z) = 2 cos?(dm), (95)

where g = %, By = % +4g. The initial values (hg, up)(z) are computed from the equations using a Newton
method. We impose periodic boundary conditions on both sides. The exact solution is a moving steady state
@. The final time is 1.0. The results are reported in Figure @ We also report the errors between the numerical
and the exact solution for several norms.

Fgll;ll“ : ExaC; Errors on (h, hu) for the steady state (95)).
FWBEC - h
LT L? L
4 Bl S S T FWBEC | 0.00E-00 0.00E-00 0.00E-00
3l BM 2.49E-17 4.41E-17 1.27E-17
h+z FMT 1.84E-13 2.03E-13 3.28E-13
2 hu
LT L? L
! FWBEC | 1.13E-20 8.74E-20 7.64E-39
o BM 8.58E-17 1.29E-16 9.19E-17
0 0.2 0.4 N 0.6 0.8 1 FMT 2.87E-13 3.75E-13 4.10E-13

FIGURE 6. On the left: numerical results at time 1.0 for the steady state problem with
the legend FWBEC: fully well-balanced entropy satisfying solver given by Theorem [6.1] BM:
scheme derived in [15] associated to the Rusanov numerical flux [45], FMT: scheme derived
in |22, Section 3.2]. On the right: errors between the exact and the numerical solutions at time
1.0 for the variables h, hu.

Thanks to the well-balanced property, the moving equilibrium is preserved up to the machine precision.

Now we repeat the three Goutal and Maurel test cases [28] and we refer to Section for the details of the
test cases. Figure [7] shows the results and Tables [§] show the errors between the numerical and exact solutions
for each problem and for several norms.

2.5 4.46
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h+z hu ’5. e Exact
1} %S
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z
0 : 4.4 *
(] 5 10 15 20 25 (0] 5 10 15 20 25
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FIGURE 7. Numerical results for the Goutal and Maurel’s problems on a mesh composed
The legend is FWBEC: fully well-balanced entropy satisfying solver given by
Theorem BM: scheme derived in [15] associated to the Rusanov numerical flux [45].

of 400 cells.

Despite our efforts, we were not able to run these three problems with the scheme FMT. The scheme of
Theorem [6.1] scheme generates spurious oscillations, in particular for the variable hu. Nevertheless, the wrong
convergences observed for the GMy and GMj problems with the schemes derived in Theorem [5.1] and tested
in Section [7.2] do not occur with the fully well-balanced scheme in Figure [7] However, the free surface for the

GM; problem is, once again, slightly misplaced.

Errors on (h, hu) for the GM; problem.

Errors on (h, hu) for the GMy problem.

h h

LT L? L LT L? Le°
FWBEC | 3.86E-02 1.41E-02 2.00E-04 FWBEC | 9.35E-02 2.13E-02 4.46E-03
BM 1.91E-15 4.16E-16 6.11E-17 BM 9.06E-03 2.37E-03 5.12E-04

hu hu

LT L? L LT L? Le°
FWBEC | 3.77E-02 2.10E-02 4.439E-04 FWBEC | 4.89E-02 3.53E-02 1.25E-03
BM 7.29E-15 1.49E-15 2.91E-16 BM 7.78E-05 3.38E-05 4.33E-08
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Errors on (h, hu) for the GM3 problem.

h
LT L? L
FWBEC | 4.28E-02 5.11E-02 2.62E-03
BM 8.23E-03 2.20E-02 4.86E-04
hu
LT L? L
FWBEC | 2.57E-02 2.00E-02 1.59E-03
BM 4.21E-03 1.15E-02 1.32E-04

FIGURE 8. Errors between the numerical and the exact solutions for each Goutal and Maurel
problems and for several norms. The legend is FWBEC: fully well-balanced entropy
satisfying solver given by Theorem BM: scheme derived in [15] coupled to the Rusanov
numerical flux [45

Regardless of its fully well-balanced property, the scheme derived in Theorem does not reach the exact
solution up to the machine precision. This defect could be due to the implementation of the sign function
required in equation . The choice proposed in the equation is a smooth version of the sign function
but other versions are possible and each of them could influence the result. For the three Goutal and Maurel
problems the BM scheme is more accurate.

Our next test case concerns the dam break problem as done in Section The initial condition and the
bottom topography are given by the equations (92)). The final time is 0.1 and a reference solution is computed
using the standard HLL scheme [30] on a fine grid made of 50 000 cells coupled to the discrete source term

(—ghd,z)(x;, t") ~ —g% ZH—=1 . Figure 9| displays the results.

FMT & Ref 4
BM o z
FWBEC
3L
3
h+z u L
9 | 2
1F 1L
(0] ' : (0]
-1 -0.5 (0] 0.5 1 -1 1
'

FIGURE 9. Numerical results at time 0.1 on a mesh composed of 400 cells for the dam break
problem with the legend FWBEC: Theorem solver, BM: scheme derived in asso-
ciated with the Rusanov numerical flux [45], FMT: scheme derived in Section 3.2].

The scheme Section 3.2] generates spurious oscillations near the shock wave and we failed to achieve
better results. The scheme [15] associated to the Rusanov numerical flux preserves the initial condition
and captures two steady states at rest. For the scheme of Theorem [6.1] we observe a good agreement to the
reference solution.
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We now consider a test case in which the fluid is close to the regime Jar 1. The domain [f%, %] is
discretized with 400 cells and we consider the following data:

(hu)o(z) = ¢°1, z(x) =1 — tanh(10z), (96)

cq)2 (4414, ifz <0,
holz) = § (q){

g 4 —+/14, otherwise,

with ¢°¢ = 10. At z = 0, the above initial data involves a mean Froude number equals to one. On both space
domain boundary, we enforce Dirichlet boundary conditions according to the initial values given by . A
reference solution is computed using the standard HLL scheme on a fine grid made of 50000 cells and
coupled to the discrete source term (—gh0y,z)(x;, t") =~ —g%%. The final time is 0.05 and Figure
displays the results.
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6 6
3 3
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-1.5 -1 -0.5 (0] 0.5 1 1.5 -1.5 -1 -0.5 (0] 0.5 1 1.5
X X
2 22
Ref
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L.75 800 cells
. 1600 cells
1.5 3200 cells
1.25 +
h+z u
15
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05 800 cells
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0.25 ‘ ‘ ‘ ‘ ‘ 16 ‘ ‘ ‘ ‘ s ‘
08 08 09 095 1 105 1.1 1.15 12 0.8 085 09 0.9 1 1.05 1.1 1.15 1.2
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FI1GURE 10. Numerical results at time 0.05 on a mesh composed of 400 cells for the problem
with the legend FWBEC: Theorem solver, BM: scheme derived in [15] associated with
the Rusanov numerical flux [45], FMT: scheme derived in Section 3.2]. At the bottom,
numerical results with a mesh refinement for the FWBEC scheme. For the clarity, the display
is zoomed in on the shock wave near z = 1.1.

In the smooth regions, the above numerical results for the schemes BM, FMT, FWBEC are similar but more
diffuse for FWBEC. Near the shock wave approximately localized in z = 1.1, the FMT scheme is more accurate
but it generates some spurious oscillations. These oscillations do not appear with the FWBEC and BM schemes
but the numerical solution is very diffusive.

We conclude this section with the numerical simulation of problem endowed with a discontinuous to-
pography function z. Namely, we once again consider the domain [—%, 5] discretized with 400 cells, but the
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data are now as follows:

ho(a) = ¢/ L {4+¢ﬁ, if 2 <0, {

hat)o() e () 2, ifx <0,
u)o(z) = ¢*4, z(x) =
g 4 —+/14, otherwise, ’

0, otherwise,

(97)

with ¢°? = 10. On both boundaries, Dirichlet boundary conditions are imposed according to the initial values
given in @ A reference solution is computed with the standard HLL scheme [30] on a fine grid made of 50 000

cells and coupled to the discrete source term (—ghd, z)(x;,t") ~ —g%% The final time is 0.05. The
results are presented in Figure

21
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15 | 15|
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9 9l
6 6 L
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FIGURE 11. Numerical results at time 0.05 on a mesh composed of 400 cells for the problem

@ with the legend FWBEC: Theorem solver, BM: scheme derived in associated with

the Rusanov numerical flux [45], FMT: scheme derived in Section 3.2]. At the bottom,

numerical results with a mesh refinement for the FWBEC scheme. For the clarity, the display

is zoomed in on the discontinuity near xz = 0.
Except near the discontinuity localized at x = 0, the above numerical results are very similar to those in Figure
However, the FWBEC scheme derived in Theorem [6.1] commits a large error near = 0. The simulation of
this discontinuity is more accurate and relevant with the FMT scheme or the BM scheme.

8. CONCLUSION

We have presented three explicit entropy-stable Godunov-type schemes for the shallow water equations. The
first one concerns the flat regions, the second scheme is well-balanced for the lake at rest and the third one
is well-balanced for all smooth stationary solutions defined by @D
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The discrete entropy inequality is achieved from sufficient conditions used in the design of the scheme. These
conditions lead to quadratic equations that are always well-posed under restrictions on the artificial viscosity
and on the time step. These restrictions are implicit in the well-balanced schemes.

From a numerical point of view, the scheme devoted to the flat regions provides good results. The well-
balanced schemes yield satisfactory results especially in the presence of shock waves. But, they may converge
to weak solutions made of non-admissible stationary contact waves. The study of the reasons for this wrong
convergence should be conducted.
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