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The present work is devoted to an extension of the Navier-Stokes equations where the
fluid governed by two independent pressure laws. Several turbulence models typically
enter this framework. The striking novelty over the usual Navier-Stokes equations stems
from the impossibility to recast equivalently the system of interest in full conservation
form. Opposing to systems of conservation laws, where the end states of the viscous
shock are completely characterized by jump relations, the lack of conservation implies
the absence of jump relations. We analyze the traveling wave behaviors according to the
ratio of viscosities, and we show that the traveling wave solutions of our system tend to
the traveling wave solutions of a fully conservative system. This result is used to exhibit
asymptotic expansions of the end states. Such an asymptotic behavior achieves a deep
physical interpretation when illustrated in the case of compressible turbulent flows.
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1. Introduction

The present work considers the Navier-Stokes equations for compressible fluid dy-
namics modeled by two independent pressures. Two independent pressures mean
more precisely that each of them is characterized with its own specific entropy. The
smooth solutions of the system undergo simultaneously two independent entropy
balance equations.

However, we will show latter that such fluid models exhibit several close relation-
ships with the usual Navier-Stokes system. The fundamental discrepancy stays in
the lack of an admissible change of variables that recasts the governing equations in
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full conservation form. As a consequence, we have to deal with a convection-diffusion
system in non-conservation form.

Such systems are a natural extension of the classical Navier-Stokes equations
and they actually occur in several distinct physical settings. They occur in plasma
physics where the electronic pressure must be distinguished from the mixture pres-
sure of the other heavy species (see Coquel and Marmignon®). They can also be
recognized within the frame of the so-called two transport equation models for tur-
bulent compressible flows where the average thermodynamic pressure should be
distinguished from the specific turbulent kinetic energy (for instance, see Moham-
madi and Pironneau'®).

The convection-diffusion systems with nonconservative products may not be
defined in the usual distributional sense (see Dal Maso, LeFloch and Murat® or
Colombeau, Leroux, Noussair and Perrot*) if discontinuous shock wave solutions
appear. Since the system admits a non zero diffusion operator, we can expect a
regularization of shock waves to obtain viscous shock layers. Unfortunately, some
convection-diffusion system which admit discontinuous shock wave solutions have
already been observed in the literature (see Zel’dovich and Raizer®). It is therefore
necessary to prove the existence and uniqueness of smooth traveling wave solutions
(i.e. viscous shock layers).

The shock layers are formally described by the triples (o;vy,vg) where o de-
notes the propagation speed of the wave while (vy,vg) denotes the pair of the
end states. When convection-diffusion systems in conservation form, like the usual
Navier-Stokes equations, are studied, the triples (o;vp,vg) are solutions of the
classical Rankine-Hugoniot relations. Hence, we have vg = vg(o;vy) or reversely
vy, = vr(o;vR). The end state vg(o;vy), or reversely vy (o; vg), stays completely
free from the choice of the diffusion when considering a system of conservation laws.
The characterization of the end states turns out to be completely different from the
classical Navier-Stokes equations in the setting of our extended system and more
generally in the setting of non-conservative systems. Indeed, its non-conservation
form makes the triples (o; vy, vg) to depend on the precise shape of the diffusion
tensor.

To be more precise, the triple (o; vy, vg) will be shown to depend on a ratio of
viscosities in the form: p1 /2. A natural question thus arises: What is the asymptotic
behaviors as one viscosity goes to zero? In the limit of i1, respectively us, to zero, the
traveling wave solutions are shown to be solutions of a convection-diffusion system in
full conservation form. In addition, the limit systems find a physical interpretation
detailed below. Since the limit triple (o; vy, vg) is solution of a Rankine-Hugoniot
relations associated to the limit conservative system, we propose an asymptotic
expansion of the end states in a small parameter (the ratio of the viscosities).

The present work is organized as follows. In the next section, we introduce the
set of equation and we state some algebraic properties. In the third section, we
prove the existence and uniqueness of the traveling wave solutions and we give a
characterization of the triple (o; vy, vg). The next section is devoted to the asymp-
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totic behaviors of the viscous shock layers according to the ratio of viscosities. We
state our main result of convergence and we propose asymptotic expansions of the
end states. Finally in the last section, we prove the stated convergence result.

2. Mathematical model

The present work aims at studying the existence and the behavior of the traveling
wave solutions of the following system:

Orp + Oppu =0,

Brpu + 9, (pu® +p + 5pk) = 9, (1 + 7)) ,
OpE + 0.(pE + p + 2pk)u = 0, (11 + pir)udyu),
Bepk + Ouphu + 2pkdyu = 11 (pu)?,

Dupe + Oppeu + Ca 3 pedyu = Car pir (D)’
pE = p“; + 25 + k.

The gas is characterized by its density p > 0, its velocity v € R and its total energy
E. We denote by k the specific kinetic turbulent energy and e the dissipation rate
of k. This system coincides with the celebrate (k, €) model which governs compress-
ible turbulent flows (see Mohammadi and Pironneau'®, Hirsh!! or Vandromme and
Minh?? to further details).

In the model, C¢; € (1,2) denotes a given constant. In addition, the physics
prescribes the laminar viscosity p while the turbulent viscosity reads as follows:

2
e = Cup™. (2.2)

with C, > 0 a modeling constant.

First, let us note that the smooth solutions of (2.1) obey the following additional
conservation law (see Smith?! or Mohammadi and Pironneau!®):

(Zk)Cd (zk)cel

Opp=2 + O0pp-3 u=0. (2.3)

As a consequence, the quantity k<! /e stays constant through a viscous shock layer.
With no restriction, we eliminate € from the unknowns to reduce our initial system.

For the sake of simplicity in the notations, we set ps = (72— 1)pk where v = 5/3,
to write the pk equation as follows:

Oipa + udppa + Yapadeu = (v2 — 1) pa(dpu)?,

where po := pr. Let us recall that the evolution law satisfied by the pressure p is
given by:

atp + uaacp + Vpamu = (7 - 1):“(81102

The initial model (2.1) can be summarized as follows. Let us consider a gas with
density p > 0 and velocity u, which is modeled by two independent pressures p; > 0
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and py > 0, associated to the adiabatic exponents v; > 1 and «5 > 1. The system
of PDE’s that motivates our analysis thus reads:

Otp + Ozpu = 0, zeR, t>0,

Aupu + Oy (pu® + p1 + p2) = O (11 + p2)0pu)
Aipr + Oupru + (71 — V)p10pu = (71 — V) (9pu)?
Oip2 + Oupau + (72 — Dpadsu = (72 — iz (9pu)°.

(2.4)

The convection-diffusion system (2.4) can be understood as an extension of the
standard Navier-Stokes equations when considering an additional PDE for govern-
ing an additional pressure. Similarly to the classical Navier-Stokes equations, the
smooth solutions of system (2.4) obey additional governing equations as we state
in the following result:

Lemma 2.1. Smooth solutions of (2.4) satisfy the following conservation law:
pE + 0 (pE + p1 + p2)u = 9 (11 + p2)udyu), (2.5)

where the total energy pE is defined by:

pE:(PU)2 P1 4 P2

. 2.6
2p m-1 7-1 (2:6)
Smooth solutions satisfy in addition the following balance equations:
-1
Orplog(s1) + Oxplog(sy)u = %T 1 (Opu)?, (2.7)
1
Yo —1 2
Orplog(sa) + Oxplog(sa)u = T 12 (0zu)?, (2.8)
2
where the specific entropies are respectively given by
— P — P2
S1 = p’)’l’ S9 = p')’2 (29)

and the involved temperatures respectively read Ty = p1/p and Ty = p2/p. As a
consequence, smooth solutions of (2.4) obey:

Ha2 T
Oiplog(sy) + Ozplog(s1)u) —
,Uf1+ll271*1(tp g(s1) + 9uplog(si)u)
T
ml—tuz - = (9iplog(sz) + Duplog(sa)u) = 0. (2.10)

More details and the proof concerning this result are given in Berthon and
Coquel®?. Let us emphasize that the three balance equations (2.5), (2.7) and (2.8)
can be proved to be the only non trivial additional equations for smooth solutions
(up to some standard nonlinear transforms in s; and s2). As a consequence and
besides several close relationships with the usual Navier-Stokes system, the very
discrepancy stays in the lack of four non trivial conservation laws. Indeed and
without restrictive modeling assumptions (see below), none of the equations (2.7),
(2.8) and (2.10) boils down to conservation laws. As a consequence, (2.4) cannot be
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recast, generally speaking, in full conservation form. Thus, we adopt the following
abstract form of (2.4):

v+ AWV)Iyv =E(V,05,v), z€R, t>0, (2.11)

where the right hand side involves diffusion terms in conservation form as well as
dissipation rates in non-conservation form. The vector state

v = (p, pu, p1, p2) (2.12)

is assumed to belong to the phase space
Q:{VER4: p>0, pu e R, p; >0, p2>0}.

After the pioneering works by LeFloch'#, Dal Maso, LeFloch and Muratf, Raviart
and Sainsaulieu!” and Sainsaulieu'® let us highlight that the non conservation form
met by (2.4) makes the end states of viscous shock layers to intrinsically depend
on the closure relations for the transport coefficients p; and ps. More precisely,
such a dependence occurs in term of the ratio of p; and ps. To exemplify the
role played by this ratio, let us note that the straightforward derivation of the
non standard balance equation (2.10) reflects a cancellation property. Namely, the
entropy balance equations (2.7) and (2.8) are not independent but actually evolve
proportionally to the ratio of the two viscosities pu; and po. Indeed and at least
formally, once integrated with respect to the space variable, the equation (2.10)
reads:

2 { /R T (3t,010g(81)+3mp10g(sl)u)dx}_

p1 + 2 7 —1
T
m’lf:m { /]R o i T (Orplog(s2) + 8zplog(51)u)dx} =0, (2.13)

so that the evolution in time of the two entropies must be kept in balance according
to the ratio of the two viscosities. Let us underline that by contrast with (2.7)
and (2.8) where entropy dissipation rates are actually independently imposed, the
weighted equation (2.10) exhibits a compared rate of both the entropy dissipations.

Involving several restrictive assumptions, the following result exhibits the role
played by the ratio of viscosities:

Lemma 2.2. For smooth solutions of (2.4), the equation (2.10) reads as follows:
p2  pmt p o pt
p1+p2 i —1 p1+p2 vz — 1

(1) Assume that p1; > 0 and p; = 0 with (i, j) = (1,2) or (4,5) = (2,1). Then (2.14)

reduces to the following conservation law:

0yps; + Opps;u = 0. (2.15)

(Orps1 + Oppsiu) — (Orpsa + Oypsau) = 0.(2.14)

(i) Assume that py and g are two given positive constants. If moreover y1 = 7,
then (2.14) reduces to the following conservation law:

Orp (251 — p152) + Opp (p251 — pr152) u = 0. (2.16)
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(iii) Let u$ and p9 denote two positive constants and assume that py = pdTy,
pa = p9Ts. Then (2.10) coincides with the following conservation law:

0 0
atp( o’ log(s1) — WMi 10g<52)) +

mn-1 1

0 0
Ko 13
Dy 1 - 1 = 0. 2.17

These above restrictive assumptions yield for additional non trivial conservation
laws that are encoded in the non standard balance equation (2.10) or its equivalent
form (2.14). When considering their associated Rankine-Hugoniot condition, they
clearly indicate that the end states of the viscous shock layers under consideration
actually depend on the ratio of both viscosities. The above restrictive assumptions
will no longer be adopted in the sequel. The dependence we have just pointed out is
illustrated in Figure 1 in a more general setting in which the system (2.4) does not
admit an equivalent full conservation form. For a given left end state vy, and a given

——&—— mul/mu2=0.01

L 12k _
Py B mul/mu2=0.01 L — e mujl,;mug:ioo

——&—— mul/mu2=1 - —<—— mul/mu2=
[ —<—— mul/mu2=100 a T
o — I
Q ~ 9F
2 |
1k sl

Fig. 1. Exact stationary traveling wave solutions of (2.4) for various ratios u1/p2.

velocity o, the required right end states vg are defined when solving numerically the
nonlinear ODE’s system governing traveling wave solutions (see below) for various
ratios of the viscosities. In a sense described below, (2.10) or (2.14) continue to play
a major role in a general setting since they encode a generalized jump condition
which turns out to play a central role for our purpose.

3. Traveling wave solutions and jump relations

In this section, we derive generalized jump relations that are needed to characterize
the triple (o; v, vR) associated with a given viscous shock layer. In that aim, let us



December 14, 2007 11:57 WSPC/INSTRUCTION FILE berthon’coquel

About shock layers for compressible turbulent flow models 7

first recall that a traveling wave solution of (2.4) is a smooth solution C}(Rx R, )
in the form v(z,t) = V(z — ot) with

Elim V(&) =vp, 5lirf V() =vg, &=ux-—ot, (3.1)

where the triple (o; vy, vRg) is prescribed. Hence, the function v thus satisfies the
following nonlinear ODE’s system:

—0deV + A(V)deV = E(V,dgV), EER, (3.2)

where we have used the abstract form (2.11).

Let us recall that traveling wave solutions can only be associated with genuinely
nonlinear fields in the underlying first order system extracted from (2.4) (see Serre°
for instance). This one is seen to be hyperbolic over the phase space 2 with the
following distinct eigenvalues

u—-c(v), u, u+c(v), c(v):,/w, v e,
p

where u has two order of multiplicity. The extreme fields are genuinely nonlinear
while the intermediate ones are linearly degenerate. For frame invariance properties
satisfied by the PDE model (2.4), note that it suffices to study the traveling wave
solutions associated with the first extreme field?°.

Assume the following hypothesis satisfied by the viscosity functions:
The smooth functions u1, ue € CH(, R) satisfy py(v) > 0, (3.3)

p2(v) >0 and pq(v) + pa(v) > 0 for all v e Q,

to state existence of viscous shock layers.

Theorem 3.1. Let the viscosities satisfy (3.3). Let v, € Q and o € R be given
such that the following Lax condition is satisfied:

up —cp >0, &= Y1(p1)rL + ’Y2(P2)L'
PL PL
Then there exists a unique state vg € Q and a traveling wave solution of (2.4),

unique up to a translation (i.e. a parameterization), which connects vy, and vg.

(3.4)

The proof of this result will be given at the end of the present section.

Now, after LeFloch'4, Raviart-Sainsaulieu!”, our purpose is to highlight that
the end states of the traveling wave solutions of (3.1)-(3.2) does not depend on the
amplitude of the diffusion tensor modeled in (3.2) but just on its shape. Indeed let

R — ot
w(a:,t):v(x 0 )

where § > 0 denotes a positive rescaling parameter. For all § > 0, vs(z,t) turns
out to be a traveling wave solution of (2.4) but for the viscosity functions g, 13
defined by

us introduce the function

pl = duy,  ph = opus.
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The function vs(z,t) is obviously associated with the same triple (o; vy, vg) for all
values of the rescaling parameter § > 0. The expected independence property with
respect to the diffusion amplitude thus follows. Hence, the characterization of the
triple (o; vy, vg) follows from the next result.

Theorem 3.2. Assume that the viscosity functions p1, pe satisfy (3.3). The triple
(o3 v, VR) associated with the resulting dissipative tensor necessarily obeys the jump

relations:
—olp] + [pu] =0, (3.5a)
—alpu] + [pu® + p1 + p2] =0, (3.5b)
—0[pE] + [(pE + p1 + p2)u] = 0, (3.5¢)

and necessarily satisfies the two entropy inequalities:

—o[ps1] + [psiu] > 0, (3.6a)
—o[psa] + [psau] > 0. (3.6b)

In order to specify (3.6), let us consider for all 6 > 0, vs a rescaled traveling wave
for the same triple (o; vy, vR). Let us then define

12(Vs) Tt — o prz
/]R ,ul(vé) +,U,2(65) - 1 {at(p81)5 + 8w(pslu)5} (g) df - Cl (U7VL7VR7 E)a (37)

ms) — 2

— — 0:(psa)s + 0. (psau dé = ((oyvp, vr,—). (3.8

| s B s + 0,308} (€) € = Galivivi ). (39
Then the total masses (1 and (o of the two entropy inequalities are bounded and do
not depend on the rescaling parameter 6 > 0 but only depend on the ratio of the
viscosities. The masses are linked through the following identity:

Cl(O';VL,VR,&)—CQ(U;V[MVR,&) =0. (3.9)
H1 M1

We omit the proof of the above result since it is straightforward when (2.4),
(2.5), (2.7) and (2.8) are integrated with respect of traveling waves.

Rephrasing Theorem 3.2, the triple (o;vy,vg) is entirely characterized by the
classical jump relations (3.5a), (3.5b), (3.5¢) and the generalized jump condition
(3.9). As a consequence, for fixed vy and o, the end state vr depends on (o, vy)
but also on the ratio of the viscosities (see Figure 1):

VR = VR(O',VL,&). (3.10)

M1
Let us emphasize that the average balance equation (2.13) with respect of traveling
waves, coincides with the generalized jump relation (3.9). This non-standard depen-
dence arises from the lack of four conservation laws but it holds false when the clas-
sical conservative Navier-Stokes equations are considered where (vg := vg(o,vy)).
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After the work of LeFloch'* or Raviart-Sainsaulieu!”, a family of traveling wave
solutions {Vs}s=0, associated with a given triple (o;vy,vg), converges to, in the
L} . strong topology, to the following step function as § goes to zero:

vy, x<ot,
vo(z,t) = {VR > ot (3.11)

This so-called shock-solution satisfies by construction the (generalized) jump con-
ditions (3.5), (3.9).

To conclude the present section, Theorem 3.1 is established and we give useful
properties of traveling wave solutions. First, we give the precise form of the au-
tonomous system which governs the viscous profile we study for existence. For the
sake of clarity in the notations, the notation ¢ associated with traveling wave is
omitted in the sequel.

Lemma 3.1. The function v is an heterocline solution of (3.2) if and only if v is
an heterocline of the following algebraic-differential system:

plu—o) =M,
moy o pe oo (e Gar) 1_L) (m_(( )1+ (po) )) (3.12)
-1 " v2—1 7 pr \m—-1 " 72-1 pL 2 Py +P2)L) ),
2" 1—
Mrd — e - Y2
o pa)Mrder = F(7) + g s, (3.13)
desg = (v2 — 1) pa M2 (deT)?,
where T = 1/p, $9 = pa77? and
o (m+1 o 2T m
F(r)=M (r—m)(r—7°)— ——=71(p2) 1, (3.14)
2 Y2 — 1
with the constants
—-11 2
M=p(up —0), =21 M (Pt P2)r (3.15)

CmAlpr o mtl M2

Note that (3.13) has a symmetric form when involving s; = p;77*. For the sake
of simplicity, we adopt (3.13) where s plays the role of the main specific entropy,
and we enforce v; < 7.

Since (3.13) is an autonomous system independent of (3.12), the existence of a
heteroclinic solution of (3.2) is governed by the existence of a heteroclinic solution
of (3.13). This dynamical system is endowed with the following open subset of R?:

5:{w2(7,52)6R2: 7> 0,5 > 0}.

The smoothness assumptions (3.3) made on the viscosity functions make the vector
field of (3.13) X : &€ — R? to be continuously differentiable. Well-known results
then assert that prescribing at £ = 0 an initial data wg in (3.13) gives rise to a
non-extensible solution of 3 under the generic assumption of a continuous vector
field X (see Reinhard!® or Walter?® for instance), uniqueness being achieved under
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the strengthened condition of a Lipschitz continuous field (see again Reinhard!® or
Walter?® for the Picard-Lindeléf Theorem and for counterexamples).
Lemma 3.1 is now established.

Proof of Lemma 3.1. For convenience, we set { = x — ot. A traveling wave v
with speed o is a solution of (2.4) if and only if it is solution of the following ODE’s
system:

—ode¢p + depu =0,
—odgpu +dg (pu® + p1 + p2) = de (11 + p2)deu) (3.16)
—0odep; + depiu + (vi — 1)pid5u = (11 — l)pi(dfu)2, 1=1,2.

First, let us notice that —ode¢p + d¢pu = 0 reads for all £ € R
p(u - 0) = M7

when integrating over (—oo, £). For the sake of simplicity, let us set 7 = 1/p to write
M7 = u — 0. Hence, a traveling wave v with velocity o is a solution of (2.4) if and
only if it is solution of the following system:

plu—o) =M, (3.17a)
M2det + depy + depa = de (M (1 + p2)de) (3.17b)
rdepi + yipideT = M (y; — Dpi(deT)?, 0= 1,2. (3.17¢)

A second algebraic relation can be exhibited:
P1 P2
+ =
-1 -1

2 (e 00y (2 (Mt ) 019

pL \m11—1 -1 o

Indeed, when integrating over (—oo, &) for all £ € R, the equation (3.17b) reads:
(,u1—|—,u2)Md§7':H—HL, (319)

where we set H = M?7 + p; + py and Hr, = M?7 + (p1)1, + (p2)z- The sum of
(3.17¢)i=1 and (3.17¢);=o gives

P1 P2 M, —
de (7-(’y1 v -5 ) + Hder = {(Ml +M2)Md57}d67- (3.20)

Invoking (3.19), we have

P1 D2 Mzz
d( Hym— — ) Hdem = (H — Hyp)de,
“(vl—1+72—1>+ o) e = LT

to write

dE(T( L . )+HLT—M77'2):0~ (3.21)
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The expected relation (3.18) arises when (3.21) is integrated on (—o0,§) for all
¢ € R. Hence, the algebraic system (3.12) is established. Now, we turn exhibiting
the system (3.13). To access such an issue, let us integrate (3.17b to write:

(1 + po)Mder = MPT +py + po — (M7, + (p1) + (p2)1) -
Invoking (3.18), we eliminate p; from the above relation to obtain:

2 /1 _
Y Y 5271 o

(Ml +M2)MTd§T:f(T)+ o —

)

where s = pa772 and the smooth function F is defined by (3.14).
The last equation of (3.13) is easily obtained from (3.17c)i=2, and the proof is
achieved. O

Now, we turn proving the existence of a unique heteroclinic solution of (3.13)
which connects wy, = (71, (s2)1) in the past (namely £ — —o0). Let us note from
now on that the heteroclines of interest connect two end points, wy, and wg, which
necessarily belong to the following manifold:

G0)={we&: Gw) =0}, (3.22)
where we have set
Gw) = Fr) + B Mgyt (3.23)
72— 1

First we have:

Lemma 3.2. Assume (3.3) and the Laz condition (3.4). There exists two orbit
solutions of (3.138) which connect wy, in the past. At most one of them can be hete-
roclinic.

We denote L the orbit possibly heteroclinic. This orbit will be seen below em-
anate from the region {7 < 71,52 > (s2)1} and made of states satisfying de7 < 0.
Put in other words, the viscous shock we are proving for existence, necessarily is a
compressive shock.

Proof. The local existence of two solutions of (3.13) which connect wy, as & goes
to —oo is a direct consequence of the Central Manifold Theorem®'? applied to
the rest point wy. Indeed, straightforward computations ensure that wy is a non
hyperbolic point of the dynamical system (3.13) since the linearization admits A; =
(M%7 —y1p1 —y2p2)/ (11 + p2)MT) > 0 and Az = 0 as eigenvalues. The associated
eigenspaces are given by T"(wr) = {e1} and T(wr) = {e2} where {e1,es} stands
for the canonical orthonormal basis of R?. From the Central Manifold Theorem,
there exists two locally invariant manifolds W*(wr,) and W¢(wr,) tangent to T%(wp,)
and T°(wr,) respectively. From the Lax condition (3.4), the nontrivial eigenvalue A\
is positive. Hence, W*(wyr,) is referred to as the unstable manifold and is made of
the totality of the orbits which tend exponentially fast as £ — —oo. Since W*(wp,) is
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one dimensional and tangent to e;, there exists exactly two horizontal orbits which
approach wy, as £ — —oo from the two opposite direction 7 > 7, and 7 < 7.

To conclude the proof, we establish that the orbit emanating from the region
T > 11, cannot be heteroclinic. Indeed, an easy study of the dynamical system’s
vector field ensures the nonexistence of a rest point for (3.13) in the region {7 >
71, $2 > (s2)r} where dem > 0. The proof is thus completed. O

Therefore, the orbit £ is shown to be trapped in the region
I={we&: 7<71L,8 >(s2)L,G(w) <0},
where G is defined by (3.23). Indeed, we have

Lemma 3.3. Assumey; < 7. The set I is a positively invariant set of the dy-
namical system (8.13). In addition, the orbit L stays within a compact subset IC of
I:

IC:{weS: Tm<T<TL,(52)L<32<s§4,G(w)§0},

where 7, and s} solely depend of the pair (o,vr).

Proof. We denote wy - £ the positive semi-flow solution associated with the initial
data wo defined for all £ € [0,£T (wp)), where €1 (wp) stands for the maximal positive
time of existence. First, we establish that wq - & € I for all wp in I. This statement
is obvious as soon as wy satisfies G(wg) = 0, since wy thus become a rest point.
Now, for wy € I but for G(wp) < 0, we prove G(wp - &) < 0 for all £ in [0, (wp)).
Assume the existence of a finite &. such that G(wp - &) = 0, i.e. wp - & defines an
end point of (3.13). Since the vector field is Lipschitz-continuous over &, such a rest
point cannot be reached for finite . Then T is a positive invariant set for (3.13).

Now, we turn proving the estimates for both 7 and s,. First, let us assume
71 < 72 to emphasize that the manifold G=1(0) is parameterized by 7:

G=10) = {w €E: 5= MJT(T)TWI} . (3.24)
72— 1
A straightforward study ensures the required estimates to define the compact subset

K.
Now, let us assume v, = 72 to obtain G(w) = M“TH(T —71)(T — 7*) where 7*
is defined by (3.15). Hence, 7 satisfies the following required estimate:

"< T <T1]L.

We conclude bounding s3(&) for all £ € [0,6F(wy)). We have

H2 -2
deso = — D12 F(7)de,
£52 u1+u2(72 ) (7)de

where

2 —2 T+ -2
_ — D72 2E (1) < — (70 — 1).F max (77*77), VYwel.
p + p2 (2 =1) (7)< =0 = 1) ( 2 ) TE{T*vTL}( )
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Let us set C(o,vy) the right hand side of the above inequality to write:
0 <dgse < C(o,vi)derT.
The above relation is integrated with respect of £ to obtain:
0<52(8) = (s2)r < Cloyve)(r —7%) V€ €[0,67 (we))

and the proof is achieved. O

From the above result, the orbit £ is relatively compact and well-known con-
sideration (see Reinhard!® for instance) ensure that the co-limit set is nonempty,
compact and connected. Moreover, the function w — 7(w), defined for allw € £, is a
Lyapounov function over I since d¢7 < 0 on I. When applying the LaSalle Theorem
(see Reinhard!®), the co-limit set is included in {w € I : G(w) = 0}. Hence, there
exists wgr € I which is connected by £ in the future. As a consequence, Theorem
3.1 is proved as soon as 1 < 2. The same result holds with 5 < 71 when reversing
the role played by p; and ps. The proof of Theorem 3.1 is thus achieved.

The present section is achieved when establishing the following property satisfied
by the heteroclinic solutions of (3.13):

Lemma 3.4. The orbit L can be parameterized by T and thus defines a function
Sy € CY([tr, 1], Ry) such that Sa(t) = so for all w € L. The function Sy is
solution of

dSy 2

dr M1+ p2
SQ(TL) = (SQ)L.

(72 - 1)772_1 {‘7:(7-) + R 5271_’}/2} B T E [TRaTL]a

Proof. Let £ — (7(£), s2(§)) be solution of (3.13) such that the orbit £ is defined
as {(7(£),s2(£)) : &€ € R}. Since & — 7(€) is a strictly decreasing function then £
can be parameterized by 7 to obtain a function Sy with:

dSy _ desal®)

dr det(§)

As a consequence, 7 — Sao(7) is solution of the following Cauchy problem:
45 _ _ #
At p1+ peo
S2(7(0)) = 52(0).

To conclude, let us underline that the field function of (3.26) is C'(Ry) and the
proof is completed when applying the Picard-Lindel6f Theorem. O

_ y2—1 Y2 — 7N 1—2
(o —1)7 {.7:(7') + 1 SoT }, T € (TR, TL), (3.26)

Y2 —
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4. Limit behaviors of shock layers as ps — 0

The generalized jump relation (3.9) clearly suggests that the system (2.4) admits a
limit system in full conservation form as soon as the ratio of viscosities po/u1 goes
to zero. In the sequel, to avoid a zero p; viscosity we assume:

There exists a constant C,, > 0 such that p;(v) > C,, for
all v € Q.
To illustrate our purpose, momentarily let us assume that the viscosity functions

(4.1)

are constant with po understood as a parameter arbitrarily small. The generalized
jump relation (3.9) clearly tends to (2(o;vy,vR,0) = 0 while pus/p1 goes to zero.
Such identity will be shown to coincide with the following classical jump relation:

—olpsa] + [psau] = 0. (4.2)
Hence, in the limit of pg/p1 to zero, the triple (o;vy, vg) is entirely characterized
by the classical jump relations (3.5a), (3.5b), (3.5¢) and (4.2). This triple (o;vy, vR)

thus coincides with one which arises when viscous shock layers are considered for
the following conservation system:

Oip + Ozpu =0,

Appu + 0u(pu® + p1 + pa) = Ou (11 0pu),
OipE + 0:(pE + p1 + p2)u = 0x(1udyu),
Orpsa + Ozpsau = 0.

(4.3)

First, let us underline that (4.3) is nothing but the conservation form of (2.4) but for
the following specific choice of viscosities: g1 > 0 and ps = 0 (see Lemma 2.2). Since
the assumption (3.3) is satisfied by such a choice of viscosity functions, Theorem
3.1 can be applied. Hence, the global existence and uniqueness (up to a translation)
of traveling wave solutions of (4.3) is once again ensured. To be more precise, for all
vy € Q and o € R fixed so that (3.4) is satisfied, there exists a unique v¥% € Q and
a unique shock layer v°(z,t) = v?(z — ot) smooth solution of (4.3) which connects
the end states v, and v%.

A second remark is devoted to the symmetry played by the pressures. Indeed,
our initial system (2.4) involved symmetric pressures while such a symmetry is lost
considering the limit system (4.3). In fact, the limit behaviors does not preserve the
symmetry since one of the viscosities is preferred. All the stated results hold true
reversing the role played by the pressures and their associated viscosities.

No longer we adopt the restrictive assumptions of two constant viscosities. As
prescribed by physics, the viscosities are assumed to be nonlinear functions on the
unknowns. Concerning ps, we assume that this function depends on a parameter
n > 0 to read:

uz(v) = na(v), Vv e Q. (4.4)

This dependence on the parameter n implies that traveling wave solutions of (2.4)
define a sequence indexed to 1. These solutions are thus denoted v"(z,t) = V" (z —
ot). Involving (3.10), the right end state also depends on 7 to write: vi.
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Now, we state the main result of this section:

Theorem 4.1. Assume that the viscosity functions satisfy (3.3)-(4.1) while o
satisfies (4.4). Let vi, € Q and 0 € R be fized so that (3.4) is satisfied. Let
vV € CYHR,Q) be a traveling wave solution of (4.3) associated with the triple
(O’;VL,VOR) where the parameterization is assumed to be fived. Assuming a suitable
parameterization, the traveling wave solutions of (2.4), v € CYH(R,Q), associated
with the triple (o;vr,v}), tend to VO as n goes to 0. The convergence is uniform
in R.

The next section will be devoted to the proof of this statement.

Now, we turn considering the triple (o; vy, v}) to propose a characterization of
the end state v};. Indeed, by opposition with the usual Navier-Stokes equations, v,
remains implicitly known as solution of the non-standard generalized jump relation
(3.9). With p; > 0 and v, € CY(Q,R,) fixed, Theorem 4.1 ensures the following
limit:

. V2
lim v} (o5 v, n—) = vi(o;vy). (4.5)
n—0 251
Now, we exhibit an asymptotic expansion of v}, involving the ratio of the viscosities.
Such an expansion turns out to be useful in applications of practical interest.

Theorem 4.2. Let vy, € Q and o € R so that (3.4) is satisfied. Assume that the
viscosity py > 0 is constant while psy is given by (4.4) with the function ve defined
as follows:

va(v) = py~ ! poe,
Then for all n € N, there exists a vector sequence (V;)i<i<n € R* which only
dependents on the pair (o,vy) such that:

vg(a;vL,nzi):v%(a;vL)+ 37 vilosvr)d + 08", (4.6)
1

1<i<n
where § =n/p;.

Let us note that the viscosity function po prescribed by the physics is given
by (2.2). Since the quantity k<! /e stays constant across a viscous shock layer, the
function po recast as follows:

Cu(Gke)% Jer

('VT - 1)2 ’
Hence, Theorem 4.2 can be applied with viscosities of physical interest.

We return proving Theorem 4.2. The proof is directly obtained from the three
following technical results. Let us just emphasize that these lemmas specified the
detailed form of the asymptotic expansion (4.6). For the sake of simplicity in the
notations, the index 7 is omitted.

p2(v) =nre(v), n= va(v) = pi—Cer pCer, (4.7)
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First, we will prove that the end state vi necessarily satisfies three algebraic
relations independent on §. These relations, associated with the conservation of
density, momentum and total energy, will be shown to link the unknowns pg, (pu)r
and (p1)gr to the unknown (s2)r = (p2)r/p); but for a globally non-invertible
identity between pr and (s2)r (except for the specific case 71 = 72). To consider
the unknown s, to express the other unknowns is deliberate according to Lemma
3.4. Indeed, we will propose an asymptotic expansion of the integral curve Sa(7)
to obtain an expansion of (s2)pr since we have Sa(7r) = (s2)r. It will appear that
the coefficients of this expansion depend on (o, vy) but also on 7 = 1/pg. The
expansions of (s2)r and pr will be exhibited when involving the limit relation (4.5).

Lemma 4.1. The end state vi necessarily satisfies the following identities:

pr(ur —0) = M, (4.8)
(p1)r (P2)r

+ =
Mm—1 -1

PR < (p)r  (p2)r > n <1 _ PR> (MQ —((p1)z + (pz)L)>. (4.9)

pr \1n—1 1-1 PL 2

In addition, if y1 = v2, we have pr = T% In the case of two distinct adiabatic
coefficients, y1 # Y2, (s2)r is defined as follows:

(59)5 = —322_‘711 (r0)* " F(p). (4.10)

We omit the proof of this result which is a direct consequence of identities (3.12)
and (3.22) in the limit of £ to +oc.

Let us introduce the notation ©(7) to denote some generic smooth function
defined by:

L
o(r) =Y ar”, (4.11)
=0

where L € N is given, and (a;,b;) denote real constant pairs which only depend
on (o,vy). Of course, primitives of such a function is known and once again reads
under the generic form ©.

Lemma 4.2. There ezists a function sequence (0;)1<i<n S0 that

(s2)r = (s2)r + Y ©i(tr)d" + O(6™*1). (4.12)

1<i<n

Proof. First, an asymptotic expansion in the parameter § of the integral curve
Sy € CY([rgr, 1], Ry), solution of (3.25), is proposed. For the sake of simplicity, let
us set 0 = 2 — C.y. Since we have

12 So(T)?

1 T p0(e—1)+17
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a straightforward computation gives the following ODE satisfied by Sa:

1 1y d - d [ Sa(7)
1 e 4 1m0y 5 4 (52 _
1-0" dr (S2(7)"7) +0 dr <T"Y?_71>

§ T (v = DF(7), (4.13)

with So(71,) = (s2)r, as initial data. In order to exhibit an expansion of the function
Sy solution of (4.13), with n > 0 a fixed integer, the solution is proposed in the
following form:

= Y fi(n)8+0@"), 7€ R L,

0<i<n

where the functions f; € C!([rg,7L],R) only depend on 7 and (o, vy) and satisfy

folte) = (s2)r and fi(1r) = 0 for i« > 0. Now, we need give an expansion of
i—1

52(7)1_9. Let us set wl({kj}) = (k?j)1§j§i_1 : k‘j S N, Z] kj =1 for7i >0
j=1

and let us introduce

wo(r) = (s2)1 ",

o i(m)
Pl = (-0
%(T)=(1—9){;()T2+(82)i‘9 Za{k}n( D) i
2L w({k;}) j=1

=1k i
where ayy = H (1—9—j) / ij! )
=0 j=1

to obtain

Sy(r)t0 = . ©i(T)8" + O™ ). (4.14)

=0

Now, we turn proving that the functions f; and ¢; write in the generic form © given
by (4.11). Clearly, there exists a generic function as proposed in (4.11) so that:

TN 2(y — D)F(1) = O(7).

Then the smooth function f; satisfies:

1 OO0+ gf, () d(7=)
T o

Hence, there exists a generic function © so that d,f1(7) = ©(7) which implies the
existence of ©1 so that f1(7) = ©1(7). Let us assume that there exists ©;, with
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0 <i < n, so that f;(7) = 0;(7). Concerning the last step of this recurrence, the
function f,, satisfies:

(yr=1)(0=1)+~ dfn (7) d n—1 £ (7)\ i df7l—1£7)
T n\T J\T YT —
E L I | L
(1- 9)(52)% dr +(s2)r o iks) dr e ((SQ)L) + dr

We immediately deduce the existence of a generic smooth function 0, so that
fn(7) = ©,,(7). This above recurrence ensures the following asymptotic expansion:

Sa(r) = (s2)p+ Y. ©i(r)d' + 08" ), 7€ [rr.TL].

In addition, the asymptotic expansion (4.12) of (s2) g is thus obtained since we have
Sa2(7r) = (s2)r. The proof is thus concluded. O

As soon as we have y; = 9, the proof of Theorem 4.2 is completed. Indeed,
Tr = 7 where 7* only depends on (o, vy,). Now, let us assume v; # 2 to conclude
the proof with the following result:

Lemma 4.3. Assume y1 # 2. There exists two sequences (o;)i1<i<n and (B;)i<i<n
of real number only depending on (o,vr), so that

pr=ph+ Y. @l +0("), (4.15)
1<i<n
(s2)r=(s2)n+ Y Bid’ +0(5™H). (4.16)
1<i<n

Proof. The following form is assumed for the end state Tr = 1/pg:

TR=TR+ > @b + 0", (4.17)

i=1

where 7% = 1/p% and (a;)1<i<n denotes a real sequence which only depends on
(o,vy). First, let us develop (4.12) when involving the expansion (4.17) to write:

n
(s2)r = (s2)L + »_ Bid" + O(6™1),

i=1
where the coefficients 3; depend on (o,vy) and (aq, ..., ;). As a consequence, the
coefficients of the (s2)g’s expansion only depends on (o,vy). The proof will be
concluded when establishing the existence and uniqueness of the sequence (@;)1<i<n.-
To access such an issue, the identity (3.22) is considered to link 7z and (s2)g. It is
thus necessary to be more precise about the dependence on (ay, ..., ;) concerning
the coefficients ;. For the sake of simplicity in the notations, we set ¢; a constant
which only depends on (o, vy) while ¢; denotes a constant with a dependence on
(o,vr) but also on (aq, ..., a;—1). With some abuse in the notations, we set ¢; = 0.
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Let us consider a generic function O in the form (4.11) to write the following
expansion:

O(tg) = )+ > (ejoy + )57 + 06", (4.18)
j=1
Indeed, we have

Z am’R7 (4.19)

where the following expansion is easily obtained:

= () D (o + @)+ 0. (4.20)
i=1
The required relation (4.18) is deduced from (4.19) and (4.20).
Now, let us consider the expansion (4.12) where the coefficients, given by ©(7g),
are substituted by there own expansion (4.18) to obtain:

n—1
(s2)r = (s2)r + O1(TR)S + > (Oi1(Th) + cicvi + &) 67 + O(6™F1).
i=1
Since the pair (7g, (s2)r) belongs to G~1(0), defined by (3.22), we obtain:
n—1
(52)2 +©1(1R)8 + D (©ir1(Th) + ciai + &) 61 + 00" ) =
i=1
Y2 — 1 ~yo—1
- Tr) T F(TR)- 4.21
Y2 — 71( 7) (7) ( )

Let us underline that the smooth function 7 — 77271F(7) reads under the generic
form (4.11). Hence, the expansion (4.18) can be once again applied:

Y2 — 1 o —1 Y2 — 1 1 4 n+1
F - P F(tR)+ ) (¢ ai+¢)0' +0(0
I o) = < )+ ) (0 06,
where ¢/ = ¢/ (o,vy), ¢ = 0 and & := ¢/ (0,vL,a1,...,;—1). The equation

(4.21) thus reads:

-1
{(32)1: + 12_7
2T _ (4.22)

—|—Z {92(7-1%) 4+ 1041+ G — C'Z:Oéi — &;7:} 0 = O(5n+1)

=2

<T%>721f<r%>} L {01(r}) — Fau} s

Now, let us apply Lemma 3.1 with ps = 0 to establish that the pair (79, (s3)g) only

depends on (o, vy,). Indeed, (79, (s3)r) is solution of the following system:

(s9)r = (s2)L,

Y271 _
Flri) + =7 (8)n(m) 7™ =0.
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We deduce from (4.22) that the n-uplet (g, ...,a,,) is the unique solution of the
following n x n system of algebraic relations:

{leal = 01(73),
C;?:Oéi = 61(7'%) +ci—10-1 + Ei_l(al, ey 041'_2) — E{:(Oél, ~-~704i—1)a 2<i<n.

As expected, the solution only depends on (o, vy). The proof is thus completed. O

5. Proof of Theorem 4.1

This section is devoted to the proof of our main result, namely Theorem 4.1. For the
sake of clarity in the notations, we omit with no confusion the notation ~ associated
with the definition of the traveling wave. Let the pair (o,vy) be fixed in (R x ).
The smooth function v? € C}(R,2) denotes the traveling wave solution of (2.4)
with lime_, oo v1(§) = vi, while v? € C1(R,Q) is the traveling wave solution of
(4.3) which satisfies limg_,_ o, v?(€) = vp. The parameterization of v° is assumed
to be fixed and will be specified below.

In the sequel, we set 77 = 1/p" and 7° = 1/p". Theorem 4.1 will be established
from the following three propositions:

Proposition 5.1. Invoking a suitable parameterization of the traveling wave v", let
us assume that the C1(R) function sequences (17)p0 and (s3)y>o0 tend respectively
to the smooth functions & — 7°(€) and & — s3(€) = (s2)r, as n goes to zero where

the convergence is uniform on R. Then we have

0

lim v7? = v°,

n—0
the convergence being uniform on R.

Put in other words, the proof of Theorem 4.1 follows from the R-uniform con-
vergence of (7),~0 and (s3),>0 to the smooth functions £ — 7°(¢) and & — s3(¢).
These convergences are stated in the two following results. Just, let us recall that
s9(€) = (s2)1, for all £ € R since we have dgs3(€) = 0 with pe = 0.

Proposition 5.2. The function sequence (s3),>0 tends to the real constant (s2)r,
as 1 goes to zero. The convergence is uniform on R and does not depend on the
choice of the parameterization.

This result may be completed when proving the convergence of the orbits, de-
fined by the traveling wave solutions of (2.4), to orbit defined by the traveling wave
solution of (4.3). To be more precise, let us denote L7 (respectively £°) the integral
curve defined by (77, s3) (resp. (7%, (s2)r)) solution of (3.13) for all n > 0 (resp.
n = 0). Both orbits £7 and L£° are closed arc which join (77, (s2)z) to (74, (s1)r)
or (13, (s2)1) respectively. The following result ensures the convergence of £7 to £°
as 7 goes to zero.
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Lemma 5.1. For all parameterization of the traveling waves (v'"),~q, the following
limit holds:

H n_ 0
71]11% Tp = TR- (51)

Then for small enough values of n, the integral curve L7 is entirely included a
neighborhood of LO.

Proof. The limit (5.1) follows from the definition of the end states of the traveling

waves. Indeed and after (3.22), the pair (77}, (s])r) satisfies

72— N _
f(Tg) =+ ﬁ(sg)R(Tg)l T2 — 0,

where F is defined by (3.14), while the pair (7, (s2)1,) is defined by

F(r) + 2 (s)e (7R = 0.
72— 1
First, let us assume v; = 5. We have 7} = 7% = ’7'1% for all n > 0 and the conclusion
is obvious. Next, with 71 # 72, let us denote 7 the limit of 7} as 7 goes to zero.
After Proposition 5.2 we have (sJ)r — (s2)r as 7 tends to zero then, in the limit
of n to zero, we obtain:
FE) + 2= (5y) (7)1 = 0. (5.2)
72— 1
Assume 1 < 79 to exhibit two distinguished positive roots of (5.2), namely 77, and
7%. After Lemma 3.3, 7 < 71, then we have 7 = 73.

Now, assume ;3 > 7. This specific case turns out to be more complex since
a straightforward computation ensures the existence of three distinguished roots
for (5.2). These roots are 7z, 79 and an other we denote 7. Hence, we have two
possibilities: 7 = T}% or T = 7. In order to eliminate 7 = 7, it is necessary to specify
7", defined in Lemma 3.3, to obtain 7 < 77" < 7/, < 7'1% and thus 7 = TI%.

Let us recall that the curve G1(0), defined by (3.24), defines a continuum set
of end points of (3.13). The orbits £ and (£7),~0 connect two distinguished points
of G71(0), namely (77, (s2)1) and (7%, (s2)1) respectively (7, (sq)r). These orbits
do not intersect G~1(0) excepted in their ends. Now, the manifold G~1(0) is known
to coincide with the curve

I(r) = _zml 27 E(r), 0<T<71L. (5.3)

2N
A straightforward study of I" ensures the existence of a unique local minimum (in
7™) and a unique local maximum (in 7*) such that 0 < 7™ < 7% < 7™ < 7.
Let us note from now on that 77 defines a minimum of the admissible 7 and it
defines a maximum of the function I'. Since T', and thus G~1(0), does not depend

™ and 7™ once again do not depend on 7. Arguing the monotony of

on 7 then 7
LY and (L"),>0, the end state (77}, (s])r) necessarily belongs to the closed arc

{(r,s2=T(7)): 7€ [r™, 73]} and thus we obtain 7™ < 77 < 79.
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To conclude the proof, we show that ¥ < 7™. Studying the function 7 — F(7)+
L=t (s2) L7772 over (0,77], an easy computation ensures that this function is
positive if 7 € (7,7%) and non positive otherwise. When evaluated on 7™, this

function is shown to be positive. Indeed, we have

Frm) + 220 (5 (rm) =12 = 2L (2my 1232 (55), — T(+™)) > 0,
Y2 —1 Yo — 1

where I'(7™) = max (g ,,) ['(7) > T'(7;) = (s2). The proof is thus completed. O

A specific parameterization must be fixed to ensure the uniform convergence of
the sequence (77),%0.

Proposition 5.3. When a suitable parameterization is assumed, the function se-
quence (7)y>0 tends to the smooth function & — 7°(€) as n goes to zero. The
convergence is uniform on R.

The proof of Theorem 4.1 readily follows from the above three propositions.

Proof of Proposition 5.1. Let the suitable parameterization of v be assumed.
Invoking the convergence of (7),~0 and (sJ),>0, the uniform convergence of (p")
and (pg) is proved. Indeed, we have

70— 77

1= T and - = (= D) T () — ()
while the smooth functions & — 77(¢) and & — 79(€) are strictly positive for all

¢ € R and > 0. Since the traveling waves v and v satisfy Lemma 3.3, we obtain:

|55 — 85|

0_ -n
O|<|T 7—| (m)»y
T 2

= ()2
where the constants 7 > 0 and s3! > 0 do not depend on 7. The R-uniform

convergence of the sequences (p7),>0 and (p3),>0 to the functions p® and pJ is
established. Concerning the R-uniform convergence of ((pu)"),>0 and (py),>o to

Ip" —p and [p] — pY| < +1(p")2 = (p°)]sy", VEER,

the smooth function (pu)® and pJ, the expected result directly deduces from (3.12).
Indeed, we have:

(pu)" = (pu)°’ = o(p" — p°),

7 _ .0 n_ .0 n _ A0 M2
P1—P1 Py —DP2 P P 71 2
= + p)L + Dp2)L — ) )
n-1 m-1 pL (71—1( ) 72—1( ) 2
and the proof is achieved. O

Proof of Proposition 5.2. Let v € C}(R,Q) be a traveling wave solution of
(2.4) for all fixed n > 0. The proof is based on a relevant estimation of the smooth
function & — des5(&). After Lemma 3.1, both functions § — 77(§) and £ — s5(&)
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satisfy the autonomous ODE system (3.13). After easy computations, we obtain to
the following equation satisfied by si:

dsg(g) _ (72 _ 1)7_7](5)72—2 ‘u2(v77)

d§ pa(v7) + p2(v7)
— d
(Fme) + 2= 2agome ) T, veer n>0

where F is a quadratic function defined by (3.14). When considering a traveling
wave solution, the function & — dg7"(€) is negative for all £ € R with > 0. Hence,
the function & — F(7"(€)) + "ff;ijf5727(5)7"7(5)1’72 is once again negative for all
& € R with n > 0.

Now, we deduce from Lemma 3.3 the following inequality:

e\ v2—2 p2(v"(§)) _ 0 Y2—=2 [ _myya—2 v2(v"(§))
e DT O™ @) ey = DR T g
Moreover, since each component of the map £ — v7(£) can be bounded indepen-
dently on 7 (see Lemma 3.3), there exists an open subset of €2, independent of 7,
such that £ — v"(&) belongs to this subset for all n > 0. As a consequence, arguing
the smoothness of the maps 1 and v, there exists two constants, denoted C,, > 0
and C,, > 0, such that p,(v"(§)) > Cy, and v2(v"(£)) < C,, for all £ € R. Then,
there exists a constant C' > 0 which does not depend on 7 such that the following
inequality is obtained:

n — 7

22 <o (Fee) + E e ) T
Next, since the quadratic function F does not depend on 7, there exists a positive
constant, denoted C' independent of 7, such that

VEER, n>0.

02 F(r(€) + Z—1s3O7©) 7 2 =0, W EeR n>0.
-

We thus obtain
ds3 () = | dr"(§)
<
Sl

when integrating the relation (5.4) over (—oo, ) for all £ € R, we obtain the follow-
ing expected inequality:

0<

, YEER, n>0, (5.4)

0 < 53(6) — (s2)r <nCC(rp = 7"(€)) VEER, n>0. (5.5)
Since we have 0 < 71, — 77(§) < 71, — 7™ for all £ € R with n > 0, the proof is
completed. O

Now, we turn proving Proposition 5.3. To access this issue, a particular form of
the ODE satisfied by the function ¢ — 77(¢) — 7°(€) is exhibited. The main interest
of this ODE is to recast the system under a linear form (in a sense to be prescribed).
The linear ODE will be shown to satisfy sufficient conditions to ensure the expected
convergence result.
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5.1. Proof of Proposition 5.3: A simplified problem

Let us illustrate our purpose when enforcing restrictive assumptions: v = 7o,
p1(v) = pf > 0 and pa(v) = 1. The general setting will be developed below.
After Lemma 3.1, the functions 7%, (7),~¢ € C'(R,R%) are known to be unique
up to a parameterization and to satisfy for all £ € R and n > 0:

n 0
e +m) T — ey ana ar T - (r0),
dg dg
where F is defined by (3.14). We thus obtain
d L (F)  FE)N g dr
(A 20y _ _ =z .
€ )= g ( o0 ) (56)
but for
F(rm  F((9) e (mtl . o TLT*
™ 70 =M 2 (" =7) 1_7"77'0 ’
As a consequence, the equation (5.6) reads:
%(77] - TO) = (7-77 - TO)An(é) + Bn(§)7 Vf € Ra n> 07 (57)

where the functions A7, B7 € C}(R,R) are defined as follows:

M (v +1 TLT* n dr"
() — _ N(¢) — _
A(€) = 0 < 5 > (1 T”TO) , B1(§) 10 g V¢ e R,n>0.(5.8)

Note that the linear form (5.7) satisfied by 77 — 79 arises when assuming the exis-
tence of the functions ¢ — 77(¢) and ¢ — 7°(€). Of course, this non standard form

(5.7) never can be used to prove some existence problem for ODE theory. In the
present setting, it can be understood as an other representation of 77 — 70 justified
by the knowledge of the involved functions 77 and 79.

Now, a Cauchy problem can be associated with (5.7) when giving an additional
initial data. Let us emphasize that the solutions (77),s0 and 7° of the system
(3.13) are defined up to a parameterization. This parameterization is thus fixed
when enforcing an initial data for both functions 77 and 7°. The parameterization
of 70 is fixed as follows:

7(0) = To, (5.9)

where 7y € (7%, 7,) is arbitrarily given. For choice of interest, 7y will be consid-
ered in a neighborhood of 7. By virtue of Lemma 5.1, with 7 small enough, the
parameterization of 77 can be assumed as follows:

7(0) =70 + €y < 71, (5.10)

where the small parameter €, > 0 tends to zero as n goes to zero. With some abuse
in the notation, the inequality 7o +e¢, < 77, will be always assumed, i.e. 77 is assumed
to be small enough.
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When involving this suitable parameterization, the smooth function £ — 77(§) —
70(¢) satisfies the following linear Cauchy problem:
d
=T = (= A + IS, Ve E Ry >0,
(7" = 7°)(0) = &,

(5.11)

where A" and A" are defined by (5.8).
The expected convergence, i.e. lim, o supgcg [77(€) — 7°(€)| = 0, is ensured by
the following result. Indeed, we have

Theorem 5.1. Consider the following linear Cauchy problem:

dX"(E) n n y
“E = AN X(E) + B"(€),VE € R, > 0, (5.12)
XW(O) = €,

where AT, B" € CY(R,R) for all 7 > 0 and €, > 0 tends to zero as n goes to
zero. Let C' denotes a generic constant independent of n. Assume that A" satisfies
|[A"(&)| < C for all £ € R with n > 0, and the following inequalities:

A1) > C, V¢ < —a and A"(¢) < —C, V€ > a, (5.13)

where a > 0 denotes a large enough constant independent of . Assume the following
inequality satisfied by B":

1B < K"OIXME]+[f"(E],  VE€R,n>0, (5.14)

where f1 € CH(R,R) tends to zero asn goes to zero but for a R-uniform convergence.
Let K" € CO(R,Ry) NLY(R) be a function such that the following inequality holds
with & fixed in R:

“+oo

i K"(€)dE < |X"(€0)| + C%(&) + C7, (5.15)

where CY(&y) (respectively C") depends solely of &y (resp. 1) and
lim C°¢) =0, lim C" = 0. (5.16)
n—

§o—+o0
Then, the nonextensible solution of (5.12), X" € CY(R,R), satisfies:

lim sup | X"(&)| = 0.
10 ¢er
Let us note from now on that the assumption (5.14) will give the required limit of
the sequence (X"),~o but for a uniform convergence over every compact intervals.
The control of the convergence near the infinities is obtained by the assumptions
(5.13), (5.15) and (5.16).
The proof of Proposition 5.3 readily follows from the above statement as soon
as A" and B", defined by (5.8), satisfy the assumptions stated Theorem 5.1.
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7 € [t*,71] we have

Concerning the function B”7, when assuming our restrictive assumptions, since
drm

T 4+ 7L
j:'
i (=)
Let us set K7 = 0 to write [B"(§)| < f7(§) = Cn for all ¢ € R and n > 0 with C a
generic positive constant. Hence, B" satisfies the assumptions stated Theorem 5.1.
Concerning the properties satisfied by A", we easily deduce that A" is bounded

independently on 7 since 7™ < (77(€),7°(¢)) < 71 for all £ € R. The expected
estimations (5.13) are established in the following result:

77 1
+n M7*pf

B1(¢)| = %  VEER >0,
1

Lemma 5.2. Let A" be defined by (5.8). There exists two smooth functions, denoted
A%, independent of 1, such that

A& < AT(E), VE>0,m>0,
A1) > A7(§), YE<0,7>0,

where the functions AT satisfy lime_, £oo AT (£) < 0.

Proof. Arguing the monotony of £ — 77(£), we have
1) >To+ €, > Ty, VE<O0,n>0.

We thus obtain

M [y +1 LT o
A”(g)z,u?< 5 )(1—%70(0)—A(§), VE < 0,p>0.

The following limit holds:

. ey M (1 T
o () (-5)

Reversely, 77(§) < 7o + €, for all £ > 0 and n > 0. With ¢, small enough, we have
To + €, < (11, + 7o) /2 to write:

M (n+1 _ TLT" _ ot
0@ < (257) (1= grrm) ~ 47O ves o

Since we have limg_, 1o, 70(€) = 7% = 7*, the following limit is obtained:

i A0 = i (M57) (1 ) <O

£—+o0
The proof is thus completed. O
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5.2. Proof of Proposition 5.3: The general setting

Now, we turn proving Proposition 5.3 in the general setting when extending the
linear representation (5.7). First, an easy computation gives the following identity:
d 1 F(r" F(r9
7(7-77 —TO) _ (T ) _ (T ) +
d¢ Mpy (v9) TN 70
Y2-—m 1 s5  (s2)r)
=1 My (V) \()= — (0)»
(v = (v°) + pa(v") dr
1 (v0) dg
where for all £ € R and n > 0 we have:

F) _F@) (r7—7°) <M2 (71 +1> (1 — TLT*) Lo m TL(pz)L> ’

VEER, > 0,

TN 70 2 170 yo—1 7170
n
o (s2)  (s2)r 0
(712 (7O)2  (7n70) ()2 = (7)) +

e (s3 — (s2)r)-

When assuming the parameterization (5.9)-(5.10), the linear linear Cauchy problem
(5.11), satisfied by 77 — 79, is thus obtain where the functions .A”7 and B" are defined
as follows:

A(E) = m <M2 (71; 1) (1 - ;L;;) +

Yo—y1 (p2)rT Ye—m (s2)r (79)72 — (77)72 (5.17)
vy —1 7170 vo — 1 (7770)7 71 — 70 ’ ’

miey 12— 1 Lo ey —
B(¢) = Y2 —1 Mpuy(v9) (7'")72( 2~ (s2)r)

pa(v?) — pa(v0) AT pa(v7) dr”
p1(vO) g pa(v9) d€ -
Note from now on that both functions A7 and B"7 belong to C*(R,R). Indeed, the
involved functions 77, 79, s7 are C!'(R,R%) and the function & — (TO):?,# is
obviously shown to be C(R,R) while ¢ — u1(v°(€)) is a smooth positive function
for all £ € R.
The proof of Proposition 5.3 is thus completed when establishing the following
statement:

(5.18)

Proposition 5.4. Let A" and B" be defined by (5.17) and (5.18) respectively. Then
the functions A", B" € CY(R,R) satisfy the assumptions stated in Theorem 5.1.

The proof of the above result readily follows from the three following technical

lemmas. The first one is devoted to establish the expected estimation concerning
Bm.

Lemma 5.3. Let B" be defined by (5.18). There exists a positive constant C, in-
dependent of 1, and a positive function K" € C1(R,R,) N LY(R) such that

B"(€)] < K™(€)|7"(€) — (&) + Cn,  VEER,n >0,
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where K" satisfies (5.15)-(5.16).

The estimations (5.13) are deduced from the two following results:

Lemma 5.4. Let A" be defined by (5.17). Assume |Ty — 71| small enough, then
there exists a smooth function independent of 1, denoted A~ € C1(R,R), such that

AN(E) = AT(€), VE<0,n>0,
where limg_, oo A~ (§) > 0.

Lemma 5.5. Let A" be defined by (5.17) with the same parameterization as in-
volved in Lemma 5.4. Assume n > 0 small enough, then there exists a constant
& >0 and a function AT € CY(R,R), independent of n, such that

AT(E) S AT(E), VE>En>0,
where limg_, oo AT () < 0.

Since 7™ < (77(€),7°(€)) < 71, for all £ € R and 1 > 0, the function A" is easily
shown to be bounded independently on 7. Hence, Proposition 5.4 readily follows
from Lemmas 5.3, 5.4 and 5.5.

Now, the three above results are established successively. Let us note from now
on that the lost of symmetry in the limit system implies distinguished studies for
each case v1 < 7¥2, 11 = 72 and 1 > 79, since the role played by each pressure
cannot be reversed. In fact, the specific case 73 = 72 turns out to be similar to the
simplified model involving restrictive assumptions. As a consequence, in the sequel
we consider 1 # s.

Proof of Lemma 5.3. Since the hypothesis (3.3)-(4.1) is assumed for the vis-
cosities and 0 < 7 < 77(§) (see Lemma 3.3) for all £ € R and n > 0, we easily
obtain:

dr’ drt
dg dg
where v = infeeg p1 (v0(€)) > 0. After (5.5), let us recall the existence of a constant
C > 0, independent of 7, such that |sJ — (s2)r| < Cn. In addition, we have |d¢7"| <
C for all £ € R and n > 0. From (3.13) we write

1
B"©)] < 1

1 (v") — m (v0)|

Y2 — 71
Y2 —1

|s3 — (s2)r] +

)

n n
]

dr" 1 1 S .
T n t2 ST (e Y2
d¢ | = pa(v7) + pa(v) Mo ('JT(T I+ || 52" :
1 Y2 M| M 1—
< m 72 )
= UM <T§[Eﬁ’fm FOI+ |2 |52 ) (5.19)

Moreover, we have |vo(v")| < C since v, is a positive smooth function and each
component of v is bounded independently of 7. We thus obtain:

1 {dr"

— C vEeR 0.
|V df + "77 ge 77]>

1B"(&)| < |pa(v7") = pa (v°)
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Since the functions v? and v" are valued in a compact set of 2, the smoothness
property of the viscosity function p; ensures the following inequality:

i (v") = pu(vO)| < Ol =% + O, VE € R, >0,
where C > 0 denotes a constant. The required inequality (5.14) is thus obtained
when the function K" is defined by

Ke) =<

v

dr’
dg
To achieve the proof, let us establish that (5.15)-(5.16) hold. Indeed, with & € R
fixed, we have:

, forall¢ eR,n>0.

e n C n
[ KN = I &)~ Tl >0,
C
< — (I7"(60) = 7°(0)| + 17°(€0) — 7RI + [Tk — 7RI) , V1 >0,
and the proof is completed. O

Proof of Lemma 5.4. For the sake of simplicity in the notations, we introduce
two functions, A7 and AJ in C'(R,R), defined as follows:

A= (M) (1- 20 )+ B G
— 0Vy2 _ (+n)72
ay(e) = 22 A (2= 07, G.21)
to write
1
AT(€) = Mo (v0) (A1) + AJ(€)), YEER,n>0. (5.22)

First, the monotony of A} and A7 is studied to show that A7 is a decreasing function
and A7 decreases (respectively increases) as 71 < 72 (resp. 71 > 72). Indeed, the
derivative of A7 reads:

d n o 2 (M1 + 1 « Y2 — 71 Tndg’ro + TOdETn

Since de7" < 0, de7® < 0 and 7* is defined by (3.15) to write:

7m+1 Y2 — M
,7'{2 R * _ Ja 7L —
( 2 > T (p2)e7e

2

M 1
1 -
(n )TL<2TL+71_1

(p1)r +

N 1(p2)L> >0.  (5.23)

thus we have d¢ A7 < 0.
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Concerning the monotony of A7 we write:

i 77(5) Y2 (Sz)L 1
dg§  yp — 1 (770)ne+L (11 — 70)2

0
(i () dert + o0y ( 5) der®).

where we have introduced the function g € C*(R%,R,.) defined as follows:

9(Q) =7 = 1) + (e +1)(1 - (), V(>0

A straightforward study of g gives ¢g(¢) > 0 for all ¢ > 0 with g(1) = 0, and the
monotony of A7 is as expected.

X

Now, let us assume 7; < 72 to obtain the following inequality:

AT(E) = (A{(0) + A3(0)), V€ <0,n>0.

M (v0)
In fact, the values A7(0) and A2(0) can be estimated independently of 7. Indeed,
we have:

+1 TLT™ Y2 — M TL
AT(0) = M? (71 )(1— >+ . (5.24
10 2 Tt ents) Tt P g oy 02
Yo —m (s2)L T2 — (To + €)™
Y2 =1 (To+€))27%  To — (To + )

A(0) = — (5.25)

but for €, > 0. In one hand, invoking (5.23) we obtain:

+1 1 T +1 Y2 — M
A0) =% () - <M2< ) - )
1( ) ( 9 (% +€n)75 D) TLT vy — 1 (pQ)LTL

7 +1 oM +1 Y2 — M
> M? M *_ 5.26
>0 (B50) - g (007 (25 ) e - 2 ). (5.26)

In the second hand, we have:

Y2
y2—1 To -1
— 1 To+en
A;’(O) ot (p2)L7L (TTL> ( )
0 (

72— 1 To +ey)7o (%)71’
oten
Y2 =M =y
> 2 5.27
> -2 en (Z) 2 (5.27)

Now, for the sake of simplicity in the notations, let us introduce

TR Y A S R W A N 0t Ut S W R _ 721
A(T)—M( 5 )+7_2<M< 5 )7—5—721( 2)L (1 'yg >>

The function 7 — A(7) is defined in a neighborhood of 77, and we have A7 (0) +
AJ(0) > A(Tp) for all y > 0. In addition, an easy computation gives:

Alrr) = % (M7, —vi(p1)L — 2(p2)1) »
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where we have A(r;) > 0 as soon as (3.4) is assumed. As a consequence, the
continuity of A in a neighborhood of 77, > 0 ensures A(7y) > 0 for |75 — 71| small
enough. Then we deduce

n
A1) = My (v0)
and the proof is completed as soon as 1 < 7s.
Now, we turn proving a similar inequality with 7; > 5. Arguing the monotony
properties of A7 and AJ, we have

1 .
Q) 2 gt (A0)+ lim_42©) Ve <0 >0,

A(7p) >0, VE<0,n>0,

where
. v2 =7 (p2)L
lim AJ(¢) = ————yp—=.
oo 2(8) v — 1 V2 i~
Since (5.26) holds, we obtain for all £ < 0 and 5 > 0:

1 714’1 TLT* ")/27")/1 1 ’72
n - 2 _ 1=
A0 2 My (v0) (M ( 2 > <1 17 ) T (p2)e7e <To2 T%))

Indeed, in the limit of 7y to 7, the right hand side is easily shown to be strictly
positive. As a consequence, the right hand side of the above inequality stays positive
as soon as |7y — 71| is small enough. The proof is thus completed. O

Proof of Lemma 5.5. Following the ideas introduced in the proof of Lemma 5.4,
the expected result is obtained when considering a suitable form for A". First, the

function A" is rewritten as follows:

1
M) = ———— (A 2 VEER, >0 5.28
A = Fpeuay (A€ + 43(0) . Ve R >0 (5.28)
where A! does not depend on 7. The proof will be achieved as soon as th two
following properties will be established:

(i) . lim Al(g) =0.
(ii) For all 6 > 0 small enough, there exists 7(d) > 0 and £* > 0 such that
A3 S A©) +Co, VE> € <n(d),

where C' > 0 denotes a constant which does not depend on neither n nor 4.
The function A, once again independent of neither n nor §, denotes a smooth
function which obeys lim A(£) < 0.

§—+o0

First, let us detail the precise form of the functions A! and Afl. To access such
an issue, let us consider the form (5.22) of A" to recast A7 as follows:

AUO) = = (700 + Z e ) +

1 /7 Yo — M o (m+1Y\
_ 1) M 7
70 (7'77 ( Yo —1 (p2)r 2 g

70(70
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where F is defined by (3.14) and 7* is given by (3.15). Now, let us introduce the
positive smooth function g € C3(R4,Ry) defined as follows:
C’Yz -1

9(¢) =¢ o1

in order to write:

Al =-12— 1 (p2)z (LLVQQ (TO> , VeeR,n>0.

yo—1 79 \70 TN

We note from now on that the function g is positive, increasing and convex. We
recast A1 as follows:

niey 2= (P2)r (TL LO Y2 —m (P2)r (7L LO B ﬂ
A>(6) = v —1 70 (7—0> g(TL)+’YQ—1 70 (70) g(TL) g(T”) '
Since we have A{ + AJ = A' + A2, we easily obtain:

1ey _ 1 27N o e W) ey 10
A(g)—TO(TO_TL Fir) 4+ D ) - TR (T5) T,
200y _ 72 2 (i t1Y .

450 = 3 (5 -1) (5o (257) ) 5

e (%) ( o).

The expected property (i) readily follows from the following limit:

Y2
i F(70 __2=—m o (7L )
Jm Fr) = == e { 7o

Now, we turn establishing the property (ii). First, let us assume 7, < 2. Since
g is an increasing function, with 77(¢) < 71, for all £ € R and 7 > 0 we have

LT T2 —m M+1
20 <5 (Z-1) — M * R,y > 0.
A (8) = 5 (T,] po— (p2)r 5— )7 ), VEERN>0
Now, for all £ > 0 and n > 0, we have 7"(§) < Ty + €, < (7o + 71.)/2 to deduce the
following inequality from (5.23):

A2(E) < A(E)  VE> 0,7 >0,

0= 55 (s ) (e e (B57) ).

The expected property (ii) is thus obtained when considering v; < vo.
Now, we turn assuming ; > 9. First, let us note that the function A% can be
recast as follows:

with

A2 () = — (Ti - 1) G0 "), VEeR, >0, (5.29)

70 \ 77
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where G € C'(R;. x Ry, R) is defined as follows:

1\ L -
6(r%,77) = 1% (T ) ot 220,

T e T\t g(%/ 1) — g(r°/7")
v2—1 (p2) (T%) 7'0/7L'L—7'0/T'7

As a first step, we exhibit a bound of G(7°,7") independent on 7. Since g is an
increasing convex function, the function 77 — G(7°,77) is seen to be a decreasing
function. After Lemma 3.3, we have 77(§) > 7, for all £ € R and n > 0 and thus
G(r0 71 < G(7°, 73) for all £ € R and n > 0. Invoking Lemma 5.1, for all § > 0
there exists 1(§) > 0 such that 77} > 79 — 6 for all n < n(§). Moreover, § > 0 can be
assumed small enough to ensure 7, > 7'1% —§ > 7™ where 7™ defined Lemma 3.3.
As a consequence, we deduce

G(r%,7") < G(r%,p —8), VEER,n <1(d).
In fact, this above estimation can be specified as follows:
G(r% 1M < G(r°, 1p) + C8,  VE € R,m < n(s), (5.30)

where C' > 0 denotes a relevant constant. Indeed, as usual we have

% g
[ 5e0.0dc =90 ) - 60,78 - o),
TH—6 8(

where an easy computation gives:

0 0~ Y172 T\ 21 70

afCQ(T Q) = ﬁ(pZ)L (?0) e X

1 g/(ﬂ) _g(r%/7) —g(r°/¢)
=\ T T e )

Arguing the monotony properties of the function g, we obtain for all ¢ in the subset
(7 — 8,73

0 -9 (/1) = g'(°/¢) ~ =72 (p2)r [ TL 2
afcg(T ,¢) > —C Py E—_T where C = o M (Tim) >0

Now, the study of the function of g ensures that ¢’ is convex if v > 2, concave if
v2 < 2 and affine if 7 = 2. Hence, for all ¢ € [79 — §, 78] we have:

9
o¢
and the inequality (5.30) is obtained. Since we have 77(£) < 7, for all £ € R and
n > 0, from the above estimations we deduce the following inequality satisfied by

G(r°,¢) > —C x {9

(LL - 1) G0 7h) + % (LL — 1) Cs, V¢ ER,n < (o).

N
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With 7™ < 77(€) < (7o + 71,)/2 for all £ > 0, let us note that we have

cm<i(

= 70

TL

m

)<c,
where we have set

1 1

== (IL-1)>0 and "= (-1 >0,
T, \T™ 7\ (To +71,)/2

In addition, let us assume that there exists £* € R, independent of neither 7 nor §,

such that the function & — G(7°(€), 73) is negative for all £ > ¢*. Then we obtain:

A%({) <C™mG(r0, 72 + CCs, € > max(0,£%),n < n(d),

and the property (ii) is established.

To conclude the proof, we give the existence of £* which will be ensured when
proving limg_, o0 G(7°(£), 7%) < 0, ice. G(78,7%) < 0.

By definition of A", given by (5.17), we have:

e e YL (= S

T M (v0) =0\ 0 -1 iy ()

Since limg_ 400 A (€) = 0, in the limit of £ to +oo the identity (5.28) reads:

1
1 ( - 1) G(r%,71) =

TR \"R
1 (f(n’%) _F(R)  2mm (SQ)L( 11 ))
T}_% — 7'1% T}_% 7'1% v — 1 (7'}735)72 (7'}%)72

With 1 # 72, let us recall that the pairs (7%, (s2)r) and (74, (s])r) belong to
G~1(0) defined by (3.24). Involving the developed form of F, the above relation
writes:

1 (7 0 M- 1 (s5)r—(s2)L
_q ) = . V>0, (531
7_1% (Tg > g(TR TR) vo — 1 (ﬁ@)w2 T}z — T}% n ( )

where (sg)g = I'(73) and (s2)r, = I'(7%), T being defined by (5.3). In the limit of 7
to zero, the equation (5.31) reads as follows (see Lemma 5.1):

1 (1L > 0 _0 =7 1 100
S — -1 gT T = T Tp).
7 (T% (o) = L2 T (o)

The derivative of I' is negative when evaluated on 73 and thus we have G(79,7%) <
0. The proof is completed. O

To conclude the present section, Theorem 5.1 is established. In fact, the proof is
straightforward but we do not find such a convergence theorem in the proposed ver-
sion (for instance, see Hartman'® or Reinhard!® for some details about the general
ODE’s theory).



December 14, 2007 11:57 WSPC/INSTRUCTION FILE berthon’coquel

About shock layers for compressible turbulent flow models 35
Proof of Theorem 5.1. Let us recall that the solution of (5.12) is given by

7 5 Ky
X1(E) = X7(&)elo A O% 4 [ 10l ATO%ag, e e Ry >0,
o
for all {5 € R fixed. Arguing the smoothness of the function A", the following
inequality holds from the assumption (5.14):

3
|X7(&)] < C(IX”(&))I sup f"(€)> +/€ K"(QIX"(Q)]d¢, V& € R,n >0, (5.32)

where C' > 0 denotes a constant.

Let K be any compact interval in R. The well-known Gronwall Lemma, applied
to (5.32), ensures the K-uniform convergence of X" to zero as n goes to zero. Now,
let us assume & > a and let us set £y = a to write:

—+o0

X7(¢)<C (IX"(G)I +§161§|f"(€)\ +§1>1p|X"(§)| K”(CMC) , V€ >a,n >0,

a

which gives for all n > 0:

+oo
(1 -C K”(C)dc) sup [ X"(¢)] < C (IX”(G)I + sup f"(£)> :
a §2a EeR

Since the function K" satisfies (5.15)-(5.16), for a large enough constant a, there
exists np > 0 such that

1-C K"({)d¢ >0, VY0 <n<nop.

a

Arguing the R-uniform convergence of (f7),~¢ and the K-uniform convergence of
(X™M)p>0, we thus obtain

lim sup | X"(&)| = 0.
1=0¢>a

A similar arguments used for £ < —a ensures the required result. O
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