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Asymptotic preserving numerical schemes
for a non-classical radiation transport model
for atmospheric clouds

Kai Kryckia, Christophe Berthonb, Martin Franka, Rodolphe Turpaultb

We present numerical schemes for the P1- and M1-moment approximations of a non-classical transport equation modelling

radiative transfer in atmospheric clouds. In contrast to classical radiative transfer, the photon path-length is introduced as

an additional variable and serves as pseudo-time in this model. Since clouds may have optically thick regions, we introduce

a diffusive scaling and show that the diffusion limits of the moment models and the original equations agree. Furthermore,

we show that the numerical schemes also preserve the diffusion asymptotics as well as the set of admissible and realizable

states, both for the explicit and the implicit discretization of the pseudo-time variable. A source iteration-like method is

proposed and we observe that it converges slowly in the optical thick case, but a suitable initialisation can help to overcome

this problem. We validate our method in 1D and present simulation results in the 2D-case for real cloud data. Copyright
c© 2011 John Wiley & Sons, Ltd.
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1. Introduction

The interaction of solar radiation and atmospheric clouds is one of the major challenges in global climate modelling because

of its influence on the radiation budget of the earth. It is still one of the main sources of uncertainty in current climate model

predictions. Classical radiative transfer models have shown wrong predictions in the past. Some researchers [1] suppose that

the structure of the background medium has to be taken into account, so Larsen [2, 3] suggested the following non-classical

transport equation to model the transfer of photons in atmospheric clouds:

∂sφ(s, x, v) + v∇xφ(s, x, v) + Σt(s)φ(s, x, v) = 0 (1a)

φ(0, x, v) = c

∫ ∞
0

∫
σ(v, v ′)Σt(s

′)φ(s ′, x, v ′)dv ′ds ′ +Q(x, v), (1b)

where s ∈ (0,∞), x ∈ RN , v ∈ SN−1 the unit sphere in RN . Here, φ(s, x, v) is the angular particle flux at point x into direction

v . The introduction of an additional variable s, which is the path length travelled by the particle since its previous interaction,

makes this equation ”non-classical”. Note that the scattering frequency Σt depends explicitly on s. The path length s can also

be seen as the time elapsed since the previous interaction and can hence be treated as a pseudo time variable. Therefore (1) has

an interpretation as an initial value problem with respect to s, with the distinctive feature that the initial value is a functional of

the full solution. It has been shown in [4] that a unique and non negative solution of (1) exists under reasonable assumptions.

To derive this model, the following simplifications have to be made. An atmospheric cloud is assumed to be an infinite and

statistically homogeneous collection of water droplets of equal size which are randomly distributed in space. Furthermore, energy
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or frequency of the photon is omitted. Then a photon interacts with the background medium by collisions with a scattering

center, a water droplet in this case. The probability that a particle which has already travelled a distance s hits a water droplet

is given by the scattering frequency Σt(s). In case of a collision event, 0 < c < 1 denotes the probability that the photon is

scattered. Then, a photon with direction v changes its direction to v ′ due to a probability given by the scattering kernel σ(v, v ′).

With a probability of 1− c the particle is absorbed. After scattering, the particle travels a certain distance until the next collision

event occurs.

A probability density p for the distance between two collisions can be defined in terms of the scattering frequency Σt and vice

versa:

p(s) = Σt(s) exp

(∫ ∞
0

Σt(τ)dτ

)
or Σt(s) =

p(s)

1−
∫ s

0
p(τ)dτ

. (2)

Standard radiative transfer models assume that the positions of the scattering centres are uncorrelated and hence, the underlying

distribution of scattering centres in space is Poisson-like. This results in an exponential decay of p due to the Beer-Lambert law.

But this seems to disagree with current observations [5], which suggest that the path-length distribution decays algebraically and

hence, non-exponential. It has been suggested [1] that this is rooted in a correlation of the locations of the scattering centres.

One of the key features of this model is that it covers this case by the (possible) s-dependence of the scattering frequency. Since

the s-value denotes the distance of a particle to its last scattering event, the variable s can also be interpreted as a memory

variable.

Summing up, equation (1b) states that all photons which are scattered or injected into the system have zero distance to the

last scattering event, while equation (1a) models the transport of the particles.

For Σt ≡ Σ constant we have classical transport with an exponential attenuation law (see again [2]). In this case p(s) =

Σ exp(−sΣ). To model a non-exponential attenuation law we will always use an algebraically decaying function of the form

Σt(s) =
α− 1

s + 1
which means p(s) =

α− 1

(s + 1)α
, α > 3. (3)

In this paper, we investigate numerical schemes to solve equation (1). As one can easily check by looking into the sky,

an atmospheric cloud may have optically thick as well as optically thin regions. Therefore it is necessary to derive numerical

schemes which are correct both in the optically thick, diffusive regime and in the transition regime. It is well known that

numerical problems arise in the diffusive regime [6, 7] where length scales of different magnitudes come into play. A typical

atmospheric cloud is several kilometres big, but the length of a typical photon free-path has a scale of metres. A numerical

scheme can only yield reliable results if it covers the correct diffusion limit in the optically thick regime. Therefore we will first

apply a diffusive scaling and derive an (analytical) diffusion approximation. Later on we will show that the limit of the numerical

scheme in the diffusive limit is a discretization of this diffusion limit. If this is the case, the scheme will be called ”asymptotic

preserving”. More on asymptotic preserving numerical schemes can be found in [8].

An additional difficulty for the solution of the full linear Boltzmann equation is that it is numerically costly due to its high

dimensionality. In general, we have three space dimensions, two dimensions for the angle and an additional one dimensional

path-length variable, which makes equation (1) a six-dimensional problem. A standard approach to reduce complexity of kinetic

equations is the method of moments. The key idea is to derive a system of equations for its angular moments instead of

solving the full equation. In this way, the kinetic variable is eliminated. These equations will then be called a moment model

for equation (1). Since this system of equations will be under-determined one has to close the system by a moment closure,

i.e. express the last moment in terms of the previous ones. The linear P1-closure, also referred to in the literature as the

diffusion approximation, is based on a Legendre polynomial expansion of φ. In the context of radiative transfer, this closure has

already been used in the early 40’s [9]. The non-linear M1-closure is based on the minimum entropy principle, i.e. a functional

of the moments is chosen which minimizes the radiative entropy and reproduces the lower order moments. The philosophical

foundations for this approach were introduced in the 1950’s in [10], while the first application in transport theory was made 20

years later in [11]. An application to the equation of radiative transfer can be found in [12]. When constructing a numerical

scheme for a moment model, the numerical solution has to be both admissible and realizable [13]. Admissibility means that

the scheme yields values in the area of definition of the moment closure (which is not defined everywhere in the M1 case).

Realizability on the other hand means that the resulting approximations are in fact the first two moments of an angular

distribution. It will turn out that both are conditions on the relative flux, which is the fraction of the first over the zeroth moment.

The remainder of this paper is organized as follows. We give a short overview on the diffusive scaling and the analytical

diffusion limit in section 2. Due to the high dimensionality of the full equation moment models of reduced complexity are derived

by introducing angular moments in section 3. Therein, we will investigate both the P1 and the M1 moment closure. In section

4, numerical schemes for the moment models are introduced and we show that they preserve the diffusion asymptotics. This

is done both for the explicit and the implicit time-discretization. Furthermore, results on L2−stability and the preservation of

the set of admissible and realizable states are proven. Coupling of the initial value to the full solution strongly suggests to solve

the system iteratively. Hence, in section 5 we introduce a source iteration-like method and perform a von Neumann stability

analysis for this method. We observe that the iteration becomes arbitrarily slow in the optical thick case. Moreover, we present

an initialization strategy for this iteration. Finally, numerical results for the 1D and 2D case are presented in section 6 and a

short conclusion and outlook are given in the last section 7.
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2. Scaling and the Diffusion Limit

An atmospheric cloud may have optically thick regions where transport of photons is dominated by scattering, therefore we apply

the following scaling. It relies on the assumption that the probability for absorption is small and scattering is not forward-peaked,

as it was introduced in [14]. A detailed analysis of the diffusion asymptotics can be found in [2, 3, 4]; we only give a sketch of

it here.

For the rest of this paper we define the first and second moment of the path-length distribution as

〈s〉 :=

∫ ∞
0

sp(s)ds, 〈s2〉 :=

∫ ∞
0

s2p(s)ds.

Now, let 0 < ε� 1, then we scale the parameters Q, Σt and c as follows:

Q→ εQ, Σt(s)→ 1

ε
Σt(s/ε), c → 1− κε2,

where κ > 0. By additionally scaling the pseudo time-scale by

φε(s, x, v) := φ(sε, x, v),

the new scaled unknown satisfies

∂sφε(s, x, v) + εv∇xφε(s, x, v) + Σt(s)φε(s, x, v) = 0;

φε(0, x, v) = (1− κε2)

∫ ∞
0

∫
σ(v, v ′)Σt(s

′)φε(s
′, x, v ′)dv ′ds ′ + εQ(x, v).

This equation can be further simplified. By setting

Φε = ε〈s〉 exp

(∫ s

0

Σt(τ)dτ

)
φε(s, x, v)

we make use of (2), and the equation now reads

∂sΦε + εv∇xΦε = 0; (4a)

Φε(0, x, v) = (1− κε2)

∫ ∞
0

∫
σ(v, v ′)p(s)Φε(s

′, x, v ′)ds ′dv ′ + ε2〈s〉Q(x, v). (4b)

Applying a formal Hilbert expansion in the parameter ε by

Φε = Φ0 + εΦ1 + ε2Φ2 + · · ·

and letting ε→ 0, one derives the following diffusion approximation (see again [2, 3] or [4] for the details):

− 1

3

(
〈s2〉

2
+

µ̄0

1− µ̄ 0

)
∇2
xΦ0 + κΦ0 = 〈s〉Q(x), (5)

with Φ0 = Φ0(x) and µ̄0 being the mean scattering cosine. In the following, we will always consider an isotropic medium with

constant probability for the outgoing angle, and in this case we simply have µ̄0 = 0. All combined, Φ0 is an approximation of

the classical angular radiation flux up to first order due to∫ ∞
0

∫
φ(s, x, v)dvds = Φ0(x) +O(ε).

Note that this diffusion limit is not valid any more as soon as

p(s) ≥ C

s3
,

because in this case 〈s2〉 =∞.

3. Moment Models

Solving the full linear Boltzmann equation is numerically costly due to its high dimensionality. Hence, we derive moment models

for equation (1) in order to reduce complexity. Introducing the first three angular moments of function φ given by

E(s, x) :=

∫
φ(s, x, v)dv, F (s, x) :=

∫
vφ(s, x, v)dv,

P (s, x) :=

∫
(v ⊗ v)φ(s, x, v)dv,
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and by multiplying equation (4) by v and integrating over v , we obtain the following coupled system of linear transport equations:

∂sE + ε∇xF = 0, ∂sF + ε∇xP = 0;

E(0, x) = ε2〈s〉Q(x) + (1− κε2)

∫ ∞
0

p(s)E(s, x)ds, F (0, x) = 0.

Note that we have only two equations for three unknown functions. Therefore, we apply two different moment closures of

the form P = P (E, F ) to this system of equations. We set f := ‖ F
E
‖. The linear P1-model is based on a Legendre polynomial

expansion of φ and gives

P = χ(f )E =
E

3
Id,

where Id is the identity tensor and χ, the so-called Eddington factor, is constant in this case. The second moment closure we

will use is the M1-model based on the minimum entropy principle. The M1 closure leads to a coupled system of non-linear partial

differential equations with

P =

(
1− χ(f )

2
Id +

3χ(f )− 1

2

F ⊗ F
‖F‖2

)
E,

where the Eddington factor in this case is given by

χ(f ) :=
3 + 4f 2

5 + 2
√

4− 3f 2
.

In the one dimensional case the closure relations reduce to P = E/3 for the P1-model and

P =
3 + 4f 2

5 + 2
√

4− 3f 2
E

for the M1-model. Hence, the system becomes

∂sE + ε∇xF = 0, ∂sF + ε∇xχ(F/E)E = 0; (6a)

E(0, x) = ε2〈s〉Q(x) + (1− κε2)

∫ ∞
0

p(s)E(s, x)ds, F (0, x) = 0, (6b)

with χ being linear in the P1- and nonlinear in the M1-model.

Let us now show that both the M1 and P1 models have the relevant asymptotic limit when ε→ 0. To do so, we perform a

Hilbert expansion of E and F :

E = E0 + εE1 + ε2E2 + . . . ,

F = F0 + εF1 + ε2F2 + . . .

and we define

Πi(x) =

∫ ∞
0

p(s)Ei(s, x)ds.

Inserting these expansions into the system (6) and identifying the powers of ε, we get :

ε0 terms: E0 = Π0 =

∫ ∞
0

p(s)E0(s, x)ds, F0 = 0.

Since F0 ≡ 0, we note that F is of order ε and so is f = F
E

(assuming E 6= 0 everywhere). Then we have in the M1 case

χ(f ) =
1

3
+

1

2
f 2 +

3

32
f 4 + O(f 6)

near f = 0. Consequently, both in the P1- and the M1-case,

χ(F/E)E =
1

3
E + O(ε). (7)

Hence, we can continue by

ε1 terms: E1 = Π1, F1 = − s
3
∂xΠ0.

Inserting this into the next set of equations yields:

ε2 terms: E2 =
s2

2

1

3
∂2
xΠ0,

− 1

3

〈s2〉
2
∂2
xΠ0 + κΠ0 = 〈s〉Q.

This last equation coincides with (5) if scattering is isotropic, i.e. when the mean scattering cosine µ0 = 0.

4 Copyright c© 2011 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2011, 00 1–15
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4. Asymptotic Preserving Numerical Schemes

In this section we investigate properties of numerical schemes for the moment models of (1) which have been derived in the

previous section. Since the parameter ε is assumed to be small, we will especially investigate the behaviour of these schemes in

the diffusive limit ε→ 0.

To simplify the notation we set E(s, x) := E(s, x) and F (s, x) := F (s, x). Furthermore, we choose a uniform time-space grid

(sn, xi) with sn+1 := sn + ∆s and xi+1 := xi + ∆x for n ∈ N0 and i ∈ Z. Then we use the abbreviationsQi := Q(xi), Eni := E(sn, xi)

and P ni := χ(Eni , F
n
i )Eni . Using HLL as a guideline (see [15]), one derives the following discretization scheme:

En+1
i − Eni

∆s
+ ε

F ni+1 − F ni−1

2∆x
− ε2E

n
i+1 − 2Eni + Eni−1

2∆x
= 0, (8a)

F n+1
i − F ni

∆s
+ ε

P ni+1 − P ni−1

2∆x
− ε2 F

n
i+1 − 2F ni + F ni−1

2∆x
= 0, (8b)

E0
i = (1− κε2)

∞∑
n=0

ωnpnE
n
i ∆s + ε2〈s〉Qi , F 0

i = 0, (8c)

for some infinite quadrature rule given by the weights ωn. In practice the integration is cut off at some smax. This can be justified

by the fact that p is a fast decaying function, hence, the contribution to the integral will be small for s > smax. The second

central differences term is the typical numerical diffusion. The maximal and minimal signal speeds of the system are ±ε, that

explains the factor ε2 in front of the diffusion term.

4.1. Explicit Scheme

In order to simplify calculations, we write the scheme in the following as:

En+1
i = Eni − εµ(F ni+1 − F ni−1) + ε2µ(Eni+1 − 2Eni + Eni−1), (9a)

F n+1
i = F ni − εµ(P ni+1 − P ni−1) + ε2µ(F ni+1 − 2F ni + F ni−1), (9b)

E0
i = (1− κε2)

∞∑
n=0

ωnpnE
n
i + ε2〈s〉Qi , F

0
i = 0, (9c)

where µ = ∆s
2∆x

. The first problem we will address in this section is the behaviour of the numerical scheme in the diffusive limit.

A numerical scheme is called asymptotic preserving, if for each fixed discretization the leading order of the numerical solution

is governed by a discretization of the correct analytic diffusion limit as ε tends to 0. As in the previous section we will apply

a Hilbert expansion argument. This is a systematic formal procedure to identify one solution in the ring of formal power series

in ε with coefficients in a suitable function space. We will not give a rigorous proof for uniform convergence in ε here. When

strong nonlinearities are concerned, more rigorous proofs are out of reach. Therefore most works use a similar formal ansatz

[16, 17, 18]. Rigorous results exist only for linear [19] and quasi-linear kinetic equations [20].

Proposition 1. Assume the quadrature satisfies the following relation:

∞∑
n=0

ωnpn = 1. (10)

Then, the numerical scheme (9) is asymptotic-preserving i.e. it degenerates into a scheme consistent with (5) when ε→ 0.

Furthermore, the limit scheme is second-order accurate if the following condition holds:

∞∑
n=0

nωnpn = 0. (11)

Proof. Mimicking the continuous case, we perform a Hilbert expansion of Eni and F ni :

Eni = En0,i + εEn1,i + ε2En2,i + . . . ,

F ni = F n0,i + εF n1,i + ε2F n2,i + . . .

We also define Πi :=
∞∑
n=0

ωnpnE
n
0,i . Now, plugging these expansions into the scheme (9) and identifying the powers of ε, we get:

• order (ε0):

En0,i = Πi =

∞∑
n=0

ωnpnE
n
0,i ,

F n0,i = 0.

which is valid as soon as the quadrature weights ωn satisfy the asumption (10).

Math. Meth. Appl. Sci. 2011, 00 1–15 Copyright c© 2011 John Wiley & Sons, Ltd. 5
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• order (ε1):

F n+1
1,i = F n1,i −

1

3
µ(Πi+1 − Πi−1) = −(n + 1)

1

3
µ(Πi+1 − Πi−1), (12)

by summing up both sites from 0 to n.

• order (ε2):

En+1
2,i = En2,i − µ(F n1,i+1 − F n1,i−1) + µ(Πi+1 − 2Πi + Πi−1),

E0
2,i =

∞∑
n=0

ωnpnE
n
2,i − κΠi + 〈s〉Qi .

Inserting (12) inside the first equation and summing over n, then inserting this into the the second equation gives:

− 1

3

∞∑
n=0

n(n − 1)

2
∆s2ωnpn

Πi+2 − 2Πi + Πi−2

4∆x2

− ∆x

∞∑
n=0

∆snωnpn
Πi+1 − 2Πi + Πi−1

∆x2
+ κΠi = 〈s〉Qi ,

which is consistent with (5). Furthermore, this is a second order approximation under the condition (11).

Remark. Note that p is a probability density and the left-hand side of condition (11) is a discretization of the first moment of

p. Consequently this requires that at least some of the weights ωn are negative which is non-standard and usually not desirable.

Remark. As we have seen in the previous section (7), the zeroth order term of P (E, F ) is 1
3
E both in the P1 and in the M1-

case. Consequently, this calculation is independent from the closure and the theorem is true for the P1 and the M1 case.

The M1 closure is a function of the relative flux F/E and is not defined everywhere. We immediately see that χ is only

defined if F/E ≤ 4/3. Hence, this is a necessary condition for admissibility. Furthermore, F and E have to be realizable as first

and zeroth moment of an angular distribution. This is mathematically equivalent to the condition ||F/E|| < 1, which is both for

the M1 and the P1 case. Covering both conditions, the following theorem holds.

Theorem 1. There is ∆s0 > 0 such that if ∆s < ∆s0, the numerical scheme (9) preserves the convex set of admissible and

realizable states Ω = {(E, F ) | E > 0,
∥∥ F
E

∥∥ < 1}.

Proof. We define Uni := (Eni , F
n
i )> and G(Uni ) := (εF ni , εP

n
i )> so that we can write the scheme (9) in the usual compact form:

Un+1
i = Uni −

∆s

∆x
(Fni+1/2 −Fni−1/2),

with numerical flux

Fni+1/2 = F(Uni , U
n
i+1) =

1

2
(G(Ui+1)− G(Uni ))− ε2

2
(Uni+1 − Uni ).

The scheme may be interpreted as an approximate Riemann solver in the fashion of Harten, Lax and Van Leer (see section

3 in [15] for the abstract framework). It consists of two constant intermediate states separated by a stationary wave. Similar

computations were carried out for the M1 model of classical radiative transfer in [18]. We will assume that the two other wave

speeds are respectively −b and b, where b is to be made precise later on. That means at each discrete point and in each discrete

time step we consider a Riemann problem with left state UL and right state UR. Thus U has the following approximate form:

U(s, x) =


UR if x

s
> b,

U?R if 0 < x
s
< b,

U?L if − b < x
s
< 0,

UL if x
s
< −b,

where UL := (EL, FL)>, UR := (ER, FR)>, U?L := (E?L, F
?
L)> and U?R := (E?R, F

?
R)>. This is also illustrated in Figure 1.

The approximate states U?L and U?R can be obtained as follows. The numerical flux of such an approximate Riemann solver

can be expressed as a function of the intermediate states as in [15]:

F(UL, UR) = G(UR)− ∆x

2∆s
UR +

1

∆s

∫ ∆x
2

0

U(s, x)dx.

6 Copyright c© 2011 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2011, 00 1–15
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Figure 1. Illustration of the two-states approximate Riemann solver.

Using the form of the approximated solution U(s, x), we have:

F(UL, UR) = G(UR)− ∆x

2∆s
UR + b(U?R − UR)

which leads to:

U?R = UR +
1

b
(F(UL, UR)− G(UR))

= UR +
1

2b

(
G(UL)− G(UR) + ε2(UL − UR)

)
. (13)

A similar computation yields:

U?L = UL +
1

2b

(
G(UR)− G(UL) + ε2(UL − UR)

)
.

We first consider the values of b which ensure the positivity of E?L and E?R:

E?R = ER +
ε

2b
(FL − FR) +

ε2

2b
(EL − ER),

E?L = EL +
ε

2b
(FR − FL) +

ε2

2b
(EL − ER),

therefore E?L > 0 and E?R > 0 if:

b > b1 :=
ε

2
max

( (FR − FL) + ε(ER − EL)

ER
,

(FL − FR) + ε(ER − EL)

EL

)
.

Then we consider the values of b which ensure the flux limitation i.e. |F ?L | < E?L and |F ?R| < E?R:

F ?R = FR +
ε

2b
(PL − PR) +

ε2

2b
(FL − FR),

then F ?R < E?R and −F ?R < E?R if:

b > b2 :=
ε

2
max

(
β2,1, β2,2

)
where we have defined:

β2,1 =
PL − PR − FL + FR + ε(FL − EL − FR + ER)

ER − FR
,

β2,2 =
−PL + PR − FL + FR + ε(−FL − EL + FR + ER)

ER + FR
,

and PL := P (EL, FL), PR := P (ER, FR). Similarly:

F ?L = FL +
ε

2b
(PR − PL) +

ε2

2b
(FL − FR),

then F ?L < E?L and −F ?L < E?L if:

b > b3 :=
ε

2
max

(
β3,1, β3,2

)

Math. Meth. Appl. Sci. 2011, 00 1–15 Copyright c© 2011 John Wiley & Sons, Ltd. 7
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where:

β3,1 =
PR − PL − FL + FR + ε(FL − EL − FR + ER)

ER − FR
,

β3,2 =
−PR + PL − FL + FR + ε(−FL − EL + FR + ER)

ER + FR
.

Finally, the CFL condition is given by the constraint of non-interacting waves:

∆s ≤ ∆x

2b
.

Putting together the three former requirements on b, we obtain:

∆s ≤ ∆s0 :=
∆x

2 max(b1, b2, b3)
. (14)

Remark. When ε→ 0, b1, b2 and b3 defined in the former proof tend to zero, therefore ∆s0 →∞. As a consequence, the

condition ∆s ≤ ∆s0 is not restrictive when asymptotic regimes are considered.

Finally, using the Fourier transform, we can show the the explicit scheme is L2-stable under a mild CFL condition in the linear

P1 case. This is stated by the following lemma.

Lemma 1. In the linear (P1) case i.e. when P = 1
3
E, the scheme (9) is L2-stable under the CFL condition:

∆s ≤ 2∆x

ε2 + 1
3

+
∣∣ 1

3
− ε2

∣∣ . (15)

Proof. We introduce the auxiliary variables U := F + E/
√

3 and V := F − E/
√

3 to rewrite (9a)-(9b) as follows:

Un+1
i = (1− 2ε2µ)Uni −

εµ√
3

(Uni+1 − Uni−1) + ε2µ(Uni+1 − Uni−1),

V n+1
i = (1− 2ε2µ)V ni +

εµ√
3

(V ni+1 − V ni−1) + ε2µ(V ni+1 − V ni−1).

Now, we perform a discrete Fourier transform in space (Û and V̂ respectively represent the discrete Fourier transforms of U and

V ):

Ûn+1 = A(ξ)Ûn, V̂ n+1 = A(ξ)V̂ n,

with:

A(ξ) = (1− 2ε2µ+ 2ε2µ cos(∆xξ))− 2iεµ√
3

sin(∆xξ)).

Therefore, the scheme is L2-stable if and only if for all ξ ∈ IR we have |A(ξ)| ≤ 1. Since:

|A(ξ)|2 − 1 = 4ε2µ(1− cos(∆xξ))
(
ε2
(

1− cos(∆xξ)
)
− 1 +

1

3
µ
(

1 + cos(∆xξ)
))
,

the scheme is stable if and only if the last term is positive for any ξ ∈ IR. Hence it is stable provided the following CFL condition

holds:

µ ≤ 1

ε2 + 1
3

+
∣∣ 1

3
− ε2

∣∣ ,
which is equivalent to (15).

Even though the restrictions on ∆s imposed by the former theorems are not extreme, our problem requires to iterate the

computation of the approximate solutions up to the limit s →∞. Hence, it is more convenient to use an implicit scheme,

especially for 2D and 3D simulations.

8 Copyright c© 2011 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2011, 00 1–15
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4.2. Implicit Scheme

We now consider the implicit version of the scheme (8):

En+1
i = Eni − εµ(F n+1

i+1 − F
n+1
i−1 ) + ε2µ(En+1

i+1 − 2En+1
i + En+1

i−1 ), (16a)

F n+1
i = F ni − εµ(P n+1

i+1 − P
n+1
i−1 ) + ε2µ(F n+1

i+1 − 2F n+1
i + F n+1

i−1 ), (16b)

E0
i = (1− κε2)

∞∑
n=0

ωnpnE
n
i + ε2〈s〉Qi , F

0
i = 0, (16c)

where µ = ∆s
2∆x

and P ni = χ(Eni , F
n
i )Eni .

Proposition 2. Assume the quadrature satisfies the condition (10), then the numerical scheme (16) is asymptotic-preserving

i.e. it degenerates into a scheme consistent with (5) when ε→ 0.

Furthermore, the limit scheme is second-order accurate if the condition (11) holds.

Proof. The proof is very similar to the explicit case. We perform an expansion of Eni and F ni :

Eni = En0,i + εEn1,i + ε2En2,i + . . . ,

F ni = F n0,i + εF n1,i + ε2F n2,i + . . .

We also define Πi :=
∑
n

ωnpnE
n
0,i . Now, plugging these expansions into the scheme (16) and identifying the powers of ε, we get:

• order (ε0):

En0,i = Πi =

∞∑
n=0

ωnpnE
n
0,i ,

F n0,i = 0.

which is valid as soon as the quadrature weights ωn satisfy the assumption (10).

• order (ε1):

F n+1
1,i = F n1,i −

1

3
µ(Πi+1 − Πi−1) = −(n + 1)

1

3
µ(Πi+1 − Πi−1), (17)

again by summation up to n.

• order (ε2):

En+1
2,i = En2,i − µ(F n+1

1,i+1 − F
n+1
1,i−1) + µ(Πi+1 − 2Πi + Πi−1),

E0
2,i =

∞∑
n=0

ωnpnE
n
2,i − κΠi + 〈s〉Qi .

Inserting (17) inside the first equation and summing over n, then inserting into the second equation gives:

− 1

3

∞∑
n=0

n(n + 1)

2
∆s2ωnpn

Πi+2 − 2Πi + Πi − 2

4∆x2

− ∆x

∞∑
n=0

nωnpn∆s
Πi+1 − 2Πi + Πi−1

∆x2
+ κΠi = 〈s〉Qi ,

which is consistent with (5). Furthermore, this is once again a second order approximation under the condition (11).

Remark. Comparing the diffusion limit of the implicit and explicit scheme we observe the following. The dicretization of the

diffusion coefficient 〈s2〉/2 is given by

∞∑
n=0

n(n + 1)

2
∆s2ωnpn and

∞∑
n=0

n(n − 1)

2
∆s2ωnpn

respectively. Both discretizations yield an error of order ds, which can be eliminated using a Crank-Nicholson scheme because

of the alternating sign. The additional error term of order dx is not eliminated in this way.

Math. Meth. Appl. Sci. 2011, 00 1–15 Copyright c© 2011 John Wiley & Sons, Ltd. 9
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5. Source Iteration

Solving the full system (8) directly is very costly because the initial value with respect to s is a functional of the solution itself.

Therefore we apply an iterative method which is closely related to the classical source iteration method [7].

The idea of source iteration works as follows: choose initial data E(0)(s, x), and in every step solve

∂sE
(n+1) + ε∇xF (n+1) = 0, ∂sF

(n+1) + ε∇xχ(F (n+1)/E(n+1))E(n+1) = 0; (18a)

E(n+1)(0, x) = (1− κε2)

∫ ∞
0

p(s)E(n)(s, x)ds + ε2〈s〉Q(x); (18b)

F (n+1)(0, x) = 0. (18c)

This method is very simple simple and close to the physical interpretation. Thinking of the original equation (1), each iterate can

be interpreted as the particles which have been scattered at most n times. A disadvantage of this method is that it converges

very slowly (spectral radius ≈ 1), as we will show in the following.

5.1. Von Neumann Stability Analysis

We restrict our observation on the linear P1 case, but the results remain true if we use the M1 closure. The error between the

iterate and the exact solution is

f (n+1) :=

(
E − E(n+1)

F − F (n+1)

)
=

(
Ẽ(n+1)

F̃ (n+1)

)
,

and it satisfies the equation

∂s Ẽ
(n+1) + ε∇x F̃ (n+1) = 0, ∂s F̃

(n+1) +
ε

3
∇x Ẽ(n+1) = 0; (19a)

Ẽ(n+1)(0, x) = (1− κε2)

∫ ∞
0

p(s)Ẽ(n)(s, x)ds, (19b)

F̃ (n+1)(0, x) = 0. (19c)

which is simply equation (18) without external source term. We now want to calculate the rate of convergence using a Fourier

ansatz. Following [7], we define the quantity φ(n)(x) as

φ(n)(x) :=

∞∫
0

p(s)Ẽ(n)(x, s)ds,

and apply the following Fourier ansatz. Here, ω(λ) is the contraction rate of the source iteration and the modes with respect

to λ are defined as:

φ(n)(x) = ωn(λ)eiλx , Ẽ(n+1)(s, x) = ωl(λ)α(λ, s)eiλx ,

φ(n+1)(x) = ωl(λ)γ(λ)eiλx , F̃ (n+1)(s, x) = ωl(λ)β(λ, s)eiλx .

Inserting this into equations (19) and cancelling all common terms we get

∂sα(λ, s) + iλεβ(λ, s) = 0, ∂sβ(λ, s) + iλ
ε

3
α(λ, s) = 0,

α(λ, 0) = (1− κε2), β(λ, 0) = 0.

We now insert the left into the right equation and multiply by iλε, which gives us

− ∂2
sα(λ, s)− λ2ε2

3
α(λ, s) = 0,

with initial conditions (with respect to s):

α(λ, 0) = 1− κε2, ∂sα(λ, 0) = −iλεβ(λ, 0) = 0.

The solution of this ordinary differential equation is given by

α(λ, s) = (1− κε2) cos(
1√
3
λεs).

10 Copyright c© 2011 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2011, 00 1–15
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So in a next step, we insert this into the definition of φ(n+1) and also insert the Fourier ansatz to get

γ(λ) =

∞∫
0

p(s)α(λ, s)ds.

If Σt(s) ≡ Σ, then we have p(s) = Σ exp(−sΣ) and we can calculate γ(λ) as

γ(λ) =

∞∫
0

Σ exp(−sΣ)(1− κε2) cos(
1√
3
λεs)ds = (1− κε2)

Σ2

Σ2 + 1
3

(λε)2︸ ︷︷ ︸
=:Γ1

.

and we see that Γ1(λ) ≈ 1 for small λ · ε, and it tends to 0 if λ becomes large. Hence, large modes are sufficiently suppressed

while the small modes are responsible for slow convergence, which agrees with the results in [7]. If the function p(s) decays

algebraically as

p(s) =
α− 1

(s + 1)α
, α > 3,

we have

γ(λ) = (1− κε2)

∞∫
0

(α− 1)

(s + 1)α
cos(

1√
3
λεs)ds

︸ ︷︷ ︸
=:Γ2

.

This integral does not have a closed representation, numerical experiments using Maple 13 r© also yield that

Γ2(λ, ε) ≈ 1, Γ2(λ, ε) ≤ 1,

for small values of ε, λ, where we chose α = 5.

α = 5 λ = 100 λ = 1 λ = 0.1

ε = 1 0.005 0.955435 0.999449

ε = 0.1 0.3103921 0.999449 0.9999944

ε = 0.01 0.955435 0.9999944 0.999999994

We see here that again the large modes are sufficiently suppressed while the small ones are not. Hence, we are in the same

situation as in the case above. Consequently, for source iteration, the contraction rate is ω(λ) = γ(λ) ≈ 1 if ε is small.

5.2. Initialisation

The source iteration algorithm (18) requires a suitable initialisation to overcome the problem of slow convergence. One way to

choose it is to remark that in the case of a P1 closure, the exact solution can be expressed in a simpler framework. Indeed, if

we assume that (E, F ) is the solution of the P1 problem, then:

Π(x) =

∫ ∞
0

p(s)E(s, x)ds,

and we calculate formally:

Π′(x) =

∫ ∞
0

p(s)∂xE(s, x)ds = −3

ε

∫ ∞
0

p(s)∂sF (s, x)ds

= −3

ε

[
∂sp(0)E(0, x)

]∞
0

+
3

ε

∫ ∞
0

∂sp(s)F (s, x)ds

=
3

ε

∫ ∞
0

∂sp(s)F (s, x)ds.

Now the second derivative of Π can be computed as

Π′′(x) =
3

ε

∫ ∞
0

∂sp(s)∂xF (s, x)ds = − 3

ε2

∫ ∞
0

∂sp(s)∂sE(s, x)ds

= −3∂sp(0)〈s〉Q(x) + 3κ∂sp(0)Π(x)

+

(
− 3

ε2
∂sp(0)Π(x) +

3

ε2

∫ ∞
0

∂2
s p(s)E(s, x)ds

)
,
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# grid points L1 L2 L∞

128 2.30e-3 2.70e-2 6.66e-2

256 4.37e-4 1.20e-2 2.49e-2

512 5.41e-5 5.89e-3 8.99e-3

1024 1.97e-5 2.95e-3 4.94e-3

2048 4.43e-6 1.47e-3 3.33e-3

Table 1. 1D test-case: convergence table for ε = 10−2.

and, if Σt(s) ≡ Σ is constant, the last term becomes 0 and this equation reads

Π′′(x) = 3κΣ2Π(x)− 3Σ2〈s〉Q(x). (20)

Since in this case 〈s〉 = 1/Σ and 〈s2〉 = 2/Σ2, equation (20) equals the diffusion approximation (5) for µ0 = 0. The solution

of this ODE will be used as an initial guess in the algorithm (18), equipped with the boundary conditions of the system, even

though it is not valid anymore when the M1 model is selected.

For nonconstant Σt the last term does not disappear, but we can neglect it and take the numerical solution of

Π′′(x) = −3κ∂sp(0)Π(x) + 3∂sp(0)〈s〉Q(x)

as an initial value for
∫∞

0
p(s)E(s, x)ds in the iteration of (18).

6. Numerical Results

In this final section we present some numerical results for test cases in one and two space dimensions. In 1D we can explicitly

calculate the exact solution for the P1-model and compare it to our solution. Furthermore, we examine the impact of different

path-length distribution functions on the solution. In 2D, we investigate two test cases from the NASA database I3RC [21]. The

first is an academic example called the ’step-cloud’, another is the MMCR cloud where measurements of the optical densities

for a real-world atmospheric cloud are given.

6.1. 1D Test Cases

6.1.1. Comparison with exact solution We first consider the P1 model with p(s) = e−s . In this case, we recall that Π is the

solution of the ODE (20), which is used as an initial guess in the algorithm (18). To do so, we use the classic finite differences

scheme:

−Πi+1 − 2Πi + Πi−1

∆x2
+ 3κΠi = 3Q(xi).

Let us fix Q as follows:

Q(x) =
4π2 + 27κ

27
sin
(2πx

3

)
,

so that the exact solution satisfies:

E(s, x) =
1

2

(
1 +

4π2ε2

27

)[
sin
(2π

3
(x − εs√

3
)
)

+ sin
(2π

3
(x +

εs√
3

)
)]
.

We clearly see on figure 2 that the adopted iterative method is in a very good agreement with the exact solution.

Furthermore, table 1 shows the error between the exact and approximated solutions in L1, L2 and L∞ norm. The scheme is

clearly order 1 in L2 norm when ε is small.

6.1.2. Effect of the choice of p Here, we compare the effects of different choices of p on the solution. More precisely, we will

consider:

p(s) = exp(−s) or p(s) =
α− 1

(s + 1)α
,

where α > 3 in order that 〈s〉 and 〈s2〉 are well defined. We choose ε = 0.01, κ = 0.9 and

Q(x) =

{
1, if − 1 < x < 1,

0, elsewhere.
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Figure 2. Comparison with exact solution at s = 7 with ε = 10−2.
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Figure 3. Values of Π for different choices of p. Full line: p(s) = e−s .

This source term can be interpreted as a beam of photons which is inserted into the system at the central region. The

computations where carried on a grid with ∆x = 32.10−3 m and the result is shown on figure 3. Note that these choices of p

lead to different values of 〈s〉, which explains the differences on the maxima. For an increasing value of α the first moment of

p decreases, hence the mean free-path is shorter and radiation intensity decreases.

6.2. 2D Test-Cases

In this section we consider two test cases taken from the NASA database I3RC. A detailed description of the test cases can be

found in [21] (or here: http://i3rc.gsfc.nasa.gov). In both test cases the optical depth field is given which varies in space. That

means, the assumption of a homogeneous medium does not hold here. Therefore, given the optical depth σ(x), we consider a

space dependent path-length distribution

p(s, x) = σ(x) exp(−sσ(x)).
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Note that this is only an approximation to the physically correct path length distribution at point x . We assume here that Σt is

independent of s, and for each single x we choose Σt = σ(x) constant.

Since all the simulations involve cartesian grids, they are performed using a simple directional splitting based on the 1D

implicit scheme (16a)-(16b)-(16c), except for the last case where the explicit version (9a)-(9b)-(9c) is used. The source

iteration algorithm is stopped when
∥∥Πn+1 − Πn

∥∥ < 10−12.

6.2.1. Step Cloud The first simulations are based on the so-called ”Step-Cloud Case”. It consists of an academic juxtaposition

of 250× 250 m blocks. Each bloc is considered to have a constant optical depth, either 2 or 18 alternatively. As a result, we

set Σt(x) = 2
250

= 8.10−3 m−1 in the first regions and 18
250

= 72.10−3 m−1 in the other regions.

We consider seven blocs with periodic boundary conditions and choose a 1750× 25 mesh. The simulations are performed with

source term Q(x) = 1 if y < 50 m and 0 elsewhere. First, we consider a case where ε = 0.01 and κ = 0.85. The settings imply

Figure 4. ε = 0.01, F 0 = 0.

that this is a pseudo-1D case. As expected, we see on figure 4 that the 1D and 2D codes provide very similar results here.

Now, in figure 5, we present the result obtained with different zenith angles. These angles are simulated by considering the

following initial data for the radiative flux: F 0
i = (cos(θ), sin(θ))>E0

i . The other parameters are κ = 0.85 and ε = 0.03. We

observe that the distinct values for Σt in each bloc have a significant impact on the radiation intensity. Also, the different zenith

angles of the incoming radiation can clearly be seen.

angle=0 angle=30

angle=45 angle=60

Figure 5. ε = 0.03 with different angles.

6.2.2. MMCR-Cloud In this section, we perform a simulation using an optical depth field which is given by experimental data

available from the I3RC project. Figure 6 shows the obtained values of the optical depth σ(x) which we choose for Σt(x).
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Now we perform two different simulations with a zenith angle of 0 and 60 degrees, ε = 0.03 and κ = 0.85. The angle is again

simulated as in the previous case. Moreover, a source term Q = 1 everywhere on the domain describes incoming solar radiation.

We see that the results given on figures 7 and 8 look similar to a real-world atmospheric cloud.

7. Conclusion and Outlook

In this paper we presented numerical schemes for the P1- and M1-moment model of a non-classical radiative transfer equation.

Since an atmospheric cloud may have optically thick regions, we introduced a diffussive scaling and showed that the diffusion

limits of the moment models and the original equations agree. The schemes were proven to be asymptotic preserving, admissible

and realizable both for the explicit and the implicit discretization of the pseudo-time variable. The proposed source iteration-like

method becomes slow in the optical thick case, but a suitable initialisation can help to overcome this problem. Numerical tests

in the 1D and 2D case show good agreement with the exact solution and show that simulations yield realistic results.

Future work with this model will be on:

• Acceleration of the iterative method. The method of diffusion synthetic acceleration (DSA,[7]) may be fitted to this

problem in the 1D case.

• Extension of the model to the case of inhomogeneous background media and frequency or energy dependence of the

angular flux. This will enable us to work with further, more complex I3RC test-cases [21].

• Once a faster forward solver is available, a parameter identification for Σt(s) or p(s) will be done using methods from the

theory of PDE-constrained optimization and measured data for the photon path-length in atmospheric clouds (see e.g.

[5]).
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