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Abstract We consider the numerical approximation of the shallow-ewatuations
with non—flat topography. We introduce a new topographyrdistation that makes
all schemes to be well-balanced and robust. At the discoypaith the well-known
hydrostatic reconstruction, the proposed numerical gtoedoes not involve any
cut—off. Moreover, the obtained scheme is able to deal wiyhadeas. Several nu-
merical benchmarks are performed to assert the intereseahethod.
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1 Introduction

The present work concerns the derivation of finite volumeho@s to approximate
the solutions of the shallow—water equations when invghnon—flat topography.
The model under interest is given as follows:

oth+ dkhu=0,
2

1
dhu+ dy <hu2+ghz) = —ghdyz, )
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whereh > 0 is the local water—depth and= R is the depth—average velocity. Here,
z: R — R denotes the topography whige> 0 is the gravitational constant.
To shorten the notations, let us set

h hu
w= , f(w) = 2|,
(m) Y g

respectively the state vectirx R — Q and the flux functio? — R? whereQ
stands for the convex space of admissible states:

Q={weR? h>0, hue R}.

Let us recall that the steady state of the lake at rest, deffipad= 0 andh+ z= cste,
is of primary importance and it must be preserved by the nisaleschemes.

The objective is now to derive schemes which preserve peditie water depth
and exactly capture the lake at rest. Several approachest®®mn recently intro-
duced in the literature to approximate the solutions of MIgst of them propose to
consider the discretization of the associated homogersmtiem:

ow+ oy f(w) =0, (2)

to suggest a relevant approximation of the topography sotenen able to restore
the expected lake at rest. For instance, we refer to [10] evhesuitable correction
of the VFRoe scheme is proposed (see also [11, 12, 4]). Ofmeoaches consider
systematic corrections to enforce the requivesll-balancedproperty; i.e. to en-
force the exact capture of the lake at rest. The hydrostatonstruction [1] (for
instance, see also [18, 5]) is certainly one of the most catetvell-balancedech-
nique. However, to be water—depth positive preserving, dpproach introduces a
cut—off procedure which may involve some failures. Indesdter the work by De-
lestre [9], let us consider a small water—depth on a topdyrapth constant slope.
Next, let us increase the slope to reduce the water—deptisi@ring coarse grids,
the hydrostatic reconstruction introduces a wrong behaiime the water—depth
increases (see figure 4).

In this paper, we derive a new strategy to systematicallyreef the well—
balanced property. In fact, the proposed scheme is ableaiond#h vanishing wa-
ter height without any additional correction and it is prdwe be robust. Arguing
[2, 15, 16, 17], we suggest a relevant upwind form of the topplay source term
but by involving the free surface.

The paper is organized as follows. In the next section, wedltce a new for-
mulation of (1) and we present the suggested scheme. Sé&cigotlevoted to some
essential properties as consistency and robustness. Stteeldion presents numer-
ical experiments to illustrate the interest of the methgaeHically, the adopted
numerical scheme is shown to capture the correct behavidafge topography
slopes.
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2 Upwind source term discretization

In order to derive our scheme, we need considering a refationl of system (1)
by introducing the free surfadé = h+ zand a fraction of wateX = ﬁ As usual,
one can chose arbitrarily the topography origin (see [6,ah8] references therein),
and thus we impose a bottom reference sokthat 0. As a consequenck,is well—
defined. Involving such notations, the weak solutions ofgdijsfy the following
system:

dh+oXHu=0,

2 3
Ahu+ dy (x (Hu2+gH2> — ghz> +ghdz=0. ®)

Let us remark the following identity:

1 H2
éax(hz) - haxz: 70)()(,

to simplify the discharge equation. Then the smooth satstiaf (1) also satisfy:
oth+ dXHu=0,
H2 H2 4
Ahu+ <X (Hu2+gz>) —970XX:0. @
For the sake of simplicity in the notations, let us set
W = (H,Hu)",

to rewrite (4) as follows:

0

oW+ 0xX f(W) (gszdxx> =0.
Now, we propose a discretization of (4), but let us note fraw on that the dis-
crete form we will obtain for (4) will be consistent with (3)s a consequence, the
suggested discretization will be relevant to approximhageweak solutions of (3)
or equivalently (1). We suggest to modify any scheme astatiaith the homoge-
neous system (2). Hence, let us consifef: Q x Q — R? a consistent numerical
flux function, i.e.f4%(w,w) = f(w). We restrict ourselves to the regular meshes of
sizeAx such thatdx = x;,.1/» — X_1/» for all i € Z, and we denote the time step by
At, with t"1 = t" + At for all n € N. The proposed scheme thus reads:

At X n n X n n
Wit —wh - (XIH/zfA (W W) — Xifl/ZfA (WL, W ))

0 (5)
+ )
(ﬁigHunﬂ/z i 1/2(X|+1/2 X|n1/2)>
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where we have set

an_ JHN IR W) > 0, (6)
i+1/2 H 1, otherwise

n XN TR W) >0, (7)
/271X,  otherwise

wheref* denotes the first component of the numerical flux functiometee have
setW" = X"h whereX" = h'/(h' + Z).

Before we establish the main properties of the scheme, leinphasize that the
suggested numerical procedure is an extremely easy waysiday the topography
from a relevant discretization of the homogeneous shallmter equation (2). The
reader is referred to [15] where similar ideas were intrediic

3 Main properties

First of all, let us remark that the scheme (5) is obviouslysistent with (4). Since
(4) turns out to be a non conservative formulation of (3), quiealently (1), after
the work by Dal Maso, LeFLoch and Murat [8] (see also [14, 3,tjs may suggest
that our approach cannot deal with weak solutions of (1). ésresequence, we first
prove the consistency of (5) with (1).
Lemma 1.Let (W'1)icz be given by (5)-(6)-(7). Thefw!'"),.;, satisfies in addi-
tion:
n+1 n At n AX n n n AX n n
et = = 2o (X MW ) =X TR L W) (8)
At
(hu)*™* = (hu)f - Ax (xin+1/2 FR (W W) — Xirll/2 frf\ux(Wurll»Win))
At g
T A2 (hin+1/2z?+1/2 - hin—l/zzin—l/z)

At g
—E(E(h&‘l/z_'—hin—l/z)(zaq-&-l/Z"'z?_l/z% (9)

where Pi?+1/2 = Hi”_l/zxir‘_l/2 and ?+1/2 = Hin_l/z(l— Xin—l/z)' As a consequence,
the scheme (5) is consistent with (3) and thus with (1).

We skip the proof of this result since it is just a reformwdatof (5).

At this level, the adopted scheme turns out to be relevanivapproximating the
weak solutions of (1). Moreover, let us note that the abobes®e derivation does
not need some smoothness argument concerning the topgdrapttion z. Now,
let us state our main result.

Theorem 1.Letw' belongs ta2 for alli in Z. Under a suitable CFL like restriction,
let us assume that the numerical flux functidif is Q—preserving as follows:
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wh— AU (Eax g wpy) — 19K
i*ﬂ(f (Wi, wily 1) — £25(wil g, i))E-Q

1. Assume an additional CFL restriction given by

At .

B( (maX(O, thX(VVInaVVIrJ]rl) - mln(ov thX(Vvlrllavvln)) < Hina
then W given by (5) stays i® for all i in Z.

2. The scheme (5) is well-balanced. Assuthe=0 and H'+z = H a positive
constant, thent! = 0and {1 +z = H for alliin Z.

We here do not prove the above result but we just establispréservation of the
lake at rest. Let us assurag= 0 andnh{'+z =H > O for alli € Z. As a consequence,
we havew" = (H,0)T for all i € Z. Arguing the consistency of the numerical flux
function 4%, we have

W) = W) = | 2 ). ez

Concerning the water heigh, we immediately dedu[t‘“é =hforalli € Z to obtain
h{‘*l +7z =h"+2z = H. Now, let us rewrite the discretization of the discharge:

2
(hu)n+l (hU) At <X|+1/ng XI 1/2gH )

Atg
+Ax2H'+1/2 12X 12— Xi1/2)-

Since H|+1/2 =H for all i € Z, we get(hu)™* = 0. The scheme is thus well-
balanced.

4 Numerical results

The numerical experiments are performed on a grid made ofceli8. Here,
the CFL number is systematically fixed tdb0 To validate the derived numerical
scheme, we first propose to consider transcritical flow whitbck over a bump. Fig-
ure 1 shows a comparison between the classic hydrostatostaction and our
scheme. From now on, let us underline that the scheme fotimiléb) depends
on the choice of the bottom origin. Hence, the comparisoreifopmed by involv-
ing three distinct origins. Since the consistency propéertyot modified, the ap-
proximated solutions stay similar. In Figure 2, we give thpraximation obtained
when considering a numerical flux function of HLLC type, VRRiype and Lax—
Friedrichs type. In Figure 3 we present a comparison betfiestmnd second order
schemes. Here, a MUSCL second order extension has beemmpedioThe second
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Fig. 1 Comparison hydrostatic reconsturction / hydrostatic upwindliimg an arbitrary topog-
raphy origin so that mifz) = 1, 0.1 and 0001.
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Fig. 2 Comparison between HLLC, VFRoe and Lax—Friedrichs flux fuomi

test concerns the known hydrostatic reconstruction failtiere, the topography is
made of a constant slope. As the slope increases, the edpeater height must de-
crease. Because of the cut—off involved into the hydrastationstruction, a wrong
water behavior is noted. The same simulation obtained \Wwéthydrostatic upwind

scheme gives the required water behavior.

The last experiment, presented in Figure 5, concerns a drnaémon flat bottom
in order to simulate dry areas. Once again we obtain an extddehavior of the
derived numerical scheme. As a perspective of the derivetetbnique, we must
now propose an extension for 2D unstructured meshes. T@sslduch an issue,
arguing the rotational invariance of the model, we shoulderithe 2D formulation
assoicated with (4) in the-direction to obtain the required flux approximation per
edge. The interest of such an extension should be an eagyréqity discretization
to obtain 2D well-balnced schemes.
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Fig. 4 Failure of the hydrostatic reconstruction. Wrong behavidr fofr 8%, 10% and 18% topog-

raphy slopes. Because of the cut—off the water heigt increaseawdio with 10% and 18% slope

)

h exactly coincides and thus the obtained approximation is-plysical.
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Fig. 5 Drain on a nonflat bottom: Water height at titne 0, 1, 10, 25, 50 and 100.
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