
Multifluid numerical approximations based on
a multipressure formulation.

Christophe Berthon a,b Boniface Nkonga a,b
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Abstract

In the present work, we consider the numerical approximations of multifluid com-
pressible flows. We suppose that the flow is composed by non mixing compressible
fluids. We propose a dissipative model insuring, for the mixture, the conservation
of the mass, the momentum and the total energy. Entropy balances between phases
are described by additional nonconservative equations. At the limit of vanishing
viscosity the model is still consistent with the entropy balances. The nonlinear pro-
jection scheme is used to preserve, at the discrete level, the main properties of the
model. Numerical experiments are conducted to validate the proposed models for
the multicomponent shock tube, the bubble-shock interaction and the tank filling
problems.

Key words: compressible multifluid flows, nonconservative equations, finite
volume methods, nonlinear projection methods.

1 Introduction

Modeling and computing multifluid flows is a very active research area. This
is due to the fact that multifluid flows play fundamental roles in many natural
phenomena used in industrial processes. Compressible multifluid flows occur
when the flow is composed by fluids of different physical properties, separated
by interfaces. One of the classical examples is the behavior of the interface
between two different gases under a shock [22].

For the multiphase and multifluid flows models developed by Saurel and Ab-
grall [6], the size of the model grows with the number of flow components.
This model is well posed in general, but turns out to be efficient only for flows
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with fews components. On the other hand, simplified models [2,4,36] needs
to be approximated properly in order to avoid spurious waves. In any case,
numerical result obtained with simplified models do not always recover the
physical temperature profile [29]. The compromise proposed in [29] was to use
as variables of the modelization the volumes fractions, the partial densities,
the momentum and the total energy of the mixture: (αk, ρk, ρu, E). The
numerical approximations was then achieved by some technics proposed in
[3,6,24]. However, it is implicitly assumed in these modelizations that pres-
sure and velocity relaxations are instantaneous. The aim of this paper is to
propose a numerical modelization of non mixing compressible multimaterials
flows that will still available when isobaric approximation fails.

Following strategies used in ionized plasma [17] and as an extension of the
multifluid model developed in [25], we consider a diffusive model using as
variables the total density, the total momentum, the partial energies and the
mass fractions: (ρ, ρu, ρkek, Yk). This modelization use some basic properties
of the non mixing flows proposed in [26]. However, as many other models in
multifluid flows [4,7,29], the derived system is partially non conservative. The
non conservative form of the system is known to be crucial (Dal Maso, LeFloch
and Murat [18] or Hou and LeFloch [23]) since the system is not defined in
the sense of distributions as soon as the solutions are discontinuous. This un-
acceptable problem find large numerical repercussions as emphasized in [23].
Raviart and Sainsaulieu [34] have proposed a diffusive approach for modeling
spray. From the diffusive operator, they propose, after the work of Dal Maso,
LeFloch and Murat [18], a weak definition of discontinuous solutions but for
a conditionally hyperbolic system. As Raviart and Sainsaulieu [34], our model
is diffusive and thus ensures a relevant definition of discontinuous solutions
[9,18]. Since each phase is assumed to be hyperbolic, the system of PDEs is,
in addition, unconditionally hyperbolic. Moreover, an Eulerian extension is
proposed. The (k, ε) turbulence model (see Mohammadi and Pironneau [30],
Larrouturou and Olivier [28] ) is very closed to our model form. Therefore,
extensions of our model for turbulent multifluid flow are straightforward. In-
deed, some phenomena in multifluid flows, as particles rotations or bubble
pulsation, can be modeled by turbulence like models [8].

In the following sections, the physical model is formulated in the multi-pressure
form with viscous effects. We then deduce a conservative formulation of the
total energy supplemented by non conservative entropy balance equations.
Modeling closures in multiphase and multifluid are proposed. The vanishing
viscosity limit of the model is established. Relationship with the (k, ε) turbu-
lent model is achieved. The numerical nonlinear projection method is applied
to the 1D problems and extended, in the finite volumes approximations on un-
structured meshes, to multidimensional problems with external forces source
terms. Both 1D and 2D applications are performed for a multifluid shock tube
(1D), bubble-shock interactions (2D) and tank filling (2D).
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2 The physical model

We consider a multifluid flow governed by the compressible Navier-Stokes
equations. For simplicity, the physical model, in this section, is developed
in one space dimension for a mixture defined by np ≥ 2 fluid components.
Extension to multi-dimensional problem is proposed in Section 4.

In order to derive the physical model, we denote by ρ > 0 the total density
and by ρu the total momentum of the mixture. We assume that, locally, the
components of the mixture are separated: non mixing fluids. However, in a
caracteristic volume of the modelisation, many components can be present.
We denote by ρk, Yk = ρk

ρ and vk respectively the partial density, the mass
fraction and the specific volume fraction. The closure for vk is given below,
but generally we have vk "= 1

ρk
exepted for very specific model. We assume

that all the gases components of the mixture have the same velocity u. The
pressure pk of a given component is a function of vk and ek the internal en-
ergy of the component. According to our target applications, we assume that
the thermal conductivity coefficient is negligible. Therefore, we propose the
following model:






∂tρ + ∂xρu = 0,

∂t(ρu) + ∂x(ρu2 + p) = ∂x(µ∂xu),

∂t(ρkek) + ∂x(ρkeku) + p̃k∂xu = µ̃k(∂xu)2, for k = 1, np,

(1)

where ek = ek(vk, pk) is defined by the physics. The partial pressure p̃k "= pk

and the viscosity coeficients µ̃k will be defined latter. In any case, the model
will recover the usual equation for the total energy conservation:

∂tE + ∂x(E + p)u = ∂x(µu∂xu) where E =
∑

k

ρkek +
1

2
ρu2 (2)

with p =
∑

k

p̃k and µ =
∑

k

µ̃k. (3)

According to analysis performed in [26] for non mixing fluids, we have:

DtYk = 0 and
∑

k

Ykvk =
1

ρ
= v (4)

where v denotes the total specific volume and Dtφ = ∂tφ+u∂xφ is the material
derivative of the quantity φ. In addition let us emphasis that 0 ≤ Yk ≤ 1 and
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∑
k Yk = 1. The system (1) then take the following form:






Dtρ = −ρ∂xu,

ρDtu + ∂xp = ∂x(µ∂xu),

ρDtẽk + p̃k∂xu = µ̃k(∂xu)2, for k = 1, np,

where ẽk = Ykek.

Let us denote by sk the specific entropy of a given component. The second
law of the thermodynamic, for each component of the fluid, is written as:

dek = −Tkdsk − pkdvk, (5)

where Tk > 0 is the temperature. In the present work sk is the mathematical
entropy instead of −sk which denotes the physical entropy (see Godlewski and
Raviart [20] to further details). As usual, the functions (vk, sk) → ek(vk, sk)
are assumed to be strictly convex and satisfy:

∂ek

∂vk
(vk, sk) = −pk < 0 and

∂ek

∂sk
(vk, sk) = −Tk < 0. (6)

Therefore, according the modelling assumsions proposed in [26], we have the
following result:

Lemma 1 Assume that there exist a set of parameters λk > 0 such that

Dtvk = λkDtv. (7)

Smooth solutions of (1)–(7) satisfy a conservation law for the total energy
(energy balance):

∂tE + ∂x(E + p)u = ∂x(µu∂xu) where p =
∑

k

p̃k (8)

In addition, let us assume p̃k = pkYkλk and µ̃k = Ykµk, where µk ≥ 0 is a
parameter function to be defined. Then, we have the following entropy inequal-
ities:

∂tρsk + ∂xρsku = −µk

Tk
(∂xu)2 ≤ 0, k = 1, np. (9)

As a consequence, we obtain the following entropy balance equation holds for
k = 1, np − 1:
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µnp

Tnp

{∂tρsk + ∂xρsku} −
µk

Tk

{
∂tρsnp + ∂xρsnpu

}
= 0, (10)

For perfect gas, if we assume in addition that λk = vk
v , then we have:

∂tρs̃k + ∂xρs̃ku = −µk

Tk
(∂xu)2 ≤ 0, k = 1, np, (11)

where s̃k(ρ, p̃k) = − log
(

p̃k
ργk

)
and Tk = pkvk/(γk − 1). As a consequence, we

have for all 1 ≤ k ≤ np − 1:

βnp

Tnp

{∂tρs̃k + ∂xρs̃ku} −
βk

Tk

{
∂tρs̃np + ∂xρs̃npu

}
= 0, (12)

where we have introduced βk =
µk∑
" µ"

.

Before we establish the above result, let us note that several choice for the
closure of λk is possible. For instance, after the following proof, the reader will
easily convince that λk = 1/Yk can be considered. This specific closure will be
usefull in the framework of turbulent model.

Proof. First, we establish the identity (9). Since we have:

ρYkDtek + p̃k∂xu = µ̃k(∂xu)2,

we deduce from (6):

−ρYkpkDtvk − ρYkTkDtsk + p̃k∂xu = µ̃k(∂xu)2.

Now, we have Dtvk = λkDt(1/ρ) = λk
ρ ∂xu to obtain:

−ρYkTkDtsk + (p̃k − Ykλkpk)∂xu = µ̃k(∂xu)2.

Owing to the definition of p̃k and µ̃k, (9) is proved.

Next, we focus on (11). First, we note that Dtλk = 0 as soon as λk = vk/v.
Indeed, we have

Dtλk =
1

v
Dtvk −

vk

v2
Dtv =

1

v2
(λkv − vk)Dtv = 0.

Now, for perfect gas we have ek(vk, sk) = e−sk/((γk − 1)vγk−1
k ) and then sk =

− log pkv
γk
k and Tk = pkvk/(γk − 1). The equation (11) is a direct consequence
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of

Dtsk = −Dt log
p̃k

ργk
+ Dt log

(vkρ)γk

λkYk
,

where Dtλk = 0, DtYk = 0 and vkρ = λk. The proof is thus completed. !

For the sake of simplicity in the sequel, the system (1)–(7) will be considered
always in the case of perfect gaz.

Except for restrictive assumptions (see [10]), the system (1) never reads under
conservation form. As a consequence of the non conservation form, the sys-
tem (1) does not admit a weak formulation and thus we cannot characterize
shock wave solutions by the usual Rankine-Hugoniot conditions. In Dal Maso,
LeFloch and Murat [18] or Raviart and Sainsaulieu [34], the authors propose a
weak definition based on the existence of traveling wave solutions. Moreover,
under thermodynamic properties (systematically satisfied for perfect gas), the
existence and the uniqueness of traveling waves are proved in [9,11].

Since the total pressure p =
∑

k ρ
γke−s̃k satisfies ∂p

∂ρ > 0, we have the following
stability result:

Lemma 2 The first order extracted system from (1) is hyperbolic. The eigen-
values are u − c, u + c and u where c2 = ∂p

∂ρ . The field associated with the
eigenvalues u ± c are genuinely nonlinear while the field associated with the
eigenvalue u is linearly degenerate. In addition, across a contact wave, the
velocity u and the total pressure p are continuous.

To summarize, the energy and the entropy balance equations (see Lemma 1)
are used to reformulate the non conservative system (1) under the following
equivalent form:






∂tρ + ∂xρu = 0,

∂tρu + ∂x(ρu2 + p) = ∂x(µ∂xu),

∂tE + ∂x(E + p)u = ∂x(µu∂xu),
βnp

Tnp
{∂tρs̃k + ∂xρs̃ku} − βk

Tk

{
∂tρs̃np + ∂xρs̃npu

}
= 0, k = 1, np − 1.

(13)

In the sequel, this equivalent system will be suitable for analytical and nume-
rical analysis.

According to the entropy balance equation, the entropy s̃np is a function of
the unknowns (ρ, ρu, E, ρs̃1, ..., ρs̃np−1). Therefore, the reformulation of the
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entropy s̃np is:

s̃np = − log



γnp − 1

ργnp



E − ρ
u2

2
−

np−1∑

k=1

ργk

γk − 1
e−s̃k







 .

In [9] it is proved that, for a fixed k̄, if µk̄ goes to zero (the associated βk̄ goes
to zero), then the traveling wave solutions of (13) are also solutions of the
following system:






∂tρ + ∂xρu = 0,

∂tρu + ∂x(ρu2 + p) = ∂x(µ∂xu),

∂tE + ∂x(E + p)u = ∂x(µu∂xu),

∂tρs̃k̄ + ∂xρs̃k̄u = 0,
βnp

Tnp
{∂tρs̃k + ∂xρs̃ku} − βk

Tk

{
∂tρs̃np + ∂xρs̃npu

}
= 0, 1 ≤ k "= k̄ ≤ np − 1.

(14)

In additiopn, if for k = 1, np − 1 the volume fractions Yk go to zero, the
continuity assumption say that the volume fraction Ynp of the last component
goes to one and the system (13) reduce to the Navier-Stokes equations for
the component np, completed by an independent transport equation for the
entropy of the other components.

3 Modeling closures

In our model (13), we have to define the evolution of the parameters βk (or
equivalently µk). In the present section, we propose several models for the
computation of βk. Some of them lead to usual physical models (see Drew and
Passman [19] or Massoni et al. [29]).

3.1 A bifluid model

Let us assume here that the viscosities are a product of the characteristic
viscosity of the phase by a function of the partial temperature. In the present
work, we consider the following arbitrary choice:

µ1 = (Y1T1)
m1µ̄1 and µ2 = (Y2T2)

m2 µ̄2,

where m1 > 0 and m2 > 0 are real constants to be fixed. Then, when the
partial temperatures are given (T̃k = YkTk = p̃kv/(γk − 1)), the variables βk
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can be computed as follows:

βk(T̃1, T̃2) =
(T̃k)mk µ̄k

(T̃1)m1 µ̄1 + (T̃2)m2µ̄2

. (15)

Each βk is a temperature fraction characterizing material interfaces. To fix the
idea, let us consider the particular case where µ̄1 and µ̄2 are constant. The
final model thus reads:






∂tρ + ∂xρu = 0,

∂tρu + ∂x(ρu2 + p) = ∂x(µ∂xu),

∂tE + ∂x(E + p)u = ∂x(µu∂xu),

∂tρY1 + ∂xρY1u = 0,

β
T2

{∂tρs̃1 + ∂xρs̃1u} − (1−β)
T1

{∂tρs̃2 + ∂xρs̃2u} = 0,

β(T̃1, T̃2) = (T̃2)m2

µ̄(T̃1)m1+(T̃2)m2
,

(16)

where we have set µ̄ = µ̄1/µ̄2. Let us note that the model under consideration
turns out to be uncoupled of the evolution of vk and λk. Indeed, in the above
system, we need evaluate βk/Tk but as soon as Yk "= 0 we have T̃k = YkTk =
p̃kv/(γk − 1). Now, if Yk = 0 then βk = 0 and, since by definition Tk > 0, we
obtain βk/Tk = 0.

We propose to derive the above models in the framework of large Reynolds
numbers. In the above models, note that the fraction βk is independent of the
Reynolds number but depend on the ratios of viscosities. We thus propose:






∂tρ + ∂xρu = 0,

∂tρu + ∂x(ρu2 + p) = 0,

∂tρE + ∂x(ρE + p)u = 0,

∂tρY1 + ∂xρY1u = 0,
βnp

Tnp
{∂tρs̃k + ∂xρs̃ku} − βk

Tk

{
∂tρs̃np + ∂xρs̃npu

}
= 0,

(17)

with
0 ≤ βk = lim

µj→0, j=1,np

µk∑
" µ"

≤ 1.

We have assumed that all the viscosities decrease to zero with the same speed.
At this limit, the model recover the usual Euler equations with additional
entropy balance equations. The mean pressure is then obtained from these
equations. This is an implicit closure of the mean pressure based on entropy
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balance. Contrary to the models proposed in [29], this model do not assume
a pressure or a temperature equilibrium.

3.2 Turbulent models

A turbulent flow described by the (k, ε) model (for instance see Mohammadi
and Pironneau[30]), is governed by the following equations:






∂tρ + ∂xρu = 0,

∂tρu + ∂x(ρu2 + p + 2
3ρk) = ∂x((µ + µt)∂xu),

∂tE + ∂x(E + p + 2
3ρk)u = ∂x((µ + µt)u∂xu),

∂tρk + ∂xρku + 2
3ρk∂xu = µt(∂xu)2 − ρε,

∂tρε + ∂xρεu + C1
2
3ρε∂xu = C1µt

ε
k (∂xu)2 − C2ρ

ε2

k ,

(18)

where k is the kinetic turbulent energy and ε the dissipation rate of k. The
total energy E and the turbulent viscosity µt are defined by

E = ρ
u2

2
+ ρe + ρk, µt = Cµρ

k2

ε
,

with Cµ, C1 and C2 modeling constants. The pressure p and the specific in-
ternal energy e of the gas are defined by the Gibbs law:

de = −T ds − p dv,

where T > 0 denotes the temperature and v = 1/ρ is the specific volume.
When the source terms are neglected, following the calculations proposed in
[9], we rewrite equivalently the system as follows:






∂tρ + ∂xρu = 0,

∂tρu + ∂x(ρu2 + p + 2
3ρk) = ∂x((µ + µt)∂xu),

∂tρE + ∂x(ρE + p + 2
3ρk)u = ∂x((µ + µt)u∂xu),

β
Tt
{∂tρs + ∂xρsu} − 1−β

T {∂tρst + ∂xρstu} = 0,

∂tρ
kc1

ε + ∂xρ
kc1

ε u = 0,

(19)

where

st = − log
pt

ργt
, Tt =

pt

ρ(γt − 1)
, pt =

2

3
ρk, β =

µt

µ + µt
, γt =

5

3
.
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Defining the turbulent pressure by pt = 2
3ρk, we recover the model (13) com-

pleted by a transport equation for kc1

ε as soon as λk = 1/Yk. Indeed, a flow is
composed by laminar and turbulent components. The laminar component is
characterized by its specific internal energy e and pressure p. The turbulent
component is characterized by its specific internal energy et = k and pressure
pt = (γt − 1)ρet.

4 Numerical approximation

This section is devoted to a nonstandard finite volume method to approximate
the solutions of the nonconservative system (13). The principle of this method,
called “nonlinear projection method”, is described in [10] (see also [15]). This
method is presented in this section in the context of the bifluid model. Let us
reformulate the system (16) as:

∂tw + ∂xf(w, ρs̃1, ρs̃2) = 0 (20)

β

T2
{∂tρs̃1 + ∂xρs̃1u} −

(1 − β)

T1
{∂tρs̃2 + ∂xρs̃2u} = 0, (21)

β = β(T̃1, T̃2) =
(T̃2)m2

(T̃2)m2 + µ̄(T̃1)m1
, (22)

where w = t(ρ, ρu, E, ρY1) and f(w) = t(ρu, ρu2 + p, (E + p)u, ρY1u).

The principle of the nonlinear projection method is to approximate this system
by a two steps splitting technique:

First step: Time evolution. For given wn, s̃n
1 and s̃n

1 , the following conser-
vative system is approximated:






∂tw + ∂xf(w, ρs̃1, ρs̃2) = 0

∂tρs̃1 + ∂xρs̃1u = 0

s̃2 = s̃2(w, ρs̃1)

=⇒ wn+1, s̃
n+ 1

2
1 , s̃

n+ 1
2

2 . (23)

This is a prediction step for the partial entropies. The function ρs̃2 is an
entropy of this system and satisfy the inequality:

∂tρs̃2 + ∂xρs̃2u ≤ 0.

Second step: Nonlinear projection. The variables wn+1 computed in the
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previous step are preserved and the entropy balance is enforced:





∂tw = 0, s̃2 = s̃2(w, ρs̃1)

β
T2

{∂tρs̃1 + ∂xρs̃1u} − (1−β)
T1

{∂tρs̃2 + ∂xρs̃2u} = 0,

β = β(T̃1, T̃2),

=⇒ wn+1, s̃n+1
1 , s̃n+1

2 .

We now propose a numerical approximation of the different steps of the
method.

4.1 The 1-D case

We consider a structured mesh in space and time, defined by the cells Ii =
]xi− 1

2
, xi+ 1

2
[ and the time intervals [tn, tn+1[:

tn = n∆t and xi+ 1
2

= (i +
1

2
)∆x,

where ∆t is the time step and ∆x the cells length. Approximate solution, at
time tn, will be constant in each cells Ii. For the variable w, for example,
we denote by wn

i the approximate value at time tn in cell Ii. The numerical
solution wn

h(x) = wh(x, tn) is then defined by:

wn
h(x) = wn

i when x ∈ Ii.

Under the CFL like condition:

∆t

∆x
max |λi(w)| ≤ 1

2
, (24)

the solution of the Cauchy problem of the system (23) with the initial data
wn

h(x) is composed by the solutions of non interacting elementary Riemann
problems at the cells interfaces. Let us denote by wi+ 1

2
(ξ) and (ρs̃1)i+ 1

2
(ξ)

the exact or the approximated solution of the elementary Riemann problem
centered at xi+ 1

2
:

wi+ 1
2
(ξ) = W

(
ξ,wn

i , (ρs̃1)
n
i ,wn

i+1, (ρs̃1)
n
i+1

)

(ρs̃1)i+ 1
2
(ξ) = S

(
ξ,wn

i , (ρs̃1)
n
i ,wn

i+1, (ρs̃1)
n
i+1

) with ξ =
x − xi+ 1

2

t − tn
.

The Godunov method is obtained by the projection of the solution composed
of elementary Riemann problems on the space of piecewise constants functions
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on the cells. This is achieved by an averaging over each cell [20]. Let us define
the numerical flux by:

φw
i+ 1

2
= f

(
wi+ 1

2
(0), (ρs̃1)i+ 1

2
(0), (ρs̃2)(wi+ 1

2
(0), (ρs̃1)i+ 1

2
(0))

)
,

φρs̃1

i+ 1
2

= (s̃1)i+ 1
2
(0)φρ

i+ 1
2
,

where φρ
i+ 1

2
is the first component of φw

i+ 1
2

and (s̃1)i+ 1
2
(ξ) =

(ρs̃1)i+ 1
2
(ξ)

ρ
i+ 1

2
(ξ) . Then

the numerical scheme in the conservative step is:

wn+1
i = wn

i −∆t

∆x

(
φw

i+ 1
2
− φw

i− 1
2

)
,

(ρs̃1)
n+ 1

2
i = (ρs̃1)

n
i −∆t

∆x

(
φρs̃1

i+ 1
2
− φρs̃1

i− 1
2

)
.

(25)

The convex entropy of the system (23), {ρs̃2}(wn+1
i , (ρs̃1)

n+1
i ) satisfies a dis-

crete entropy inequality:

{ρs̃2}(wn+1
i , (ρs̃1)

n+ 1
2

i ) − (ρs̃2)
n
i +

∆t

∆x

(
φρs̃2

i+ 1
2
− φρs̃2

i− 1
2

)
≤ 0, (26)

where

φρs̃2

i+ 1
2

= s̃2(wi+ 1
2
(0), (ρs̃1)i+ 1

2
(0)))φρ

i+ 1
2
.

Moreover, the positiveness of (ε̃1)
n+ 1

2
i and (ε̃2)

n+ 1
2

i is ensured as soon as the
density ρn+1

i is positive.

In general, the rate of the entropy dissipation associated to ρs̃2 is strictly
negative. Indeed the L2 projection cannot be preserved. Indeed, by the Jensen
inequality, we have:

{ρs̃2}(wn+1
i , {ρs̃n+ 1

2
1 }) ≤ 1

∆x

∫ xi+1/2

xi−1/2

{ρs̃2} (w, ρs̃1) (x, tn+ 1
2 )dx. (27)

This means that, the dissipation of the entropy {ρs̃2} is strictly negative. On
the other hand, the specific entropy s̃1 is simply advected by the flow and
therefore, is preserved by the classical (L2) projection step. At the discrete
level, this discrepancy results cause the failure of the entropy balance equa-
tion (12). In the second step, the entropy dissipation is redistribute in order
to enforce the balance (12). Therefore, (ρs̃1)

n+1
i is computed from a discrete

approximation of the entropy balance equation:
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βi

(T2)
n+1/2
i

(
{ρs̃2}(wn+1

i , (ρs̃1)
n+1
i ) − (ρs̃2)

n+ 1
2

i

)
−

1 − βi

(T1)
n+1/2
i

(
(ρs̃1)

n+1
i − (ρs̃1)

n+ 1
2

i

)
= 0, (28)

where

(ρs̃2)
n+ 1

2
i = (ρs̃2)n

i − ∆t
∆x

(
φρs̃2

i+ 1
2
− φρs̃2

i− 1
2

)
,

βi = β
(
(T̃1)

n+1/2
i , (T̃2)

n+1/2
i

)
,

(T̃k)
n+1/2
i =

(ρn+1
i )γk−1

γk − 1
e−(s̃k)

n+1/2
i .

The above nonlinear problem in the unknown (ρs̃1)
n+1
i can be shown to admit

a unique solution as soon as the approximate Riemann solver involved in the
first step obeys discrete entropy inequality for the Lax pair (ρs̃2, ρs̃2u). This
in turn uniquely defines (ρs̃2)

n+1
i according to:

(ρs̃2)
n+1
i = {ρs̃2}

(
wn+1

i , (ρs̃1)
n+1
i

)
.

When φw is computed by an approximated Riemann solver, then, following
the principle proposed in [27], the fluxes φρs̃1

i+ 1
2

and φρs̃2

i+ 1
2

are computed in order

to ensure a maximum principle. In addition, we have (see [10] for the proof):

Theorem 3 We assume that the scheme (25) is entropic and satisfies a max-
imum principle for the specific entropies. Under the CFL restriction (24), the
following discrete entropy inequalities are satisfied:

{ρΨk(s̃k)}(wn+1
i ) − (ρΨk(s̃k))

n
i

+
∆t

∆x

{
{ρΨk(s̃k)u}n

i+1/2 − {ρΨk(s̃k)u}n
i−1/2

}
≤ 0,

for any strictly increasing functions Ψk assumed to satisfy the convexity of the
maps w → ρΨ1(s̃1) and w → ρΨ2(s̃2(w)). The following maximum principles
for the specific entropies are met:

(s̃k)
n+1
i ≤ max((s̃k)

n
i−1, (s̃k)

n
i , (s̃k)

n
i+1), k = 1, 2. (29)

The partial specific internal energies (ε̃1)
n+1
i and (ε̃2)

n+1
i stay positive as soon

as the density ρn+1
i is positive and the maximum principles 0 ≤ (Y1,2)

n+1
i ≤ 1

are satisfied.
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4.2 Multidimensional formulations

The multidimensional problems do not introduce additional difficulties ex-
cept usual difficulties in multidimensional approximations of standard Navier-
Stokes or Euler equations (see Quirk [32], Berthon and Nkonga [12] or Toro
[37]). The extension of the proposed models in 2D and 3D is given by:






∂tρ + ∇.(ρu) = 0,

∂tρu + ∇.(ρu ⊗ u) + ∇(p̃1 + p̃2) = 0,

∂tE + ∇.(E + p̃1 + p̃2)u = 0,

β
T2

{∂tρs̃1 + ∇.(ρs̃1u)} − 1−β
T1

{∂tρs̃2 + ∇.(ρs̃2u)} = 0,

(30)

where for the bifluid β is given by algebraic formula (15) and for the diphasic
model by the equation: ∂tρβ + ∇.(ρβu) = 0. We consider in the sequel only
the case where β defined by (15). Indeed, other approximations can be derived
from this case.

Following the 1-D case, the problem to be solved in the first step of the splitting
is:






∂tρ + ∇.(ρu) = 0,

∂tρu + ∇.(ρu ⊗ u) + ∇(p̃1 + p̃2) = 0,

∂tE + ∇.(E + p̃1 + p̃2)u = 0,

∂tρs̃1 + ∇.(ρs̃1u) = 0.

(31)

The variable W = t(ρ, ρu, E) is updated as follows:

Wn+1
i = Wn

i − ∆t

ai

∑

j∈ϑ(i)

φij,

where ai is the area, ϑ(i) the set of neighboring cells of cell i. The numerical flux
φij is computed from the exact or the approximated solution of the Riemann
problem stated at the cell interface:

φij = φ
(
nij ,Wi, (ρs̃1)i,Wj, (ρs̃1)i

)
,

where nij is the normal to the cell interface between cells i and j. The second
step of the splitting is now given by:

14



(β1)i

(T1)i

(
{ρs̃2}(Wn+1

i , (ρs̃1)
n+1
i ) − (ρs̃2)

n
i +

∆t

ai

∑

j∈ϑ(i)

φρs̃2
ij

)
−

(β2)i

(T2)i



(ρs̃1)
n+1
i − (ρs̃1)

n
i +

∆t

ai

∑

j∈ϑ(i)

φρs̃1
ij



 = 0.

(32)

The extension of the nonlinear projection scheme to multi-dimension is thus
achieved.

4.3 Source terms

Source terms can be added in the model in different ways. In the turbulent
models there are source terms associated to the turbulent pressure production.
In the presence of external forces (gravity, ...) source terms model the total
momentum production in a specific direction.

In any case, we assume that the size of source terms is small compared to
dynamic of the flow (governed by the hyperbolic system). Therefore, the nu-
merical approximation is achieved by a splitting technic. The system solved
in the additionnal step is :

∂tw = ẇ, ∂t(ρs̃) = ρṡ.

For the case of external forces for example, the previous production term is
reduced to (multidimensional case):

ẇ = ρ





0,

g,

g · u




and ṡ = 0

This system is integrated analytically. If wm
i is the initial value and g assume

linear (g = a0 + a1t), we obtain:

wm+1
i = wm

i + ρm
i





0

(tm+1 − tm)a0

(tm+1−tm)2

2 a0 · um
i




+ ρm

i





0

(tm+1−tm)2

2 a1

(tm+1−tm)3

6 a1 · um
i




.

Generalization to the polynomial case g =
∑

aktk is straightforward. So that,
we can perform computations where the general external forces are substituted
by its time expansion.
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5 Numerical results

In this section we focus on the bifluid model for perfect gases at the vanish-
ing viscosity limits where the fraction is given by (15). The parameters m1

and m2 are fixed equal to 5 while µ̄ is set equal to one. This model is nu-
merically applied to three test cases: the 1D shock tube, the 2D shock-bubble
interaction and the tank filling. The numerical fluxes are computed by the
Roe approximated Riemann solver (see Roe [35]). For 2D computations, we
use unstructured triangular meshes, and the control volumes are of cell vertex
type (see Nkonga [31]). The computations are performed with a first order
and second order approximations using a MUSCL type technique in the time
evolution step of the splitting. In order to preserve entropy inequalities, the
nonlinear projection step is always approximated by a first order scheme.

5.1 Shock tube

We consider the initial data for a bifluid Riemann problem given by uL for
x < 0 and uR for x > 0 with:

uL =





ρL = 1000

uL = 0

(p̃1)L = 105

(p̃2)L = 0





and uR =





ρR = 534.18

uR = −11.56

(p̃1)R = 0

(p̃2)R = 57974.44





.

The adiabatic exponents are γ1 = 5/3 and γ2 = 7/5.

The associated exact solutions thus correspond to smooth regularizations of
Riemann solutions for the underlying first order system extracted from (1).
They are thus made up generally speaking of the juxtaposition of traveling
wave solutions and “rarefaction” solutions. We do not develop the way to
obtain the exact solutions. But we just indicate that the exact solutions are
obtained when integrating, using Maple subroutines, the ODE’s system for
governing traveling wave solutions (see [9] or [11] to further details). After
Raviart and Sainsaulieu [34], in the limit of a rescaling parameter, the exact
solutions of the Riemann problem for the hyperbolic system (1) compatible
with the diffusive tensor are thus obtained.

The exact solution is composed of a shock wave traveling in the left hand gas
and a shock wave traveling in the right hand gas. The material interface is
given by the contact discontinuity.
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The domain is one meter long and is discretized with 500 cells. The calculation
is performed with a CFL number equal to 0.5. In figures 1 and 5, the solution
is displayed at time 0.02 second. There is a good agreement between the exact
solution and the approximate solution obtained by the nonlinear projection
scheme (figure 1). Second order results obtained by the usual MUSCL tech-
nique are comparable to the exact solution and the first order approximation
(figures 3 and 4 ). Due to the nonlinear projection step that is always first
order accurate, the differences between the first and the second order approx-
imations are relatively small. At the contrary, numerical schemes where non
conservative products are computed as source terms (not included in the Rie-
mann Solver [30]), induce very large errors (figure 5). These behaviors of the
classical schemes persist with mesh refinements and for high order methods.
Indeed, in these methods all the non conservative products are dropped in the
source term with some ad hoc finite difference approximations (for instance,
see [30]).
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Fig. 1. Riemann problem: comparison between exact solution (fill line) and nonlinear
projection scheme (circle symbol).

5.2 Bubble-shock interaction

Let us consider a “2D bubble” initially in equilibrium in the surrounding
perfect gas with γ = 1.4. Initially, the bubble is located at x = 0.05 and
y = 0.05; its radius is equal to 0.035. A shock coming from the left of the

17



!0.5 0 0.5
0

100

200

300

400
>1

!0.5 0 0.5
0

100

200
>2

!0.5 0 0.5
150

200

250

300

350

400
>1 5 >2

Fig. 2. Riemann problem: Profiles of the partial temperatures for the exact solution
(fill line) and nonlinear projection approximation (circle symbol).
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Fig. 3. Riemann problem, 100 cells mesh: Comparison between for the exact solution
(circle symbol), the first order (dashed line) and the second order (fill line) nonlinear
projection approximation

bubble is characterized by a Mach number MS = 1.22:

ρshock = 3.4, ushock = 2.14, vshock = 0, pshock = 7.48.

The numerical data used here are similar to the one proposed by Quirk and
Karni [33]. The computational domain is a rectangle of size Lx = 0.3 m and
Ly = 0.1 m. The mesh is composed of 30,400 vertex and 600,000 triangles
corresponding to a 300x100 structured mesh.

We propose two numerical simulations for which the corresponding experi-
ments were first conducted by Haas and Sturtevant [22].
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Fig. 4. Riemann problem, 100 cells mesh: Comparison between the exact solution
(circle symbol), the first order (dashed line) and the second order (fill line) nonlinear
projection approximation.

In the first simulation (figure 7), the bubble gas is helium (γ = 1.6) at the
initial density ρHe = 0.138. In the second simulation (figure 8), the bubble gas
is Refrigerant 22 (γ = 1.25) at the initial density ρR22 = 3.154. In both cases
and without any additional numerical procedures, the material interface does
not produce spurious waves.

In the first case, the bubble density is lower than the surrounding gas density
(ρgaz = 1) while in the second case it is higher. In any case, numerical behavior
is in accordance with the dynamics of the bubble-shock interaction observed
in the physical experiment by Haas and Sturtevant [22]. Let us just recall that
whereas the helium bubble is lighter than the surrounding gas and so acts as a
divergent acoustic lens (strong deformation of the bubble into a vortex pair),
the R22 bubble is heavier and therefore acts as a convergent acoustic lens.

5.3 Tank filling

The last numerical application is devoted to the tank filling. The tank is
defined by two cylinders centered at the origin with the radius 0.2 and 0.15
(figure 9).
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Fig. 5. Riemann problem: comparison between exact solution (fill line) and classical
scheme (square symbol).

!0.5 0 0.5
0

100

200

300

400
>1

!0.5 0 0.5
0

100

200
>2

!0.5 0 0.5
150

200

250

300

350

400
>otal temperature

Fig. 6. Riemann problem: Profiles of the partial temperatures the exact solution
(fill line) and classical scheme approximation (circle symbol).

Initially, the tank contains a perfect gas (γ = 5/3) at rest and at the atmo-
spheric pressure with a density ρ = 1. There is a valve on the external cylinder
centered at x = −0.2 and y = 0 with radius 0.006. Then, an other perfect gas
(γ = 7/5) with density ρ = 1000 injected in the tank at a constant velocity
1 m.s−1 in the (Ox)-direction.

The main difference with the other test cases is that the material interface
is created by the boundary condition and the gravity is active in the (Oy)-
direction. The obtained solution is conform to the expected physical behavior.
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density fraction

Fig. 7. Density and material interface for interaction of an MS = 1.22 shock wave
with an He cylindrical bubble. Respective times: 16µs, 31µs, 47µs, 64µs, 94µs and
110µs.

6 Conclusion

We have proposed a numerical strategy for the numerical modeling of non-
mixing multifluid flows. The physical model is a reformulation of the model
proposed by Karni [24,25] based on both the multi-pressure (see Berthon and
Coquel [10]) and the reduced multiphase models, proposed respectively by
Berthon and Coquel [10] and Massoni et al. [29]. The final model conserves
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density fraction

Fig. 8. Density and material interface for interaction of an MS = 1.22 shock wave
with an R22 cylindrical bubble. Respective times: 16µs, 31µs, 47µs, 63µs, 94µs and
126µs.

the mass, momentum and energy of the mixture, completed by non conser-
vatives balance equations coupling the entropy dissipation rate of the flow
components. This model, in general, cannot be formulated in a fully conser-
vative form. The numerical method based on the nonlinear projection step,
enforces the validity of the entropy balance equations at the discrete level.
Furthermore, the approximated solutions satisfy the required positiveness pre-
serving properties in addition to several stability requirements. The shape of
the viscous tensor is an important parameter of the numerical model. In the
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Fig. 9. Tank filling: velocity field and material interface.

vanishing viscosity limit, the numerical solutions are consistent with physics
when the classical methods converge to non physical solutions. The efficiency
of the numerical model is demonstrated by 1D and 2D applications on un-
structured meshes. The future work will be the improvement of the method
for turbulent miscible multifluid flows.
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