AN HLLC SCHEME TO SOLVE THE M; MODEL OF RADIATIVE
TRANSFER IN TWO SPACE DIMENSIONS

CHRISTOPHE BERTHONT# PIERRE CHARRIER!, AND BRUNO DUBROCATS

Abstract. The M; radiative transfer model is considered in the present work in order to
simulate the radiative fields and their interactions with the matter. The model is governed by an
hyperbolic system of conservation laws supplemented by relaxation source terms. Several difficulties
arise when approximating the solutions of the model; namely the positiveness of the energy, the flux
limitation and and the limit diffusion behavior have to be satisfied. An HLLC scheme is exhibited
and it is shown to satisfy all the required properties. A particular attention is payed concerning the
approximate extreme waves. These approximations are crucial to obtain an accurate scheme. The
extension to the full 2D problem is proposed. It satisfies, once again, all the expected properties.
Numerical experiments are proposed. They show that the considered scheme is actually less diffusive
than the currently used numerical methods.

Key words. Radiative transfer, M1 model, Asymptotic preserving, HLLC scheme, Positiveness
and flux limitation.
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1. Introduction. In many applications involving radiative transfer, solving the
full radiative transfer equation is too expensive. A great effort was devoted in recent
years to derive cheaper relevant models. A new alternative was introduced by Dubroca
and Feugeas [10]; namely the M; model. Tt has been used in a large literature (for
instance see Turpault [25], Charrier et al [9] or Ripoll [20, 21]). The M; model is
known to preserve several crucial properties of the radiative transfer equations such as
the positiveness of energy, the flux limitation, the conservation of the total energy. In
addition, it recovers the asymptotic diffusion regime in the limit of large opacities (see
Mihalas and Mihalas [18] or Pomraning [19]). Another important property satisfied by
this model concerns 2D simulations where the shadow cone is preserved in transparent
regions.

One of the main difficulties to approximate solutions is to derive numerical sche-
mes preserving all the above properties. In Dubroca and Feugeas [10], an HLL scheme
(see Harten, Lax and van Leer [14] for details) is proposed which satisfies the posi-
tivity of the energy and the flux limitation property. This first numerical approach
is shown to fail concerning the asymptotic preserving property since it does not yield
to relevant numerical approximation in the diffusion limit (for instance, see Audit et
al [1]). Next, in the work of Buet and Cordier [6], the authors propose a two step
method based on a relaxation scheme step (see Jin and Xin [16] but also Bouchut
[5] or Berthon [3] for details of the relaxation scheme in several frameworks) and a
well-balanced scheme step (see Bouchut [5], Gosse and Toscani [13] and references
therein), and the obtained numerical method is shown to satisfy stability properties
for a simplified 1D scattering model. However, in [4], the authors establish that the
scheme proposed in [6] is still too much diffusive and they detail a new relaxation
numerical approach with better accuracy. From the work [4, 6], the diffusion comes
with the choice of the numerical extreme wavespeeds. In [6], these wavespeeds are
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approximated when involving a unique constant. As announced in [4], in the present
work, we propose relevant numerical approximations of each extreme wavespeed in
each cell when involving a suitable approximate Riemann solver. The discrepancy
with current works (see [6, 13]), stays in the structure of the approximate Riemann
solver. Indeed, in the present work we consider, roughly speaking, non-symmetric ap-
proximate characteristic cone when usual approaches impose a symmetric wave cone.
Such an independent consideration of the approximated wavespeed increases the ac-
curacy of the method. Let us note from now on that the approximate characteristic
cone defined by the extreme waves is of primary importance to satisfy the asymptotic
preserving property. Now, if the approximate characteristic cone is too large, the nu-
merical diffusion of the scheme increases and then the accuracy of the scheme is lost.
By opposition, the scheme becomes unstable as soon as approximate characteristic
cone is a too much narrow.

Arguing recent works, devoted to simplified one space dimension models, we de-
velop an HLLC scheme for the M; model (see Batten et al [2], Bouchut [5], Toro et
al [22, 23] to further details concerning the HLLC scheme in the framework of the
standard gas dynamics). The structure of the approximate Riemann solver, used to
define the HLLC scheme, is analysed and required stability results are established.
To be more precise, we prove that the scheme satisfies the positiveness of the energy,
the flux limitation property, the conservation of the total energy and the asymptotic
preserving property. Next, a two space dimension extension of the scheme is proposed.
To enforce the asymptotic diffusion behaviors of the 2D model, we propose to consider
a relevant splitting technique of the relaxation source terms. The 2D final scheme is
shown to satisfy all the required stability properties and it performs relevant numer-
ical approximations when considering the asymptotic regimes. Moreover, thanks to
the correct definition of the extreme wavespeeds, it preserves the stationary contact
discontinuity which is crucial in some simulations.

The paper is organized as follows. In the next section, the M; model is described.
The main properties satisfied by the solutions of the model are given. A special at-
tention is payed on the asymptotic diffusion limit. In addition, the hyperbolic system
is studied when giving the eigenvalues. The third section is devoted to describe an
HLLC scheme to approximate the solution of the 1D model. A term by term operator
splitting strategy is considered to propose a relevant method of approximation. All
the properties satisfied by the exact solutions are proved to be verified by the ap-
proximate solutions. In the next section, we propose to extend the numerical scheme
in the case of the 2D model. Once again, the obtained numerical scheme is shown
to satisfy all the required properties. In the section five, numerical experiments are
proposed. Specific 2D tests are performed to illustrate the diffuseless of the scheme.
The last section is devoted to a short conclusion.

2. The M; model for radiative transfer. For many applications, solving the
radiative transfer equation is too expensive and cheaper moment systems, such as the
M; model, giving accurate enough prediction of interaction of radiation and matter
are prefered. To derive such systems, we take the first two moments of the radiative
transfer equation (see [10]) which leads to the following moment system:

HE+V-F =co(al* - E), (2.1a)
loF+cv.P=——oF, (2.1b)
c

d(p C,T) = —co(aT* — E) (2.1¢)
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where E is the radiative energy , F' is the the radiative flux vector and P is the radiative
pressure tensor. The normalized flux is written as f = F/(cE) and f = ||f|| and the
radiative temperature T is defined from the radiative energy as E = aTj%z.

The radiative equation equations (2.1a) and (2.1b) are coupled to the material
energy balance equation that writes in its simplest form (see Gentile [11] or Pomraning
[19]) as equation (2.1c) where p is the matter specific density, C, is the specific heat
capacity. In the particular case of the radiativer equilibirum, we have E(T) = aT*,
F(T) = 0, P(T) = aT*/31d with a = 87°k*/15h3c® and Tr = T where k is the
Boltzmann constant and h is the Planck constant. The moments £ and F must
verify that E > 0 and that f < 1 (flux limitation).

The radiative pressure is given by

_L(lq_ _pEoF
P =5 (- x(OT+ Bx(h) - Vs ) 2 (2.2)
where
_ 344f?
XU%—5+%, (2.3)

and £ = \/4 — 3f2. In the present work, the model uses non normalized variables.
However, the normalized model can be easily deduced when setting ¢ =1 and a = 1.

Thanks to its construction based on the minimum entropy principle, we know
that this system is hyperbolic symmetrizable (see [17]). Concerning the algebra of
the hyperbolic system (2.1) the Jacobian matrix set in the z-direction reads as follows

0 1 0 0
2 =3 (x—fX)+11 fofl Fux' 21 £2x'

c e Tl 20— 0
zJy xzJy Yy flfy x ’
Lhax—3fx'—1) Lho+d6x-1) Zo+f=6x-1 0

0 0 0 0

where we have set § =2+ 3fx’ — 6x. The eigenvalues of this matrix are given by

V2 /(€ - D(E+2)2(E - D(E+2) +3f7)

PRy ,
‘e VBE(E+2) (2.4)
)\0 —c (2 _fg)fx’ )\stationary —=0.

The eigenvalues of the Jacobian matrix in the y-direction are of the same form
(with f, replaced by f,). We note that the eigenvalue \° = ¢ A, where A, is the
x-component of the vector A given by,

2 - Of

Moreover we can easily check that the characteristic fields associated with A\*
are genuinely nonlinear while the characteristic field associated with A\° is linearly
degenerate. In radiative transfer the contact discontinuities play an important role
connected with the shadow effect in transparent medium as we will see in the numerical
experiments.



4 C. Berthon, P. Charrier, B. Dubroca

fy=0 fy=+3/2
AT /e U —— atye U'éij TN
- io—/fc ] - io—//cc 0‘47{/’”

05

02—

I S s 0 05 - 04 02 [y 02 7 04
02+

04 ="

g P
e -0.6 ——

T fx

Fiac. 2.1. Dimensionless eigenvalues of the Jacobian matriz.

The dimensionless eigenvalues (i.e. A\/c) of the Jacobian matrix are given on figure
2.1 as functions of f, respectively for f, =0 and f, = v/3/2.

At equilibrium, i.e. for f; = f, = 0, the eigenvalues are A = +¢/V3, A0 =0,
which clearly illustrates the emission isotropy of the photons which prevails at this
regime. On the other hand, in the case of extreme non-equilibrium (for instance when
f= tends toward 1 and f, = 0), both eigenvalues AT tend towards +c which describes
that all photons move on the same direction (or that the underlying radiative intensity
tends towards a Dirac which is called the free streaming regime).

For the sake of simplicity in the sequel, let us introduce the following useful
notations (for the 2D M; model)

U= (E,Fy/c,F, /o)t F=(Fy,cPuy,cPyy)?, G=(F,,cPyy,cPy,)T. (2.5)

A one dimension system can be obtained from (2.1) by assuming that all quantities
are independent of y and that F,, = 0. Then the eigenvalues of this 3 x 3 system are

_ fVBE2e-1)
&3

and coincides with the two extreme eigenvalues represented in figure 2.1. With some
abuses in the 1D notations, we set

)\:ﬁ: Astationary _ O, (26)

U= (E F/e)T, F=(FcP)T, (2.7)

where we have introduced F' = F, in one space dimension.

It is well known that in the limit of an opaque medium (o tends to infinity),
the matter temperature can be approximated by the solution of an asymptotic model
called equilibrium diffusion equation (see [18, 19]). An important property of the M;
system is that it recovers this equilibrium diffusion regime. Indeed, assuming that the
opacity is large, we can rescale the M; system so that the Knudsen number € appears
in front of the time derivative term (long time approximation) and in the relaxation
term (near equilibrium hypothesis):

gc

eWE+ V-F = ?(aT‘l - E), (2.8)

O F +2V-P=-2S4F, (2.9)
€
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By (pC,T) = —Uf(aT‘* —B). (2.10)

An asymptotic expansion around ¢ = 0 gives the usual near equilibrium behavior.
If we set T =Ty + €Ty + €2Ty + ..., we get at the leading order, from equations (2.8)
and (2.9), Eyp = aTy and Fy = 0. At the next order, using equation (2.9) the flux
can be written as F'y = =<V - Py = —;—;VT(?. Finally, summing equations (2.8) and
(2.10) at the following order leads to

4cTO3
30

which is the equilibrium diffusion equation ([18]).

O(pCy Ty + aTy) — V- ( VT,) =0, (2.11)

All important properties of the M; system are summarized in the following result
(see [10])
THEOREM 2.1. The radiative moment model My has the following properties:
1. The radiative energy E remains positive: E2 > 0.
2. The normalized flux is limited: f < 1.
3. The set of admissible states A= {U = (E,F/c) / E>0& f <1} is a closed
convex cone.
4. The system is hyperbolic and total energy E + pC,T is conserved:

O(E + pC,T) +V - F = 0.

5. The M, system recovers the equilibrium diffusion regime as relaxation limit
for large absorption coefficient.

3. An HLLC approximate Riemann solver. We propose to approximate the
weak solutions of (2.1) when considering the well-known HLLC approximate Riemann
solver (see Toro et al [22, 23], Batten et al [2] or Bouchut [5] to further details). This
scheme is a modification of the initial HLL method, introduced by Harten, Lax and
van Leer [14], to obtain an accurate scheme. Indeed, the HLLC method exactly
captures the stationary contact waves while the pioneer HLL scheme cannot satisfy
such a property.

For the sake of the clarity in the presentation, the HLLC scheme is firstly de-
veloped in one space dimension. The extension to higher space dimension will be
proposed in the next section. As a consequence, in the present section, we deal with
the following hyperbolic system :

OHE + 0,F = co(aT* — E),

1

—OF + 0y(cP) = —0F, (3.1)

C

0 (pC,T) = —co(aT* — E).
This system turns out to be hyperbolic with relaxation source terms. To develop an
HLLC solver for approximating the weak solutions of (3.1), we propose a strategy of
term by term operator splitting. During the first step, we evolve in time (3.1), but

neglecting the matter temperature relaxation terms. The prediction is thus governed
by the following system:

O E + 0, F =0,
1
SOF +0,(cP) = ~oF, (3.2)
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The second step is devoted to introduce the matter temperature relaxation source
terms co(aT* — E). The resulting HLLC scheme will be shown to satisfy, at the
discrete level, all the properties stated in theorem 2.1.

3.1. The first step (a prediction). The weak solutions of the system (3.2) are
approximated involving an HLLC Riemann solver. Following the ideas introduced by
Harten, Lax and van Leer [14] and extended by Toro [22] (see also [2, 5, 23]), we
propose to put forward an approximate Riemann solver according to system (3.2).

3.1.1. The system to be approximated. After the recent work of Bouchut
[5] (and reference therein), a relevant interpretation of the relaxation source terms is
proposed when introducing the variable ¥(x) defined as follows:

o(x) = 9, 5(x), (3.3)
to write (3.2) in the following form:
&gE + 8wF = 0,

%@F b 0,(cP) = —FO,%, (3.4)

Since Y. does not depend on the time variable, the system is completed by
0% =0. (3.5)

Now, let us note that the system (3.4)-(3.5) can be rewritten in conservation form.
Indeed, we have: F9,¥ = 0,(FX) + 0,(XE). Hence, the system (3.4)-(3.5) rewrites
as follows:

atE + 6xF - 07
1
815 (pCvT) = O,
oY = 0.
To shorten the notations, the system (3.6) is given in the following form:
OV +0,HV) =0, (3.7

where we have set
1 T
V= (E, EF + XFE, pC,T, E) and H(V)= ¢ (F,cP+ XF,0, O)T .

An HLLC scheme is now considered to approximate the weak solutions of (3.6).

3.1.2. Definition of the HLLC approximate Riemann solver. To approx-
imate the Riemann solution arising with system (3.6), we turn considering an approx-
imate solver with the following struture (see also figure 3.1):

Vo i <by,
V; ifb, < %<0,
Vi if0< < b,
Vi if £ > bp

V(x,t) =
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The wavespeeds by, < 0 < br will be estimated later according to additional stability
conditions.

Let us note from now on that the initial HLLC scheme considers a middle wave
with velocity b* (see Batten et al [2] or Toro [22]). In the present work, the middle
wave is associated with the trivial contact wave with a vanished velocity, involved by
the equations on pC,T and X. In this sense, we have imposed b* = 0. Now, we have to

br, b*1=0 R

Vz, 7:(1] Vl*za ,I:[R

VLa HL VRa HR

Fic. 3.1. Structure of the approzimate Riemann solver

determine the approximate states V; and V}, in the star region and the corresponding
flux functions Hy and Hg. To access such an issue, several assumptions will be done
on the choice of the linearizations. As usual, we have set

HL = H(VL) and HR = H(VR),

but we do not impose ﬁL’R = H(V; g)- To evaluate V} p and 7:[L,R, we apply the
Rankine-Hugoniot conditions (see [2, 22]) across each of the waves of speed by, and
bR:

Hr — Hp = br (Vi — Vi), (3.8)
Fn—Hr = ba(Vh — Vp). (3.9)

To complete the system, we impose supplementary conditions on the approximate
Riemann solver. First, let us emphasize that the quantities F' and cP + X F are easily
shown to be continuous accross the stationary contact wave involved int he exact
Riemann problem associated with (3.6). As a consequence, we propose to consider
the following formulas:

FoFn=F, (3.10)

F} = Fj, = F*, (3.11)

CPZ—FXNJLFL ZCPE—FERFR, (312)
(3.

cP, + X5 Ff = cPr + X5 FF.

Next, we note that the exact Riemann solution of (3.6) satisfies ¥ (z,t) = X, if 2 <0
and X(z,t) = X if « > 0. Then, we enforce the approximate Riemann solver to
satisfy:

EL:EL and ERZZR. (314)
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Extending ideas introduced in [6], we impose the following linearization satisfied by
the star-pressure:

brbr
-

brbr
e

P = E; and Pj= B, (3.15)

The HLLC approximate Riemann solver is now fully defined since he unknows Vj 5
and My, r are solutions of the system (3.8)—(3.15).

3.1.3. Some notations. Before we solve V}  and H L.R, let us introduce several
notations, useful in the sequel. First, we set

ZR—ZL:UALL'. (316)

This notation is in agreement with the exact definition of ¥ given by (3.3), and it will
turn out to be useful to clarify the writing of the final numerical scheme.
Next, we introduce a parameter o defined as follows:

br — by,

“= br — b + coAx’

(3.17)

This parameter will play a crucial role since it will define the transport region:
a—1 as co—0, (3.18)
and the asymptotic diffusion limit
a—0 as co— +oo. (3.19)

The last notations we introduce are devoted to the standard HLL Riemann solver (see
[5, 14, 22]) when considering the system (3.6) but for an uniform vanishing o:

atE + 8;EF = 0,
1
SOF + 0(cP) =0, (3.20)

Indeed, in the case of an HLL Riemann solver, the star region is made of a constant
single state defined as follows (see [22] to further details, and also figure 3.1):

i _ YRER —biEL — (Fr— F1)

— , (3.21)
prnie _ brFR — bLIi;L _bCLZ(PR —P) (3.22)
The corresponding flux functions read as follows:
pHLL _ brEL — bLFIZR__bziR(EL - ER)7 (3.23)
prer _ belL =P gR‘_"gL"R<FL —Fr) (3.24)
Once again, let us emphasize that the notations F*HLL  prHLL [HLL gnq pHLL

will not enter the definition of our HLLC scheme but they will short the formulas
involved in the sequel of the paper.
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3.1.4. Characterization of the approximate Riemann solver. Involving
the above notations, the system (3.8)—(3.15) is solved to compute the unknowns V; p

and H r,r The following statement gives this expected solution and thus the full

characterization of the approximate Riemann solver is achieved:

LEMMA 3.1. Let Vi p and Hy r be solution of the system (3.8)-(3.15). Let us

set

Frr

0
EL,R - EL7R7 .
br.r

Then we have
E} p=aBE"" 4 (1 - a)EY 5,
F* — qF*~HLL

227[{ = 2:L,Ra
(pC,T)1 R = (pCoT)L,Rs

and
F = aF"

pL,R:OZPHLL+(1*OL) <PLRCéFLR> .

Proof. First, from (3.8) and (3.9), we immediately deduce that

2 = EL and EE’, = ER,
(pC, 1), = (pC,T)r  and  (pC,T)% = (pCuT)rR-

Next, we argue (3.8)-(3.9) to write

{ F—F, =b,(Er — Ep),

F — Fp = br(E}, — ER),

and then we obtain

(bR - bL)F —brFp + b Fgr = bLbR(EZ — ER) — bLbR(EL — ER).

Moreover, from the linearization (3.15), we deduce
P} — Pl = —brbr(E} — E}).
When involving (3.12), we have

AP} — APf=c(Xg — B1)F,
= coAzF,

to obtain
—brbr(E}], — ER) = coAzF.
We substitute this above identity into (3.34) to write

(bR — bL + CO’A.’IJ)F = bRFL - bLFR - bLbR(EL — ER)

(3.25)

(3.34)

(3.35)

(3.36)

(3.37)
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Involving (3.17) and (3.23), we obtain the expected formula (3.30) to define F.
As soon as F' is known, we can compute V} . First, we solve E} while E}; is
obtained involving a similar computation. The Rankine-Hugoniot relation (3.8) gives:

bp(E} —Ep) = F — Fy,
— qFHLL _ Fy

)

to obtain

- F
Ez: %(FHLL—FL—I—I)LEL)—F(:[—OA) (EL—b—§>

In addition, from (3.21) and (3.23), we easily deduce:
b ERHLE — PHLL _pr 4 b B
to write
Ef = aBE*TEL (1 - a)EY. (3.38)
Similarly, we have
By =aBE*~HEE 4 (1 - a)EY. (3.39)

The state vectors V; and Vj will be solved as soon as F™* will be determined. To
access such an issue, once again the relations (3.8) and (3.9) are considered to write:

br ((7 + zzEz) - (TL n ELEL>> - (cPL n ZLFL) — (cPL +XLFL),
br ((7 + E};Eg) - (7’* n ZRER>) - (cPR + ERFR) — (cPp + SrFR).

Involving (3.11), (3.15) and (3.28), we rewrite these relations as follows:

ZCL(F* — FL) + bYp(Ef — Er) = (P — Pp) + Sp(F - Fy), (3.40)
?R(F* — Fr) + brXr(E}y — Er) = ¢(Pg — Pr) + Sr(F — Fr).
Since
i 64
we deduce from (3.40) the following identity:
(bg —bp)F* = *(Pp — P) — *(Pp — Pp) + bpFr — b Fg. (3.42)

We involve (3.13) to write
?(Pr — Pr) = —coAzF™,
and then we obtain

(bg — by, + coAx)F* = brFp — b Fr, — ¢*(Pr — Pr).
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From (3.22), we obtain the equation (3.27) to define F*, and the computations to
estimate V; and V5, are achieved.

Now, to complete the determination of H, and Hp, we have just to compute Py,
and Pr. We plug (3.41) into (3.40) to write

~ b

Py =P+ 5 (F" ~ Fp),
~ b N

Pp = Pp + c—{j(F — Fp).

Involving (3.24), we immediately obtain the expected identity (3.31) and the proof is
thus completed. O

3.1.5. Main properties of the approximate Riemann solver. To achieve
the analysis of the star region, introduced in the approximate Riemann solver (see
figure 3.1), we exhibit relevant conditions to enforce stability properties. With the
notations introduced in (2.7), we define

x E}
uin=( g ).

We have to enforce that the approximate Riemann solver satisfies U} € A when A,
defined in theorem 2.1, is the set of the admissible states.

Now, involving the definition of E7 p, given by (3.26), and F*, given by (3.27),
we can write

Ui r = ay~HLL 4 (1- a)Z/lE’R,

where
E* HLL EO
Z/{*HLL ( F*HLL/ ) and UE,R: ( OL’R )

Since «, defined by (3.17), belongs to [0, 1], and since A is a convex set, we have just
to estabhsh that U~HLL and Z/{g r belong to A in order to enforce U} p € A. In the
following result, as long as the velocities by, and bg satisfy relevant condltlons we
show that U}  are in A:

LEMMA 3.2. Let us define

Fy I
= — d = .4
Ir B ™ fr= B (3.43)
Assume
. fr—xc fL+XL)
by < 0,¢fr, , 3.44
Lmln( chcl_fL Cl+f[, (3.44)
R —XRr fR+XR>
bp > 0, cfn, , 3.45
R_max( chcl_fR Cl+fR ( )

where xr,r = X(fL,r) with the function x defined by (2.3). Then LIE:;ILL and Ug}R
are in A. As a consequence, Uy p € A.
Proof. To obtain L{g, g in A, we have just to enforce:

F F
E%_EL—b—LLzo and E%:ER—b—gzo.
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these conditions are easily see to be verified as long as (3.44) and (3.45) are satisfied.
Concerning U*H XL we show that

E*,HLL > 0 and _CE*,HLL < F*,HLL < CE*,HLL
under the conditions (3.44) and (3.45). First, we write

—br,
br — by,

b
E*,HLL _ R EOR +

EY.
br — by, L

Since E%,R > 0, we immediately deduce that E*HLL > (.

Now, concerning the flux limitation, we rewrite the condition
in the following form:

*,HLL *,HLL
F <ck

2 2
(bR (FR — bC—RPR) —CbRER+CFR> — <bL (FL — Z—LPL> —cbpEp, +CFL> < 0.

It is thus clear that the expected inequality F*HE < cE*HLL holds as soon as we
have
c? PR) —cbrER + cFR <0,

br
C
L

br | Fr —
br | Fr — b—ZPL) —cbpEp +cFr > 0.

Involving (3.43) and (2.2), we rewrite the two above inequalities in the following form:

Jr — Xz
c———— and bp <c—"F—.
1-fr 1—fr
Arguing a similar computation, we ensure that the inequality F*HLl > —cpxHLL

holds as long as we have

frR+xr

fo+xo
1+ fr

and b < .
sl L cl+fL

br > c

The proof is thus achieved. O

3.1.6. The HLLC scheme. The above approximate Riemann solver is used to
propose a relevant numerical scheme for approximating the weak solutions of (3.4).
We consider a structured mesh defined by the cells I; = [z,_ 1T ) with
Ax

$i+%:1’i+77 1 €7,

where Ax is the spatial cell width. Under the CFL like condition:

At itl i1 1
= by b ) <5 3.46
A (e ) < 5. (3.40)
we set, at each cell interface x;, 1, the approximate Riemann solver where V;, and Vg
are substituted by V;* and V7 ;.

The CFL condition ensures that all the Riemann solvers do not interact (see figure

3.2) where the two extreme wavespeeds are estimated involving the exact eigenvalues
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1 i—1 i+3 i+
2 b 2 bL 2 2
* *

Vhi-1 L+l

n mn mn
i—1 Vi i+1

Fic. 3.2. HLLC scheme: Stucture of the approximate Riemann solver set on a cell (x,_1, Tl ).
2 2

(2.6). After the work of Batten et al [2] (see also Toro et al [22, 23] and Bouchut [5]),
we propose to consider:

I =X Cf?+x?
L—fr 1+ fr7

2 > max (o,cf;’,cf; - f’;" ,cf;‘ : f?f:‘ N(Ltf)) , (3.48)

bi+%< . n
;> <min (0,cf", c

A(u{‘)) : (3.47)

with

n

F
fi'= cé? and  x;' = x(fi")-

We set V(x,t™ + At) the approximate solution at time t" 4+ At, made of the
juxtaposition of the non-interacting approximate Riemann solvers.
Next, the projection of these solutions on the piecewise constant functions gives:

Er ! Lo EM(x,t" + At)
Frl /e - — / Fh(z, 17 + Ab) /e dr.  (3.49)
(pC, T iy \ (pC,T)(x, 8" + At)

After an usual and easy computation, we obtain

n . At - -
e Y (aH%FﬁfgL - ai_%FiIiL%L) : (3.50a)
At - N
n+1 2 HLL HLL
Fi+ :FZ."—MC (ai+%Pi+% _ai—%Pi_% +(ai_%—ai+%)Pi")+
At i+ 1 i—4i n
Ax ((1 - O‘z‘+§)bL -0 ai—%)bR 2) 7, (3.50b)
(pC, T = (pC,T)? (3.50¢)

At this level of the scheme, we have proposed a predictor step which will be seen
to preserve the positiveness of the energy E;H'l and the flux limitation (see section
3.3).

3.2. The second step (a correction). The above numerical scheme (3.50)
must be corrected to propose a suitable discrete form of the matter temperature
relaxation source terms co(al* — E). To access such an issue, we propose to modify
the star region states, V} p, introduced in the approximate Riemann solver (see figure
3.1), according to the relaxation source terms. Put in other words, the state vectors
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Vi  and the corresponding flux function H,  must be corrected to satisfy a suitable
approximation of

OE = co(aT* — E),
&gF = 07
0:(pC,T) = —co(aT* — E).

The corrected results will be denoted VE:%LLC and ﬂf %LC. They will be defined as
follows:

4
JHLLC JHLLC
EZ,R - EZ,R =(1-aqa) <a (TE,R ) - Eg,R) )

Fpptte —pr =,

4
pCy (TEZgLLC - TZ,R) =—-(1-aqa) <a (Tijﬁmc) - E%,R) ,

where « is defined by (3.17), E} p is given by (3.26), F* is given by (3.27) and E} p
is given by (3.25). We easily deduce the following corrected approximation for E and
F:

4
EszLC — aEHLL (1~ a)a (TEZgLLC) ’ (3.51)
Fz:gLLc — oF*~HLL (3.52)

Arguing the definition (2.7), we write for short
Upptte = M 4 (1 - )t g, (3.53)

where U] , corresponds to the asymptotic state and it is defined as follows:
4
. a (T*,HLLC>
UL r= L.k ) (3.54)
0

with TE:gLLC defined in the following result:

LEMMA 3.3. The matter temperature TEZIR{LLC is the unique solution of the fol-

lowing equation:
pOLTEHC 4 (1= )alT3 O = pCy Ty + (1 0)ED e (3.55)

In addition, TE:gLLC is positive.

The proof of this result turns out to be obvious and it is omitted. Now, we can
establish that the corrected states L{z’)gLLC belong to .A.

LEMMA 3.4. Let us consider the assumptions stated in lemma 3.2. Then,
L{z:gLLC, defined by (3.53), belongs to A.

Proof. From lemma 3.2, we have U*H L1 ¢ A. In addition, after the positiveness
of TE:gLLC, we easily deduce that

(o8 )
0



HLLC scheme for the M7 model 15

Now, applying the convex property of A, we immediately obtain the expected result.
O

To conclude the determination of the corrected states, V;’ HLLC, we specify the
asymptotic behavior of the approximate Riemann solver. Indeed let us assume that
co goes to zero (or equivalently, o tends to 1). In this case, we typically enter the
regime of pure transport equations. From (3.51), (3.52) and (3.55), we have for such
a limit:

*, HLLC * HLL
EY —E ,

LII}LLC
F*’ F*,HLL
L,R )
THHLLC T
L,R — LL,R-

As expected, the approximate Riemann solver coincides with the standard Riemann
solver involved when considering an HLLC scheme to approximate solutions of (3.20).

Now, we turn considering the asymptotic behavior as long as co goes to infinity,
or equivalently assume that o tends to 0. In this case, we obtain the following limit:

4
*,HLLC *,HLLC
ET'Rr —a TL,R ) )

+HLLC
FL,R — 0,

to coincide with the asymptotic diffusion regime.

To complete the determination of the star region, we have to solve the resulting
flux function HHLLC It will be done as soon as Fgﬁ"‘c and Pf{]%LC should be
evaluated. To access such an issue, once again, we consider the Rankine-Hugoniot
relations (3.8) and (3.9). First, we have

FHLLC Frr+brr (E* JHLLC EL,R) '

Involving (3.51), we obtain
FPELC = F YL 4 (1 - a)by g <a (ngngf - EgR) . (3.56)
Similarly, from (3.8) and (3.9), we deduce
PHLLC _ CQPL,R +brn (FE:gLLC _ FL,R) ’

to write when considering (3.52):
APPENY = ac® PHEL + (1 — ) (*PLr — bL.rFLR) - (3.57)

To conclude the description of the approximate Riemann solver, let us note that

the corresponding flux function .7-" HLLC " associated with up 7 HLLC , reads as follows:
N e e e (3.58)
where S p is given by
Str=brr Ui —ULR), (3.59)
Up p=Urr - L7'"L R- (3.60)

R bL
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Of course, in a practical point of view, the equivalent formulas (3.56) and (3.57) are
preferred. In fact, (3.58) and (3.59) will play a useful role for the 2D extension of
the scheme. In addition, we note from now on that F#LL will participate to the
discretization of the transport part while the discrete form of the relaxation source
terms inherit from S7 p. We add that the jump relations applied to the matter
temperature reads

ST = buoCo (T2 7).

4
= —brr(1—a) (a (TL*ngLC) - EE,R) . (3.61)

Actually, this relation play a central role in the discrete form of source terms involved
in the matter temperature evolution equation (see equation (3.62)).

Now, involving the corrected approximate Riemann solver, defined by (3.51),
(3.52) and (3.55), we describe the expected HLLC scheme to approximate the solutions
of system (3.1). We consider the same strategy as used in the prediction step (see
figure 3.3).

;1 1 s 01 s 1
bZL 2 b2 b2+2 ;;2

* HLLC * HLLC
VR,F% VL,H%

n n n
i—1 V’L i+1

:,CZ;% xiJr%

FiG. 3.3. Structure of the approzimate Riemann solver for the corrected HLLC scheme.

We adopt the CFL restriction (3.46). The approximate Riemann solver, at time
t" + At, is projected on the piecewise constant functions following (3.49). After the
computations, the achieved scheme reads as follows:
At . -
+1 _ HLL HLL

At i+ W HLLO\ n F
Y ((1%;)1@ 2 (“ () - (= i
i—5 * 4 F'n
~( =ty o (TREEY - (- ) ) (3.62a)
2 ) b;g

i

Az sy T Yimgt '
At it3 132 n
A_.’E ((1 - aerl)bL - (1 - Oézf%)bR ) Fl ) (362b)
n t it *, 4 an
(PCu )™ = (O T} + S ((1 — a0 ( (Trie) - (E? - w))
L

i1 " 4 E
(1 by 2 <a (TRf{Lfc) - (E;ﬂ - _))) . (3.62c)
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3.3. The main properties. We turn establishing the main properties satisfied
by the approximate solutions. These properties will emphasize that the scheme is
relevant. We give the discrete version of theorem 2.1. In a first result, the positiveness
of the radiative energy, the flux limitation and the conservation of the total energy
are proved. Next, a second statement shows that the considered scheme satisfies the
expected asymptotic limit as long as the parameter co goes to infinity.

THEOREM 3.5. Let U be in A and T)* be positive. Assume the CFL restriction

(8.46) where the wavespeeds bl;_% and b;% are given by (3.47)-(3.48). The updated
approximate solution Z/{i"H, defined by (3.62), satisfies the following properties:

1. the radiative energy EZ-"+1 remains positive,

2. the normalized fluz is limited: |f"* <1,

3. the total energy (E + pC,T)!" is conserved.

Proof. The two first properties are proved when establishing that L{i"H belongs

to A. By definition of the scheme (3.62), Z/{i"+1 is obtained after considering the pro-
jection (3.49) of the approximate Riemann solver on the piecewise constant function:

urtt = L /%% U (z, tTAt)dx
: Az . ’ ’

-2

_ it 1 At « HLLC -1 il AN\ L i3 At e
= b P U (1= g D Jur - U,

Under the CFL like condition (3.46), U is a convex sum of the states U/, U;’?LLC and

UZ Ii LLC  The definitions (3.47)-(3.48) allow to apply lemma 3.4 and thus L{* HLLC

and Z/{z HfILC are in A. Since U]* € A, involving the convex property of A, we obtaln

urtt e A
The conservation of the total energy (E + pCUT);”r1 is a direct consequence of
(3.62) since we have

(E + pC,T)1 = (E + pC,T)? % (aH;F',HLL—a» F.HL%L). (3.63)
The proof is completed. O

We conclude the present section when establishing that the considered scheme
(3.62) is asymptotic preserving. We show that the standard diffusion regime is re-
covered in the relaxation limit. Following the rescaling introduced into the system
(2.8)-(2.8), we consider the Knudsen number e which appears in front of the time
derivative terms and in the relaxation terms. Involving such a rescaling, the scheme
(3.62) rewrites as follows:

ErtL _ pn 1 - -
BEU B L (o FHEE o,  FTEE)

L FHL L FHE
27 it3 2 2

11— z+2 itz *, HLLC 4 n F'L'n
_< a (e (TR) - Ei_bi;%

l—a,_ 1 . 1 4 Fr
- -1 Ao * HLLC n i
Az br (a (TR,i—é ) - (Ei - —bz_% >>> ; (3.64a)

U
R
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l—ayp bi+% 1_042‘*%[)—% Fn 3.64b
- < Az Y Az R ) v (3:640)
(pCvT)?Jr1 — (pC, 1)} L= it+1 o HLLO\? n B
‘ At =T a ro e (TL¢+% ) —\B pite
L
l—a; 1 . 1 4 £
% i—3 *, HLLC n )
Ay 'R’ (a (TR,F% ) B (Ei B b;%))) ’ (8.64c)

where the definition of a;, 1 becomes

pits it
i1 = Hf( b ) . (3.65)
€bp > —by *) +eo 1A

The behavior of the rescaled scheme in the limit of € to zero is given in the following
result which is nothing but the discrete version of 5) in theorem 2.1:

i1
THEOREM 3.6. Assume the wavespeed bZL—t_}% to be given by

ﬁ—ﬁcﬁ+ﬁ
L—fr 1+ fr7
f=xd X

7C 9
L—Jfr 1+

so that the conditions (3.47)-(3.48) are satisfied. With e small, the diffusion limit of
the scheme (3.64)-(5.65) is given by

AR — (o, eff, e x(u;t)) : (3.66)

bl ? = max (o, cf? ¢ A*(L{f)) : (3.67)

E'Ln = a’(Tin)47

Fr =0,

(E + pC,T)} ' = (E+ pC,T)}
At o

3AL2 <—(Ei+1 - E') + (B — Ej )) .

O'Z-Jr% O,;,_1
Proof. From (3.65), we immediately deduce that
lg% OéiJr% =0.
Now, when considering (3.64b), we obtain the following asymptotic behavior:

F'=0.

7

Similarly, the relation (3.64a) rewrites

i1 4 i+l 4
by ? (a (T;ff;c) - E?) — b (a (TL*:fer%LC) - E;L) =0.  (3.69)

In addition, the equation (3.55) governing the matter temperature Tz’gLLC reads in

the asymptotic regime

4
pCszszLC +a (ngg“(’) = pCyTr,r + EL R,
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to obtain
4
a (TE’,fI_L;C) - B = pC, (Ti” ~ T L%LC) : (3.70)
4
JHLLC n n JHLLC
a (Tz,i-&-% ) — E" = pC,y (Tz - TE,H-% ) : (3.71)

By solving (3.69)-(3.70)-(3.71), we have

«, HLLC %, HLLC 4
TR,F% :TL,i+% =T and  Ef =a(T7)

The proof will be concluded when establishing the diffusion equation (3.68). First,
it+1 it+1 . .
we emphasize the behavior of the wavespeeds b L+2 and b; ?. Indeed, involving the

definition of bi;é, given by (3.66)-(3.67), and the wavespeed limitations (3.44)-(3.45),
with F/* = 0 we obtain

b = —ig and b7 =, (3.72)
Now, the standard HLL flux function FZLL defined by (3.23), reads in the asymptotic
regime

SHLL c n n
Fi+% = _ﬁ(Ei“ - E}).

As a consequence, (3.64a) and (3.64c) rewrite in the following form:

(E+ pC@T)?-H — (£ +pC,T)} _
At B

c
2v/3Azx

€

(oiss (Bl = B oy (B — ED)) . (3.73)

Involving (3.72), the parameter a; 1 reads as follows:

2¢
Q=
s 2¢ + \/gAxaH%

Hence, from (3.73) we deduce

E ) — (B T
At 2eAx/3 + 30541 Ax?
c

(Eiy = E).

2eAx\/3 + 30;_1Ax?

The expected diffusion equation (3.68) is thus obtained as soon as € tends to zero.
The proof is achieved. O

4. The 2D extension. The above HLLC scheme is now extended to the full
space dimension M; model given by (2.1). A Cartesian grid is considered to ap-
proximate the solution. Let us note that extensions involving other grid generation
methods (unstrutured [12], Cartesian cut cell [15]) can be obtained. We propose to
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adopt a dimensional operator splitting strategy. In a first step, we approximate the
following 1D system:

OE + 0,F, = fco(aT* — E),
1
_atFx + Ca:vaa: = _ﬁO-Faza

(4.1)
EatFy + c@mey = —50’Fy,
oi(pC,T) = —fco(aT* — E),
while, into the second step, the following system will be considered:
WE +0,F, = (1 — B)co(aT* - E),
1
-0 Fy + cOyPyy = —(1 — B)o Fy,
(4.2)

E@Fy + cOy Py, = —(1 — B)oFy,
o(pC,T) = —(1 — B)co(aT* — E),

where [ is a given parameter in [0, 1]. The main idea of the present splitting lies on
the choice of the source terms. Indeed, the relaxation terms are split over each step
involving a parameter 3. To ensure consistancy of the splitting, this parameter 3 will
belong to [0,1]. A relevant choice will be proposed in the next section devoted to the
numerical experiments.

In the present section, we will just describe the first step since the second one
is analogous reversing the role played by each dimension component (F, Pyy, Pyy)
and (Fy, Py, Py,). Following the ideas introduced to approximate the 1D model, we
propose to consider an approximate Riemann solver and thus define an HLLC type
scheme. One of the main difference with the 1D model lies on the source terms which
is now multiply by 0 (respectively 1 — §). We impose to preserve the same discrete
form of the source terms. Such a choice is crucial to enforce the relevant asymptotic
behavior of the scheme; namely the asymptotic preserving property.

After (3.58)-(3.59), the flux function involved in the Riemann solver has to satisfy:

ELRC = B 4 (1 )

St r=0br.r (Ui p —ULR),

where « is once again defined by (3.17) and

U:%ﬁﬁgég and F =" (Fy,cPyy, cPyy). (4.3)

Following (3.54), the states U]  are given by

a(Tf )"
ME,R == O B (44)
0

where 17 p is solution of the following equation (see (3.55)):

Fy
pCUTE,R + (1 — oz)a(TL*7R)4 = ,OCUTL,R + (1 — Oé) <EL,R — %) . (45)
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As usual (see [14, 22] or the equations (3.23)-(3.24)) we have set

- 1
FHLL _ — (brFL — b Fr — brbr(Uy —UR)).

. . JHLLC :
Now, we characterize the star region states U]z . To access such an issue, we
involve the Rankine-Hugoniot relations which reads:

br.r (UZZgLLC - UL,R) = fﬁéw —FL.R,
to immediately deduce
UpRtte = ot~ HEE 4 (1 - a)utp G, (4.6)
where
Uy = BUL g + (1= BUL
1

Fr R
bin L,R

0
UL r=ULr —

The state U*HLL is defined as the usual HLL star region state (see [14, 22] and
equation (3.21)-(3.22)):

1

* HLL _
u br — br,

(brUR — brUr, — (Fr— F1)) -

Now, the approximate Riemann solver is achieved as soon as the matter temperature

HLLC . . . L
TR “ is defined. Once again, we enforce the same discretization of the source

terms. Involving (3.61), we impose

Sg,R = —5bL,R(1 —a) (a(TE,R)4 - E%,R) )

which coincides with (3.61) detailed in the 1D model when multiplyed by (. Since we
have

SE,R =br,rpCy (TEZgLLC - TL,R) )
we immediately deduce

pC TR = pC Ty R — B(1— a) (a(T} g)* — EL &),
= ﬁpCvTE,R + (1 - ﬂ)prTL,R. (47)

Let us note that
Sip=0-a)S,H, (4.8)

where 85 'z is the first component of Sf ;. This remark will be useful when estab-
lishing the conservation of the approximate total energy.

Now, we turn establishing that the star states, involved in the approximate Rie-
mann solver, remain in A while the matter temperature is positive.

LeEMMA 4.1. Assume by, < 0 and br > 0. Let us assume that ngR are in A.

Then, the vectors L{;:gLLC, defined by (4.6), belong in A. In addition, the matter

temperature is positive: TE’gLLC > 0.
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Let us emphasize that the assumption Z/lg’ r € A turns out to be conditions to
be satisfied by the velocities by, and bg. These conditions are nothing but the 2D
extension of (3.44)-(3.45). They are specified in the following result:

LEMMA 4.2. LetU be in A and, with b# 0, U° be defined as follows:

U =u - %]—".
Define b+ by
) = oL fy’}gi@ (49)
6= (fo = faxe — fuxy)* — (A= f2 = [ (f2 = X2 —X3) >0,
where we have set
(zple Loy
Assume that
b>max(bT(U),b-(U)) or b<min(bT(U),b"U)) (4.11)
and
b% > cf.b, (4.12)

then U° belongs to A.

Before we establish this lemma, let us emphasize the consequence implies by such
a result. Indeed, the vectors Uy, r and U} ; satisfy the assumptions stated lemma 4.2.
Then we have U} 5 in A as soon as by, g satisfies (4.11)-(4.12). Next, the assumptions
of lemma 4.1 are satisfied. First, we establish lemma 4.2.

Proof. By definition, we have

E—F,/b
U= | F,—cP/b |,
F,— 2Py, /b

which must satisfy both positiveness and flux limitation properties. The positiveness
is established as soon as we have

E—%:E(l—gfx>>0.

This inequality is satisfied when involving (4.12). Now, we turn considering the flux
limitation which reads as follows:

F o2 Fo— 2%y 2 (g%
<z ¢ b) (y ¢ b) <c( b).

Involving the notations (4.10), we rewrite

b 2 /b 2 b 2
<Cfchz> +<nyXy> <<cfz) .
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After usual computations, we obtain
(I=fi=f) (b=0b7) (b-0b7) >0,

and the proof is completed. O

Now, we turn proving lemma 4.1.

Proof. First, let us note that the assumption Z/{E’R € A implies U*HEEL ¢ A,
Indeed, we have

b —
Uit = o - pUn+ uy.

Since A is a convex set, we immediately deduce that U*HLE ¢ A,

Now, involving (4.6) and the convex property of .4, we have just to prove that
Up'% € A to ensure that Z/{EgLLC belongs to A. Let us recall that U, = BUE p +
(1- B)L{}l r- As a consequence, the result is established as soon as we have U} p € A.
When U , being defined by (4.4), the result arises as soon as T} g is shown to be
positive. Sine T} 5 is solution of (4.5), we can apply lemma 3.3 and thus to obtain
17 p > 0. The pfoof is thus completed. O

We have describe an approximate Riemann solver corresponding to the system
(4.1). The same analysis yields to an approximate Riemann solver but for the system
(4.2). Both approximate Riemann solvers are now used to integrate a 2D numerical
scheme on a Cartesian grid. To simplify, the mesh size Az and Ay will be uniform.
The time increment is evaluated according with the following CFL like conditions:

At i— 1 i+1 1
— max <|bi’l 2\,bgl+2) <

Az i€l =2’
At 1 1 1 (4.13)
AT e () < |

Yy €L 2

where the wavespeeds are evaluated involving the exact 2D eigenvalues given by (2.4).
These velocities have to be restricted according to lemma 4.1. The following formulas
are proposed:

by = i (0,2 b QUE), b @) A Q)) (414)
b = max (0, cf o, b U, b U, ATUE)) (4.15)

1

where b* are defined by (4.9). Concerning b%’fgz, similar formulas have to be con-
sidered when reversing the role of f, and f.
After computations, the scheme reads as follows:

n n At/ - c . c
Ez‘jl =Ep; - Ax (( :fILLL )i+%,j — ( zH][iL )Z,%]> -
At ( =nrLc FHLLC
Ay ((FyL Jijis — (FyR )m‘-%) ; (4.16a)
n+1 n
(Fo)iy ™ _ (B2 _ ﬁc ((PHLLC)‘ | . — (PHLLC). ) _
c - c Ax zx,L i+3,] zz,R i—3,]
At HPHLLC HPHLLC
A_yc (( zy,L )i,j—&-% = (Pryr )i,j—%) ) (4.16b)

(Fy):ljl (Fy)7; At ( SHLLC
c c Az

PHLLC
zy,L )i+%,j —( zy,R )i—1 j) -
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At HLLC HLLC
Ay ((Pyy )i J+i: (Pyy,R )i j—%) ) (4.16¢)
n n At
pC T = pC,TY + Az ((SQZL)H%,J- - (SE,R)Z-,%J) -
At
Ay <(S YL )ig+ (S;R)i,j—%) . (4.16d)

Let us conclude when giving the main properties satisfied by the approximate solution.

THEOREM 4.3. LetU;'; be in A and T]"; be positive. Assume the CFL restriction
(4.13) where the wavespeeds in each dzrectwn are restricted according to lemma 4.1.
Then, we have U"j Lin A, T"+1 positive and the total energy is conserved.

We omit the proof of the above result. Indeed, the proof is analogous to the
proof of theorem 3.5. Just, let us emphasize that U";“ L€ A is a direct consequence
of lemma 4.1. Concerning the conservation of the total energy, the result is implied
by the relation (4.8).

The last point we develop concerns the asymptotic preserving property of the
scheme. We do not detail the computations and the reader is referred to the section
devoted to the 1D model. However, after introducing the rescaling based on the
Knudsen number ¢, the 2D version of theorem 3.6 holds true:

THEOREM 4.4. Assume that the wavespeeds are given by (4.14)-(4.15). With €
small, the diffusion limit behavior of the scheme (4.16) is as follows:

n m \4
Ei,j = CL(Ti,j) )

Fy =0,
n+1
(B +pCuT)i = (B+pCuT)y,
At
c 1 1
ans | (Bl — B+ (B ; — ED) ) +
3AL2 (Ui+%g i+1,5 J i1, 1,5 2J

Tij+3 Tij—3

c 1 1
30,2 (T(Ef?m — B (Bl E&-)) :

5. Numerical experiments. Now we turn considering numerical applications
to illustrate the interest of the present method in both one and two space dimensions.

Two main numerical aspects will be considered in this section. The first will be
devoted to the influence of the numerical wavepeeds b;, and br which enclose the
Riemann problem in HLLC schemes. These wavespeeds will be taken either as in
(3.66)-(3.67) or as bg = —by, = ¢ to enforce the maximal stability. The first choice
will be denoted HLLC-var scheme and the second HLLC-c scheme.

The second aspect concerns the influence of the asymptotic preserving modifica-
tion of the HLLC scheme introduced in 3. The scheme with or without this modifica-
tion will be denoted AP-HLLC or HLLC scheme , leading to four variants (HLLC-c,
HLLC-var, AP-HLLC-c¢, AP-HLLC-var) that will be compared. All the numerical
experiments are performed using an Intel Pentium Centrino with 1.7 GHz clock fre-
quency. The 2D computations given in section 5.4 need about one minute CPU time
to be completed.

5.1. Marshak wave. The fisrt problem comes from [24]. This test problem
consists of a slab of material with opacity ¢ = 100, and pC, = 10~%, extending from
x =0toxz =0.1. A temperature source with 7" = 1000, on the left side generates
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Fic. 5.1. Radiation temperature for t; = 1.33% 1079, to = 1.33 % 10~8 and t3 = 1.33 % 10~ 7.
Results from the HLLC-var and AP-HLLC-var schemes are compared with the kinetic reference
solution obtained in [24].
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FiG. 5.2. Radiation temperature fort = 1.33x10~7 obtained thanks to the HLLC-c and HLLC-
var, AP-HLLC-c and AP-HLLC-var are compared from the XSkinetic reference solution obtained

in [24].

a thermal wave into the initialy cold medium, which is at equilibrium with an initial
temperatureT” = 300. In this test case we use a mesh with ten cells.

Comparison of M; solution computed using the AP-HLLC-var scheme with M,
solution computed using the HLLC-var scheme and a reference solution obtained by
full transport calculation (see [24]) is shown in figure 5.1 at three times (¢; = 1.33 1077,
to =1.33 1078, t3 = 1.33 1077).
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FiGg. 5.3. Steady radiation temperature obtained thanks to the HLLC-var and AP-HLLC-var
schemes on two different meshes are compared with the exact solution. A material opacity o = 100
s used.
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Fic. 5.4. Steady radiation temperature obtained thanks to the HLLC-var and AP-HLLC-var
schemes on two different meshes are compared with the exact solution. The material opacities
o =100 for z < 5 and o = 200 for x > 5 are used.

In this computation the cell size Az = 0.01 does not sample the mean free path
A =1/0 =0.01. As we expected the M; solution computed using the HLLC-c scheme
clearly overestimates the radiative energy, mostly in early times whereas the M; so-
lution computed using the AP-HLLC-var scheme gives a much better agreement with
the reference solution.
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FiGc. 5.5. Steady radiation temperature obtained thanks to the HLLC-var and AP-HLLC-var
schemes are compared with the exact solution. The material opacities o = 100 for x < 5 and o = 200
for z > 5 are used.

The influence of the choice of the numerical wavespeeds by, and bg is illustrated
in figure 5.2. We compare, on the same test case, at time t3, the four variants of our
scheme (HLLC-c, HLLE-var, AP-HLLC-c, AP-HLLC-var) with the reference solution.
Obviously, taking too large numerical wavespeeds (b, = —c and br = +c¢) brings a too
large amount of numerical diffusion. Improving the HLLC-c scheme by using sharper
wavespeeds estimates or by using the asymptotic preserving modification gives roughly
the same improvement of accuracy and, as expected, the best result is obtained with
the AP-HLLC-var variant combining the two modifications.

5.2. Opaque materials. We now examine two problems which involve opaque
materials and where we are able to compute the exact steady state solution of the
equilibrium diffusium model.

The first problem comes from [11]. This test problem consists of a slab of material
with opacity o = 100, and pC, = 1, extending from z = 0 to x = 10. A temperature
source with 7' = 1, on the left side generates a thermal wave into the initially cold
slab, which is at equilibrium and has an initial temperature of 7= 1073, A vacuum
boundary condition is imposed at z = 10. The units are chosen such that ¢ =a = 1.
Two simulations are performed with two different meshes of respectively 20 and 100
cells, so that the mean free path is not resolved.

Figure 5.3 shows the radiation temperature at steady state for a simulation run
with the AP-HLLC-var scheme on the two different meshes. The two computations
produced almost identical results, both very closed to the exact steady solution of the
equilibrium diffusion model.

For the second problem we keep the same parameters except the opacity. We
introduce a low-opacity region with ¢ = 100 which extend from z =0 to x = 5 and a
high-opacity region with ¢ = 200 which extend from =z = 5 to z = 10.

Figure 5.4 shows the radiation temperature for a simulation run with the AP-
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HLLC-var scheme on the two meshes. A good agreement with the exact solution of
the equilibrium diffusion model can be found again.

Figure 5.5 illustrates the influence of the asymptotic preserving modification. We
use here the finest mesh with 100 cells. The HLLC-var scheme and the AP-HLLC-var
are compared. Again, the solution of HLLC-var scheme is far away from the exact
solution. On the other hand, in both cases the boundary conditions are satisfied. The
upwind HLLC-var scheme is too dissipative and is not able to see the transition area
between the low and high opacity regions.

09—
0,81

0,7 =

L X Numerical solution
— Exact solution
0,6 -

0,5+

041 -

03 \ \ \ \

FiG. 5.6. Steady radiation temperature obtained thanks to the HLLC-var and AP-HLLC-var
are compared with the exact solution. The material opacities 0 = 0.1 for x < 5 and o = 100 for
x > 5 are used.

5.3. Hybrid case : transparent to opaque transition. For this case, an
hybrid problem for checking the transition between transparent and opaque regions is
considered. This test problem consists of a slab with a region of transparent material
with opacity o = 0.1, extending from x = 0 to z = 5 and a region of opaque material
with ¢ = 100, extending from x = 5 to = 10. A temperature source with 7' = 1,
on theleft side generates a thermal wave into the initially cold medium, which is
at equilibrium and has an initial temperature of 7 = 1072, A vacuum boundary
condition is imposed at z = 10. The units are chosen such that ¢ =a = 1.

Figure 5.6 shows the steady radiation temperature obtained from the AP-HLLC-
var scheme which was run with 100 cells compared with the exact steady solution of
the equilibrium diffusion model. A good agreement can be observed. The AP-HLLC-
var scheme proves to be able to handle the wave crossing the interface between the
transparent and opaque regions.

This conclusion is enforced by the figure 5.7 where the material and radiative
temperatures are plotted at five different times. The last time is taken sufficiently
high to be close to the steady state. The phenomena in the opaque material is a
Marshak wave except of a small preheating area where the material temperature is
not the same as the radiative temperature. In this area, the transport is dominant,
and the diffusion assumption is not verified.
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Fi1Gc. 5.7. Radiation and material temperatures for t = 100, ¢t = 1000, t = 2000, t = 3000 and
for the steady state are obtained thanks to the AP-HLLC-var scheme.
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Fic. 5.8. Geometry for the two dimensional case.

5.4. Two dimensionnal case. The fourth problem is a two dimensional prob-
lem developed to focus on purely two dimensional effects. A Cartesian mesh made
of 80 x 40 cells is used. In this problem, we consider free streaming beam adjacent
to some section of dense, opaque material. The opaque region extends from z = 0
to x = 0.5 and from y = 0 to y = 0.5. Outside, we consider a transparent region
which extends from z = 0 to x = 2 and from y = 0 to y = 2. In the dense material
pC, = 8.6 x 10*, 0 = 2 x 10°. The outside material is purely transparent, i.e. o = 0.
The geometry is summarized on figure 5.8.

A radiative temperature T = 5802000 (= 5keV) is applied on the left side of
the transparent material from y = 0.5 to y = 1 (see figure 5.8). Vacuum boundary
condition are applied at all other boundaries. The initial temperature is 7" = 50000
in the dense material and T' = 300 elsewhere. All the computations are run on a
cartesian mesh of 80 x 40 cells and the parameter 3, introduced in (4.1), is defined as
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FiG. 5.9. Radiation temperature att = 5%10~8 obtained thanks to the HLLC-c and HLLC-var,
AP-HLLC-c and AP-HLLC-var schemes.
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Fi1c. 5.10. Material temperature at t = 5%10~% obtained thanks to the HLLC-c and HLLC-var,
AP-HLLC-c and AP-HLLC-var schemes.

follows:
2
sl (F7) iz
% if f=0,

where n is the outward normal of the cell interface. The simulation is stopped at the
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FiG. 5.11. Anisotropy factor att = 5%10~8 obtained thanks to the the HLLC-c and HLLC-var,
AP-HLLC-c and AP-HLLC-var schemes.

time ¢t =5 x 1075.

The expected solution is very simple. In the upper part, from y = 0.5 toy = 1
the solution is a translation of the left boundary condition, the radiative temperature
is T' = 5802000 and the photons remains in free streaming (f ~ 1). In the lower part,
from y = 0 to y = 0.5 the solution is constant in time because there is no photons
which are entering in this area. The line y = 0.5 is a stanionary contact discontinuity
for the M, system.

In the figures (5.9 - 5.11),we examine the ability of the various variants of our
scheme to capture this solution. The figure 5.9 shows the radiative temperature, the
figure 5.10 shows the material temperature in the obstacle, and the figure 5.11 shows
the anisotropy factor f, for each variant of the scheme.

Figure 5.9 illustrates the influence of the numerical wavespeeds by and br. We
compare the -c and the -var versions of both HLLC and AP-HLLC schemes. The
numerical dissipation of the -c¢ variant, espacially in the y-direction, does not allow
this schemes to preserve the contact discontinuity and we observe a lot of photons
penetrating the lower part of the domain. On the other hand the contact discontinuity
is nearly exactly preserved in the -var versions of the two schemes. More precisely, at
a point y = 0.5, > 0.5 on a cell interface in y-direction, in the "left" cell f, = f, =~ 0
and in the "right" cell f, ~ 1, f, = 0, and for the -var scheme b;, = —c/V/3, br ~ 0
(3.66)-(3.67); the -c version (and every scheme using symmetric wavespeeds, by, =
—bg) introduces there a numerical diffusion responsible for (nonphysical) penetration
of photons in the lower part of the domain. The necessity of using sharp numerical
wavespeeds estimates is clearly proved.

Figure 5.10 illustrates the improvement brought by the asymptotic preserving
modification. Indeed for both HLLC-¢c and HLLC-var schemes the heating of the
opaque medium is much more important without the asymptotic preserving modifica-
tion. When using the HLLC-c scheme a large amount of photons penetrates the the
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lower opaque region (wrong wavespeeds), which is too much heated (wrong behavior
in the diffusion regime), and the material temperature raises and the medium emits
energetic photons which perturb the solution in transparent regions.

Finally, it appears that we need to use sharp numerical wavespeeds estimates and
asymptotic preserving modification, i.e. the AP-HLLC-var scheme, to capture with
accuracy the solution of this problem.

6. Conclusion. In the present work, we have exhibited a new numerical method
to approximate the solutions of the M; model of radiative transfer. This procedure is
based on predictor-corrector scheme and it uses an HLLC scheme. A particular atten-
tion has been payed to satisfy the positiveness of the energy and the flux limitation
property. As a consequence, the scheme has been proved to be robust. In addition,
we have established the asymptotic preserving property of the scheme. The accu-
racy of the method has been ensured when considering approximate Riemann solver
with a characteristic cone which is not necessary symmetric. Such an independent
choice of the extreme approximate wavespeeds gives accurate numerical results into
the simulations. Indeed, when simulations involving a shadow cone are performed, a
scheme using an approximate Riemann solver with a symmetric characteristic cone
involves very large numerical diffusion while our proposed scheme produces results in
very good agreement with the physics.
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