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M1 ced_fhgidZjkg l b jecednm;oep b crqts#f b\u g o�vws%m;okg f b c b f�g m�j a;b
x c b o b m%jzy'snc|{�gim�s%c9f b czjes
oegiq.} u d_j b j a;b ced_fhgidZjkg l bt~hb\u f1o.dnm;f/j a;b g c.g m%j b ced_v�jkg s#m;oRyGg j a j a;b q�dZj|j b c�� :-a;b qts#f b\u g o��ns\l b cem b f��#�/dnma � x^b c9��s u g v�o9�;o|j b q�snp�vws%m;o b c9lndZjkg s%m u dwy7o'oe} x1xhu b q b mnj b fU�#�	c bwu dZ�1dZjkg s%mUoes%};c|v b j b ceqtow� 8�b l b ced u fhg �	v\} u jkg b o
d_ceg o b y a;b mUd x1x c|sw�1giqtdZjkg m1�.j a;b oes u }�jkg s#m;o'snp�j a;b q�s�f bwu�� m1d%q b\u ��j a;b�x s%oeg jkg l b m b oeo'snp�j a;b�b m b c9�n� E j a;bG� }��u g q�g jkdZjkg s%m
d%m;f
dnm;f$j a;btu giqtg jRfhg ��};oeg s%m$� b\a dwl1g snc a dwl b jesz� b oed_jkg o ~hb f�� I m 4G����3 oev a;b q b g o b � a g �hg j b f
dnm;frg jGg o7o a s\yGm	jestokdZjkg oepi��d u u j a;b c bw� }1g c b f x c|s x�b c9jkg b o\� I�x d_c9jkg v\} u d_cGdZj|j b mnjkg s%m�g o x dw� b f�v�s#m;v b cem1g m;��j a;b
d x1x c|s\�1g q�dZj btb ��jec b q b y-dwl b ow� :7a;b o b d x1x c|s\�1g q�dZjkg s%m;o�dnc b vwce};vwgid u jes�sn�;jkdng m/dnm
d_vwvw};cedZj b o|v a;b q b � :-a;bb �#j b m;okg s%m
jes�j a;b p�} u uN�_P�x c|sn� u b q�g o x c|s x sno b f�� 6 j�okdZjkg o ~hb o E s#m;v b d_�%dngim E d u u j a;b�b � x^b v�j b f x c|s x^b c9jkg b ow�D }hq b ceg v\d u1b � x^b ceg q b m%jeoCdnc b7x c|s x sno b f�� :-a;b ��o a s\y�j a dZj?j a;b vws%m;okg f b c b f�oev a;b q b g oNd_vXjk}1d u u � u b oeo?fhg ��};oeg l b
j a dnmzj a1b v\};c|c b m%j u �r};o b frm�}1q b ceg v\d u q b j a s�f1ow�

���#����  YZ¡�V%`>5 d_fhg d_jeg l b jec|d%m;o|p b c E M1 qts#f b\u E I o9�1q x j|snjkg v x c b o b c9l1g m;� E 4�����3 o|v a;b q b E = snokg jkg l b m b o|o
dnm;f � }�� u g q�g jkdZjkg s%m��
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­¯® "�°?±1²1³'´�µG¶^±1·9³C° ®¹¸�º�»�¼^º�½�¼h¾�¾¯¿�À�Á;¼1ÂZÀ�Ã�º�Ä�À�º�Å�Ã�¿¨Å�À�º�Æ�Ç_¼^È�ÀÉ¼1ÂZÀÊÅ�Ë�ÂZÇ_¼^º¯Ä\ÌÉË�Ç�Í�ÄwÃ�¿ÊÅ�À�º�Æ�ÂZÎ�Ë
ÌJÏ¯¿�¿'Ç_¼^È�ÀÉ¼1Â_À¨Å�ËrÂZÇ_¼^º�Ä\ÌJË#Ç	Ë�Ð�Ï¯¼1Â_À�Ã�º�À�Ä�Â\Ã�Ã�Ë%Ñ�¾CË;º�Ä\ÀÊÅ�Ë�Ò�ÓQÆ^ÇZË;¼1Â	Ë#ÔCÃ�ÇwÂ	Õ	¼^Ä	È�Ë%Å�Ã^Â\Ë;È�À�º�Ç\Ë�Á%Ë;º�Â
½�Ë;¼hÇZÄ-ÂZÃzÈ�Ë�ÇZÀ¨Å�Ë�Á_Î�Ë;¼h¾CË#ÇGÇ\Ë�¿�Ë%Å�¼^º�Â>»�Ã�È�Ë�¿�Ä#Ò�Ó�º�Ë%Õ�¼^¿ÊÂZË#ÇZº¯¼1Â_À¨Å�Ë�Õ	¼^ÄGÀ�º�ÂZÇ\Ã�È�Ï�Á%Ë;È$Ö�½
×rÏ�Ö�Ç\Ã�Á�¼
¼^º�ÈÙØ¯Ë�Ï�Æ�Ë;¼^ÄÛÚ�Ü�Ý1Þkß�º¯¼^»�Ë�¿¨½�Â_Î�Ë

M1
»�Ã�È�Ë�¿9Ò�¸kÂ
Î?¼^ÄrÖCË�Ë�ºÙÏ�Ä\Ë�ÈÙÀ�º¤¼�¿�¼hÇ\Æ�ËÛ¿�ÀÊÂZË#Ç_¼1Â_Ï�Ç\Ë�à|ÌÉÃ�Ç

À�º¯Ä�Ân¼^º�Á%Ë�ÄwË#Ë�á�Ï�Ç\¾?¼^Ï¯¿¨Â�Úiâ^ã;ÞkÍ�ätÎ¯¼hÇ\ÇZÀ�Ë#Ç�Ë%ÂÛ¼^¿rÚ å;Þ�Ã�Ç�æzÀÊ¾CÃ�¿�¿rÚiâ1Ý�Í�â�Ü%ÞFçnÒÙá	Î�Ë
M1

»�Ã�È�Ë;¿�À�Ä
è º�Ã;Õzº/ÂZÃ�¾¯Ç\Ë�Ä\Ë#ÇwÅ�Ë	ÄwË#Å�Ë#Çn¼h¿�Á%ÇZÏ�Á#ÀÉ¼^¿�¾�Ç\Ã�¾CË�ÇwÂ_ÀÊË�Ä>Ã�Ì�Â_Î�Ë�Ç_¼^È¯À�¼1Â_À¨Å�ËtÂ\Ç_¼^º¯Ä\ÌÉË�Ç>Ë�Ð�Ï?¼1ÂZÀ�Ã�º�ÄRÄZÏ�Á_Î�¼^Ä
Â_Î�Ëz¾CÃ�Ä\ÀÊÂ_À¨Å�Ë�º�Ë;Ä\Ä.Ã�ÌNË�º�Ë�Ç\Æ^½�Í�Â_Î�Ëzé¯Ï�Ñ�¿�À�»�ÀÊÂ_¼1Â_À�Ã�º'Í�Â_Î�Ë�Á%Ã�º�Ä\Ë#ÇwÅ�¼1ÂZÀ�Ã�ºÛÃ�ÌCÂZÎ�ËUÂ\Ã^Ân¼^¿¯Ë�º�Ë#Ç\Æ^½�Ò>¸�º
¼^È�È�ÀÊÂ_ÀÊÃ�º'Í�À¨Â�ÇZË�Á%Ã;Å�Ë#ÇZÄ>ÂZÎ�ËU¼^Ä�½�»�¾�ÂZÃ^Â_À�Á�È¯ÀÊÔNÏ¯Ä\ÀÊÃ�º�Ç\Ë�Æ�À�»�ËUÀ�º�ÂZÎ�Ë	¿�À�»�ÀÊÂ�Ã�ÌC¿�¼hÇ\Æ�Ë	Ã^¾C¼^Á#À¨Â_À�Ë�Ä	à|Ä\Ë#Ë
ê À�Î¯¼^¿�¼^Ä>¼^º�È ê À�Î¯¼^¿�¼^ÄtÚ�Ü;ë;Þ�Ã�Ç>ìGÃ�»�Ç_¼^º�À�º�Æ/Ú�Ü;å1Þ9ç_Ò�Ó�º�Ã^Â_Î�Ë�Ç�À�»�¾CÃ�ÇwÂn¼hº�Â�¾�Ç\Ã�¾CË#ÇwÂX½
ÄZ¼1Â_À�Ä\í�Ë�È
Ö�½
Â_Î�À�Ä>»�Ã�È�Ë�¿�Á%Ã�º�Á%Ë#Ç_º�Ä�âh×îÄ\À�»/Ï�¿É¼1Â_ÀÊÃ�º�ÄGÕzÎ�Ë�Ç\Ë�Â_Î�Ë�Ä\Î?¼^È�Ã;ÕïÁ%Ã�º�Ë�À�Ä�¾�Ç\Ë�Ä\Ë#ÇwÅ�Ë�È�À�º
ÂZÇ_¼^º�Ä\¾?¼hÇ\Ë�º�Â
Ç\Ë#Æ�À�Ã�º�Ä#Ò

ð º�ËrÃ�Ì-Â_Î�Ë$»Û¼^À�º�È�À�ñÛÁ#Ï�¿ÊÂ_ÀÊË�ÄtÂZÃÛ¼h¾¯¾�Ç\Ã;Ñ�À�»Û¼1ÂZË¹Ä\Ã�¿�Ï�Â_À�Ã�º�Ä	À�ÄtÂZÃ�È�Ë#ÇZÀÊÅ�Ë
º�Ï�»�Ë#ÇZÀ�Á;¼^¿NÄZÁ_Î�Ë#ò
»�Ë;Ä�¾¯Ç\Ë�ÄwË�ÇwÅ�À�º�Æ$¼^¿�¿�Â_Î�ËU¼hÖCÃ;Å�Ë�¾�Ç\Ã�¾CË#ÇwÂ_À�Ë�Ä#Ò�¸�º�×rÏ�Ö�Ç\Ã�Á�¼¹¼^º�È�Ø¯Ë�Ï�Æ�Ë;¼^Ä	Ú�Ü�ÝhÞeÍ�¼^º�ó�ôGô�ÄZÁ_Î�Ë;»�Ë
à|ÄwË#ËÛór¼hÇwÂZË�º'ÍGôG¼1ÑÙ¼^º�È2Å�¼hº¤ô-Ë#Ë#Ç�Ú�Ü#õhÞ.ÌJÃ�Ç$È�Ë%Ân¼hÀ�¿�Änç�À�Ä¹¾�Ç\Ã�¾CÃ�Ä\Ë�È�ÕzÎ¯À�ÁnÎÙÄZ¼1Â_À�Ä\í�Ë�ÄrÂ_Î�Ë�¾CÃ�Ä\ÀÊò
Â_À¨Å�À¨ÂX½&Ã�Ì�Â_Î�Ë�Ë�º�Ë#Ç\Æ^½Ù¼^º�È2Â_Î�Ë�é¯Ï�Ñ&¿�À�»ÛÀ¨Ân¼1Â_ÀÊÃ�º&¾�Ç\Ã�¾CË�ÇwÂX½�Ò�á	Î¯À�Ä¹í�Ç_Ä�Â
º�Ï�»�Ë#ÇZÀ�Á�¼^¿�¼h¾�¾¯Ç\Ã�¼hÁnÎ
À�Ä�ÄZÎ�Ã;Õzº�Â\Ã�Ì9¼hÀ�¿NÁ%Ã�º¯Á%Ë#ÇZº�À�º�Æ/Â_Î�Ë¹¼^Ä�½�»�¾�ÂZÃ^Â_À�Á�¾�Ç\Ë�Ä\Ë#ÇwÅ�À�º�Æ�¾¯Ç\Ã�¾CË#ÇwÂX½!Ä\À�º�Á%Ë¹À¨ÂUÈ�Ã�Ë�Ätº�Ã^Â�½�ÀÊË;¿�È
ÂZÃ�ÇZË�¿ÊË#Å^¼^º�Âzº�Ï�»�Ë#ÇZÀ�Á;¼h¿G¼h¾�¾�ÇZÃ;Ñ�À�»Û¼1Â_ÀÊÃ�º�À�º�Â_Î�Ë
È�À�ÔNÏ�Ä\À�Ã�º�¿�À�»�ÀÊÂ�à|ÌÉÃ�ÇUÀ�º�ÄwÂ_¼^º¯Á%Ë�Í?ÄwË#Ë
Ó�Ï�È¯À¨ÂzË%Â
¼^¿zÚ�Ü%ÞFçnÒ�özË%Ñ�Â;Í>À�ºÙÂ_Î�ËÛÕtÃ�Ç è Ã�Ìt÷�Ï�Ë#Â�¼^º�È�ä�Ã�ÇZÈ�À�Ë#Ç�Ú ø1ÞkÍGÂ_Î�Ë�¼hÏ�Â_Î�Ã�ÇZÄ
¾�Ç\Ã�¾CÃ�ÄwË�¼�ÂXÕtÃ�ÄwÂZË#¾
»�Ë#ÂZÎ�Ã�È�ÖC¼^ÄwË�È�Ã�º�¼�Ç\Ë;¿�¼1Ñ�¼1Â_À�Ã�ºùÄ\ÁnÎ�Ë�»�Ë�Ä�ÂZË#¾�à|Ä\Ë#Ë�ú�À�º�¼^º�Èùû�À�ºüÚ�Ü;ø;Þ�Ö¯Ï�ÂÛ¼h¿�ÄwÃ&÷tÃ�Ï�Á_Î�Ï�Â
Úiã�Þ�Ã^Ç/÷tË#ÇwÂ_Î�Ã�ºïÚ ý1Þ�ÌÉÃ�Ç/È�Ë%Ân¼^À�¿�Ä$Ã�Ì.ÂZÎ�ËÛÇ\Ë�¿�¼1Ñ¯¼1ÂZÀ�Ã�ºÙÄZÁ_Î�Ë�»�Ë�À�º¤Ä\Ë%Å�Ë�Ç_¼^¿�ÌÉÇ_¼^»�Ë#ÕtÃ�Ç è Änçr¼^º�È�¼
ÕtË�¿�¿¨òkÖ?¼^¿�¼^º�Á#Ë�ÈBÄ\ÁnÎ�Ë�»�Ë�Ä�ÂZË#¾þà|Ä\Ë#Ë�÷tÃ�Ï�Á_Î�Ï�Â�Úiã�ÞkÍ�ÿ�Ã�Ä\Ä\Ë�¼^º�ÈBáGÃ�Ä\Á�¼^º¯ÀrÚ�Ü;ý;Þz¼^º�È�Ç\Ë�ÌÉË#ÇZË�º�Á%Ë�Ä
Â_Î�Ë#Ç\Ë;À�º?çnÍ-¼^º�È�ÂZÎ�Ë/Ã�Ö�Ân¼^À�º�Ë�È2º�Ï�»�Ë#ÇZÀ�Á�¼^¿G»�Ë%Â_Î�Ã�È�À�ÄrÄ\Î�Ã;Õzº�ÂZÃ�ÄZ¼1Â_À�ÄZÌ�½�Ä�Ân¼hÖ¯À�¿�À¨ÂX½�¾¯Ç\Ã�¾CË#ÇwÂ_À�Ë�Ä
ÌÉÃ�Ç¹¼�ÄZÀ�»�¾?¿�À�í�Ë�ÈùÜ�×�Ä\Á�¼1Â\ÂZË#ÇZÀ�º�Æ�»�Ã�È�Ë�¿|Ò�ózÃ;ÕtË%Å�Ë#Ç�ÍNÀ�ºùÚ õ^ÞkÍ?Â_Î�Ë�¼^Ï�Â_Î�Ã^Ç_ÄzË�Ä�Ân¼hÖ¯¿�À�ÄZÎ�Â_Î¯¼1Â�ÂZÎ�Ë
Ä\ÁnÎ�Ë�»�Ë!¾�Ç\Ã�¾CÃ�Ä\Ë�ÈùÀ�º�Ú ø;Þ	À�Ä�Ä�Â_À�¿�¿.ÂZÃ�Ã&»/Ï�ÁnÎùÈ�À�ÔNÏ�ÄZÀ¨Å�Ë�¼^º�È�Â_Î�Ë%½ùÈ�Ë%Ân¼^À�¿�¼�º�Ë%Õ Ç\Ë;¿�¼1Ñ�¼1Â_À�Ã�º
º�Ï¯»�Ë#ÇZÀ�Á�¼^¿>¼h¾¯¾�Ç\Ã�¼^Á_Î�ÕzÀ¨Â_Î�ÖCË#Â\Â\Ë�Ç¹¼^Á#Á�Ï�Ç_¼^Án½�Ò$Ø¯Ç\Ã�» Â_Î�Ë/ÕtÃ�Ç è Ú õ¯Í'ø1ÞkÍCÂ_Î�Ë�È�À�ÔNÏ�ÄZÀÊÃ�º2Á#Ã�»�Ë�Ä
ÕzÀ¨Â_ÎÙÂ_Î�Ë!Á_Î�Ã�À�Á%Ë�Ã�Ì�Â_Î�Ë!º�Ï�»�Ë#ÇZÀ�Á�¼^¿�Ë%Ñ�ÂZÇ\Ë�»�ËÛÕ	¼#Å�Ë�Ä\¾CË#Ë�È�Ä�Ò�¸�ºîÚ ø;ÞkÍ�ÂZÎ�Ë�ÄwËÛÕ	¼#Å�Ë�Ä\¾CË#Ë�È�Ä�¼hÇ\Ë

† ¬rI>A E O�¬¹5 ������� E ��573Û¬��	� E O m1g l b c|oeg j�
 A snc|f b dn}�� 6 E � �
� vws%};c|oCf b�u d � g ��
�ced_jeg s%m E �	� � �	�.: d u b m;v b E� cednm;v b �
‡ 6FDG576JI � }�jk};c9o E x c|s�� b j 8 v I>u IGxhxhu g � E P s%qtd%g m b f b�� s u };v b dn}�� 5 s#v � } b m;v�s%}1cFj E A � = � � � � E���� ��� ����b3'a;b oem1dw� 3Nb f b � E � cednm;v b �
§ 3'@C��6ÉI E O m1g l b c|okg j�
 A snc|f b d%}�� 6 E � �
� vws%};c|o7f b�u d � g ��
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â 3 � ANb c9j a s%m E = � 3'a dnc|c|g b c E A � P };�1c|s#v\d
¼h¾�¾�ÇZÃ;Ñ�À�»Û¼1ÂZË�È!ÕzÎ�Ë�º�À�º�Å�Ã�¿ÊÅ�À�º�Æ�¼�Ï�º¯À�Ð�Ï�Ë
Á%Ã�º�Ä�Ân¼^º�Â�Ò�Ó�ÄU¼^º�º�Ã�Ï¯º�Á%Ë�È�À�º¤Ú õ^ÞkÍ�À�º!Â_Î�Ë$¾�Ç\Ë�Ä\Ë�º�Â
ÕtÃ�Ç è ÍGÕ�Ë�¾�Ç\Ã�¾CÃ�Ä\Ë�Ç\Ë�¿�Ë%Å�¼hº�Â�º�Ï�»�Ë�ÇZÀ�Á�¼^¿t¼h¾�¾�ÇZÃ;Ñ�À�»�¼1Â_ÀÊÃ�º�Ä
Ã�Ì�Ë;¼^ÁnÎ¤Ë%Ñ�Â\ÇZË�»�ËÛÕU¼#Å�Ë�Ä\¾CË#Ë�ÈùÀ�º
Ë;¼^Á_ÎBÁ%Ë�¿�¿�ÕzÎ�Ë�ºBÀ�º�Å�Ã�¿¨Å�À�º�Æ¤¼2ÄZÏ�À¨Ân¼hÖ¯¿�Ë�¼h¾�¾¯Ç\Ã;Ñ�À�»Û¼1ÂZË�æUÀ�Ë�»Û¼^º�º�Ä\Ã�¿¨Å�Ë#Ç�Ò�á	Î�Ë�È�À�Ä\Á%Ç\Ë#¾C¼^º�Án½
ÕzÀ¨Â_Î&Á#Ï�Ç\Ç\Ë�º�ÂrÕ�Ã^Ç è Ä�à9Ä\Ë#Ë�Ú ø�Í>Ü;ý;Þ9çnÍ-Ä�Ân¼#½�ÄrÀ�º�Â_Î�Ë�Ä�ÂZÇZÏ¯ÁnÂ_Ï�Ç\Ë�Ã�ÌRÂ_Î�ËÛ¼1¾¯¾�Ç\Ã;Ñ�À�»Û¼1ÂZË�æzÀÊË�»�¼^º�º
ÄwÃ�¿ÊÅ�Ë�Ç�Ò�¸�º¯È�Ë#Ë�È-Í�À�º�Â_Î�Ëz¾�Ç\Ë�Ä\Ë�º�Â.ÕtÃ�Ç è ÕtËzÁ%Ã�º�ÄZÀ�È�Ë�Ç�Í�Ç\Ã�Ï�Æ�Î¯¿¨½ÛÄw¾CË1¼ è À�º�Æ¯Í�º�Ã�º�òkÄ�½�»�»�Ë#Â\ÇZÀ�Áz¼1¾�ò
¾�Ç\Ã;Ñ�À�»�¼1Â\Ë¹Á_Î¯¼hÇ_¼^ÁnÂZË#Ç_À�Ä�Â_À�Á�Á%Ã�º�Ë�ÕzÎ�Ë�º�Ï�Ä\Ï?¼h¿'¼h¾�¾�Ç\Ã�¼^ÁnÎ�Ë�ÄtÀ�»�¾CÃ�Ä\Ë¹¼
Äw½�»Û»�Ë%ÂZÇZÀ�Á	Õ	¼#Å�Ë¹Á%Ã�º�Ë�Ò
� Ï¯Á_Î2¼^º�À�º�È�Ë�¾CË�º�È�Ë;º�Â¹Á%Ã�º�ÄZÀ�È�Ë�Ç_¼1Â_ÀÊÃ�º�Ã�Ì�Â_Î�Ë�¼h¾¯¾�Ç\Ã;Ñ�À�»Û¼1ÂZË�È�Õ	¼#Å�Ë�Äw¾CË#Ë;È�À�º�Á#Ç\Ë;¼^ÄwË;Ä	Â_Î�Ë�¼^Ánò
Á#Ï�Çn¼^Án½�Ã�Ì>ÂZÎ�Ë/»�Ë%Â_Î�Ã�È'ÒUô7Ë%ÂrÏ�Ä�º�Ã^ÂZË�ÌÉÇ\Ã�» º�Ã;Õ Ã�º�Â_Î¯¼1ÂzÂ_Î�Ë�¼h¾�¾�Ç\Ã;Ñ�À�»�¼1Â\Ë�Á_Î¯¼hÇ_¼^Á%Â\Ë�ÇZÀ�ÄwÂZÀ�Á
Á%Ã�º�Ë�È�Ë#í?º�Ë�ÈÛÖ�½�Â_Î�ËUË%Ñ�Â\ÇZË�»�Ë	Õ	¼�Å�Ë�Ä�À�Ä.Ã�ÌN¾�ÇZÀ�»Û¼hÇw½�À�»�¾CÃ�ÇwÂn¼^º�Á#Ë�ÂZÃ/Ä_¼1ÂZÀ�Ä\ÌÉ½�Â_Î�Ër¼^Ä�½�»�¾�ÂZÃ^Â_À�Á
¾�Ç\Ë;ÄwË#ÇwÅ�À�º�Æ�¾�Ç\Ã�¾CË�ÇwÂX½�ÒRözÃ;Õ
Í�À�Ì'Â_Î�Ë$¼h¾�¾�Ç\Ã;Ñ�À�»�¼1Â\Ë¹Á_Î¯¼hÇ_¼^Á%Â\Ë�ÇZÀ�ÄwÂ_À�ÁrÁ%Ã�º�Ë¹À�Ä.ÂZÃ�Ã�¿É¼1ÇZÆ^Ë�Í�Â_Î�Ë¹º�Ï�ò
»�Ë�ÇZÀ�Á�¼^¿'È�À�ÔNÏ�Ä\À�Ã�º!Ã�Ì-ÂZÎ�Ë¹Ä\ÁnÎ�Ë�»�Ë¹À�º�Á#Ç\Ë;¼^ÄwË�ÄU¼^º�È�Â_Î�Ë;º�Â_Î�Ë$¼^Á#Á�Ï�Ç_¼^Án½!Ã�Ì-Â_Î�Ë¹ÄZÁ_Î�Ë�»�Ë¹À�Ä	¿ÊÃ�ÄwÂ�Ò
÷�½ÙÃ�¾¯¾CÃ�Ä\À¨Â_À�Ã�º'Í�Â_Î�Ë�Ä\ÁnÎ�Ë�»�Ë!ÖCË�Á%Ã�»�Ë�Ä/Ï¯º�Ä�Ân¼hÖ¯¿�Ë�¼^Ä�ÄwÃ�Ã�ºù¼^Ä�¼h¾�¾�Ç\Ã;Ñ�À�»�¼1Â\Ë�Á_Î¯¼hÇ_¼^Á%Â\Ë�ÇZÀ�ÄwÂZÀ�Á
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È¯À�»�Ë�º�Ä\À�Ã�º�»�Ã�È�Ë�¿�Ä#Í�ÕtË/È�Ë#ò
Å�Ë�¿ÊÃ�¾Ù¼^º�ó�ô7ô>äþÄZÁ_Î�Ë�»�Ë�ÌÉÃ�ÇzÂ_Î�Ë

M1
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∂tE +∇ · F = cσ
(
aT 4 − E

)
,

àeâ�Ò�Ü;¼�ç
1

c
∂tF + c ∇ · P = −σ F , àkâ�Ò�Ü#ÖCç

∂t(ρ CvT ) = −cσ
(
aT 4 − E

) àkâ�Ò�Ü�Á1ç
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P 4�>	Q�Q�J%4�>�;/>�AFQ�N:4nÒ>á	Î�Ë¹º�Ã�ÇZ»�¼h¿�À���Ë�È!é¯Ï�Ñ�À�Ä�ÕUÇZÀÊÂ\ÂZË�º�¼^Ä f = F /(cE)
¼^º¯È

f = ||f || ¼^º¯È�ÂZÎ�ËÇ_¼^È�ÀÉ¼1Â_À¨Å�ËrÂZË�»�¾CË#Ç_¼1Â_Ï�Ç\Ë
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E = aT 4
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Î�Ë;¼1Â
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¸�º�ÂZÎ�Ë�¾?¼hÇwÂ_À�Á#Ï�¿É¼hÇ¹Á�¼^Ä\Ë�Ã�ÌRÂ_Î�Ë�Ç_¼^È�À�¼1Â_ÀÊÅ�Ë�ÇrË�Ð�Ï�À�¿�ÀÊÖ?ÀÊÇZÏ¯»�Í'ÕtË�Î?¼#Å�Ë
E(T ) = aT 4 Í

F (T ) = 0
Í
P (T ) = aT 4/3Id

ÕzÀ¨Â_Î
a = 8π5k4/15h3c3

¼^º�È
TR = T

ÕzÎ�Ë�Ç\Ë
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À�Ä/Â_Î�Ë

÷tÃ�¿ÊÂ���»Û¼^º¯ºHÁ#Ã�º¯Ä�Ân¼^º�Â�¼hº¯È
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À�ÄÛÂ_Î�Ë2ì�¿É¼^º�Á è Á%Ã�º�ÄwÂ_¼^º�Â;ÒQá	Î�Ë2»�Ã�»�Ë�º�Â_Ä

E
¼^º�È

F
»�Ï�Ä�Â

Å�Ë#ÇZÀ�ÌÉ½!Â_Î¯¼1Â
E ≥ 0

¼hº¯È!Â_Î?¼;Â
f ≤ 1
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á	Î�Ë$Ç_¼^È�À�¼1Â_ÀÊÅ�Ë$¾�Ç\Ë;Ä\Ä\Ï�Ç\Ë$À�Ä�Æ�ÀÊÅ�Ë�º�Ö�½

P =
1

2

(
(1− χ(f))I + (3χ(f)− 1)

F⊗ F

||F||2
)
E,

àkâ�Ò¨â^ç

ÕzÎ�Ë#ÇZË

χ(f) =
3 + 4f2

5 + 2ξ
,

àkâ�Òiý�ç

¼^º�È
ξ =

√
4− 3f2

Ò!¸�ºÙÂ_Î�ËÛ¾�ÇZË�ÄwË�º�Â
ÕtÃ�Ç è Í7Â_Î�Ë�»�Ã�È�Ë�¿�Ï¯ÄwË�Ä/º�Ã�º¤º�Ã^Ç_»Û¼^¿�ÀR�#Ë�ÈÙÅ^¼hÇZÀÉ¼hÖ¯¿ÊË;Ä#Ò
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º�Ã�ÇZ»Û¼^¿�À��#Ë;È�»�Ã�È�Ë;¿'Á�¼^º�ÖCË¹Ë1¼hÄZÀ�¿Ê½�È�Ë�È�Ï¯Á%Ë�È�ÕzÎ�Ë�º�Ä\Ë%Â\ÂZÀ�º�Æ

c = 1
¼^º�È

a = 1
Ò
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x
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c




0 1 0 0
(2f2−3f2

y )(χ−fχ′)+f2
y

2f2 − fxf
2
y

2f4 θ + fxχ
′

f

f2
xf

2
y

2f4 θ − f2
yχ
′

2f 0
fxfy
2f2 (3χ− 3fχ′ − 1)

f2
xfy
2f4 θ +

fy
2f2 (3χ− 1)

fxf
2
y

4f4 θ + fx
2f2 (3χ− 1) 0

0 0 0 0


 ,
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
fx
ξ
±
√

2
√

(ξ − 1)(ξ + 2)(2(ξ − 1)(ξ + 2) + 3f 2
y )

√
3ξ(ξ + 2)


 ,

λ0 = c
(2− ξ)fx

f2
, λstationary = 0.
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λ0 = c Ax
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Ax
À�Ä¹ÂZÎ�Ë
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A
Æ�À¨Å�Ë�º�Ö�½�Í

A =
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λ/c
ç'Ã�Ì�ÂZÎ�Ë�ú�¼^Á%Ã�Ö¯ÀÉ¼hº/»Û¼1ÂZÇZÀÊÑ
¼hÇ\Ë�Æ�À¨Å�Ë�º
Ã�º
í�Æ�Ï�Ç\Ë
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fx
Ç\Ë�Ä\¾CË�ÁnÂ_À¨Å�Ë�¿Ê½�ÌÉÃ�Ç

fy = 0
¼^º�È

fy =
√

3/2
Ò

ÓtÂ$Ë�Ð�Ï¯À�¿�ÀÊÖ¯ÇZÀ�Ï�»�Í7À|Ò Ë�Ò�ÌÉÃ�Ç
fx = fy = 0

Í'Â_Î�Ë�Ë;ÀÊÆ�Ë�º�Å�¼h¿�Ï�Ë�Ä/¼hÇ\Ë
λ± = ±c/

√
3
Í
λ0 = 0

Í
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M1
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U = (E,Fx/c, Fy/c)
T , F = (Fx, cPxx, cPxy)T , G = (Fy, cPxy, cPyy)

T .
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Fy = 0
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3× 3
Äw½�ÄwÂ\Ë;» ¼hÇ\Ë

λ± = c
f
√

3± 2(ξ − 1)

ξ
√

3
, λstationary = 0,
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U = (E,F/c)T , F = (F, cP )T ,
àkâ�ÒZS�ç
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¼h¾¯¾CË;¼hÇZÄ
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ε∂tE + ∇ · F =
σc

ε
(aT 4 − E),

àkâ�Ò ë�ç

ε∂tF + c2∇ · P = −σc
ε
σF ,

àkâ�Ò å�ç
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ε∂t(ρCvT ) = −σc
ε

(aT 4 − E).
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ε = 0
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F 1 = − c
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0 )− ∇ · (4cT 3

0

3σ
∇T0) = 0,

àkâ�Ò�Ü�Ü1ç

ÕzÎ�À�Á_Î�À�Ä�Â_Î�Ë$Ë�Ð�Ï¯À�¿�ÀÊÖ�Ç_À�Ï�» È¯ÀÊÔNÏ¯Ä\ÀÊÃ�º�Ë�Ð�Ï¯¼1Â_ÀÊÃ�º¤à\ÚÊÜ;ë1Þ9çnÒ

Ó�¿�¿?À�»�¾CÃ�ÇwÂn¼hº�Â.¾�Ç\Ã�¾CË#ÇwÂ_À�Ë�Ä�Ã�Ì¯Â_Î�Ë
M1

Äw½�ÄwÂ\Ë;»�¼hÇ\ËzÄ\Ï�»Û»Û¼hÇZÀR�#Ë�È�À�º�Â_Î�ËzÌÉÃ�¿�¿�Ã;ÕzÀ�º�Æ
Ç\Ë�ÄZÏ�¿¨Â
à|ÄwË#Ë�Ú�Ü�Ý1Þ9ç

�����\�"�X�^���-���%�1� EF>�4�687:9�6�;<9*=:>���N:��>�A\;3�UN�7_>��
M1

E%6?Q�;*EF>���N��*��N:�'9*A�B P 4�N P >�4�;<9�>	Q���8� � EF>x4�687:9�6�;<9*=:>�>�A->�4�B:C � 4�>���6:9,AFQ P N?Q	9<;<9,=:>�� E ≥ 0
�

¡%� � EF>xAIN:4	�U6��Z9R¢)>�7OHKJ�L£9jQx�l9*��9<;/>�7_�
f ≤ 1

�
¤�� � EF>OQ
>�;cN��56_7:��9jQ�Q	9����R>@Q�;�6�;m>	Q A = {U = (E,F /c) / E ≥ 0 & f ≤ 1} 9,Q56¥M
��N?Q
>�7M�N:A^=:>�L¦M�N:A-> �
§I� � EF>�Q�C?Q�;/>��¨9jQ�E_C P >�4
��N8�l9�M 6:A-7£;�N�;�6���>�A->�4�B:C E + ρCvT

9,QxM�N:AFQ
>	4	=:>�7_�

∂t(E + ρCvT ) +∇ · F = 0.
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¾�Ç\Ã�¾CÃ�Ä\Ë�È�À�º�ÂZÎ�Ë
º�Ë#Ñ�Â�Ä\Ë�ÁnÂ_ÀÊÃ�º-ÒtÓ�Äz¼�Á%Ã�º�Ä\Ë�Ð�Ï�Ë�º�Á%Ë�Í?À�º�ÂZÎ�Ë$¾�ÇZË�ÄwË�º�Â�ÄwË�Á%ÂZÀ�Ã�º'Í�Õ�Ë
È�Ë1¼h¿'ÕzÀÊÂ_Î
Â_Î�Ë$ÌJÃ�¿�¿�Ã;ÕzÀ�º�ÆÛÎ�½�¾CË#Ç\ÖNÃ�¿�À�Á$Äw½�ÄwÂZË�»ª0





∂tE + ∂xF = cσ(aT 4 − E),
1

c
∂tF + ∂x(cP ) = −σF,

∂t(ρCvT ) = −cσ(aT 4 − E).

àeý�Ò�Ü1ç

á	Î�À�ÄzÄ�½�Ä�ÂZË�» Â_Ï�ÇZº�ÄUÃ�Ï�ÂzÂZÃÛÖCË/Î�½�¾CË#Ç\ÖCÃ�¿�À�Á$ÕzÀ¨Â_Î�Ç\Ë�¿É¼1Ñ�¼1Â_ÀÊÃ�º�Ä\Ã�Ï�ÇZÁ%Ë$ÂZË#ÇZ»�Ä�Ò�á7Ã!È�Ë%Å�Ë�¿�Ã�¾2¼^º
ó�ô7ô>äüÄwÃ�¿ÊÅ�Ë#ÇzÌJÃ^Ç�¼h¾�¾¯Ç\Ã;Ñ�À�»Û¼1Â_À�º�Æ�Â_Î�Ë¹ÕtË;¼ è Ä\Ã�¿�Ï�ÂZÀ�Ã�º�Ä	Ã�Ìtàeý�Ò�Ü1çnÍ�ÕtË$¾�ÇZÃ^¾NÃ�Ä\Ë
¼�Ä�ÂZÇ_¼1ÂZË#Æ^½�Ã�Ì
ÂZË#ÇZ» Ö�½�ÂZË#ÇZ» Ã�¾CË�Ç_¼1Â\Ã�Ç$Ä\¾¯¿�ÀÊÂ\Â_À�º�Æ¯Ò�×rÏ�ÇZÀ�º�Æ�ÂZÎ�Ë�í�ÇZÄ�Â
ÄwÂ\Ë�¾-Í'ÕtË�Ë%Å�Ã�¿¨Å�ËÛÀ�º�Â_À�»�Ë�à|ý�Ò�Ü1çnÍ'Ö?Ï�Â
º�Ë#Æ�¿�Ë�ÁnÂ_À�º�Æ�Â_Î�Ë¹»Û¼1Â\ÂZË#Ç�ÂZË;»�¾CË#Ç_¼1Â_Ï�Ç\ËrÇ\Ë�¿É¼1Ñ�¼1Â_À�Ã�º!ÂZË#ÇZ»�Ä�ÒRá	Î�Ë¹¾�Ç\Ë�È�À�ÁnÂ_À�Ã�º�À�ÄtÂ_Î�Ï¯ÄtÆ�Ã;Å�Ë#ÇZº�Ë;È
Ö�½!Â_Î�Ë
ÌÉÃ�¿�¿ÊÃ;ÕzÀ�º�ÆÛÄw½�ÄwÂZË�»10





∂tE + ∂xF = 0,
1

c
∂tF + ∂x(cP ) = −σF,

∂t(ρCvT ) = 0.

àeý�Ò¨â�ç
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á	Î�Ë�ÄwË�Á#Ã�º�ÈBÄ�ÂZË#¾BÀ�Ä�È�Ë%Å�Ã^ÂZË�ÈùÂ\ÃÙÀ�º�ÂZÇ\Ã�È�Ï¯Á%Ë�ÂZÎ�Ë�»�¼1ÂwÂZË#Ç�ÂZË�»�¾NË#Ç_¼1Â_Ï�Ç\Ë�Ç\Ë�¿É¼1Ñ�¼1Â_ÀÊÃ�ºBÄwÃ�Ï�ÇZÁ%Ë
ÂZË#ÇZ»ÛÄ

cσ(aT 4 − E)
Ò�á	Î�Ë�Ç\Ë�ÄZÏ�¿¨Â_À�º�ÆùózôGô�ä ÄZÁ_Î�Ë�»�Ë�ÕzÀ�¿�¿UÖCË�ÄZÎ�Ã;ÕzºBÂZÃ�ÄZ¼1Â_À�ÄZÌ�½�Í	¼1ÂÛÂ_Î�Ë

È�À�Ä\Á%ÇZË%ÂZË$¿ÊË#Å�Ë�¿|ÍC¼h¿�¿NÂ_Î�Ë¹¾¯Ç\Ã�¾CË#ÇwÂ_ÀÊË;Ä	ÄwÂ_¼1ÂZË�È�À�º�Â_Î�Ë#Ã�Ç\Ë�» â�Ò�Ü�Ò
¯'®|­¯® �x��!U´�²).%±�.%±)!_±¶µ�(·±G²?!�´�·9¶^±1·F³C°'¸ ®$á	Î�Ë�ÕtË;¼ è ÄwÃ�¿�Ï�ÂZÀ�Ã�º�ÄRÃ�Ì�Â_Î�ËUÄ�½�Ä�ÂZË�» àeý�Ò¨â^ç>¼hÇ\Ë

¼h¾�¾�ÇZÃ;Ñ�À�»Û¼1ÂZË�È�À�º�Å�Ã�¿¨Å�À�º�Æ�¼^º�ó�ôGô�äïæUÀ�Ë�»�¼hº¯º!ÄwÃ�¿¨Å�Ë#Ç�ÒRØ¯Ã�¿�¿ÊÃ;ÕzÀ�º�Æ
Â_Î�ËrÀ�È�Ë;¼^ÄtÀ�º�ÂZÇ\Ã�È�Ï�Á#Ë�È�Ö�½
ór¼hÇwÂZË�º'Í�ôG¼1ÑB¼^º�ÈùÅ�¼^ºBô-Ë#Ë�Ç�Ú�Ü#õhÞ�¼^º�È�Ë%Ñ�ÂZË�º¯È�Ë�È�Ö�½�áGÃ�Ç\ÃïÚiâ�â�Þ/à|ÄwË#Ë�¼^¿�Ä\ÃïÚiâ�Í�ã�Í.â^ý;Þ9çnÍRÕ�Ë
¾�Ç\Ã�¾CÃ�Ä\ËrÂZÃ�¾¯Ï�ÂzÌJÃ^Ç\Õ	¼hÇZÈ�¼^º�¼h¾�¾¯Ç\Ã;Ñ�À�»Û¼1ÂZË$æUÀ�Ë�»Û¼^º¯º�ÄwÃ�¿ÊÅ�Ë�Çz¼^Á#Á%Ã�ÇZÈ¯À�º�Æ�ÂZÃÛÄw½�Ä�ÂZË;»�àeý�Ò¨â�çnÒ

¯'®|­¯®|­¯® �x��!~.�¹�.%±)! # ±1³»º�!~(F±}±G²1³�²G· # (�±�!�´ ®�Ó�Ì�ÂZË#ÇrÂ_Î�Ë�Ç\Ë�Á%Ë;º�Â$ÕtÃ�Ç è Ã�Ì�÷tÃ�Ï�Á_Î�Ï�ÂÚiã�Þ�àe¼^º�È�Ç\Ë�ÌÉË�Ç\Ë�º�Á%Ë¹Â_Î�Ë#ÇZË�À�ºCç_Í?¼�ÇZË�¿ÊË%Å�¼^º�ÂzÀ�º�ÂZË#Ç\¾¯Ç\Ë%Ân¼1ÂZÀ�Ã�º�Ã�Ì7ÂZÎ�Ë¹ÇZË�¿�¼1Ñ¯¼;Â_À�Ã�º�Ä\Ã�Ï�ÇZÁ%ËrÂZË#Ç_»�Ä	À�Ä
¾�Ç\Ã�¾CÃ�Ä\Ë�È!ÕzÎ�Ë;º�À�º�ÂZÇ\Ã�È�Ï�Á�À�º�Æ�Â_Î�ËrÅ�¼hÇZÀÉ¼1Ö?¿ÊË

Σ(x)
È�Ë#í¯º�Ë;È�¼^ÄUÌÉÃ�¿�¿�Ã;ÕzÄ�0

σ(x) = ∂xΣ(x),
àeý�Ò ý�ç

ÂZÃ�ÕUÇZÀ¨ÂZËÛàeý�Ò¨â�çtÀ�º�Â_Î�Ë$ÌJÃ�¿�¿ÊÃ1ÕzÀ�º�Æ�ÌÉÃ�ÇZ»10




∂tE + ∂xF = 0,
1

c
∂tF + ∂x(cP ) = −F∂xΣ,

∂t(ρCvT ) = 0.

àeý�Ò õ�ç

� À�º�Á%Ë
Σ
È�Ã�Ë�ÄUº�Ã^ÂzÈ�Ë#¾NË�º�È�Ã�º!Â_Î�Ë¹ÂZÀ�»�ËrÅ�¼hÇZÀÉ¼hÖ¯¿ÊË�Í�Â_Î�Ë
Ä�½�ÄwÂZË�» À�ÄUÁ%Ã�»�¾?¿ÊË%ÂZË�È�Ö�½

∂tΣ = 0.
àeý�Òiã�ç

özÃ;Õ
ÍG¿ÊË#Â/Ï�Ä
º�Ã^ÂZË�Â_Î¯¼1Â$Â_Î�ËÛÄw½�Ä�ÂZË�»�àeý�Ò õ�çkò_àeý�Ò¨ã�ç�Á�¼^ºÙÖCË�ÇZË%ÕUÇZÀ¨Â\ÂZË�ºÙÀ�º¤Á%Ã�º�ÄwË�ÇwÅ^¼1Â_À�Ã�ºÙÌÉÃ�ÇZ»�Ò
¸�º�È�Ë#Ë�È'Í'ÕtË�Î¯¼#Å�Ë�0

F∂xΣ = ∂x(FΣ) + ∂t(ΣE).
ózË�º¯Á%Ë�ÍNÂ_Î�Ë�Äw½�ÄwÂ\Ë;» àeý�Ò õ�çeònà|ý�Ò¨ã�ç	Ç\Ë#ÕUÇZÀ¨ÂZË�Ä

¼^Ä	ÌJÃ�¿�¿ÊÃ;ÕzÄ
0




∂tE + ∂xF = 0,

∂t

(
1

c
F + ΣE

)
+ ∂x(cP + ΣF ) = 0,

∂t(ρCvT ) = 0,
∂tΣ = 0.

àeý�Òiø�ç

áGÃÛÄ\Î�Ã�ÇwÂZË�º�Â_Î�Ë$º�ÃhÂn¼1Â_ÀÊÃ�º¯Ä#Í�Â_Î�Ë
Äw½�Ä�ÂZË�» àeý�Òiø�ç�À�Ä	Æ�ÀÊÅ�Ë�º�À�º�Â_Î�Ë$ÌJÃ�¿�¿ÊÃ;ÕzÀ�º�Æ�ÌÉÃ�ÇZ»¼0

∂tV + ∂xH(V) = 0,
àeý�ÒZS�ç

ÕzÎ�Ë#ÇZËrÕtË
Î¯¼#Å�Ë
Ä\Ë%Â

V =

(
E,

1

c
F + ΣE, ρCvT,Σ

)T ¼^º�È H(V) = t (F, cP + ΣF, 0, 0)
T
.

Ó�º�ó�ô7ô>äüÄ\ÁnÎ�Ë�»�Ë$À�ÄUº�Ã;ÕQÁ%Ã�º�ÄZÀ�È�Ë#Ç\Ë�È�ÂZÃ�¼h¾�¾�Ç\Ã;Ñ�À�»�¼1Â\ËrÂ_Î�ËrÕtË;¼ è ÄwÃ�¿�Ï�Â_ÀÊÃ�º�Ä	Ã�Ì�àeý�Òiø�çnÒ
¯'®|­¯®,�N® �·!_´>°�·É±1·F³N°�³\&.±)��!!�����	��(F±}±G²1³�²G· # (�±�!� �·*! # (?°G°~.�³I$,+I!�² ®$áGÃ�¼h¾�¾�Ç\Ã;Ñ�òÀ�»�¼1ÂZË�ÂZÎ�ËUæUÀ�Ë�»Û¼^º�ºÛÄwÃ�¿�Ï�Â_ÀÊÃ�ºÛ¼hÇZÀ�Ä\À�º�Æ¹ÕzÀ¨Â_Î�Äw½�ÄwÂ\Ë;» àeý�Òiø�çnÍ^ÕtË�Â_Ï�ÇZº�Á%Ã�º�ÄZÀ�È�Ë�ÇZÀ�º�Æ�¼^ºÛ¼h¾�¾�Ç\Ã;Ñ�ò

À�»�¼1ÂZË$ÄwÃ�¿¨Å�Ë#Ç	ÕzÀ¨Â_Î�ÂZÎ�Ë$ÌÉÃ�¿�¿ÊÃ;ÕzÀ�º�Æ�Ä�ÂZÇZÏ�Â_Ï�Ç\Ë�à|Ä\Ë#Ë
¼^¿�ÄwÃ�í�Æ�Ï�Ç\Ë
ý�Ò�Ü1ç�0

V(x, t) =





VL
À�Ì x

t < bL,
V?L

À�Ì
bL <

x
t < 0,

V?R
À�Ì

0 < x
t < bR,

VR
À�Ì x

t > bR.



4�����3 o|v a;b q b pÊsnc-j a1b M1 q�s�f b\u S
á	Î�ËrÕU¼#Å�Ë�Ä\¾CË#Ë�È¯Ä

bL < 0 < bR
ÕzÀ�¿�¿'ÖCË¹Ë�Ä�Â_À�»Û¼1ÂZË�È�¿�¼1ÂZË#Çz¼^Á#Á%Ã�ÇZÈ�À�º�Æ�ÂZÃÛ¼^È�È¯À¨Â_À�Ã�º?¼^¿'ÄwÂ_¼hÖ?À�¿�À¨ÂX½

Á%Ã�º�È¯À¨Â_ÀÊÃ�º¯Ä#Ò
ô-Ë#ÂrÏ�Ä�º�Ã^ÂZË�ÌÉÇ\Ã�»+º�Ã;Õ Ã�º�Â_Î¯¼1Â�ÂZÎ�Ë/À�º�ÀÊÂZÀÉ¼^¿�ózôGô�äþÄZÁ_Î�Ë;»�Ë�Á%Ã�º�Ä\À�È�Ë#Ç_Ä�¼�»�À�È�È�¿�Ë
Õ	¼#Å�Ë

ÕzÀ¨Â_Î�Å�Ë�¿ÊÃ�Á#ÀÊÂX½
b?
à|ÄwË�Ë�÷�¼1Â\ÂZË�º2Ë%Â
¼^¿�Úiâ�Þ�Ã^Ç$á7Ã�Ç\ÃÙÚiâ�â�Þ9çnÒ$¸�º�Â_Î�Ë�¾�Ç\Ë�Ä\Ë�º�ÂrÕ�Ã^Ç è ÍNÂ_Î�Ë�»�À�È�È�¿�Ë

Õ	¼#Å�Ë¹À�Ä	¼^Ä\Ä\Ã�Á�À�¼1ÂZË�È�ÕzÀ¨Â_Î�Â_Î�Ë�Â\ÇZÀÊÅ�ÀÉ¼^¿'Á%Ã�º�Ân¼^ÁnÂ�Õ	¼#Å�Ë�ÕzÀ¨Â_Î�¼
Å�¼hº¯À�ÄZÎ�Ë�È!Å�Ë;¿ÊÃ�Á#À¨ÂX½�Í�À�º�Å�Ã�¿ÊÅ�Ë�È�Ö�½
Â_Î�ËtË�Ð�Ï¯¼1Â_ÀÊÃ�º�Ä�Ã�º

ρCvT
¼^º�È

Σ
ÒG¸�º
Â_Î�À�Ä>ÄwË�º¯ÄwË�ÍhÕtË�Î¯¼#Å�Ë�À�»�¾CÃ�ÄwË�È

b? = 0
Ò�özÃ;Õ
Í1Õ�ËtÎ?¼#Å�Ë�ÂZÃ

VXWZY\[^½_[z` �X¾:szymq:vgsRq�y/eKi�rcszt�eKpm¿�¿?y/i�{�b�dOp	s,e3ÀXbjegdOp�f?fxh�i�k o	egy

VL
Í HL VR

Í HR

V?L
Í H̃L V?R

Í H̃R

bL bRb? = 0

È�Ë%ÂZË�ÇZ»�À�º�ËtÂ_Î�Ëz¼1¾¯¾�Ç\Ã;Ñ�À�»Û¼1ÂZËUÄ�Ân¼1ÂZË�Ä V?L
¼^º�È V?R

À�º�Â_Î�ËUÄ�Ân¼hÇRÇ\Ë�Æ�À�Ã�ºÛ¼^º�È�Â_Î�ËUÁ%Ã�Ç\Ç\Ë;Äw¾CÃ�º�È�À�º�Æ
é¯Ï�Ñ!ÌJÏ�º¯ÁnÂ_ÀÊÃ�º�Ä H̃L ¼^º�È H̃R ÒRáGÃ�¼^Á#Á#Ë�Ä\Ä�ÄZÏ�Á_Î�¼^º�À�ÄZÄ\Ï�Ë�Í�ÄwË%Å�Ë#Ç_¼^¿'¼^ÄZÄ\Ï�»�¾�Â_ÀÊÃ�º�Ä�ÕzÀ�¿�¿CÖCË¹È�Ã�º�ËÃ�º!Â_Î�Ë
Á_Î�Ã�À�Á%Ë$Ã�Ì-Â_Î�Ë$¿�À�º�Ë;¼hÇZÀR�;¼1Â_ÀÊÃ�º¯Ä#Ò�Ó�Ä	Ï¯Ä\Ï¯¼^¿|Í�ÕtË$Î¯¼#Å�Ë
ÄwË%Â

HL = H(VL)
¼^º�È HR = H(VR),

Ö¯Ï�Â¹ÕtË�È�Ã�º�Ã^Â
À�»�¾CÃ�ÄwË H̃L,R = H(V?L,R)
Ò�áGÃ�Ë%Å�¼^¿�Ï?¼1Â\Ë V?L,R

¼^º�È H̃L,R Í'ÕtË�¼1¾¯¾¯¿Ê½�ÂZÎ�Ëæz¼^º è À�º�Ë%òkó�Ï�Æ�Ã�º�À�Ã^Â/Á%Ã�º�È¯À¨Â_ÀÊÃ�º¯Ä�à|ÄwË#Ë�Úiâ�Í�â�â;ÞFç¹¼^Á%ÇZÃ�ÄZÄ¹Ë;¼^ÁnÎÙÃ�Ì.Â_Î�Ë�Õ	¼#Å�Ë;Ä$Ã�Ì�Äw¾NË#Ë�È
bL

¼^º¯È
bR
0

H̃L −HL = bL(V?L − VL),
àeý�Òië�ç

H̃R −HR = bR(V?R − VR).
àeý�Òiå�ç

áGÃ¤Á%Ã�»�¾¯¿�Ë%ÂZË�Â_Î�Ë�Ä�½�ÄwÂZË�»�Í�ÕtË�À�»�¾CÃ�ÄwË�Ä\Ï�¾�¾¯¿�Ë�»�Ë�º�Ân¼hÇw½�Á#Ã�º¯È�ÀÊÂZÀ�Ã�º�Ä�Ã�ºùÂ_Î�Ë�¼h¾�¾¯Ç\Ã;Ñ�À�»Û¼1ÂZË
æUÀ�Ë�»Û¼^º¯ºÛÄ\Ã�¿¨Å�Ë#Ç�ÒRØ>ÀÊÇ_Ä�Â;Í�¿ÊË%Â�Ï�Ä.Ë;»�¾¯Î¯¼^ÄZÀ��#ËUÂ_Î¯¼1Â.Â_Î�Ë�Ð�Ï¯¼^º�Â_ÀÊÂZÀ�Ë�Ä

F
¼^º�È

cP + ΣF
¼hÇ\ËUË1¼^Ä\À�¿Ê½

Ä\Î�Ã;Õzº�ÂZÃ¤ÖNË�Á#Ã�º�Â_À�º�Ï�Ã�Ï�Ä!¼^Á#Á#Ç\Ã�Ä\Ä�Â_Î�Ë�ÄwÂn¼1ÂZÀ�Ã�º¯¼hÇw½ïÁ%Ã�º�Ân¼^ÁnÂÛÕU¼#Å�Ë�À�º�Å�Ã�¿¨Å�Ë�ÈîÀ�º�Â!Î�Ë�Ë%Ñ¯¼^ÁnÂ
æUÀ�Ë�»Û¼^º¯ºÙ¾�Ç\Ã�Ö¯¿�Ë�»�¼^Ä\Ä\Ã�Á#À�¼1ÂZË�È&ÕzÀÊÂ_ÎHàeý�Òiø�çnÒ�Ó�Ä/¼�Á%Ã�º�Ä\Ë�Ð�Ï�Ë�º�Á%Ë�Í7ÕtË�¾�Ç\Ã�¾CÃ�Ä\Ë�Â\Ã�Á%Ã�º�ÄZÀ�È�Ë#Ç
Â_Î�Ë$ÌJÃ�¿�¿�Ã;ÕzÀ�º�ÆÛÌÉÃ�ÇZ»�Ï�¿É¼^Ä�0

F̃L = F̃R = F̃ ,
à|ý�Ò�Ü�Ý�ç

F ?L = F ?R = F ?,
à|ý�Ò�Ü�Ü1ç

cP ?L + Σ̃LF̃L = cP ?R + Σ̃RF̃R,
à|ý�Ò�Ü1â�ç

cP̃L + Σ?LF
?
L = cP̃R + Σ?RF

?
R.

à|ý�Ò�Ü;ý�ç
özË%Ñ�Â;Í�ÕtËrº�ÃhÂZËzÂ_Î¯¼1ÂtÂZÎ�Ë�Ë%Ñ�¼^Á%Â�æUÀ�Ë�»Û¼^º¯º!ÄwÃ�¿�Ï�ÂZÀ�Ã�º�Ã�Ì�àeý�Ò ø�ç�Ä_¼1Â_À�Äwí¯Ë�Ä

Σ(x, t) = ΣL
À�Ì
x < 0¼^º�È

Σ(x, t) = ΣR
À�Ì
x > 0

Ò¤á	Î�Ë�º'ÍRÕtË�Ë�º¯ÌÉÃ�ÇZÁ%Ë!Â_Î�Ë�¼h¾�¾¯Ç\Ã;Ñ�À�»Û¼1ÂZË�æzÀÊË;»Û¼^º�º�ÄwÃ�¿¨Å�Ë#Ç�ÂZÃ
ÄZ¼1Â_À�Ä\Ì�½X0

Σ̃L = ΣL
¼^º�È

Σ̃R = ΣR.
à|ý�Ò�Ü#õ�ç
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2RÑ�ÂZË�º¯È�À�º�Æ�À�È�Ë;¼^Ä¹À�º�ÂZÇ\Ã�È�Ï�Á#Ë�È2À�ºBÚ ø1ÞeÍNÕ�Ë�À�»�¾CÃ�ÄwË�Â_Î�Ë�ÌÉÃ�¿�¿�Ã;ÕzÀ�º�Æ�¿�À�º�Ë1¼hÇZÀ��;¼1Â_À�Ã�ºÙÄZ¼1Â_À�Ä\í�Ë�È2Ö�½
Â_Î�Ë$ÄwÂn¼hÇwòe¾�Ç\Ë;Ä\Ä\Ï�Ç\Ë�0

P ?L = −bLbR
c2

E?L
¼^º�È

P ?R = −bLbR
c2

E?R.
à|ý�Ò�Ü1ã�ç

á	Î�Ë�ó�ô7ô>ä ¼h¾�¾¯Ç\Ã;Ñ�À�»Û¼1ÂZË/æzÀÊË;»Û¼^º�º�ÄwÃ�¿ÊÅ�Ë�ÇrÀ�Ä�º�Ã;Õ�ÌFÏ�¿�¿¨½�È�Ë�í¯º�Ë�È2Ä\À�º�Á%Ë�Î�Ë�Ï�º è º�Ã;ÕzÄ V?L,R¼^º�È H̃L,R ¼hÇ\Ë$ÄwÃ�¿�Ï�Â_ÀÊÃ�º¯Ä�Ã�Ì7ÂZÎ�Ë$Ä�½�Ä�ÂZË�» àeý�Òië�ç�ÁCàeý�Ò�Ü1ã�çnÒ
¯'®|­¯®j¯'® 
'³ # !/°G³�±�(�±h·F³C°". ®$÷tË�ÌÉÃ�Ç\Ë�ÕtË�ÄwÃ�¿ÊÅ�Ë V?L,R ¼^º�È H̃L,R Íh¿ÊË%Â>Ï�ÄGÀ�º�ÂZÇ\Ã�È¯Ï�Á%Ë�ÄwË#Å�Ë#Ç_¼^¿º�Ã^Ân¼1Â_ÀÊÃ�º�Ä�Í�Ï¯ÄwË�ÌFÏ�¿-À�º�Â_Î�Ë
ÄwË�Ð�Ï�Ë�¿|Ò�Ø>ÀÊÇZÄwÂ;Í�ÕtË$Ä\Ë%Â

ΣR − ΣL = σ∆x.
àeý�Ò�Ü;ø�ç

á	Î�À�Ä.º�Ã^Â_¼1Â_À�Ã�ºÛÀ�Ä.À�º�¼hÆ�Ç\Ë�Ë�»�Ë�º�Â�ÕzÀÊÂ_Î�Â_Î�ËUË#Ñ�¼^ÁnÂtÈ�Ë�í¯º�ÀÊÂZÀ�Ã�ºÛÃ�Ì
Σ
Æ�ÀÊÅ�Ë�ºÛÖ�½�à|ý�Òiý�çnÍ�¼^º�ÈÛÀÊÂ.ÕzÀ�¿�¿

Â_Ï�ÇZº�Ã�Ï�Â	Â\Ã�ÖNË$Ï�Ä\Ë�ÌJÏ�¿NÂZÃÛÁ#¿É¼hÇZÀ�ÌÉ½!Â_Î�ËrÕUÇ_À¨Â_À�º�Æ�Ã�Ì-Â_Î�Ë$í¯º¯¼^¿-º�Ï¯»�Ë#ÇZÀ�Á�¼^¿-Ä\ÁnÎ�Ë�»�Ë�Ò
özË%Ñ�Â;Í�ÕtË
À�º�ÂZÇ\Ã�È¯Ï�Á%Ë/¼�¾?¼hÇ_¼^»�Ë%ÂZË#Ç

α
È�Ë#í¯º�Ë;È�¼^Ä	ÌÉÃ�¿�¿ÊÃ;ÕzÄ�0

α =
bR − bL

bR − bL + cσ∆x
.

à|ý�Ò�Ü)S�ç
á	Î�À�Ä�¾C¼hÇ_¼^»�Ë%ÂZË#Ç�ÕzÀ�¿�¿'¾¯¿É¼#½�¼�Á%ÇZÏ�Á�À�¼^¿'Ç\Ã�¿ÊË
Ä\À�º�Á%Ë
À¨Â	ÕzÀ�¿�¿7È�Ë#í¯º�ËrÂ_Î�Ë¹ÂZÇ_¼^º�Äw¾NÃ^Ç\Â	Ç\Ë#Æ�À�Ã�ºX0

α→ 1
¼^Ä

cσ → 0,
àeý�Ò�Ü�ë�ç

¼^º�È�ÂZÎ�Ë
¼^Ä�½�»�¾�ÂZÃ^Â_À�Á¹È�ÀÊÔNÏ¯Ä\À�Ã�º�¿�À�»ÛÀ¨Â

α→ 0
¼^Ä

cσ → +∞. àeý�Ò�Ü;å�ç
á	Î�Ë	¿É¼^Ä�Â.º�Ã^Ân¼1Â_ÀÊÃ�º�Ä�Õ�Ë	À�º�ÂZÇ\Ã�È�Ï�Á%Ëz¼1ÇZË	È�Ë%Å�Ã^ÂZË�È/ÂZÃrÂ_Î�Ë	ÄwÂ_¼^º¯È¯¼hÇZÈ�ó�ô7ô�æUÀ�Ë�»Û¼^º¯º�ÄwÃ�¿¨Å�Ë#ÇUà|Ä\Ë#Ë
Úiã�Í-Ü#õ¯ÍCâ�â�Þ9ç.ÕzÎ�Ë;º�Á%Ã�º�ÄZÀ�È�Ë#ÇZÀ�º�Æ�Â_Î�Ë$Äw½�ÄwÂZË�» àeý�Òiø�ç�Ö¯Ï�ÂzÌJÃ�Çz¼^º�Ï�º¯À�ÌJÃ^Ç_»�Å�¼^º�À�Ä\Î�À�º�Æ

σ
0





∂tE + ∂xF = 0,
1

c
∂tF + ∂x(cP ) = 0,

∂t(ρCvT ) = 0.

à|ý�Ò¨âhÝ�ç

¸�º�È�Ë#Ë�È'ÍCÀ�º�ÂZÎ�Ë
Á;¼^ÄwË$Ã�ÌR¼^º�ó�ô7ôùæUÀ�Ë�»Û¼^º�º�Ä\Ã�¿ÊÅ�Ë#Ç�Í�Â_Î�Ë/ÄwÂ_¼hÇzÇ\Ë#Æ�ÀÊÃ�º�À�Äz»�¼^È�Ë$Ã�ÌR¼�Á#Ã�º¯Ä�Ân¼^º�Â
Ä\À�º�Æ�¿�Ë$ÄwÂ_¼1ÂZË$È�Ë#í¯º�Ë;È�¼^ÄUÌÉÃ�¿�¿�Ã;ÕzÄ
à9Ä\Ë#ËÛÚiâ�â;Þ-Â\ÃÛÌFÏ�ÇwÂ_Î�Ë#ÇzÈ�Ë%Ân¼^À�¿�Ä#Í?¼^º�È�¼^¿�Ä\Ã�í�Æ�Ï�Ç\Ë/ý�Ò�Ü1ç	0

E?,HLL =
bRER − bLEL − (FR − FL)

bR − bL
,

à|ý�Ò¨â�Ü1ç

F ?,HLL =
bRFR − bLFL − c2(PR − PL)

bR − bL
.

à|ý�Ò¨â�â�ç

á	Î�Ë
Á%Ã�Ç\Ç\Ë�Ä\¾CÃ�º�È�À�º�Æ�é¯Ï�Ñ�ÌFÏ�º�Á%ÂZÀ�Ã�º�Ä	Ç\Ë;¼^È�¼^ÄUÌÉÃ�¿�¿�Ã;ÕzÄ�0

F̃HLL =
bRFL − bLFR − bLbR(EL − ER)

bR − bL
,

à|ý�Ò¨â^ý�ç

P̃HLL =
bRPL − bLPR − bLbR(FL − FR)

bR − bL
.

à|ý�Ò¨â1õ�ç

ð º¯Á%Ë�¼hÆ�¼^À�º'Í'¿ÊË%Â$Ï�Ä�Ë�»�¾¯Î?¼^Ä\À���Ë
Â_Î¯¼1Â�Â_Î�Ë�º�Ã^Ân¼;Â_À�Ã�º�Ä
E?,HLL

Í
F ?,HLL

Í
F̃HLL

¼^º�È
P̃HLLÕzÀ�¿�¿tº�ÃhÂ�Ë�º�ÂZË�Ç/Â_Î�Ë�È�Ë#í?º�À¨Â_À�Ã�º�Ã�Ì	Ã�Ï�Ç�ó�ô7ô�ä�ÄZÁ_Î�Ë;»�Ë!Ö?Ï�Â�Â_Î�Ë#½¤ÕzÀ�¿�¿tÄZÎ�Ã�ÇwÂ�ÂZÎ�Ë�ÌÉÃ�ÇZ»/Ï¯¿�¼^Ä

À�º�Å�Ã�¿ÊÅ�Ë�È�À�º!Â_Î�Ë
ÄwË�Ð�Ï�Ë�¿-Ã�Ì7Â_Î�Ë¹¾C¼h¾CË#Ç�Ò
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¯'®|­¯®zÂ-® � ��(�²)(¯¶^±)!�²h·*Ã8(�±1·F³C°�³\&�±?�"!¶(F±}±G²1³�²G· # (�±�!î �·*! # (?°G°Ä.�³-$,+I!�² ®�¸�º�Å�Ã�¿¨Å�À�º�ÆÂ_Î�Ër¼hÖCÃ;Å�Ë�º�Ã^Ân¼1Â_ÀÊÃ�º�Ä�Í�ÂZÎ�Ë�Ä�½�Ä�ÂZË�»+à|ý�Òië�ç�ÁNàeý�Ò�Ü1ã�ç>À�Ä�Ä\Ã�¿¨Å�Ë�È�ÂZÃ�Á%Ã�»�¾¯Ï�Â\ËUÂ_Î�Ë�Ï¯º è º�Ã;Õzº�Ä V?L,R¼^º�È H̃L,R á	Î�Ë¤ÌÉÃ�¿�¿�Ã;ÕzÀ�º�ÆïÄ�Ân¼1ÂZË�»�Ë�º�Â�Æ�ÀÊÅ�Ë�Ä!Â_Î¯À�Ä�Ë%Ñ�¾NË�ÁnÂZË�ÈþÄwÃ�¿�Ï�Â_ÀÊÃ�º ¼hº¯ÈîÂ_Î�Ï�Ä!Â_Î�Ë¤ÌJÏ¯¿�¿
Á_Î?¼hÇ_¼^ÁnÂZË#ÇZÀ��1¼1ÂZÀ�Ã�º�Ã�Ì7ÂZÎ�Ë
¼h¾�¾¯Ç\Ã;Ñ�À�»Û¼1ÂZË$æUÀ�Ë�»Û¼^º�º�ÄwÃ�¿ÊÅ�Ë�ÇUÀ�Äz¼^Á_Î¯ÀÊË%Å�Ë�È�0

Å��^�5�OÆ ÇX���%��È >�; V?L,R 6:AI7 H̃L,R ��>�Q�N��ZJ%;�9<N:AÉN��U;*EF>¥Q	C)Q�;/>��ËÊ ¤��jÌ�Í?Î Ê ¤��*��©	Í8� È >�;OJ_Q
Q
>�;

E0
L,R = EL,R −

FL,R
bL,R

.
à|ý�Ò¨â�ã�ç

� EF>�AÏ�G>�E%6:=:>

E?L,R = αE?,HLL + (1− α)E0
L,R,

à|ý�Ò¨â^ø�ç

F ? = αF ?,HLL,
à|ý�Ò¨â�S�ç

Σ?L,R = ΣL,R,
à|ý�Ò¨â^ë�ç

(ρCvT )?L,R = (ρCvT )L,R,
à|ý�Ò¨â^å�ç

6:AI7

F̃ = αF̃HLL,
à|ý�Òiý^Ý�ç

P̃L,R = αP̃HLL + (1− α)

(
PL,R −

bL,R
c2

FL,R

)
.

à|ý�Òiý�Ü1ç

Ð 4�N�N��nÒ�Ø>ÀÊÇZÄwÂ�Í¯ÌJÇ\Ã�» à|ý�Òië�ç�¼^º�ÈÙàeý�Òiå�çnÍ�ÕtË$À�»�»�Ë�È�ÀÉ¼;ÂZË;¿¨½�È�Ë�È�Ï¯Á%Ë¹Â_Î¯¼1Â

Σ?L = ΣL
¼^º�È

Σ?R = ΣR,
à|ý�Òiý�â�ç

(ρCvT )?L = (ρCvT )L
¼^º�È

(ρCvT )?R = (ρCvT )R.
à|ý�Òiý�ý�ç

özË%Ñ�Â;Í�ÕtË/¼hÇ\Æ�Ï�ËÛàeý�Òië�çkò_àeý�Òiå�ç�ÂZÃ�ÕUÇZÀÊÂ\Ë
{
F̃ − FL = bL(E?L − EL),

F̃ − FR = bR(E?R − ER),

¼^º�È�ÂZÎ�Ë�º�ÕtË¹Ã�Ö�Ân¼^À�º

(bR − bL)F̃ − bRFL + bLFR = bLbR(E?L − E?R)− bLbR(EL − ER).
àeý�Òiýhõ�ç

ê Ã�Ç\Ë�Ã;Å�Ë#Ç;Í�ÌJÇ\Ã�»�Â_Î�Ë$¿�À�º�Ë1¼hÇZÀ��;¼1Â_À�Ã�º¤à|ý�Ò�Ü1ã�çnÍ�ÕtË
È�Ë�È�Ï¯Á%Ë

c2P ?L − c2P ?R = −bLbR(E?L − E?R).
àeý�Òiý�ã�ç

T�Î�Ë�º�À�º�Å�Ã�¿¨Å�À�º�Æ�à|ý�Ò�Ü1â�çnÍ�ÕtË
Î¯¼#Å�Ë

c2P ?L − c2P ?R = c(ΣR − ΣL)F̃ ,

= cσ∆xF̃ ,
à|ý�Òiý�ø�ç

ÂZÃ�Ã^Ö�Ân¼hÀ�º

−bLbR(E?L − E?R) = cσ∆xF̃ .
à|ý�Òiý8S�ç

T¤Ë$ÄZÏ�Ö¯ÄwÂ_À¨Â_Ï�ÂZË¹ÂZÎ¯À�Äz¼hÖCÃ;Å�Ë
À�È�Ë�º�Â_ÀÊÂX½�À�º�ÂZÃ�àeý�Òiýhõ�ç�ÂZÃ�ÕUÇZÀÊÂZË

(bR − bL + cσ∆x)F̃ = bRFL − bLFR − bLbR(EL − ER).



Ü�Ý 3 � ANb c9j a s%m E = � 3'a dnc|c|g b c E A � P };�1c|s#v\d
¸�º�Å�Ã�¿¨Å�À�º�Æ�àeý�Ò�Ü)S�çt¼^º�È¤àeý�Òiâ^ý�çnÍ�ÕtË$Ã�Ö�Ân¼^À�º�Â_Î�Ë¹Ë%Ñ�¾CË�ÁnÂZË;È�ÌJÃ^Ç_»/Ï�¿É¼�à|ý�Òiý^Ý�ç�ÂZÃÛÈ�Ë�í¯º�Ë

F̃
Ò

Ó�Ä
ÄwÃ�Ã�º¤¼^Ä
F̃
À�Ä è º�Ã;Õzº'Í7Õ�Ë�Á�¼^º¤Á%Ã�»�¾¯Ï�Â\Ë V?L,R

Ò!Ø>ÀÊÇ_Ä�Â;Í7ÕtË�ÄwÃ�¿¨Å�Ë
E?L

ÕzÎ�À�¿ÊË
E?R

À�Ä
Ã�Ö�Ân¼^À�º�Ë�È�À�º�Å�Ã�¿ÊÅ�À�º�Æ/¼rÄZÀ�»�À�¿�¼hÇ.Á%Ã�»�¾?Ï�Ân¼1ÂZÀ�Ã�º'Ò>á	Î�ËUæz¼^º è À�º�Ë#òkó�Ï�Æ�Ã�º�ÀÊÃ^Â.Ç\Ë�¿�¼1Â_À�Ã�º�àeý�Òië�ç7Æ�ÀÊÅ�Ë;Ä�0

bL(E?L − EL) = F̃ − FL,
= αF̃HLL − FL,

ÂZÃ�Ã^Ö�Ân¼hÀ�º

E?L =
α

bL
(F̃HLL − FL + bLEL) + (1− α)

(
EL −

FL
bL

)
.

¸�º�¼^È¯È�À¨Â_À�Ã�º'Í¯ÌÉÇZÃ�» àeý�Ò¨â�Ü1çt¼^º�È¤àeý�Òiâ^ý�çnÍ�ÕtË$Ë;¼^ÄZÀ�¿Ê½�È�Ë�È�Ï�Á#Ë�0

bLE
?,HLL = F̃HLL − FL + bLEL,

ÂZÃ�ÕUÇZÀ¨ÂZË

E?L = αE?,HLL + (1− α)E0
L.

à|ý�Òiý�ë�ç
� À�»�À�¿�¼hÇZ¿Ê½�Í�ÕtË
Î¯¼#Å�Ë

E?R = αE?,HLL + (1− α)E0
R.

à|ý�Òiý�å�ç
á	Î�Ë�Ä�Ân¼1ÂZËÛÅ�Ë;ÁnÂZÃ�ÇZÄ V?L

¼^º�È V?R
ÕzÀ�¿�¿�ÖCË!Ä\Ã�¿¨Å�Ë�È�¼^Ä/ÄwÃ�Ã�ºù¼^Ä

F ?
ÕzÀ�¿�¿.ÖCË!È�Ë%ÂZË#ÇZ»�À�º�Ë�È-Ò�áGÃ

¼^Á#Á%Ë;Ä\ÄUÄ\Ï�ÁnÎ�¼^º�À�Ä\ÄZÏ�Ë�Í�Ã�º�Á%Ë/¼hÆ�¼^À�º!Â_Î�Ë¹Ç\Ë�¿É¼1Â_ÀÊÃ�º�Ä
àeý�Òië�ç�¼^º�ÈÙàeý�Òiå�çt¼hÇ\Ë
Á%Ã�º�Ä\À�È�Ë#ÇZË�È�Â\Ã�ÕUÇZÀÊÂZË�0

bL

((
F ?

c
+ Σ?LE

?
L

)
−
(
FL
c

+ ΣLEL

))
=
(
cP̃L + Σ̃LF̃L

)
− (cPL + ΣLFL) ,

bR

((
F ?

c
+ Σ?RE

?
R

)
−
(
FR
c

+ ΣRER

))
=
(
cP̃R + Σ̃RF̃R

)
− (cPR + ΣRFR) .

¸�º�Å�Ã�¿¨Å�À�º�Æ�àeý�Ò�Ü�Ü1ç_Í7àeý�Ò�Ü1ã�çt¼^º¯ÈÙàeý�Ò¨âhë�çnÍ�ÕtË¹Ç\Ë%ÕUÇ_À¨ÂZËrÂ_Î�Ë;ÄwË¹ÇZË�¿�¼1Â_ÀÊÃ�º¯ÄU¼^Ä	ÌJÃ�¿�¿�Ã;ÕzÄ�0




bL
c

(F ? − FL) + bLΣL(E?L − EL) = c(P̃L − PL) + ΣL(F̃ − FL),

bR
c

(F ? − FR) + bRΣR(E?R − ER) = c(P̃R − PR) + ΣR(F̃ − FR).

à|ý�Ò õ�Ý�ç

� À�º�Á%Ë
{
bL(E?L − EL) = F̃ − FL,
bR(E?R − ER) = F̃ − FR,

à|ý�Ò õ¯Ü1ç

ÕtË
È�Ë�È�Ï¯Á%Ë
ÌÉÇ\Ã�» àeý�Ò õ�Ý�ç.Â_Î�Ë$ÌJÃ�¿�¿ÊÃ1ÕzÀ�º�Æ�À�È�Ë�º�Â_ÀÊÂX½-0

(bR − bL)F ? = c2(P̃R − P̃L)− c2(PR − PL) + bRFR − bLFR.
à|ý�Ò õ�â�ç

T¤Ë$À�º�Å�Ã�¿¨Å�Ë�àeý�Ò�Ü;ý�ç�ÂZÃ�ÕUÇZÀ¨ÂZË

c2(P̃R − P̃R) = −cσ∆xF ?,

¼^º�È�ÂZÎ�Ë�º�ÕtË¹Ã�Ö�Ân¼^À�º

(bR − bL + cσ∆x)F ? = bRFR − bLFL − c2(PR − PL).
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Ø¯Ç\Ã�» àeý�Ò¨â�â�çnÍ>ÕtË!Ã�Ö�Ân¼^À�º¤Â_Î�Ë�Ë�Ð�Ï?¼;Â_À�Ã�ºüàeý�Ò¨â�S�çrÂZÃ&È�Ë�í¯º�Ë
F ?
Í.¼^º�È�ÂZÎ�Ë�Á%Ã�»�¾¯Ï�Ân¼1Â_ÀÊÃ�º�Ä
ÂZÃ

Ë�ÄwÂZÀ�»Û¼1ÂZË V?L
¼^º�È V?R

¼hÇ\Ë
¼^ÁnÎ�ÀÊË#Å�Ë�È-Ò
özÃ;Õ
Í�ÂZÃ�Á%Ã�»�¾?¿ÊË%ÂZË�Â_Î�Ë¹È�Ë%ÂZË#ÇZ»ÛÀ�º¯¼1Â_ÀÊÃ�º!Ã�Ì H̃L ¼^º�È H̃R Í�ÕtË¹Î¯¼�Å�ËÒÑ�Ï�ÄwÂtÂZÃ�Á%Ã�»�¾¯Ï�ÂZË P̃L¼^º�È
P̃R
ÒcT¤Ë¹¾?¿�Ï�Æ�àeý�Ò õ¯Ü1ç�À�º�ÂZÃ�à|ý�Ò õ�Ý�ç�ÂZÃ�ÕUÇZÀÊÂ\Ë

P̃L = PL +
bL
c2

(F ? − FL),

P̃R = PR +
bR
c2

(F ? − FR).

¸�º�Å�Ã�¿¨Å�À�º�Æ�àeý�Òiâ1õ�çnÍ�ÕtË¹À�»�»�Ë�È¯À�¼1ÂZË�¿Ê½�Ã�Ö�Ân¼^À�º�Â_Î�ËrË%Ñ�¾CË�ÁnÂZË�È�À�È�Ë;º�Â_À¨ÂX½&àeý�Ò ý�Ü1ç�¼^º�È�Â_Î�Ër¾�ÇZÃ�Ã�Ì7À�Ä
Â_Î�Ï¯Ä	Á%Ã�»�¾¯¿ÊË#Â\Ë;È'Ò

¯'®|­¯®,ÓN® �Ô(?·9°Õ±�²1³\±�!�²�±h·*!_.�³\&�±)��!¬(F±}±G²1³�²G· # (�±�!� !·*! # (?°G°Ö.�³-$,+I!�² ®/áGÃ�¼^ÁnÎ�À�Ë%Å�ËÂ_Î�Ë�¼^º¯¼^¿¨½�Ä\À�Ä
Ã�ÌtÂ_Î�Ë!ÄwÂn¼hÇ
ÇZË#Æ�ÀÊÃ�º'ÍRÀ�º�ÂZÇ\Ã�È�Ï�Á#Ë�ÈùÀ�º¤Â_Î�Ë�¼h¾¯¾�Ç\Ã;Ñ�À�»Û¼1ÂZË!æzÀÊË�»�¼^º�º�Ä\Ã�¿¨Å�Ë#Ç�à|Ä\Ë#Ë
í�Æ�Ï�ÇZË!ý�Ò�Ü1çnÍ7Õ�Ë�Ë%Ñ�Î¯ÀÊÖ¯ÀÊÂ�Ç\Ë�¿�Ë%Å�¼^º�Â�Á%Ã�º�È¯À¨Â_ÀÊÃ�º¯Ä$ÂZÃ�Ë�º�ÌJÃ^Ç_Á%Ë!Ä�Ân¼hÖ¯À�¿�ÀÊÂX½Ù¾¯Ç\Ã�¾CË#ÇwÂ_ÀÊË;Ä#Ò·T�ÀÊÂ_ÎÙÂZÎ�Ë
º�Ã^Ân¼1Â_ÀÊÃ�º�ÄUÀ�º�Â\ÇZÃ�È¯Ï�Á%Ë�È�À�º¤àkâ�ÒZS�ç_Í�ÕtË$È�Ë#í¯º�Ë

U?L,R =

(
E?L,R
F ?/c

)
.

T¤Ë¹Î¯¼#Å�ËrÂ\Ã�Ë�º�ÌJÃ^Ç_Á%Ë�Â_Î¯¼1Â�ÂZÎ�Ë$¼h¾�¾�Ç\Ã;Ñ�À�»�¼;ÂZË¹æUÀ�Ë�»Û¼^º¯º�ÄwÃ�¿¨Å�Ë#Ç	Ä_¼1Â_À�Äwí¯Ë�Ä U?L,R ∈ A ÕzÎ�Ë;º A ÍÈ�Ë#í?º�Ë�È�À�º�Â_Î�Ë�Ã^ÇZË�» â�Ò�Ü�Í�À�Ä�Â_Î�Ë
ÄwË%ÂUÃ�Ì7Â_Î�Ë
¼^È�»ÛÀ�ÄZÄ\À�Ö¯¿ÊË
Ä�Ân¼1ÂZË�Ä#Ò
özÃ;Õ
Í'À�º�Å�Ã�¿¨Å�À�º�Æ�Â_Î�Ë�È�Ë#í?º�ÀÊÂZÀ�Ã�º�Ã�Ì

E?L,R
ÍNÆ�ÀÊÅ�Ë�º2Ö�½�àeý�Òiâ^ø�çnÍ-¼hº¯È

F ?
ÍNÆ�ÀÊÅ�Ë�º2Ö�½�àeý�Òiâ�S�çnÍ

ÕtË
Á�¼^º!ÕUÇZÀÊÂZË

U?L,R = αU?,HLL + (1− α)U0
L,R,

ÕzÎ�Ë#ÇZË

U?,HLL =

(
E?,HLL

F ?,HLL/c

) ¼^º�È U0
L,R =

(
E0
L,R

0

)
.

� À�º�Á%Ë
α
Í¯È�Ë#í¯º�Ë�È�Ö�½&àeý�Ò�Ü)S^çnÍ�ÖCË�¿�Ã�º�Æ�Ä�ÂZÃ

[0, 1]
Í�¼^º�È�Ä\À�º�Á%Ë A À�ÄU¼�Á%Ã�º�Å�Ë%Ñ�ÄwË%Â;Í�Õ�Ë¹Î¯¼#Å�ËÒÑ�Ï�ÄwÂ

ÂZÃÛË�Ä�Ân¼hÖ¯¿�À�ÄZÎ�Â_Î¯¼1Â U?,HLL ¼^º�È U0
L,R

ÖCË�¿�Ã�º�Æ�ÂZÃ A À�º�Ã�ÇZÈ�Ë#Ç	ÂZÃÛË�º¯ÌÉÃ�ÇZÁ%Ë U?L,R ∈ A
Ò�¸�º�Â_Î�Ë

ÌÉÃ�¿�¿ÊÃ;ÕzÀ�º�Æ&Ç\Ë�ÄZÏ�¿ÊÂ�Í�¼^Ä�¿ÊÃ�º�Æ¤¼^Ä/ÂZÎ�Ë�Å�Ë�¿�Ã�Á#À¨Â_À�Ë�Ä
bL

¼^º¯È
bR

Ä_¼;Â_À�Ä\ÌÉ½�Ç\Ë�¿�Ë%Å�¼hº�ÂÛÁ%Ã�º�È�ÀÊÂ_ÀÊÃ�º�Ä�Í>Õ�Ë
Ä\Î�Ã;ÕþÂ_Î¯¼1Â U?L,R

¼hÇ\Ë$À�º A 0Å��^�5�OÆ»ÇX�z�-��È >�;3J_Q 7_><×�A->

fL =
FL
cEL

6:A-7
fR =

FR
cER

.
à|ý�Ò õ�ý�ç

Ø Q�Q	J��£>

bL ≤ min

(
0, cfL, c

fL − χL
1− fL

, c
fL + χL
1 + fL

)
,

à|ý�Ò õ�õ�ç

bR ≥ max

(
0, cfR, c

fR − χR
1− fR

, c
fR + χR
1 + fR

)
,

à|ý�Ò õ�ã�ç

�cEF>�4�>
χL,R = χ(fL,R)

�'9*;*EÏ;*EF>Ò��J%AIM
;<9�N:A
χ
7_><×�A->�7Ù��C¬Ê ¡%�j¤�Í8� � EF>�A U?,HLLL,R

6:AI7 U0
L,R6:4�>�9*A A � Ø Q 6¦M�N:AFQ
>���J^>�AIM	>	Ú U?L,R ∈ A �Ð 4�N�N��nÒ�á7Ã�Ã�Ö�Â_¼^À�º U0

L,R

À�º A Í�ÕtË
Î¯¼#Å�Ë@Ñ�Ï¯Ä�Â	ÂZÃ�Ë�º¯ÌÉÃ�ÇZÁ%Ë�0

E0
L = EL −

FL
bL
≥ 0

¼^º�È
E0
R = ER −

FR
bR
≥ 0.
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Â_Î�Ë�Ä\Ë¹Á%Ã�º�È�ÀÊÂ_ÀÊÃ�º�ÄU¼1ÇZË�Ë;¼^ÄZÀ�¿Ê½!Ä\Ë#Ë�ÂZÃ�ÖCË�Å�Ë#ÇZÀÊí¯Ë�È�¼^Ä�¿�Ã�º�Æ�¼^Ä¹àeý�Ò õ�õ�ç.¼^º¯È&à|ý�Ò õ�ã�ç�¼hÇ\Ë¹ÄZ¼1Â_À�Ä\í�Ë�È'Ò
ä�Ã�º�Á%Ë�ÇZº�À�º�Æ U?,HLL Í�ÕtË$Ä\Î�Ã;ÕþÂ_Î¯¼1Â

E?,HLL > 0
¼^º¯È − cE?,HLL < F ?,HLL < cE?,HLL,

Ï�º¯È�Ë#Ç	ÂZÎ�Ë$Á%Ã�º�È¯À¨Â_À�Ã�º¯Ä$àeý�Ò õ�õ�çt¼^º�È¤àeý�Ò õ�ã�çnÒRØ>À�ÇZÄ�Â;Í�ÕtËrÕUÇ_À¨ÂZË

E?,HLL =
bR

bR − bL
E0
R +

−bL
bR − bL

E0
L.

� À�º�Á%Ë
E0
L,R > 0

Í�ÕtË$À�»�»�Ë;È�À�¼1ÂZË�¿Ê½�È�Ë�È�Ï¯Á%ËrÂ_Î?¼;Â
E?,HLL > 0

Ò
özÃ;Õ
Í�Á#Ã�º¯Á%Ë#ÇZº¯À�º�Æ/Â_Î�Ë�é¯Ï�Ñ�¿�À�»�À¨Ân¼1Â_ÀÊÃ�º-Í�ÕtË�Ç\Ë#ÕUÇZÀ¨ÂZËzÂ_Î�ËrÁ%Ã�º�È�ÀÊÂ_ÀÊÃ�º

F ?,HLL < cE?,HLLÀ�º�Â_Î�Ë
ÌÉÃ�¿�¿�Ã;ÕzÀ�º�ÆÛÌJÃ�ÇZ»10
(
bR

(
FR −

c2

bR
PR

)
− cbRER + cFR

)
−
(
bL

(
FL −

c2

bL
PL

)
− cbLEL + cFL

)
< 0.

¸kÂ¹À�ÄzÂ_Î�Ï�ÄrÁ#¿ÊË1¼hÇzÂZÎ?¼1ÂzÂ_Î�Ë/Ë%Ñ�¾NË�ÁnÂZË�È2À�º�Ë;Ð�Ï¯¼^¿�À¨ÂX½
F ?,HLL < cE?,HLL

Î�Ã�¿�È¯Är¼^Ä�Ä\Ã�Ã�º2¼^ÄUÕ�Ë
Î¯¼#Å�Ë





bR

(
FR − c2

bR
PR

)
− cbRER + cFR < 0,

bL

(
FL − c2

bL
PL

)
− cbLEL + cFL > 0.

¸�º�Å�Ã�¿¨Å�À�º�ÆÛàeý�Ò õ�ý�ç>¼^º�È�àkâ�Ò¨â�ç_Í^ÕtË�Ç\Ë#ÕUÇZÀ¨ÂZËtÂ_Î�ËtÂXÕ�Ã$¼hÖCÃ;Å�Ë	À�º�Ë�Ð�Ï¯¼^¿�ÀÊÂ_ÀÊË�Ä.À�º�ÂZÎ�Ë	ÌÉÃ�¿�¿ÊÃ;ÕzÀ�º�Æ$ÌÉÃ�ÇZ»¼0

bR > c
fR − χR
1− fR

¼^º¯È
bL < c

fL − χL
1− fL

.

ÓzÇ\Æ�Ï�À�º�Æ�¼�Ä\À�»�À�¿�¼hÇ
Á%Ã�»�¾?Ï�Ân¼1ÂZÀ�Ã�º'Í-ÕtË�Ë�º�ÄZÏ�Ç\Ë�Â_Î¯¼1Â¹Â_Î�Ë�À�º�Ë�Ð�Ï¯¼^¿�ÀÊÂX½
F ?,HLL > −cE?,HLLÎ�Ã�¿�È�Äz¼hÄU¿ÊÃ�º�Æ�¼^ÄtÕtË
Î¯¼#Å�Ë

bR > c
fR + χR
1 + fR

¼^º¯È
bL < c

fL + χL
1 + fL

.

á	Î�Ë$¾�Ç\Ã�Ã�ÌGÀ�ÄtÂ_Î�Ï�ÄU¼^ÁnÎ�ÀÊË#Å�Ë�È-Ò
¯'®|­¯®jÛ'® �x��!��������Ü.�¶:�"! # ! ®$á	Î�Ë¹¼hÖCÃ1Å�Ë$¼1¾¯¾�Ç\Ã;Ñ�À�»Û¼1ÂZËræzÀÊË�»�¼^º�º!ÄwÃ�¿ÊÅ�Ë�Ç�À�Ä�Ï�Ä\Ë�ÈÛÂZÃ¾�Ç\Ã�¾CÃ�Ä\Ë�¼!ÇZË�¿ÊË#Å^¼^º�Â/º�Ï�»�Ë#Ç_À�Á�¼^¿�Ä\ÁnÎ�Ë�»�ËÛÌJÃ�Ç/¼h¾�¾�Ç\Ã;Ñ�À�»�¼1ÂZÀ�º�Æ�Â_Î�Ë�Õ�Ë;¼ è Ä\Ã�¿�Ï�Â_À�Ã�º�Ä¹Ã�Ìràeý�Ò õ�çnÒ

T¤Ë$Á#Ã�º�Ä\À�È�Ë#Ç�¼�Ä�ÂZÇZÏ�ÁnÂ_Ï�Ç\Ë�È�»�Ë�Ä\Î�È�Ë�í¯º�Ë�È�Ö�½!Â_Î�Ë$Á#Ë�¿�¿�Ä
Ii = [xi− 1

2
, xi+ 1

2
)
ÕzÀ¨Â_Î

xi+ 1
2

= xi +
∆x

2
, i ∈ Z,

ÕzÎ�Ë#ÇZË
∆x

À�ÄtÂ_Î�Ë
Äw¾?¼1Â_À�¼^¿-Á#Ë�¿�¿NÕzÀ�È�Â_Î'Ò�Ý�º�È�Ë�Ç�Â_Î�Ë/ätØ>ô�¿�À è Ë$Á#Ã�º�È�ÀÊÂZÀ�Ã�ºX0

∆t

∆x
max
i∈Z

(
|bi+

1
2

L |, bi−
1
2

R

)
≤ 1

2
,

à|ý�Ò õ�ø�ç

ÕtË�ÄwË%Â;Í�¼1Â�Ë;¼^ÁnÎÛÁ#Ë�¿�¿CÀ�º�ÂZË#ÇZÌF¼^Á%Ë
xi+ 1

2

Í�Â_Î�Ër¼h¾�¾�Ç\Ã1Ñ�À�»�¼1ÂZËzæUÀ�Ë�»Û¼^º¯ºÛÄwÃ�¿ÊÅ�Ë�Ç�ÕzÎ�Ë#Ç\Ë VL ¼^º�È VR¼hÇ\Ë$ÄZÏ�Ö¯ÄwÂ_À¨Â_Ï�ÂZË�È�Ö�½ Vni
¼^º¯È Vni+1

Ò
á	Î�Ë	ätØ>ô�Á%Ã�º�È¯À¨Â_À�Ã�º/Ë�º�ÄZÏ�Ç\Ë�Ä7Â_Î¯¼1ÂR¼^¿�¿�Â_Î�ËtæUÀ�Ë�»Û¼^º¯º
Ä\Ã�¿¨Å�Ë#ÇZÄ�È�Ãrº�Ã^Â>À�º�ÂZË#Ç_¼^Á%Â�à|ÄwË#Ë�í¯Æ�Ï�Ç\Ë

ý�Ò¨â�ç>ÕzÎ�Ë�Ç\ËzÂ_Î�Ë�ÂXÕtÃ/Ë#Ñ�ÂZÇ\Ë�»�ËzÕ	¼#Å�Ë�Äw¾CË�Ë�È�Ä	¼hÇ\Ë�Ë�Ä�Â_À�»Û¼1ÂZË�È!À�º�Å�Ã�¿ÊÅ�À�º�Æ�Â_Î�Ë�Ë%Ñ¯¼^ÁnÂ�Ë�À�Æ�Ë�º�Å�¼^¿�Ï�Ë�Ä
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VXWZY\[^½_[l] �XÞ}ß�ßXà¦h�vmt)emdOe�á�¾:sRq:v�sRq�y/eKi<r'szt�eKpm¿�¿?y/i�{�b�dOp	s,e�ÀXb,emdOp�f?fxhgi	k o	egy'h�e�s�i�f�pDv/egk�k (xi− 1
2
, xi+ 1

2
) |

Vni−1 Vni Vni+1

V?
R,i− 1

2

V?
L,i+ 1

2

b
i− 1

2

L b
i− 1

2

R b
i+ 1

2

L b
i+ 1

2

R

xi− 1
2

xi+ 1
2

àkâ�Òiø�çnÒRÓ�Ì�ÂZË#Ç.Â_Î�ËzÕtÃ�Ç è Ã�Ì-÷�¼1Â\ÂZË�º�Ë%Â	¼^¿�Úiâ;ÞRà|ÄwË�Ër¼^¿�ÄwÃ�áGÃ^ÇZÃ
Ë#Â	¼^¿�Úiâ�â�Í�â^ý1Þ-¼^º�È!÷tÃ�Ï�Á_Î�Ï�Â¹Úiã;Þ9çnÍ
ÕtË$¾�Ç\Ã�¾CÃ�ÄwËrÂZÃÛÁ%Ã�º¯Ä\À�È�Ë#Ç
0

b
i+ 1

2

L ≤ min

(
0, cfni , c

fni − χni
1− fni

, c
fni + χni
1 + fni

, λ−(Uni )

)
,

à|ý�Ò õ�S�ç

b
i− 1

2

R ≥ max

(
0, cfni , c

fni − χni
1− fni

, c
fni + χni
1 + fni

, λ+(Uni )

)
,

à|ý�Ò õ�ë�ç

ÕzÀ¨Â_Î

fni =
Fni
cEni

¼^º�È
χni = χ(fni ).

T¤Ë�Ä\Ë%Â Vh(x, tn + ∆t)
Â_Î�Ë�¼h¾�¾�Ç\Ã;Ñ�À�»�¼;ÂZË�Ä\Ã�¿�Ï�Â_À�Ã�ºB¼1Â�Â_À�»�Ë

tn + ∆t
Í.»Û¼^È�Ë�Ã�Ì�Â_Î�Ë

Ñ�Ï�Ñ�Ân¼h¾CÃ�Ä\ÀÊÂ_ÀÊÃ�º�Ã�Ì7Â_Î�Ë$º�Ã�º�òkÀ�º�ÂZË#Ç_¼^ÁnÂ_À�º�Æ�¼h¾�¾¯Ç\Ã;Ñ�À�»Û¼1ÂZË$æUÀ�Ë�»Û¼^º¯º�ÄwÃ�¿ÊÅ�Ë#Ç_Ä#Ò
özË%Ñ�Â;Í�Â_Î�Ë¹¾�ÇZÃ:ÑXË;ÁnÂ_ÀÊÃ�º�Ã�Ì7Â_Î�Ë�ÄwË
ÄwÃ�¿�Ï�ÂZÀ�Ã�º�Ä�Ã�º!Â_Î�Ë¹¾¯À�Ë�Á%Ë%ÕzÀ�ÄwË
Á%Ã�º�ÄwÂn¼hº�ÂUÌFÏ�º�ÁnÂ_À�Ã�º�Ä�Æ�ÀÊÅ�Ë;Ä�0




En+1
i

Fn+1
i /c

(ρCvT )n+1
i


 =

1

∆x

∫ x
i+ 1

2

x
i− 1

2




Eh(x, tn + ∆t)
Fh(x, tn + ∆t)/c
(ρCvT )h(x, tn + ∆t)


 dx.

àeý�Ò õ�å�ç

Ó�Ì�ÂZË#Çz¼^º�Ï�Ä\Ï?¼h¿7¼^º¯È�Ë;¼^Ä�½�Á%Ã�»�¾¯Ï�Ân¼1Â_ÀÊÃ�º'Í�ÕtË¹Ã�Ö�Â_¼^À�º

En+1
i = Eni −

∆t

∆x

(
αi+ 1

2
F̃HLLi+ 1

2
− αi− 1

2
F̃HLLi− 1

2

)
,

à|ý�Ò¨ãhÝ�¼�ç

Fn+1
i = Fni −

∆t

∆x
c2
(
αi+ 1

2
P̃HLLi+ 1

2
− αi− 1

2
P̃HLLi− 1

2
+ (αi− 1

2
− αi+ 1

2
)Pni

)
+

∆t

∆x

(
(1− αi+ 1

2
)b
i+ 1

2

L − (1− αi− 1
2
)b
i− 1

2

R

)
Fni ,

àeý�ÒiãhÝ^ÖNç

(ρCvT )n+1
i = (ρCvT )ni

àeý�Ò¨ã1Ý�Á1ç
ÓtÂtÂ_Î�À�Ä�¿�Ë%Å�Ë�¿NÃ�Ì'ÂZÎ�Ë¹Ä\ÁnÎ�Ë�»�Ë�Í�ÕtË¹Î?¼#Å�Ë¹¾�Ç\Ã�¾CÃ�ÄwË;È�¼/¾�Ç\Ë;È�À�Á%Â\Ã�Ç	ÄwÂ\Ë�¾�ÕzÎ¯À�ÁnÎ�ÕzÀ�¿�¿NÖCË¹ÄwË#Ë;º

ÂZÃ�¾¯Ç\Ë�ÄwË�ÇwÅ�Ë�Â_Î�Ë�¾CÃ�Ä\ÀÊÂ_À¨Å�Ë�º�Ë�ÄZÄ¹Ã�Ì�Â_Î�Ë�Ë�º�Ë#Ç\Æ^½
En+1
i

¼^º�È2Â_Î�Ë�é¯Ï�ÑÙ¿�À�»�ÀÊÂ_¼1Â_À�Ã�ºHà9Ä\Ë#ËÛÄwË�ÁnÂ_À�Ã�º
ý�Òiý�ç_Ò

¯'®,�N® �x��!Ö.
!�¶�³C°7´¨.%±)!_±âµ�( ¶�³C²1²)!�¶^±h·F³C°'¸ ®�á	Î�Ë2¼hÖCÃ;Å�Ë�º�Ï�»�Ë#Ç_À�Á�¼^¿zÄ\ÁnÎ�Ë�»�Ë�à|ý�Ò¨ãhÝ�ç
»�Ï�Ä�Â�ÖCËÙÁ%Ã�Ç\Ç\Ë�Á%Â\Ë;ÈHÂZÃ�¾¯Ç\Ã�¾CÃ�ÄwËÙ¼ùÄZÏ�ÀÊÂ_¼hÖ?¿ÊËÙÈ�À�Ä\Á%ÇZË%ÂZË&ÌJÃ�ÇZ» Ã�Ì¹ÂZÎ�Ë&»�¼1ÂwÂZË#Ç�Â\Ë;»�¾CË#Ç_¼1Â_Ï�Ç\Ë
Ç\Ë�¿É¼1Ñ�¼1Â_ÀÊÃ�º�Ä\Ã�Ï�ÇZÁ%Ë¹ÂZË#ÇZ»�Ä

cσ(aT 4 − E)
Ò.áGÃ�¼^Á#Á%Ë�ÄZÄUÄ\Ï�ÁnÎ�¼^º�À�ÄZÄ\Ï�Ë�Í�ÕtË$¾�Ç\Ã�¾CÃ�ÄwË¹ÂZÃÛ»�Ã�È¯À�Ì�½

Â_Î�ËUÄ�Ân¼hÇRÇ\Ë#Æ�À�Ã�º�ÄwÂ_¼1ÂZË�Ä�Í V?L,R
Í�À�º�Â\Ç\Ã�È�Ï¯Á%Ë�È�À�º�Â_Î�Ëz¼h¾�¾¯Ç\Ã;Ñ�À�»Û¼1ÂZË	æzÀÊË�»�¼hº¯º�ÄwÃ�¿ÊÅ�Ë�ÇUà|ÄwË�Ë�í¯Æ�Ï�Ç\Ë

ý�Ò�Ü1ç_ÍN¼^Á#Á%Ã�ÇZÈ¯À�º�ÆÛÂZÃ�Â_Î�Ë
Ç\Ë�¿É¼1Ñ�¼1Â_ÀÊÃ�º�Ä\Ã�Ï�ÇZÁ%Ë$ÂZË#Ç_»�Ä#Ò	ì�Ï�Â�À�º�Ã^Â_Î�Ë#ÇUÕ�Ã^Ç_È�Ä#Í¯Â_Î�Ë/Ä�Ân¼1ÂZË$Å�Ë;ÁnÂZÃ�ÇZÄ
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V?L,R
¼^º�È�Â_Î�ËUÁ%Ã�Ç\Ç\Ë;Äw¾CÃ�º�È¯À�º�Æ$é¯Ï�Ñ�ÌJÏ¯º�ÁnÂ_ÀÊÃ�º H̃L,R »/Ï�ÄwÂ�ÖCËUÁ#Ã^ÇZÇ\Ë�ÁnÂZË�È�ÂZÃ$Ä_¼1Â_À�Ä\ÌÉ½�¼¹Ä\Ï¯À¨Ân¼hÖ¯¿�Ë¼h¾�¾�ÇZÃ;Ñ�À�»Û¼1Â_ÀÊÃ�º�Ã�Ì





∂tE = cσ(aT 4 − E),
∂tF = 0,
∂t(ρCvT ) = −cσ(aT 4 − E).

á	Î�Ë/Á%Ã�Ç\Ç\Ë�ÁnÂZË�È�Ç\Ë;Ä\Ï�¿ÊÂ_Ä�ÕzÀ�¿�¿-ÖCË
È�Ë�º�Ã^ÂZË�È V?,HLLCL,R

¼^º�È H̃HLLCL,R

Òtá	Î�Ë%½�ÕzÀ�¿�¿-ÖCË
È�Ë�í¯º�Ë�È�¼^Ä
ÌÉÃ�¿�¿ÊÃ;ÕzÄ
0





E?,HLLCL,R − E?L,R = (1− α)

(
a
(
T ?,HLLCL,R

)4

− E0
L,R

)
,

F ?,HLLCL,R − F ? = 0,

ρCv

(
T ?,HLLCL,R − T ?L,R

)
= −(1− α)

(
a
(
T ?,HLLCL,R

)4

− E0
L,R

)
,

ÕzÎ�Ë#ÇZË
α
À�Ä	È�Ë#í¯º�Ë�È�Ö�½&àeý�Ò�Ü)S�çnÍ

E?L,R
À�Ä�Æ�À¨Å�Ë�º�Ö�½&àeý�Òiâ^ø�çnÍ

F ?
À�Ä�Æ�À¨Å�Ë�º�Ö�½Ùà|ý�Ò¨â�S�çt¼^º�È

E0
L,RÀ�ÄtÆ�À¨Å�Ë�º!Ö�½2àeý�Ò¨â^ã�çnÒ}T¤Ë�Ë;¼^ÄZÀ�¿Ê½�È�Ë�È�Ï�Á#ËzÂ_Î�Ë¹ÌÉÃ�¿�¿�Ã;ÕzÀ�º�Æ�Á%Ã�Ç\Ç\Ë;ÁnÂZË�È�¼h¾�¾�Ç\Ã;Ñ�À�»�¼1ÂZÀ�Ã�º!ÌÉÃ�Ç

E
¼^º�È

F
0

E?,HLLCL,R = αE?,HLL + (1− α)a
(
T ?,HLLCL,R

)4

,
à|ý�Ò¨ã�Ü1ç

F ?,HLLCL,R = αF ?,HLL.
à|ý�Ò¨ã�â�ç

ÓzÇ\Æ�Ï�À�º�Æ�Â_Î�Ë$È�Ë#í¯º�ÀÊÂ_ÀÊÃ�º¤àkâ�ÒlS�çnÍ�ÕtËrÕUÇZÀÊÂZË$ÌJÃ^ÇzÄ\Î�Ã�ÇwÂ

U?,HLLCL,R = αU?,HLL + (1− α)UaL,R,
à|ý�Ò¨ã^ý�ç

ÕzÎ�Ë#ÇZË UaL,R
Á%Ã�Ç\ÇZË�Äw¾CÃ�º�È¯ÄtÂZÃ�ÂZÎ�Ë
¼^Ä�½�»�¾�ÂZÃ^Â_À�Á¹Ä�Ân¼1ÂZË
¼^º�È�ÀÊÂzÀ�ÄUÈ�Ë�í¯º�Ë�È�¼^Ä	ÌJÃ�¿�¿�Ã;ÕzÄ�0

UaL,R =

(
a
(
T ?,HLLCL,R

)4

0

)
,

à|ý�Ò¨ã1õ�ç

ÕzÀ¨Â_Î
T ?,HLLCL,R

È�Ë#í¯º�Ë�È�À�º�Â_Î�Ë$ÌJÃ�¿�¿�Ã;ÕzÀ�º�ÆÛÇ\Ë�ÄZÏ�¿¨Â�0
Å��^�5�OÆÕÇX��ÇX�ã� EF>��U6�;�;m>	4�;/>�� P >�4�6�;<J%4�> T ?,HLLCL,R

9,Q ;*EF>�J�A\9<��J\>xQ�N��lJF;<9<N:AãN�� ;*EF>K��N�� Î
�RN:�'9,A�B1>���J^6�;<9�N:A-�

ρCvT
?,HLLC
L,R + (1− α)a(T ?,HLLCL,R )4 = ρCvTL,R + (1− α)E0

L,R.
à|ý�Ò¨ã�ã�ç

ä Aå68787:9<;<9�N:AFÚ
T ?,HLLCL,R

9,Q P N?Q	9*;�9,=:> �
á	Î�Ë/¾¯Ç\Ã�Ã�Ì>Ã�Ì>Â_Î�À�Ä�Ç\Ë�ÄZÏ�¿¨Â�Â_Ï�ÇZº¯ÄzÃ�Ï�Â�ÂZÃ�ÖCË�Ã^Ö�Å�À�Ã�Ï�Ä¹¼^º�È�ÀÊÂrÀ�ÄzÃ�»ÛÀ¨Â\ÂZË�È'Ò�özÃ;Õ
Í?ÕtË�Á;¼^º

Ë�ÄwÂ_¼hÖ?¿�À�Ä\Î!Â_Î?¼;Â	Â_Î�Ë$Á%Ã�Ç\Ç\Ë;ÁnÂZË�È�Ä�Ân¼1ÂZË�Ä U?,HLLCL,R

ÖCË�¿�Ã�º�Æ�ÂZÃ A ÒÅ��^�5�OÆ«ÇX��æ��çÈ >�;·J�QÉM�N:AFQ	9<7_>�4É;*EF>è6?Q�Q	J�� P ;<9�N:AFQåQ�;�6�;m>�7Õ9,Aé�z>����U6 ¤��z¡%� � EF>�AFÚ
U?,HLLCL,R

ÚG7_><×�A->�7·��C³Ê ¤��,©�¤�Í ÚG��>��RN:A�B?Q�;�N A �Ð 4�N�N��nÒ�Ø�Ç\Ã�» ¿�Ë�»�»�¼�ý�Ò¨â�Í�ÕtË
Î¯¼#Å�Ë U?,HLL ∈ A ÒR¸�º�¼^È�È¯À¨Â_ÀÊÃ�º-Í?¼hÌÉÂZË#Ç�Â_Î�Ë¹¾CÃ�ÄZÀ¨Â_ÀÊÅ�Ë�º�Ë�Ä\ÄÃ�Ì
T ?,HLLCL,R

Í�ÕtË¹Ë1¼^Ä\À�¿Ê½�È�Ë�È¯Ï�Á%Ë¹Â_Î¯¼1Â

(
a
(
T ?,HLLCL,R

)4

0

)
∈ A.
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özÃ;Õ
Í¯¼h¾�¾¯¿Ê½�À�º�Æ�Â_Î�Ë$Á%Ã�º�Å�Ë%Ñ!¾�ÇZÃ^¾NË#ÇwÂX½�Ã�Ì A Í�ÕtË$À�»Û»�Ë�È�ÀÉ¼1ÂZË�¿¨½!Ã�Ö�Ân¼^À�º�Â_Î�ËrË%Ñ�¾CË�ÁnÂZË�È�Ç\Ë�ÄZÏ�¿¨Â;Ò

áGÃ�Á#Ã�º¯Á#¿�Ï¯È�Ë�Â_Î�Ë�È�Ë#Â\Ë�ÇZ»�À�º¯¼1Â_ÀÊÃ�º2Ã�ÌRÂ_Î�Ë�Á%Ã�Ç\Ç\Ë�Á%Â\Ë;È&Ä�Ân¼1ÂZË�Ä#Í V?,HLLCL,R

Í'Õ�Ë�Äw¾NË�Á#À�ÌÉ½�ÂZÎ�Ë
¼^Ä�½�»�¾�ÂZÃ^Â_À�Á$ÖCË�Î¯¼#Å�ÀÊÃ�ÇzÃ�ÌGÂZÎ�Ë/¼h¾�¾¯Ç\Ã;Ñ�À�»Û¼1ÂZË
æzÀÊË;»Û¼^º�º�Ä\Ã�¿¨Å�Ë#Ç�Òt¸�º�È�Ë#Ë�È'ÍC¿ÊË#Â�Ï�Ä�¼^Ä\ÄZÏ�»�Ë¹Â_Î¯¼1Â
cσ

Æ�Ã�Ë�Ä¹ÂZÃ¼��Ë#Ç\Ã�à9Ã�Ç
Ë�Ð�Ï¯À¨Å�¼^¿ÊË;º�Â_¿¨½�Í
α
Â\Ë;º�È�Ä¹ÂZÃ

1
çnÒ!¸�º&Â_Î�À�Ä/Á�¼^ÄwË�Í7Õ�Ë�ÂX½�¾¯À�Á�¼^¿�¿Ê½ÙË�º�ÂZË#Ç$Â_Î�Ë

Ç\Ë#Æ�À�»�Ë$Ã�ÌG¾¯Ï�Ç\Ë¹ÂZÇ_¼^º�Ä\¾CÃ�ÇwÂUË�Ð�Ï¯¼1Â_ÀÊÃ�º�Ä�Ò.Ø¯Ç\Ã�» à|ý�Ò¨ã�Ü1çnÍ7à|ý�Ò¨ã�â�ç�¼^º�È¤àeý�Ò¨ã^ã�çnÍ�ÕtË
Î?¼#Å�Ë
ÌJÃ�ÇzÄ\Ï�ÁnÎ
¼�¿�À�»�ÀÊÂ�0





E?,HLLCL,R → E?,HLL,

F ?,HLLCL,R → F ?,HLL,

T ?,HLLCL,R → TL,R.

Ó�ÄUË#Ñ�¾CË�Á%Â\Ë;È'Í?Â_Î�Ë�¼h¾�¾�ÇZÃ;Ñ�À�»Û¼1ÂZË/æUÀ�Ë�»Û¼^º¯º�Ä\Ã�¿¨Å�Ë#ÇrÁ%Ã�À�º�Á�À�È�Ë;ÄUÕzÀÊÂZÎ�Â_Î�Ë�ÄwÂ_¼^º¯È¯¼hÇZÈ�æzÀÊË�»�¼^º�º
ÄwÃ�¿ÊÅ�Ë�Ç.À�º�Å�Ã�¿ÊÅ�Ë;È�ÕzÎ�Ë�ºÛÁ%Ã�º�Ä\À�È�Ë#ÇZÀ�º�Æ/¼^ºÛó�ô7ô�ä�Ä\ÁnÎ�Ë�»�Ë�ÂZÃ/¼h¾�¾�Ç\Ã;Ñ�À�»�¼1Â\ËUÄ\Ã�¿�Ï�ÂZÀ�Ã�º�Ä�Ã�Ì>àeý�ÒiâhÝ�çnÒ

özÃ;Õ
Í�Õ�Ë¹ÂZÏ�ÇZº�Á%Ã�º�ÄZÀ�È�Ë�ÇZÀ�º�Æ�Â_Î�Ë/¼^Äw½�»�¾�ÂZÃhÂ_À�ÁrÖNË�Î¯¼#Å�ÀÊÃ�Ç�¼^ÄU¿ÊÃ�º�Æ!¼^Ä
cσ
Æ�Ã�Ë�Ä�ÂZÃ�À�º�í?º�À¨ÂX½�Í

Ã�Ç	Ë�Ð�Ï�À¨Å�¼^¿ÊË;º�Â_¿¨½�¼^ÄZÄ\Ï�»�ËrÂZÎ?¼1Â
α
Â\Ë;º�È�Ä�ÂZÃ

0
ÒR¸�º�ÂZÎ¯À�ÄUÁ�¼^Ä\Ë�Í�Õ�Ë¹Ã�Ö�Ân¼^À�º�Â_Î�Ë
ÌÉÃ�¿�¿�Ã;ÕzÀ�º�ÆÛ¿�À�»�ÀÊÂ�0





E?,HLLCL,R → a
(
T ?,HLLCL,R

)4

,

F ?,HLLCL,R → 0,

ÂZÃÛÁ%Ã�À�º�Á�À�È�Ë¹ÕzÀÊÂ_Î!Â_Î�Ë
¼^Ä�½�»�¾�ÂZÃ^Â_À�Á¹È¯ÀÊÔNÏ¯Ä\À�Ã�º�Ç\Ë#Æ�À�»�Ë�Ò
áGÃ!Á%Ã�»�¾¯¿�Ë%ÂZË$Â_Î�Ë�È�Ë%ÂZË#ÇZ»ÛÀ�º¯¼1Â_À�Ã�º�Ã�ÌGÂ_Î�Ë�Ä�Ân¼hÇzÇ\Ë#Æ�À�Ã�º'Í¯ÕtË�Î¯¼#Å�Ë$ÂZÃ!Ä\Ã�¿¨Å�Ë$Â_Î�Ë/Ç\Ë�ÄZÏ�¿¨Â_À�º�Æ

é¯Ï�ÑîÌJÏ�º�Á%Â_ÀÊÃ�º H̃HLLCL,R

Ò�¸kÂ!ÕzÀ�¿�¿zÖCË&È�Ã�º�ËÙ¼^Ä!Ä\Ã�Ã�º�¼^Ä
F̃HLLCL,R

¼hº¯È
P̃HLLCL,R

Ä\Î�Ã�Ï�¿�ÈîÖCË
Ë%Å�¼^¿�Ï?¼1Â\Ë;È'Ò&áGÃ&¼^Á#Á#Ë�Ä\Ä�Ä\Ï¯Á_Î�¼^ºùÀ�Ä\ÄZÏ�Ë�ÍRÃ�º�Á%Ë�¼hÆ�¼^À�º-Í�ÕtË�Á#Ã�º�Ä\À�È�Ë#Ç/Â_Î�Ë�æ�¼^º è À�º�Ë%òkó�Ï�Æ^Ã�º¯ÀÊÃ^Â
Ç\Ë�¿É¼1Â_ÀÊÃ�º�Ä
àeý�Ò ë�ç�¼^º�È¤à|ý�Òiå�çnÒRØ>À�ÇZÄ�Â;Í�ÕtË$Î¯¼#Å�Ë

F̃HLLCL,R = FL,R + bL,R

(
E?,HLLCL,R − EL,R

)
.

¸�º�Å�Ã�¿¨Å�À�º�Æ�àeý�Ò¨ã�Ü1ç_Í�ÕtË¹Ã�Ö�Ân¼^À�º

F̃HLLCL,R = αF̃HLL + (1− α)bL,R

(
a
(
T ?,HLLCL,R

)4

− E0
L,R

)
.

à|ý�Ò¨ã^ø�ç

� À�»�À�¿�¼hÇZ¿Ê½�Í¯ÌÉÇZÃ�» àeý�Òië�çt¼^º¯ÈÙàeý�Òiå�çnÍ�ÕtË$È�Ë;È�Ï�Á%Ë

c2P̃HLLCL,R = c2PL,R + bL,R

(
F ?,HLLCL,R − FL,R

)
,

ÂZÃ�ÕUÇZÀ¨ÂZËrÕzÎ�Ë�º�Á%Ã�º�Ä\À�È�Ë#Ç_À�º�Æ�àeý�Ò¨ã�â�ç	0

c2P̃HLLCL,R = αc2P̃HLL + (1− α)
(
c2PL,R − bL,RFL,R

)
.

à|ý�Ò¨ã�S�ç
áGÃÛÁ%Ã�º�Á#¿�Ï�È�Ë$Â_Î�Ë
È�Ë�Ä\Á#ÇZÀÊ¾�ÂZÀ�Ã�º�Ã�Ì-Â_Î�Ë
¼h¾�¾¯Ç\Ã;Ñ�À�»Û¼1ÂZË$æzÀÊË�»�¼^º�º�ÄwÃ�¿¨Å�Ë#Ç�Í?¿ÊË%Â�Ï�ÄUº�Ã^ÂZËrÂ_Î¯¼1Â

Â_Î�Ë$Á#Ã�Ç\Ç\Ë�Äw¾NÃ�º¯È�À�º�Æ�é¯Ï�Ñ�ÌFÏ�º�ÁnÂ_À�Ã�º F̃HLLCL,R

Í?¼hÄZÄwÃ�Á#ÀÉ¼1Â\Ë;È!ÕzÀ¨Â_Î U?,HLLCL,R

Í�Ç\Ë1¼^È�ÄU¼^Ä	ÌJÃ�¿�¿ÊÃ1ÕzÄ�0

F̃HLLCL,R = αF̃HLL + (1− α)SaL,R,
à|ý�Ò¨ã^ë�ç

ÕzÎ�Ë#ÇZË SaL,R
À�Ä�Æ�ÀÊÅ�Ë;º�Ö�½

SaL,R = bL,R
(
UaL,R − U0

L,R

)
,

à|ý�Ò¨ã^å�ç

U0
L,R = UL,R −

1

bL,R
FL,R.

à|ý�Òiø^Ý�ç
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ð ÌRÁ%Ã�Ï�ÇZÄ\Ë�ÍCÀ�º2¼�¾¯Ç_¼^ÁnÂ_À�Á�¼^¿7¾CÃ�À�º�Â�Ã�Ì�Å�À�Ë%Õ
Í¯Â_Î�Ë
Ë;Ð�Ï�ÀÊÅ�¼^¿ÊË�º�ÂrÌJÃ^Ç_»/Ï�¿É¼^Ä/àeý�Ò¨ã^ø�ç	¼^º�È�àeý�Ò¨ã�S�ç	¼hÇ\Ë
¾�Ç\Ë;ÌÉË#Ç\Ç\Ë;È'Ò�¸�ºùÌF¼^ÁnÂ;Í	àeý�Òiã^ë�ç
¼^º�Èîàeý�Ò¨ã^å�ç�ÕzÀ�¿�¿.¾?¿�¼#½ù¼�Ï¯ÄwË�ÌFÏ�¿.Ç\Ã�¿ÊË�ÌÉÃ�Ç/ÂZÎ�Ë�âh× Ë%Ñ�ÂZË�º�ÄZÀÊÃ�º�Ã�Ì
Â_Î�Ë�Ä\Á_Î�Ë�»�Ë�ÒB¸�ºï¼^È�È¯À¨Â_ÀÊÃ�º-Í�ÕtË�º�Ã^ÂZË�ÌÉÇ\Ã�»�º�Ã;Õ Ã�ºùÂ_Î¯¼1Â F̃HLL ÕzÀ�¿�¿�¾C¼hÇwÂZÀ�Á#À�¾?¼1ÂZË�ÂZÃ&ÂZÎ�Ë
È�À�Ä\Á%ÇZË%Â_À��;¼1Â_À�Ã�ºÙÃ�Ì.Â_Î�Ë�ÂZÇ_¼^º�Äw¾CÃ�ÇwÂ
¾?¼hÇwÂ$ÕzÎ¯À�¿�Ë�Â_Î�ËÛÈ¯À�ÄZÁ%Ç\Ë%ÂZË�ÌÉÃ�ÇZ»�Ã�Ì.Â_Î�ËÛÇ\Ë�¿É¼1Ñ�¼1Â_ÀÊÃ�º¤ÄwÃ�Ï�ÇZÁ%Ë
ÂZË#ÇZ»ÛÄ�À�º¯Î�Ë#ÇZÀÊÂ�ÌJÇ\Ã�» SaL,R

ÒÄT¤Ë¤¼^È�ÈîÂ_Î¯¼1Â�Â_Î�Ë·Ñ�Ï¯»�¾üÇZË�¿�¼1Â_ÀÊÃ�º¯Ä�¼h¾¯¾¯¿�À�Ë�ÈîÂZÃ�ÂZÎ�Ë&»�¼1Â\Â\Ë�Ç
ÂZË�»�¾NË#Ç_¼1Â_Ï�Ç\Ë¹Ç\Ë;¼^È�Ä

STL,R = bL,RρCv

(
T ?,HLLCL,R − TL,R

)
,

= −bL,R(1− α)

(
a
(
T ?,HLLCL,R

)4

− E0
L,R

)
.

à|ý�Òiø�Ü1ç

Ó	ÁnÂ_Ï¯¼^¿�¿¨½�Í�Â_Î�À�Ä.Ç\Ë�¿É¼;Â_À�Ã�º�¾¯¿É¼#½�¼$Á%Ë�º�ÂZÇ_¼^¿�ÇZÃ�¿�Ë�À�º�Â_Î�ËzÈ¯À�ÄZÁ%Ç\Ë%ÂZËzÌJÃ�ÇZ» Ã�ÌNÄ\Ã�Ï�ÇZÁ%Ë	ÂZË#Ç_»�Ä.À�º�Å�Ã�¿ÊÅ�Ë�È
À�º�Â_Î�Ë
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özÃ;Õ
ÍrÀ�º�Å�Ã�¿ÊÅ�À�º�ÆBÂ_Î�Ë¤Á%Ã�Ç\Ç\Ë�Á%Â\Ë;Èþ¼h¾�¾�ÇZÃ;Ñ�À�»Û¼1ÂZËÙæzÀÊË�»�¼hº¯º�ÄwÃ�¿ÊÅ�Ë�Ç�ÍrÈ�Ë#í?º�Ë�È�Ö�½�àeý�Òiã�Ü1çnÍ
àeý�Ò¨ã^â�ç'¼^º�È�à|ý�Ò¨ã�ã�çnÍ�ÕtË.È�Ë�ÄZÁ%ÇZÀ�ÖCËRÂ_Î�Ë�Ë%Ñ�¾CË�ÁnÂZË;È$ó�ô7ô�ä&Ä\ÁnÎ�Ë�»�ËRÂZÃ�¼h¾�¾�Ç\Ã;Ñ�À�»�¼;ÂZËRÂ_Î�Ë.Ä\Ã�¿�Ï�Â_À�Ã�º¯Ä
Ã�Ì�Ä�½�Ä�ÂZË�» à|ý�Ò�Ü1çnÒ¦T�Ë�Á#Ã�º¯Ä\À�È�Ë#Ç
Â_Î�Ë!ÄZ¼^»�Ë!Ä�ÂZÇ_¼1ÂZË#Æ^½¤¼^Ä/Ï�Ä\Ë�È�À�ºÙÂ_Î�ËÛ¾¯Ç\Ë�È�À�ÁnÂ_ÀÊÃ�º�ÄwÂ\Ë�¾îà|Ä\Ë#Ë
í�Æ�Ï�ÇZË
ý�Òiý�ç_Ò
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Vni−1 Vni Vni+1

V?,HLLC
R,i− 1

2

V?,HLLC
L,i+ 1

2

b
i− 1

2

L b
i− 1

2

R b
i+ 1

2

L b
i+ 1

2

R

xi− 1
2

xi+ 1
2

T¤Ë�¼^È�Ã�¾�ÂUÂ_Î�Ë�ätØ>ô�Ç\Ë�Ä�ÂZÇZÀ�ÁnÂ_ÀÊÃ�º�àeý�Ò õ�ø�çnÒ�á	Î�Ë�¼h¾�¾�Ç\Ã;Ñ�À�»�¼;ÂZË/æUÀ�Ë�»�¼hº¯º�ÄwÃ�¿¨Å�Ë#Ç�ÍN¼1ÂUÂ_À�»�Ë
tn + ∆t

Í'À�Äz¾¯Ç\Ã:Ñ�Ë�ÁnÂZË�È�Ã�º�Â_Î�Ë�¾¯ÀÊË;Á%Ë%ÕzÀ�Ä\Ë�Á#Ã�º¯Ä�Ân¼^º�Â¹ÌJÏ�º�Á%Â_ÀÊÃ�º�ÄrÌÉÃ�¿�¿ÊÃ;ÕzÀ�º�Æ&àeý�Ò õ�å�çnÒ�ÓzÌÉÂZË#ÇUÂ_Î�Ë
Á%Ã�»�¾?Ï�Ân¼1Â_ÀÊÃ�º�Ä�Í�Â_Î�Ë
¼^ÁnÎ�À�Ë%Å�Ë;È�Ä\Á_Î�Ë�»�Ë$Ç\Ë;¼^È�ÄU¼^ÄUÌÉÃ�¿�¿ÊÃ;ÕzÄ
0

En+1
i = Eni −

∆t

∆x

(
αi+ 1

2
F̃HLLi+ 1

2
− αi− 1

2
F̃HLLi− 1

2

)

− ∆t

∆x

(
(1− αi+ 1

2
)b
i+ 1

2

L

(
a
(
T ?,HLLC
L,i+ 1

2

)4

−
(
Eni −

Fni

b
i+ 1

2

L

))

−(1− αi− 1
2
)b
i− 1

2

R

(
a
(
T ?,HLLC
R,i− 1

2

)4

−
(
Eni −

Fni

b
i− 1

2

R

)))
,

à|ý�Òiø�â^¼�ç

Fn+1
i = Fni −

∆t

∆x
c2
(
αi+ 1

2
P̃HLLi+ 1

2
− αi− 1

2
P̃HLLi− 1

2
+ (αi− 1

2
− αi+ 1

2
)Pni

)
+

∆t

∆x

(
(1− αi+ 1

2
)b
i+ 1

2

L − (1− αi− 1
2
)b
i− 1

2

R

)
Fni ,

àeý�Ò ø�â1ÖNç

(ρCvT )n+1
i = (ρCvT )ni +

∆t

∆x

(
(1− αi+ 1

2
)b
i+ 1

2

L

(
a
(
T ?,HLLC
L,i+ 1

2

)4

−
(
Eni −

Fni

b
i+ 1

2

L

))

−(1− αi− 1
2
)b
i− 1

2

R

(
a
(
T ?,HLLC
R,i− 1

2

)4

−
(
Eni −

Fni

b
i− 1

2

R

)))
.

àeý�Òiø�âhÁ1ç
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(E + ρCvT )n+1
i − (E + ρCvT )ni

∆t
=

c

2ε∆x
√

3 + 3σi+ 1
2
∆x2

(Eni+1 − Eni ) +

c

2ε∆x
√

3 + 3σi− 1
2
∆x2

(Eni−1 − Eni ).

á	Î�Ë�Ë%Ñ�¾CË�ÁnÂZË�ÈùÈ�ÀÊÔ'Ï�Ä\À�Ã�º¤Ë�Ð�Ï?¼1ÂZÀ�Ã�ºîàeý�Ò ø�ë�ç¹À�Ä
ÂZÎ�Ï�Ä
Ã�Ö�Ân¼^À�º�Ë�Èù¼^Ä/ÄwÃ�Ã�º�¼^Ä
ε
ÂZË�º�È¯Ä$ÂZÃÙ�#Ë#Ç\Ã¯Ò

á	Î�Ë$¾�Ç\Ã�Ã�ÌGÀ�ÄU¼^ÁnÎ�ÀÊË%Å�Ë�È-Ò
Â-® � �"! � �ó!_²N±)!�°".1·F³C° ®�á	Î�Ë�¼hÖCÃ;Å�Ë!ó�ô7ô>ä Ä\Á_Î�Ë�»�Ë�À�Ä�º�Ã;Õ�Ë%Ñ�ÂZË�º�È�Ë�ÈÙÂZÃ�Â_Î�Ë�ÌJÏ¯¿�¿

Äw¾C¼^Á%Ë�È�À�»�Ë;º�Ä\À�Ã�º
M1

»�Ã�È�Ë;¿	Æ�ÀÊÅ�Ë�ºîÖ�½Qàkâ�Ò�Ü1çnÒ Ó ä�¼hÇwÂZË�ÄZÀ�¼^ºïÆ�ÇZÀ�ÈîÀ�Ä!Á%Ã�º�Ä\À�È�Ë#ÇZË�ÈïÂZÃ�¼1¾�ò
¾�Ç\Ã;Ñ�À�»�¼1Â\Ë�ÂZÎ�Ë�ÄwÃ�¿�Ï�Â_ÀÊÃ�º-Ò�ô7Ë%Â
Ï�Ä¹º�ÃhÂZË�ÂZÎ?¼1Â¹Ë%Ñ�ÂZË�º�Ä\À�Ã�º�Ä$À�º�Å�Ã�¿ÊÅ�À�º�Æ�Ã^Â_Î�Ë#Ç¹Æ�ÇZÀ�È&Æ�Ë�º�Ë�Ç_¼1ÂZÀ�Ã�º
»�Ë#ÂZÎ�Ã�È¯Ä�à|Ï�º¯Ä�ÂZÇZÏ�Â_Ï�Ç\Ë;ÈBÚÊÜ1â;ÞeÍ�ä�¼hÇwÂZË�Ä\ÀÉ¼^º&Á#Ï�Â
Á%Ë�¿�¿�Ú�Ü1ã;ÞFç�Á�¼^º2ÖCË�Ã�Ö�Ân¼^À�º�Ë�È'ÒxT¤Ë�¾�Ç\Ã�¾CÃ�Ä\Ë/ÂZÃ



âhÝ 3 � ANb c9j a s%m E = � 3'a dnc|c|g b c E A � P };�1c|s#v\d
¼^È�Ã�¾�Â
¼!È�À�»�Ë�º�ÄZÀÊÃ�º¯¼^¿�Ã�¾CË#Ç_¼1ÂZÃ�ÇrÄ\¾¯¿�ÀÊÂ\Â_À�º�Æ�ÄwÂZÇ_¼1ÂZË#Æ^½�Òr¸�ºÙ¼Ûí¯ÇZÄ�Â$Ä�ÂZË#¾-ÍNÕtË�¼h¾�¾¯Ç\Ã;Ñ�À�»Û¼1ÂZË/ÂZÎ�Ë
ÌÉÃ�¿�¿ÊÃ;ÕzÀ�º�Æ�Ü�×�Ä�½�Ä�ÂZË�»10





∂tE + ∂xFx = βcσ(aT 4 − E),
1

c
∂tFx + c∂xPxx = −βσFx,

1

c
∂tFy + c∂xPxy = −βσFy,

∂t(ρCvT ) = −βcσ(aT 4 − E),

à9õ¯Ò�Ü1ç

ÕzÎ�À�¿ÊË�Í?À�º�Â\Ã�Â_Î�Ë$Ä\Ë�Á%Ã�º�È�Ä�ÂZË#¾7Í�Â_Î�Ë
ÌÉÃ�¿�¿�Ã;ÕzÀ�º�ÆÛÄw½�ÄwÂ\Ë;»�ÕzÀ�¿�¿'ÖCË$Á%Ã�º¯Ä\À�È�Ë#Ç\Ë�È�0




∂tE + ∂yFy = (1− β)cσ(aT 4 − E),
1

c
∂tFx + c∂yPxy = −(1− β)σFx,

1

c
∂tFy + c∂yPyy = −(1− β)σFy,

∂t(ρCvT ) = −(1− β)cσ(aT 4 − E),

à9õ¯Ò¨â�ç

ÕzÎ�Ë#ÇZË
β
À�Är¼�Æ�ÀÊÅ�Ë;º�¾C¼hÇ_¼^»�Ë%ÂZË#Ç�À�º

[0, 1]
Ò	á	Î�Ë/»Û¼^À�º�À�È�Ë;¼�Ã�ÌGÂ_Î�Ë/¾�Ç\Ë�Ä\Ë�º�ÂrÄw¾?¿�ÀÊÂ\ÂZÀ�º�Æ!¿�ÀÊË;ÄzÃ�º

Â_Î�Ë�ÁnÎ�Ã�À�Á#Ë/Ã�Ì�Â_Î�Ë�ÄwÃ�Ï�ÇZÁ#Ë$ÂZË�ÇZ»�Ä#Òz¸�º�È�Ë�Ë�È'ÍCÂ_Î�Ë/Ç\Ë�¿É¼1Ñ�¼1Â_ÀÊÃ�º�Â\Ë�ÇZ»�Är¼hÇ\Ë�Äw¾?¿�ÀÊÂ�Ã;Å�Ë#ÇrË;¼^Á_Î�ÄwÂZË#¾
À�º�Å�Ã�¿ÊÅ�À�º�Æ�¼¹¾?¼hÇ_¼^»�Ë%ÂZË#Ç

β
Ò>áGÃ/Ë�º�ÄZÏ�Ç\Ë�Á%Ã�º�Ä\À�Ä�Ân¼^º�Á%½�Ã�ÌCÂ_Î�Ë�Äw¾¯¿�À¨Â\Â_À�º�Æ¯Í�Â_Î�À�Ä.¾?¼hÇ_¼^»�Ë%ÂZË#Ç

β
ÕzÀ�¿�¿

ÖCË�¿�Ã�º�Æ/ÂZÃ
[0, 1]

ÒRÓþÇ\Ë�¿�Ë%Å�¼^º�ÂUÁ_Î�Ã�À�Á%Ë�ÕzÀ�¿�¿CÖCËr¾�ÇZÃ^¾NÃ�Ä\Ë�È�À�º�Â_Î�Ë¹º�Ë#Ñ�Â	Ä\Ë�ÁnÂ_À�Ã�º�È�Ë#Å�Ã^ÂZË�È�ÂZÃ/Â_Î�Ë
º�Ï¯»�Ë#ÇZÀ�Á�¼^¿'Ë%Ñ�¾CË�ÇZÀ�»�Ë�º�Â_Ä�Ò

¸�º¤ÂZÎ�Ë�¾¯Ç\Ë�ÄwË;º�Â�ÄwË;ÁnÂ_ÀÊÃ�º'Í�Õ�ËÛÕzÀ�¿�¿"ÑwÏ�Ä�Â�È�Ë�Ä\Á%Ç_ÀÊÖCË�Â_Î�Ë!í�ÇZÄ�Â�ÄwÂ\Ë�¾ùÄ\À�º�Á%Ë�Â_Î�Ë�ÄwË;Á%Ã�º�È¤Ã�º�Ë
À�Ä�¼^º?¼h¿�Ã�Æ�Ã�Ï�Ä/Ç\Ë#Å�Ë#Ç_Ä\À�º�Æ�Â_Î�Ë�Ç\Ã�¿ÊË�¾¯¿�¼#½�Ë�ÈùÖ�½�Ë;¼^ÁnÎùÈ�À�»�Ë�º¯Ä\À�Ã�º�Á%Ã�»�¾CÃ�º�Ë�º�Â

(Fx, Pxx, Pxy)¼^º�È
(Fy, Pxy, Pyy)

Ò�Ø¯Ã�¿�¿�Ã;ÕzÀ�º�Æ�Â_Î�Ë
À�È�Ë;¼^ÄUÀ�º�ÂZÇ\Ã�È¯Ï�Á%Ë�È�ÂZÃ�¼h¾�¾¯Ç\Ã;Ñ�À�»Û¼1ÂZËrÂ_Î�ËÛÜ�×�»�Ã�È�Ë�¿9Í�Õ�Ë
¾�Ç\Ã�¾CÃ�Ä\Ë�Â\Ã�Á#Ã�º¯Ä\À�È�Ë#Ç
¼^ºÙ¼h¾¯¾�Ç\Ã;Ñ�À�»Û¼1ÂZË�æUÀ�Ë�»Û¼^º¯º&ÄwÃ�¿ÊÅ�Ë#Ç/¼^º�È�Â_Î�Ï¯Ä¹È�Ë�í¯º�Ë�¼^º&ó�ô7ô�ä ÂX½�¾CË
Ä\ÁnÎ�Ë�»�Ë�Ò ð º�ËzÃ�ÌCÂ_Î�Ë�»�¼^À�º�È�À�ÔCË#Ç\Ë�º¯Á%ËUÕzÀÊÂZÎ�Â_Î�Ë/Ü#× »�Ã�È�Ë�¿?¿�À�Ë�Ä.Ã�º�Â_Î�Ë�Ä\Ã�Ï�ÇZÁ%ËUÂZË#ÇZ»ÛÄRÕzÎ�À�Á_Î
À�Ärº�Ã;Õ�»�Ï�¿ÊÂZÀ�¾¯¿Ê½�Ö�½

β
à9Ç\Ë�Äw¾NË�ÁnÂ_À¨Å�Ë�¿Ê½

1 − β ç_ÒDT¤Ë�À�»�¾CÃ�ÄwË
ÂZÃ!¾¯Ç\Ë�ÄwË�ÇwÅ�Ë/Â_Î�Ë�ÄZ¼^»�Ë�È�À�Ä\Á%Ç\Ë#Â\ËÌÉÃ�ÇZ» Ã�ÌGÂ_Î�Ë/ÄwÃ�Ï�ÇZÁ%Ë$ÂZË#ÇZ»�Ä�Ò � Ï�Á_Î�¼�ÁnÎ�Ã�À�Á#Ë
À�ÄzÁ%ÇZÏ�Á�À�¼^¿'ÂZÃÛË�º�ÌJÃ^Ç_Á%Ë$ÂZÎ�Ë$Ç\Ë;¿ÊË%Å�¼^º�Â¹¼^Ä�½�»�¾�ÂZÃ^Â_À�Á
ÖCË�Î?¼#Å�À�Ã^ÇUÃ�Ì-Â_Î�Ë$Ä\ÁnÎ�Ë�»�Ë�ß�º?¼^»�Ë�¿Ê½�Â_Î�Ë/¼^Ä�½�»�¾�ÂZÃ^Â_À�Ár¾¯Ç\Ë�ÄwË#Ç\Å�À�º�Æ�¾�Ç\Ã�¾CË#Ç\ÂX½�Ò

Ó�Ì�ÂZË#Ç�àeý�Ò¨ãhë�çkò_àeý�Ò¨ã^å�ç_Í;Â_Î�Ë.é?Ï�Ñ/ÌJÏ�º�Á%Â_ÀÊÃ�º/À�º�Å�Ã�¿¨Å�Ë�È�À�º
Â_Î�ËtæUÀ�Ë�»Û¼^º¯º
Ä\Ã�¿¨Å�Ë#Ç>Î¯¼^Ä7ÂZÃrÄZ¼1Â_À�ÄZÌ�½-0

F̃HLLCL,R = αF̃HLL + (1− α)SaL,R,
SaL,R = βbL,R

(
UaL,R − UL,R

)
,

ÕzÎ�Ë#ÇZË
α
À�Ä	Ã�º¯Á%Ë
¼hÆ�¼^À�º�È�Ë#í?º�Ë�È�Ö�½Ùàeý�Ò�Ü)S�çt¼^º�È

U = t

(
E,

Fx
c
,
Fy
c

) ¼^º�È F = t (Fx, cPxx, cPxy) .
à9õ¯Òiý�ç

Ø¯Ã�¿�¿�Ã;ÕzÀ�º�Æ�àeý�Ò¨ã1õ�çnÍ�Â_Î�Ë
Ä�Ân¼1ÂZË�Ä UaL,R
¼hÇ\Ë$Æ�ÀÊÅ�Ë�º�Ö�½

UaL,R =




a(T ?L,R)4

0
0


 ,

à9õ¯Ò õ�ç

ÕzÎ�Ë#ÇZË
T ?L,R

À�ÄUÄ\Ã�¿�Ï�Â_À�Ã�º�Ã�Ì-Â_Î�Ë$ÌÉÃ�¿�¿ÊÃ;ÕzÀ�º�ÆÛË�Ð�Ï?¼;Â_À�Ã�ºÙà|Ä\Ë#ËÛàeý�Òiã�ã�ç\ç	0

ρCvT
?
L,R + (1− α)a(T ?L,R)4 = ρCvTL,R + (1− α)

(
EL,R −

(Fx)L,R
bL,R

)
.

à9õ¯Ò¨ã�ç



4�����3 o|v a;b q b pÊsnc-j a1b M1 q�s�f b\u â�Ü

Ó�Ä	Ï�ÄZÏ¯¼^¿�à|ÄwË#ËÛÚ�Ü#õ¯ÍCâ�â�Þ7Ã�Ç�Â_Î�Ë$Ë�Ð�Ï?¼1ÂZÀ�Ã�º�Ä
àeý�Ò¨â^ý�çkò_àeý�Òiâ1õ�ç\ç�ÕtË$Î?¼#Å�Ë
Ä\Ë%Â

F̃HLL =
1

bR − bL
(bRFL − bLFR − bLbR(UL − UR)) .

özÃ;Õ
Í>ÕtË�Á_Î?¼hÇ_¼^ÁnÂZË#ÇZÀR�#Ë�Â_Î�Ë�ÄwÂn¼1Ç�Ç\Ë#Æ�ÀÊÃ�º�Ä�Ân¼1ÂZË�Ä U?,HLLCL,R

Ò¤áGÃÙ¼^Á#Á%Ë;Ä\Ä�Ä\Ï�ÁnÎB¼^ºùÀ�Ä\Ä\Ï�Ë�Í>Õ�Ë
À�º�Å�Ã�¿ÊÅ�Ë¹Â_Î�Ë$æ�¼^º è À�º�Ë%òkó�Ï�Æ^Ã�º¯ÀÊÃ^ÂUÇ\Ë;¿�¼1Â_ÀÊÃ�º�Ä�ÕzÎ�À�Á_Î�Ç\Ë;¼^È�Ä
0

bL,R

(
U?,HLLCL,R − UL,R

)
= F̃HLLCL,R −FL,R,

ÂZÃÛÀ�»�»�Ë�È�ÀÉ¼1Â\Ë;¿¨½�È�Ë�È¯Ï�Á%Ë

U?,HLLCL,R = αU?,HLL + (1− α)U?,aL,R,
à9õ¯Òiø�ç

ÕzÎ�Ë#ÇZË

U?,aL,R = βUaL,R + (1− β)U0
L,R,

U0
L,R = UL,R −

1

bL,R
FL,R.

á	Î�Ë2ÄwÂn¼;ÂZË U?,HLL À�Ä!È�Ë�í¯º�Ë�È�¼^ÄÛÂ_Î�Ë2Ï�ÄZÏ¯¼^¿zó�ô7ô�ÄwÂn¼1Ç!Ç\Ë#Æ�À�Ã�ºîÄ�Ân¼1ÂZËùà|Ä\Ë#Ë�ÚÊÜ#õ¯Í�â�â;Þ¹¼^º¯È
Ë�Ð�Ï¯¼1Â_ÀÊÃ�º¤àeý�Ò¨â�Ü1çkò_àeý�Ò¨â^â�ç\ç	0

U?,HLL =
1

bR − bL
(bRUR − bLUL − (FR − FL)) .

özÃ;Õ
Í�Â_Î�Ë¹¼h¾�¾¯Ç\Ã;Ñ�À�»Û¼1ÂZËræUÀ�Ë�»Û¼^º�º!Ä\Ã�¿¨Å�Ë#Ç�À�Ä�¼^ÁnÎ�ÀÊË#Å�Ë�È�¼^ÄtÄ\Ã�Ã�º�¼hÄ.Â_Î�Ër»Û¼1Â\ÂZË#Ç�Â\Ë;»�¾CË#Ç_¼1Â_Ï�Ç\Ë
T ?,HLLCL,R

À�ÄÛÈ�Ë#í¯º�Ë�È'Ò ð º¯Á%Ë�¼hÆ�¼^À�º'Í�ÕtË�Ë;º�ÌÉÃ�ÇZÁ#Ë�ÂZÎ�Ë�ÄZ¼^»�Ë�È�À�ÄZÁ%Ç\Ë%Â_ÀR�;¼1Â_ÀÊÃ�ºBÃ�ÌUÂ_Î�Ë�ÄwÃ�Ï�ÇZÁ%Ë
ÂZË#ÇZ»ÛÄ#Ò>¸�º�Å�Ã�¿ÊÅ�À�º�Æ�à|ý�Òiø�Ü1çnÍ�ÕtË
À�»�¾NÃ�Ä\Ë

STL,R = −βbL,R(1− α)
(
a(T ?L,R)4 − E0

L,R

)
,

ÕzÎ�À�Á_Î�Á%Ã�À�º�Á#À�È�Ë�Ä�ÕzÀÊÂ_Î�à|ý�Òiø�Ü1çRÈ�Ë%Ân¼^À�¿�Ë�È�À�º�Â_Î�Ë/Ü�×þ»�Ã�È�Ë�¿�ÕzÎ�Ë�º�»/Ï¯¿¨Â_À�¾¯¿¨½�Ë�ÈÛÖ�½
β
Ò � À�º�Á%ËUÕ�Ë

Î¯¼#Å�Ë

STL,R = bL,RρCv

(
T ?,HLLCL,R − TL,R

)
,

ÕtË
À�»�»�Ë�È�ÀÉ¼1Â\Ë;¿¨½�È�Ë�È¯Ï�Á%Ë

ρCvT
?,HLLC
L,R = ρCvTL,R − β(1− α)

(
a(T ?L,R)4 − E0

L,R

)
,

= βρCvT
?
L,R + (1− β)ρCvTL,R.

à9õ¯ÒZS�ç
ô-Ë#ÂzÏ�Ä	º�Ã^ÂZË¹ÂZÎ?¼1Â

STL,R = (1− α)SE,aL,R,
à9õ¯Òië�ç

ÕzÎ�Ë#ÇZË SE,aL,R

À�ÄrÂ_Î�Ë�í¯ÇZÄ�Â/Á%Ã�»�¾NÃ�º�Ë�º�Â
Ã�Ì SaL,R
ÒÛá	Î�À�Ä$Ç\Ë�»�¼1Ç è ÕzÀ�¿�¿RÖCËÛÏ¯ÄwË�ÌFÏ�¿>ÕzÎ�Ë�º&Ë;Ä�Ân¼hÖ�ò

¿�À�Ä\Î¯À�º�Æ�Â_Î�Ë
Á%Ã�º�ÄwË�ÇwÅ^¼1Â_À�Ã�º�Ã�Ì-Â_Î�Ë/¼h¾�¾�Ç\Ã;Ñ�À�»�¼1Â\Ë¹ÂZÃ^Â_¼^¿'Ë�º�Ë#ÇZÆh½�Ò
özÃ;Õ
Í�ÕtË$ÂZÏ�ÇZº�Ë�ÄwÂn¼hÖ¯¿�À�Ä\Î�À�º�ÆÛÂ_Î¯¼1ÂUÂZÎ�Ë
ÄwÂ_¼hÇzÄwÂn¼1Â\Ë;Ä#Í?À�º�Å�Ã�¿¨Å�Ë�È�À�º�Â_Î�Ë�¼h¾�¾�Ç\Ã;Ñ�À�»�¼;ÂZË/æUÀÊË#ò

»Û¼^º¯º�ÄwÃ�¿¨Å�Ë#Ç�Í�Ç\Ë;»Û¼^À�º�À�º A ÕzÎ�À�¿�Ë¹Â_Î�Ë$»�¼;Â\ÂZË#Ç�ÂZË�»�¾CË�Ç_¼1ÂZÏ�Ç\Ë$À�Ä	¾CÃ�Ä\ÀÊÂ_À¨Å�Ë�Ò
Å��^�5�OÆÔæ��<�%� Ø Q�Q	J%��>

bL < 0
6:AI7

bR > 0
� È >�;DJ_Q¦6?Q�Q	J���>¦;<E%6�; U0

L,R

6:4�>£9*A A �� EF>�AFÚ�;*EF>¦=:>�M
;�N:4�Q U?,HLLCL,R

Úx7_><×�A->�7¬��CÉÊ §I�*î�Í Úx��>���N:A�BÏ9*A A � ä A¶68787:9<;<9<N:AFÚ�;*EF>·�U6�;�;/>�4;/>�� P >�4�6�;<J%4�>�9jQ P N?Q�9<;<9*=:>�� T ?,HLLCL,R > 0
�
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ô-Ë#Â�Ï�Ä
Ë�»�¾?Î¯¼^Ä\ÀR�#ËÛÂ_Î¯¼1Â
Â_Î�Ë�¼^Ä\Ä\Ï¯»�¾�Â_À�Ã�º U0

L,R ∈ A
Â_Ï�ÇZº�Ä
Ã�Ï�Â/Â\Ã�ÖCË!Á%Ã�º�È�ÀÊÂ_ÀÊÃ�º�Ä$ÂZÃ

ÖCË�ÄZ¼1Â_À�Ä\í�Ë�ÈùÖ�½¤Â_Î�Ë!Å�Ë�¿ÊÃ�Á#ÀÊÂ_ÀÊË�Ä
bL

¼^º�È
bR
Ò¤á	Î�Ë�Ä\Ë�Á#Ã�º¯È�À¨Â_À�Ã�º�Ä�¼hÇ\Ë�º�Ã^ÂZÎ¯À�º�Æ&Ö¯Ï�Â�Â_Î�Ë�âh×

Ë%Ñ�Â\Ë;º�Ä\À�Ã�º�Ã�Ìtàeý�Ò õ�õ�çkò_àeý�Ò õ�ã^çnÒRá	Î�Ë#½�¼1ÇZË$Äw¾CË�Á�ÀÊí�Ë;È�À�º�ÂZÎ�Ë$ÌÉÃ�¿�¿ÊÃ;ÕzÀ�º�ÆÛÇ\Ë�Ä\Ï¯¿¨Â�0
Å��^�5�OÆ®æ��z�-��È >�; U ��>�9*A A 6:AI7?Ú��'9<;*E b 6= 0

Ú U0 ��> 7_><×�A->�7¦6?Q'��N��*��N:�cQ
�

U0 = U − 1

b
F .

ô ><×�A->
b±
��C

b±(U) = c
fx − fxχx − fyχy ±

√
δ

1− f2
x − f2

y

,
à9õ¯Òiå�ç

δ = (fx − fxχx − fyχy)2 − (1− f2
x − f2

y )(f2
x − χ2

x − χ2
y) > 0,

�cEF>�4�>��G>�E%6:=:>�Q
>�;
{
fx = Fx/(cE), fy = Fy/(cE),
χx = Pxx/E, χy = Pxy/E.

àFõ¯Ò�Ü�Ý�ç

Ø Q�Q	J��£>x;*E%6�;

b ≥ max(b+(U), b−(U))
N:4

b ≤ min(b+(U), b−(U))
à9õ¯Ò�Ü�Ü1ç

6:AI7

b2 ≥ cfxb,
à9õ¯Ò�Ü1â�ç

;*EF>�A U0 ��>���N:A�B?Q�;�N A �÷tË�ÌÉÃ�Ç\Ë	ÕtËzË�Ä�Ân¼hÖ¯¿�À�ÄZÎ�Â_Î�À�Ä�¿ÊË�»Û»Û¼�Í�¿ÊË%ÂtÏ�Ä.Ë�»�¾?Î¯¼^Ä\ÀR�#Ë	Â_Î�ËzÁ%Ã�º�Ä\Ë�Ð�Ï�Ë�º�Á%Ë�À�»�¾¯¿�À�Ë�Ä�Ö�½ÛÄ\Ï�ÁnÎ
¼�ÇZË�Ä\Ï�¿ÊÂ;Ò�¸�º�È�Ë#Ë�È'Í�Â_Î�Ë�Å�Ë�ÁnÂZÃ�ÇZÄ UL,R ¼^º�È U0

L,R

ÄZ¼1Â_À�ÄZÌ�½/Â_Î�Ëz¼^ÄZÄ\Ï�»�¾�Â_ÀÊÃ�º�Ä�Ä�Ân¼1ÂZË�È�¿ÊË�»Û»Û¼�õ¯Ò¨â�Ò
á	Î�Ë�º�ÕtËzÎ¯¼#Å�Ë U0

L,R

À�º A ¼hÄ.ÄwÃ�Ã�ºÛ¼^Ä bL,R ÄZ¼1Â_À�Äwí�Ë�Äzà9õ¯Ò�Ü�Ü1çkò_à9õ¯Ò�Ü1â�ç_Ò>öUË#Ñ�Â;Í�ÂZÎ�Ëz¼^ÄZÄ\Ï�»�¾�Â_ÀÊÃ�º�ÄÃ�ÌG¿�Ë�»�»�¼/õ¯Ò�Ü
¼hÇ\Ë$Ä_¼;Â_À�Äwí�Ë;È'Ò�Ø>ÀÊÇZÄwÂ;Í�ÕtË$Ë�Ä�Ân¼hÖ¯¿�À�ÄZÎ�¿ÊË�»Û»Û¼/õ¯Ò¨â�Ò
Ð 4�N�N��nÒ�÷.½�È�Ë�í¯º�ÀÊÂZÀ�Ã�º'Í�ÕtË
Î¯¼#Å�Ë

U0 =




E − Fx/b
Fx − c2Pxx/b
Fy − c2Pxy/b


 ,

ÕzÎ�À�Á_Î�»�Ï�Ä�ÂUÄZ¼1Â_À�ÄZÌ�½!ÖCÃ^ÂZÎ�¾CÃ�Ä\ÀÊÂZÀÊÅ�Ë�º�Ë�ÄZÄ	¼^º¯È!é¯Ï�Ñ!¿�À�»ÛÀ¨Ân¼1Â_ÀÊÃ�º�¾�Ç\Ã�¾CË#Ç\ÂZÀ�Ë�Ä�ÒRá	Î�Ër¾NÃ�ÄZÀ¨Â_ÀÊÅ�Ë;º�Ë�Ä\Ä
À�Ä	Ë�ÄwÂn¼1Ö?¿�À�Ä\Î�Ë;È�¼^ÄUÄwÃ�Ã�º�¼^ÄtÕtË
Î¯¼#Å�Ë

E − Fx
b

= E
(

1− c

b
fx

)
> 0.

á	Î�À�ÄzÀ�º�Ë�Ð�Ï¯¼^¿�ÀÊÂX½�À�ÄzÄ_¼;Â_À�Äwí�Ë;È�ÕzÎ�Ë�º�À�º�Å�Ã�¿ÊÅ�À�º�Æ&à9õ�Ò�Ü1â�çnÒ	öUÃ1Õ
Í�Õ�Ë$Â_Ï�ÇZº�Á%Ã�º�Ä\À�È�Ë#Ç_À�º�ÆÛÂ_Î�Ë/é¯Ï�Ñ
¿�À�»�ÀÊÂn¼1ÂZÀ�Ã�º!ÕzÎ�À�Á_Î�Ç\Ë1¼^È�ÄU¼^Ä	ÌJÃ�¿�¿�Ã;ÕzÄ�0

(
Fx − c2

Pxx
b

)2

+

(
Fy − c2

Pxy
b

)2

< c2
(
E − Fx

b

)2

.

¸�º�Å�Ã�¿¨Å�À�º�Æ�Â_Î�Ë
º�Ã^Ân¼1Â_ÀÊÃ�º�Ä
à9õ�Ò�Ü�Ý�çnÍ�ÕtË$Ç\Ë%ÕUÇZÀÊÂZË
(
b

c
fx − χx

)2

+

(
b

c
fy − χy

)2

<

(
b

c
− fx

)2

.
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Ó�Ì�ÂZË#ÇUÏ�ÄZÏ¯¼^¿-Á%Ã�»�¾?Ï�Ân¼1Â_ÀÊÃ�º�Ä�Í�ÕtË$Ã^Ö�Ân¼hÀ�º
(
1− f2

x − f2
y

) (
b− b−

) (
b− b+

)
> 0,

¼^º�È�ÂZÎ�Ë¹¾�Ç\Ã�Ã�Ì�À�ÄUÁ%Ã�»�¾¯¿�Ë%ÂZË�È'Ò
özÃ;Õ
Í�ÕtËrÂ_Ï�ÇZº�¾�Ç\Ã;Å�À�º�Æ�¿ÊË�»Û»Û¼�õ¯Ò�Ü�Ò
Ð 4�N�N��nÒ�Ø>À�ÇZÄ�Â;Í�¿�Ë%Â�Ï�Ä�º�Ã^ÂZË�Â_Î¯¼1Â�Â_Î�Ë�¼^ÄZÄ\Ï�»�¾�Â_ÀÊÃ�º U0

L,R ∈ A
À�»�¾?¿�À�Ë�Ä U?,HLL ∈ A Ò¸�º�È�Ë#Ë�È'Í�Õ�Ë$Î¯¼#Å�Ë

U?,HLL =
bR

bR − bL
U0
R +

−bL
bR − bL

U0
L.

� À�º�Á%Ë A À�Äz¼�Á%Ã�º�Å�Ë%Ñ�Ä\Ë%Â;Í�Õ�Ë$À�»�»�Ë;È�À�¼1ÂZË�¿Ê½�È�Ë�È�Ï�Á#ËrÂ_Î?¼;Â U?,HLL ∈ A ÒözÃ;Õ
ÍGÀ�º�Å�Ã�¿¨Å�À�º�Æùà9õ¯Òiø�ç¹¼^º¯È2Â_Î�Ë�Á%Ã�º�Å�Ë#Ñ&¾�Ç\Ã�¾CË�ÇwÂX½&Ã�Ì A Í7ÕtË�Î¯¼#Å�Ë�Ñ�Ï¯Ä�Â$ÂZÃ�¾¯Ç\Ã;Å�Ë�Â_Î¯¼1Â
U?,aL,R ∈ A

Â\Ã!Ë�º�ÄZÏ�Ç\Ë/ÂZÎ?¼1Â U?,HLLCL,R

ÖCË�¿�Ã�º�Æ�ÄUÂZÃ A Òrô-Ë%Â¹Ï�ÄzÇ\Ë;Á�¼^¿�¿7Â_Î¯¼1Â U?,aL,R = βUaL,R +

(1−β)U0
L,R

Ò>Ó�Ät¼$Á%Ã�º�ÄwË;Ð�Ï�Ë;º�Á%Ë�Í�Â_Î�ËUÇ\Ë�ÄZÏ�¿ÊÂtÀ�Ä.Ë�Ä�Ân¼hÖ¯¿�À�ÄZÎ�Ë�È!¼^Ä.Ä\Ã�Ã�º�¼^Ä�ÕtËzÎ?¼#Å�Ë UaL,R ∈ A
Ò

T�Î�Ë�º UaL,R ÖCË�À�º�Æ�È�Ë�í¯º�Ë�È&Ö�½Bà9õ¯Ò õ�ç_Í-ÂZÎ�Ë�ÇZË�Ä\Ï¯¿¨Â/¼hÇZÀ�ÄwË;Ä$¼^Ä$ÄwÃ�Ã�ºÙ¼^Ä
T ?L,R

À�Ä$Ä\Î�Ã;Õzº2Â\Ã�ÖCË
¾CÃ�Ä\ÀÊÂ_À¨Å�Ë�Ò � À�º�Ë

T ?L,R
À�Ä¹Ä\Ã�¿�Ï�Â_À�Ã�º&Ã�ÌzàFõ¯Ò¨ã�çnÍNÕtË�Á;¼hº¤¼h¾�¾¯¿Ê½2¿�Ë�»�»�¼�ý�Ò ý�¼^º�È�Â_Î�Ï¯Ä�ÂZÃ�Ã�Ö�Ân¼^À�º

T ?L,R > 0
ÒRá	Î�Ë$¾�ÇZÃ�Ã�ÌGÀ�ÄtÂ_Î�Ï�ÄUÁ%Ã�»�¾¯¿�Ë%ÂZË�È'Ò

T¤Ë!Î¯¼#Å�Ë!È�Ë�ÄZÁ%ÇZÀ�ÖCË�¼^º�¼h¾¯¾�Ç\Ã;Ñ�À�»Û¼1ÂZË!æUÀÊË;»Û¼^º�º�ÄwÃ�¿ÊÅ�Ë�Ç/Á%Ã�Ç\ÇZË�Äw¾CÃ�º�È¯À�º�Æ�ÂZÃ�Â_Î�Ë!Ä�½�Ä�ÂZË�»
à9õ¯Ò�Ü;çnÒRá	Î�Ë�ÄZ¼^»�Ë�¼^º?¼h¿Ê½�ÄZÀ�Ä.½�À�Ë�¿�È¯Ä�ÂZÃ�¼^º!¼h¾�¾¯Ç\Ã;Ñ�À�»Û¼1ÂZË�æUÀ�Ë�»Û¼^º�º�ÄwÃ�¿ÊÅ�Ë�Ç�Ö¯Ï�ÂtÌJÃ�Ç.Â_Î�Ë�Ä�½�Ä�ÂZË�»
à9õ¯Ò¨â^çnÒ�÷tÃ^ÂZÎ2¼h¾¯¾�Ç\Ã;Ñ�À�»Û¼1ÂZË�æUÀ�Ë�»Û¼^º¯º�ÄwÃ�¿¨Å�Ë#ÇZÄ¹¼hÇ\Ë�º�Ã;Õ�Ï�Ä\Ë�È�Â\Ã�À�º�ÂZË#Æ�Ç_¼1ÂZË�¼!âh×�º�Ï�»�Ë�ÇZÀ�Á�¼^¿
Ä\ÁnÎ�Ë�»�Ë/Ã�º2¼�ä�¼hÇwÂZË�Ä\ÀÉ¼^º�Æ�ÇZÀ�È-Ò�áGÃ!ÄZÀ�»�¾¯¿�À�Ì�½�ÍCÂ_Î�Ë�»�Ë�ÄZÎ�Ä\ÀR�#Ë

∆x
¼^º�È

∆y
ÕzÀ�¿�¿GÖCË�Ï¯º�À�ÌJÃ�ÇZ»�Ò

á	Î�Ë¹ÂZÀ�»�Ë
À�º�Á#Ç\Ë�»�Ë;º�ÂzÀ�Ä�Ë%Å�¼^¿�Ï?¼1Â\Ë;È�¼^Á�Á%Ã�ÇZÈ�À�º�Æ�ÕzÀ¨Â_Î�Â_Î�Ë$ÌJÃ�¿�¿�Ã;ÕzÀ�º�Æ�ätØ>ô¤¿�À è Ë
Á%Ã�º�È¯À¨Â_À�Ã�º¯Ä�0




∆t

∆x
max
i∈Z

(
|bx,i−

1
2

L |, bx,i+
1
2

R

)
≤ 1

2
,

∆t

∆y
max
i∈Z

(
|by,j−

1
2

L |, by,j+
1
2

R

)
≤ 1

2
,

àFõ¯Ò�Ü;ý�ç

ÕzÎ�Ë#ÇZËtÂ_Î�Ë�Õ	¼#Å�Ë�Äw¾CË�Ë�È�Ä.¼hÇ\Ë�Ë%Å�¼^¿�Ï¯¼1ÂZË�È�À�º�Å�Ã�¿ÊÅ�À�º�Æ¹Â_Î�Ë�Ë#Ñ�¼^ÁnÂ�â1×üË�ÀÊÆ�Ë�º�Å�¼^¿�Ï�Ë;ÄRÆ�À¨Å�Ë�º�Ö�½�àkâ�Ò õ�çnÒ
á	Î�Ë�Ä\Ë	Å�Ë�¿�Ã�Á�À¨Â_ÀÊË;Ä�Î¯¼#Å�ËUÂZÃ
ÖCËzÇ\Ë�Ä�ÂZÇZÀ�ÁnÂZË�È�¼^Á#Á#Ã^Ç_È�À�º�Æ$ÂZÃ
¿�Ë�»�»�¼rõ¯Ò�Ü�Ò>á	Î�Ë�ÌÉÃ�¿�¿ÊÃ;ÕzÀ�º�Æ�ÌÉÃ�ÇZ»/Ï¯¿�¼^Ä
¼hÇ\Ë¹¾¯Ç\Ã�¾CÃ�ÄwË�È�0

b
x,i+ 1

2

L = min
(
0, cfnx,i, b

+(Unij), b−(Unij), λ−(Unij)
)
,

àFõ¯Ò�Ü#õ�ç

b
x,i− 1

2

R = max
(
0, cfnx,i, b

+(Unij), b−(Unij), λ+(Unij)
)
,

àFõ¯Ò�Ü1ã�ç

ÕzÎ�Ë#ÇZË
b±

¼hÇ\Ë�È�Ë#í¯º�Ë;È2Ö�½Bà9õ¯Ò å�çnÒ�ä�Ã�º�Á#Ë#ÇZº�À�º�Æ
b
y,j+ 1

2

L,R

Í-ÄZÀ�»ÛÀ�¿É¼hÇ$ÌÉÃ�ÇZ»�Ï�¿�¼^Ä$Î¯¼#Å�Ë�ÂZÃ�ÖCË�Á#Ã�º�ò
Ä\À�È�Ë#ÇZË�È!ÕzÎ�Ë�º�ÇZË%Å�Ë�ÇZÄ\À�º�Æ�Â_Î�Ë$Ç\Ã�¿ÊË$Ã�Ì

fx
¼^º�È

fy
Ò

Ó�Ì�ÂZË#ÇUÁ%Ã�»�¾¯Ï�Ân¼1Â_ÀÊÃ�º�Ä�Í�Â_Î�Ë
Ä\ÁnÎ�Ë�»�Ë$Ç\Ë;¼^È�Äz¼hÄUÌÉÃ�¿�¿ÊÃ;ÕzÄ
0

En+1
i,j = Eni,j −

∆t

∆x

(
(F̃HLLCx,L )i+ 1

2 ,j
− (F̃HLLCx,R )i− 1

2 ,j

)
−

∆t

∆y

(
(F̃HLLCy,L )i,j+ 1

2
− (F̃HLLCy,R )i,j− 1

2

)
,

àFõ¯Ò�Ü;ø�¼�ç

(Fx)n+1
i,j

c
=

(Fx)ni,j
c
− ∆t

∆x
c
(

(P̃HLLCxx,L )i+ 1
2 ,j
− (P̃HLLCxx,R )i− 1

2 ,j

)
−

∆t

∆y
c
(

(P̃HLLCxy,L )i,j+ 1
2
− (P̃HLLCxy,R )i,j− 1

2

)
,

à9õ¯Ò�Ü;øhÖNç

(Fy)
n+1
i,j

c
=

(Fy)ni,j
c
− ∆t

∆x
c
(

(P̃HLLCxy,L )i+ 1
2 ,j
− (P̃HLLCxy,R )i− 1

2 ,j

)
−



â1õ 3 � ANb c9j a s%m E = � 3'a dnc|c|g b c E A � P };�1c|s#v\d
∆t

∆y
c
(

(P̃HLLCyy,L )i,j+ 1
2
− (P̃HLLCyy,R )i,j− 1

2

)
,

à9õ¯Ò�Ü�ø^Á1ç

ρCvT
n+1
i,j = ρCvT

n
i,j +

∆t

∆x

(
(STx,L)i+ 1

2 ,j
− (STx,R)i− 1

2 ,j

)
+

∆t

∆y

(
(STy,L)i,j+ 1

2
− (STy,R)i,j− 1

2

)
.

à9õ¯Ò�Ü;ø^ÈCç

ô-Ë#Â�Ï¯ÄGÁ%Ã�º�Á#¿�Ï�È�Ë.ÕzÎ�Ë�º
Æ�À¨Å�À�º�ÆzÂ_Î�Ë�»Û¼^À�º$¾�Ç\Ã�¾CË#ÇwÂ_À�Ë�ÄGÄ_¼;Â_À�Äwí�Ë;È$Ö�½¹Â_Î�Ët¼h¾�¾¯Ç\Ã;Ñ�À�»Û¼1ÂZË�ÄwÃ�¿�Ï�Â_ÀÊÃ�º'Ò
�����\�"�X�^�Ôæ��RÇX�DÈ >�; Uni,j ��>D9,A A 6:AI7 Tni,j ��> P N?Q	9*;�9,=:> � Ø Q�Q	J%��>�;<EF>¥ì�í È 4�>	Q�;<4	9�M
;<9�N:AÊ §I�,�:¤�Í �cEF>�4�>¥;<EF>��36:=:>	Q P >�>�7?Q 9,AÉ>�68M�EÏ7:9,4�>�M
;<9�N:Aã6:4�>�4�>	Q	;�4	9<M
;/>�7¼68M�M�N:4�7:9,A�B1;�N1�z>�����6 §I�*�8�� EF>�AFÚ��G>�E%6:=:> Un+1

i,j

9,A A Ú Tn+1
i,j

P N?Q�9<;<9*=:> 6:AI7£;*EF>x;/N�;�6��">�AX>	4�B:C�9jQ M�N:AFQ�>�4	=:>�7 �T¤Ë�Ã�»�ÀÊÂ�Â_Î�Ë�¾�Ç\Ã�Ã�ÌzÃ�ÌUÂ_Î�Ë�¼hÖCÃ;Å�Ë�Ç\Ë�Ä\Ï¯¿¨Â;ÒH¸�º�È�Ë#Ë;È'Í.Â_Î�Ë�¾¯Ç\Ã�Ã�Ì�À�Ä�¼^º¯¼^¿ÊÃ�Æ�Ã�Ï�Ä�ÂZÃÙÂZÎ�Ë
¾�Ç\Ã�Ã�ÌRÃ�Ì>Â_Î�Ë#Ã�Ç\Ë�»�ý�Ò¨ã�Ò$ú�Ï¯Ä�Â;Í'¿ÊË#Â¹Ï�Ä�Ë;»�¾¯Î?¼hÄZÀ���Ë
Â_Î¯¼1Â Un+1

i,j ∈ A À�Ä$¼�È�À�Ç\Ë�ÁnÂ$Á%Ã�º�Ä\Ë�Ð�Ï�Ë�º�Á%Ë
Ã�Ì�¿�Ë�»�»Û¼�õ¯Ò�Ü�Ò
ä�Ã�º¯Á%Ë#ÇZº�À�º�Æ!Â_Î�Ë�Á%Ã�º�Ä\Ë#ÇwÅ�¼1Â_ÀÊÃ�º�Ã�Ì>Â_Î�Ë/ÂZÃ^Ân¼^¿GË�º�Ë�Ç\Æ^½�ÍCÂ_Î�Ë�Ç\Ë;Ä\Ï�¿ÊÂ¹À�ÄrÀ�»�¾¯¿�ÀÊË�È
Ö�½!Â_Î�Ë$Ç\Ë�¿É¼1ÂZÀ�Ã�ºÙà9õ¯Òië�çnÒ

á	Î�Ë�¿�¼^ÄwÂÛ¾CÃ�À�º�Â�ÕtË�È�Ë%Å�Ë�¿�Ã^¾HÁ#Ã�º�Á%Ë#ÇZº¯Ä�ÂZÎ�Ë�¼^Ä�½�»�¾�Â\Ã^Â_À�Á�¾�Ç\Ë�Ä\Ë#ÇwÅ�À�º�Æ¤¾�Ç\Ã�¾CË#ÇwÂX½�Ã�ÌUÂZÎ�Ë
Ä\ÁnÎ�Ë�»�Ë�ÒGT¤Ë/È�Ã!º�Ã^Â�È�Ë%Ân¼^À�¿'Â_Î�Ë
Á#Ã�»�¾¯Ï�Ân¼1Â_ÀÊÃ�º¯Äz¼^º�È�Â_Î�Ë
Ç\Ë1¼hÈ�Ë#Ç�À�ÄUÇ\Ë�ÌJË#Ç\Ç\Ë�È�Â\ÃÛÂZÎ�Ë/ÄwË�ÁnÂ_À�Ã�º
È�Ë%Å�Ã^ÂZË�ÈHÂ\ÃùÂ_Î�ËùÜ�× »�Ã�È�Ë�¿9Ò�ózÃ;ÕtË#Å�Ë#Ç;Íz¼^Ì�ÂZË#Ç�À�º�ÂZÇ\Ã�È�Ï¯Á#À�º�Æ�Â_Î�Ë2Ç\Ë�Ä\Á;¼h¿�À�º�ÆùÖ?¼^ÄwË;ÈHÃ�ºHÂZÎ�Ë
�¹º�Ï�È�Ä\Ë�º�º�Ï�»/ÖCË#Ç

ε
Í�Â_Î�Ë/âh×QÅ�Ë#ÇZÄZÀÊÃ�º�Ã�Ì-Â_Î�Ë#Ã�Ç\Ë;» ý�Ò ø�Î�Ã�¿�È�Ä�ÂZÇZÏ�Ë�0

�����\�"�X�^�¨æ��Zæ�� Ø Q�Q	J��£>U;<E%6�;@;*EF>U�36:=:>	Q P >�>�7?QU6:4�> B:9,=:>�AÉ��C¬Ê §I�*��§?Í?Î Ê §I�*��©	Í8�~ò 9<;*E εQ	�U6��*� Ú3;<EF> 7:9 �@J�Q	9�N:AÏ�l9*��9<;K��>	E%6:=�9�N:4�N��x;*EF>�Q�M�EF>���>£Ê §I�*�8î�Í 9jQx6?Q���N��*��N:�'Q��

Eni,j = a(Tni,j)
4,

Fni,j = 0,

(E + ρCvT )n+1
i,j − (E + ρCvT )ni,j

∆t
=

c

3∆x2

(
1

σi+ 1
2 ,j

(Eni+1,j − Eni,j) +
1

σi− 1
2 ,j

(Eni−1,j − Eni,j)
)

+

c

3∆y2

(
1

σi,j+ 1
2

(Eni,j+1 − Eni,j) +
1

σi,j− 1
2

(Eni,j−1 − Eni,j)
)
.

ÓN® ��µ # !�²h·F¶8(\$O!8²"±'!�²h· # !�°?±). ®/özÃ;Õ ÕtË/Â_Ï�ÇZº2Á%Ã�º�ÄZÀ�È�Ë�ÇZÀ�º�Æ�º�Ï�»�Ë�ÇZÀ�Á�¼^¿>¼h¾¯¾¯¿�À�Á�¼1Â_ÀÊÃ�º�Ä
ÂZÃ
À�¿�¿�Ï�ÄwÂ\Ç_¼1ÂZË	Â_Î�ËzÀ�º�ÂZË#Ç\Ë�ÄwÂ.Ã�Ì?Â_Î�ËU¾¯Ç\Ë�ÄwË;º�Â�»�Ë%Â_Î�Ã�È�À�º�ÖCÃ^Â_Î�Ã�º�Ë�¼^º�È�ÂXÕtÃ/Äw¾?¼^Á%ËzÈ¯À�»�Ë;º�Ä\À�Ã�º�Ä#Ò

á7ÕtÃ�»Û¼^À�º�º�Ï�»�Ë#Ç_À�Á�¼^¿>¼^Äw¾NË�ÁnÂ_ÄUÕzÀ�¿�¿�ÖCË�Á%Ã�º¯Ä\À�È�Ë#Ç\Ë�È2À�º�ÂZÎ¯À�ÄrÄwË�Á%ÂZÀ�Ã�º'Ò¹á	Î�Ë�í�ÇZÄ�Â�ÕzÀ�¿�¿�ÖCË
È�Ë%Å�Ã^ÂZË�È�ÂZÃÙÂ_Î�Ë�À�º�é¯Ï�Ë�º�Á%Ë�Ã�ÌUÂ_Î�Ë�º�Ï�»�Ë�ÇZÀ�Á�¼^¿�Õ	¼#Å�Ë#¾CË#Ë�È¯Ä

bL
¼^º�È

bR
ÕzÎ¯À�Á_ÎïË�º�Á#¿�Ã�ÄwË�ÂZÎ�Ë

æUÀ�Ë�»Û¼^º¯ºù¾¯Ç\Ã�Ö¯¿ÊË;» À�ºBó�ô7ô>ä0Ä\ÁnÎ�Ë�»�Ë�Ä#Ò�á	Î�Ë;ÄwË�Õ	¼#Å�Ë�Äw¾CË�Ë�È�Ä�ÕzÀ�¿�¿�ÖCË�Ân¼ è Ë�º�Ë;À¨Â_Î�Ë#Ç�¼^Ä�À�º
àeý�Òiø^ø�çkò_àeý�Òiø8S�çUÃ�Ç
¼^Ä

bR = −bL = c
ÂZÃ�Ë;º�ÌÉÃ�ÇZÁ#Ë�ÂZÎ�ËÛ»Û¼1Ñ�À�»Û¼^¿RÄ�Ân¼hÖ¯À�¿�ÀÊÂX½�ÒÛá	Î�Ë�í�ÇZÄwÂ
Á_Î�Ã�À�Á%Ë

ÕzÀ�¿�¿'ÖCË
È�Ë�º�Ã^ÂZË�È�ó�ô7ô�ä.òeÅ^¼hÇUÄZÁ_Î�Ë;»�Ë
¼^º�È�Â_Î�Ë$Ä\Ë�Á%Ã�º�È�ó�ô7ô�ä.òXÁ¹Ä\Á_Î�Ë�»�Ë�Ò
á	Î�Ë/ÄwË�Á%Ã�º¯È�¼hÄ\¾CË�ÁnÂ�Á%Ã�º�Á#Ë#ÇZº�Ä�Â_Î�Ë
À�º�é¯Ï�Ë�º�Á%Ë
Ã�Ì7Â_Î�Ë/¼^Äw½�»�¾�ÂZÃ^ÂZÀ�Á¹¾�Ç\Ë�Ä\Ë#ÇwÅ�À�º�Æ�»�Ã�È�À�í¯Á�¼1ò

Â_ÀÊÃ�º�Ã�ÌNÂ_Î�Ë�ó�ô7ô>äïÄ\Á_Î�Ë�»�Ë�À�º�ÂZÇ\Ã�È�Ï�Á%Ë;È�À�º!ý�ÒRá	Î�ËrÄ\ÁnÎ�Ë�»�ËzÕzÀ¨Â_ÎÛÃ�Ç.ÕzÀÊÂZÎ�Ã�Ï�Â�Â_Î�À�Ät»�Ã�È�À�í¯Á�¼1ò
Â_ÀÊÃ�º�ÕzÀ�¿�¿-ÖCË
È�Ë;º�Ã^ÂZË�È�ÓzìRòkó�ô7ô>äüÃ^Çzó�ô7ô>ä�Ä\Á_Î�Ë�»�ËÛÍC¿ÊË;¼^È�À�º�ÆÛÂ\Ã�ÌÉÃ�Ï�Ç	Å�¼hÇZÀ�¼^º�ÂZÄ/à|ó�ô7ô�ä.òkÁ�Í
ó�ô7ô>ä.ò|Å^¼hÇ;Í�Ó�ì>òXózôGô�ä.òkÁ^Í�Ó�ìRòkó�ô7ô>ä.ò|Å�¼hÇnç$Â_Î¯¼1Â�ÕzÀ�¿�¿�ÖCË�Á#Ã�»�¾?¼hÇ\Ë�È-ÒBÓ�¿�¿tÂ_Î�Ë�º�Ï�»�Ë�ÇZÀ�Á�¼^¿
Ë%Ñ�¾CË#ÇZÀ�»�Ë�º�ÂZÄ¹¼1ÇZË
¾CË�ÇZÌÉÃ�ÇZ»�Ë;È�Ï¯Ä\À�º�Æ�¼^º�¸�º�Â\Ë;¿Gì�Ë�º�Â_À�Ï�»�ä�Ë;º�ÂZÇZÀ�º�ÃÛÕzÀÊÂ_Î�Ü�ÒZS�ÿró5��Á#¿ÊÃ�Á è ÌÉÇ\Ë#ò
Ð�Ï�Ë�º�Án½�Ò�á	Î�Ë/âh× Á#Ã�»�¾¯Ï�Ân¼1Â_À�Ã�º¯ÄtÆ�ÀÊÅ�Ë�º�À�º�Ä\Ë�ÁnÂ_ÀÊÃ�º�ã�Ò õ�º�Ë#Ë;È�¼hÖCÃ�Ï�Â	Ã�º�Ë$»�À�º�Ï�ÂZË
ätì3ÝþÂ_À�»�Ë
ÂZÃ�ÖCË$Á#Ã�»�¾¯¿�Ë%ÂZË�È'Ò

ÓN®|­¯® �Ô(¯²).���(Fõðö (_+I! ®�á	Î�Ë�í?ÄwÇwÂ�¾¯Ç\Ã�Ö¯¿�Ë�»)Á%Ã�»�Ë�Ä�ÌÉÇ\Ã�» Úiâ1õhÞkÒ�á	Î�À�Ä�ÂZË�Ä�Â!¾�Ç\Ã�Ö¯¿�Ë�»
Á%Ã�º�ÄZÀ�ÄwÂ_Ä	Ã�Ì>¼�ÄZ¿�¼hÖ�Ã�Ì>»Û¼1ÂZË#ÇZÀ�¼^¿NÕzÀÊÂ_Î�Ã�¾?¼^Á#ÀÊÂX½

σ = 100
Í?¼^º¯È

ρCv = 10−4 Í¯Ë%Ñ�ÂZË�º¯È�À�º�Æ�ÌÉÇ\Ã�»
x = 0

Â\Ã
x = 0.1

Ò�Ó�Â\Ë;»�¾CË#Ç_¼1Â_Ï�Ç\ËÛÄ\Ã�Ï�ÇZÁ%Ë�ÕzÀ¨Â_Î
T = 1000

Í7Ã�º2Â_Î�ËÛ¿�Ë�Ì�Â/ÄZÀ�È�Ë�Æ�Ë�º�Ë#Ç_¼1ÂZË�Ä
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Non asymptotic scheme
Asymptotic preserving scheme
Reference solution

t = t1

t = t2

t = t3

V�WlY\[-÷8[z` ��À�p�ê�bjp	sRb,i�f¥s*emdc¿)egy/p�szq
y/e�r�i�y t1 = 1.33 ∗ 10−9 ø t2 = 1.33 ∗ 10−8 p�f_ê t3 = 1.33 ∗ 10−7 |À�egh�q)k sRh3r/y/i�désRt)e�Þ}ß�ßXà^ù,o	p�y p�f8ê�ú}û-ù,Þ�ß%ßXà^ùjo�p�y�hgvgt�egdOemhxp�y�e�v/i�dc¿?p�y/e/ê¥ü^bzsRt¦sRt)e�ý�b�f8e�sRbjv�y/ezrgegy/emf8v/eh�i	k q)szbji�f�i�wgs*p�bRf8e/êÒbRf�þzÿ����m|
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Non asymptotic HLLC-c 
Non asymptotic HLLC-var
Asymptotic HLLC-c
Asymptotic HLLC-var 
Rererence solution

V�WlY\[8÷_[l] �-À�p�ê�b,p�szbji�fDs,egdc¿)emy/p	sRq�y/e%r�i�y t = 1.33∗10−7 i�wgs*p�bRf8e/ê3sRt)p�f?ý�h"s,i3szt�e�Þ�ß%ß-à\ù<v'p�f_ê�Þ�ß%ß-à\ùo	p�y ø úcû-ùjÞ}ß�ßXà^ù�vDp�f8êDúcû-ùjÞ}ß�ßXà^ù,o	p�yDp�y/eDv/i�dc¿)p�y/e/ê�r/y/i�d sRt)e��c¾?ý�b�f8e�sRb,vÒy/ezrgegy�egf8v/eÒh�i	k q)sRbji�f·i�w�s,p�b�f8e/êb�f�þzÿ����m|
¼/Â_Î�Ë�ÇZ»Û¼^¿CÕU¼#Å�Ë
À�º�ÂZÃ�ÂZÎ�Ë$À�º�ÀÊÂZÀÉ¼^¿¨½�Á%Ã�¿�È�»�Ë�È�À�Ï�»�Í�ÕzÎ�À�Á_Î�À�Äz¼1ÂUË�Ð�Ï¯À�¿�ÀÊÖ�Ç_À�Ï�» ÕzÀ¨Â_Î�¼^º�À�º�ÀÊÂ_À�¼^¿
ÂZË�»�¾NË#Ç_¼1Â_Ï�Ç\Ë

T = 300
Ò>¸�º�Â_Î�À�ÄtÂZË�ÄwÂUÁ;¼^ÄwËrÕtË
Ï�Ä\Ë
¼�»�Ë;Ä\Î!ÕzÀÊÂZÎ�ÂZË�º�Á#Ë�¿�¿�Ä#Ò

ä�Ã�»�¾C¼1Ç_À�ÄwÃ�º�Ã�Ì
M1

ÄwÃ�¿�Ï�Â_ÀÊÃ�º&Á%Ã�»�¾¯Ï�Â\Ë;È2Ï�ÄZÀ�º�Æ!Â_Î�Ë�Ó�ìRòkó�ô7ô>ä.ò|Å�¼1Ç$Ä\Á_Î�Ë�»�Ë�ÕzÀ¨Â_Î
M1ÄwÃ�¿�Ï�Â_ÀÊÃ�º�Á%Ã�»�¾¯Ï�ÂZË�È�Ï�ÄZÀ�º�ÆÛÂ_Î�Ë�ó�ô7ô�ä.òeÅ^¼hÇ�ÄZÁ_Î�Ë;»�Ë�¼^º�È2¼�Ç\Ë�ÌÉË#ÇZË�º�Á%Ë�ÄwÃ�¿�Ï�Â_ÀÊÃ�º�Ã�Ö�Â_¼^À�º�Ë�È�Ö�½

ÌJÏ¯¿�¿^Â\Çn¼hº¯Äw¾CÃ�ÇwÂGÁ�¼^¿�Á�Ï�¿�¼1Â_À�Ã�ºÛà9Ä\Ë#ËzÚ â1õ^Þ9çNÀ�Ä7Ä\Î�Ã;Õzº¹À�º¹í�Æ�Ï�Ç\Ëtã�Ò�Ü.¼;Â7Â_Î�Ç\Ë#Ë>Â_À�»�Ë�Ä.à
t1 = 1.33 10−9 Í

t2 = 1.33 10−8 Í t3 = 1.33 10−7 çnÒ
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Numerical solution : 100 cells
Numerical solution :   20 cells
Exact solution

V�WlY\["÷8[l½ �5¾:s,emp�ê���y/p�ê�b,p�szbji�f�s,egdc¿)emy/p	sRq�y/e5i�wgs,p�b�f_e/ê�szt�p�f?ý�hÒs,i�sRt)eÒÞ}ß�ßXà^ù,o	p�y5p�f_ê5úcû-ùjÞ}ß�ßXà^ù,o	p�yh�vmt)emdOegh3i�f sRüXi5ê�b �}emy/emf:sIdOegh�t)emhGp�y�eKvmi�dc¿?p�y/e/êÒü\bRsRt�sRt)eKe�{
p�v�sIhgi	k q)sRb,i�f8|"ú¬dOp	s,emymb,p�kFim¿)p�vmbRs�� σ = 100

b�h'q�h�e/ê�|
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Numerical solution : 100 cells
Numerical solution :   20 cells
Exact solution

V�WlY\["÷8[ 	 �5¾:s,emp�ê���y/p�ê�b,p�szbji�f�s,egdc¿)emy/p	sRq�y/e5i�wgs,p�b�f_e/ê�szt�p�f?ý�hÒs,i�sRt)eÒÞ}ß�ßXà^ù,o	p�y5p�f_ê5úcû-ùjÞ}ß�ßXà^ù,o	p�yh�vmt)emdOegh i�fÏsRüXi·ê�b ��emy/egf:sKdOemh/t)emh�p�y/e¥v/i�dc¿)p�y/e/êUü\bRsRt1sRt)e¥e�{
p�v�sKh�i�k q)szbji�f8|�
�t)exdOp�s*emymbjp	k�i/¿?p�vgbRsRb,emh
σ = 100 r�i�y x < 5 p�f8ê σ = 200 r�i�y x > 5 p�y/e�q�hgemê�|

¸�º�Â_Î�À�ÄzÁ#Ã�»�¾¯Ï�Ân¼1Â_ÀÊÃ�º�Â_Î�Ë/Á%Ë�¿�¿GÄ\ÀR�#Ë
∆x = 0.01

È�Ã�Ë�Ä�º�Ã^ÂrÄZ¼^»�¾¯¿�Ë$Â_Î�Ë/»�Ë1¼hº�ÌJÇ\Ë#Ë
¾C¼;Â_Î
λ = 1/σ = 0.01

Ò�Ó�Ä>ÕtË	Ë#Ñ�¾CË�Á%ÂZË�È�Â_Î�Ë
M1

Ä\Ã�¿�Ï�Â_À�Ã�ºÛÁ%Ã�»�¾¯Ï�Â\Ë;È�Ï�Ä\À�º�Æ¹Â_Î�ËUó�ô7ô�ä.òXÁ�ÄZÁ_Î�Ë;»�Ë
Á#¿�Ë;¼hÇZ¿¨½�Ã;Å�Ë#Ç\Ë�ÄwÂZÀ�»Û¼1ÂZË�ÄUÂ_Î�Ë/Ç_¼^È�À�¼1Â_ÀÊÅ�Ë�Ë�º�Ë#Ç\Æ^½�ÍN»�Ã�ÄwÂ_¿¨½�À�º�Ë;¼hÇZ¿¨½�Â_À�»�Ë�ÄUÕzÎ�Ë�Ç\Ë;¼^ÄUÂ_Î�Ë

M1
ÄwÃ^ò

¿�Ï�Â_ÀÊÃ�º�Á%Ã�»�¾?Ï�ÂZË�È�Ï�Ä\À�º�Æ
ÂZÎ�ËzÓ�ìRòkó�ô7ô>ä.ò|Å�¼hÇ�Ä\Á_Î�Ë�»�ËzÆ�À¨Å�Ë�Ät¼
»/Ï�ÁnÎ�ÖCË#Â\Â\Ë�Çt¼hÆ�Ç\Ë#Ë�»�Ë�º�Â.ÕzÀÊÂ_Î
Â_Î�Ë¹ÇZË�ÌÉË#ÇZË�º�Á%Ë
ÄwÃ�¿�Ï�Â_ÀÊÃ�º'Ò
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Asymptotic preserving scheme
Standard HLLC scheme
Exact solution

V�WlY\["÷8[l÷ �5¾:s,emp�ê���y/p�ê�b,p�szbji�f�s,egdc¿)emy/p	sRq�y/e5i�wgs,p�b�f_e/ê�szt�p�f?ý�hÒs,i�sRt)eÒÞ}ß�ßXà^ù,o	p�y5p�f_ê5úcû-ùjÞ}ß�ßXà^ù,o	p�yh�vmt)emdOegh"p�y�e}v/i�dc¿)p�y/e/ê}ü\bRsztGsRt)e}e�{
p�v�s8h�i	k q)sRbji�f8|�
�t)eXdOp	s,egymbjp	k?im¿)p�vmbzsRbjegh σ = 100 r�i�y x < 5 p�f8ê σ = 200

rgi�y x > 5 p�y�e�q�h�e/ê�|

á	Î�Ë�À�º�é¯Ï�Ë�º¯Á%Ë/Ã�Ì�Â_Î�Ë�Á_Î�Ã�À�Á%Ë/Ã�Ì�Â_Î�Ë�º�Ï�»�Ë#ÇZÀ�Á;¼^¿'ÕU¼#Å�Ë�Ä\¾CË#Ë�È¯Ä
bL
¼hº¯È

bR
À�Ä�À�¿�¿�Ï�ÄwÂZÇ_¼1Â\Ë;È

À�º�í�Æ�Ï�Ç\Ë/ã�Ò¨â�ÒcT¤Ë
Á%Ã�»�¾?¼hÇ\Ë�Í�Ã�º�Â_Î�Ë
ÄZ¼^»�Ë¹Â\Ë;Ä�ÂzÁ�¼^ÄwË�Í?¼1Â	ÂZÀ�»�Ë
t3
Í�Â_Î�Ë
ÌÉÃ�Ï�Ç�Å�¼hÇZÀ�¼^º�ÂZÄ	Ã�ÌGÃ�Ï�Ç

Ä\ÁnÎ�Ë�»�Ërà|ó�ô7ô�ä.òXÁ^Í^ó�ô7ô�2Rò|Å�¼1Ç;Í^Ó�ìRòkó�ô7ô�ä.òkÁ�Í^Ó�ìRòkó�ô7ô�ä.òeÅ^¼hÇnç'ÕzÀÊÂZÎ
Â_Î�ËtÇ\Ë�ÌJË#Ç\Ë�º¯Á%Ë�ÄwÃ�¿�Ï�Â_ÀÊÃ�º'Ò
ð Ö�Å�À�Ã�Ï�Ä\¿Ê½�ÍhÂn¼ è À�º�Æ�ÂZÃ�Ãr¿�¼hÇ\Æ�Ë�º�Ï�»�Ë#ÇZÀ�Á�¼^¿�Õ	¼#Å�Ë�Äw¾NË#Ë�È�Ä�à

bL = −c ¼^º¯È bR = +c
ç-Ö¯ÇZÀ�º�Æ�ÄR¼UÂZÃ�Ã

¿�¼hÇZÆ^Ë$¼h»�Ã�Ï�º�Â�Ã�Ì7º�Ï�»�Ë#ÇZÀ�Á�¼^¿CÈ¯ÀÊÔNÏ�ÄZÀÊÃ�º-Ò>¸�»�¾¯Ç\Ã;Å�À�º�Æ
Â_Î�Ëró�ô7ô�ä.òkÁ�ÄZÁ_Î�Ë;»�Ë�Ö�½!Ï�Ä\À�º�Æ�ÄZÎ¯¼hÇ\¾CË#Ç
Õ	¼#Å�Ë�Äw¾NË#Ë�È�Ä7Ë�Ä�Â_À�»Û¼1ÂZË�Ä-Ã�Ç-Ö�½¹Ï¯Ä\À�º�Æ	Â_Î�Ë�¼^Ä�½�»�¾�ÂZÃ^Â_À�ÁR¾�Ç\Ë;ÄwË#ÇwÅ�À�º�ÆU»�Ã�È�ÀÊí?Á�¼1Â_ÀÊÃ�º¹Æ�À¨Å�Ë�Ä-ÇZÃ�Ï�Æ�Î�¿¨½
Â_Î�Ë$ÄZ¼^»�Ë¹À�»�¾�Ç\Ã;Å�Ë�»�Ë�º�Â	Ã�Ì�¼^Á#Á�Ï�Ç_¼^Án½�¼^º�È'Í?¼^Ä�Ë%Ñ�¾NË�ÁnÂZË�È'Í�Â_Î�Ë¹ÖCË�ÄwÂ	Ç\Ë�ÄZÏ�¿¨ÂzÀ�Ä�Ã�Ö�Â_¼^À�º�Ë�È!ÕzÀÊÂ_Î
Â_Î�Ë$Ó�ìRòkó�ô7ô>ä.ò|Å�¼hÇ�Å^¼hÇZÀÉ¼^º�Â�Á%Ã�»
Ö¯À�º�À�º�Æ�Â_Î�ËrÂXÕ�ÃÛ»�Ã�È�À�í¯Á�¼1Â_ÀÊÃ�º�Ä�Ò

ÓN®,�N® �U±�(�
-µ�! # (�±)!�²h·*(\$*. ®DT¤Ë
º�Ã;ÕQË%Ñ¯¼h»ÛÀ�º�ËrÂXÕtÃ�¾¯Ç\Ã�Ö¯¿�Ë�»�Ä�ÕzÎ�À�ÁnÎ�À�º�Å�Ã�¿ÊÅ�Ë
Ã�¾?¼^Ð�Ï�Ë
»Û¼1ÂZË#ÇZÀÉ¼^¿�Ä�¼^º�ÈÙÕzÎ�Ë#Ç\ËÛÕtË�¼hÇ\Ë�¼hÖ¯¿�ËÛÂZÃ�Á#Ã�»�¾¯Ï�ÂZËÛÂ_Î�Ë�Ë%Ñ¯¼^ÁnÂ�Ä�ÂZË;¼^È�½¤ÄwÂn¼1Â\Ë!Ä\Ã�¿�Ï�Â_ÀÊÃ�º¤Ã�ÌtÂZÎ�Ë
Ë�Ð�Ï�À�¿�ÀÊÖ¯ÇZÀ�Ï¯» È�ÀÊÔ'Ï�Ä\À�Ï�» »�Ã�È�Ë�¿|Ò

á	Î�Ë�í�ÇZÄ�ÂR¾�Ç\Ã�Ö?¿ÊË�»�Á#Ã�»�Ë�Ä>ÌJÇ\Ã�»�Ú�Ü�Ü%ÞkÒ�á	Î�À�ÄGÂZË�ÄwÂ>¾¯Ç\Ã�Ö¯¿ÊË;»�Á%Ã�º�Ä\À�Ä�Â_Ä�Ã�ÌC¼�Ä\¿É¼1Ö�Ã�Ì¯»Û¼1ÂZË#Ç_À�¼^¿
ÕzÀ¨Â_Î�Ã�¾C¼hÁ�À¨ÂX½

σ = 100
Í?¼^º�È

ρCv = 1
Í�Ë#Ñ�ÂZË�º�È¯À�º�Æ�ÌJÇ\Ã�»

x = 0
ÂZÃ
x = 10

Ò.ÓQÂZË�»�¾CË�Ç_¼1ÂZÏ�Ç\Ë
ÄwÃ�Ï�ÇZÁ%Ë�ÕzÀÊÂ_Î

T = 1
Í7Ã�º&Â_Î�ËÛ¿�Ë�Ì�Â�Ä\À�È�Ë�Æ�Ë�º�Ë#Ç_¼1ÂZË�Ä
¼!Â_Î�Ë�ÇZ»Û¼^¿�Õ	¼#Å�ËÛÀ�º�ÂZÃ�Â_Î�ËÛÀ�º¯À¨Â_À�¼^¿�¿¨½¤Á%Ã�¿�È

Ä\¿É¼hÖ-Í�ÕzÎ�À�Á_Î�À�Ä�¼1ÂzË�Ð�Ï¯À�¿�ÀÊÖ¯ÇZÀ�Ï�»+¼^º�È�Î¯¼^Äz¼^º�À�º�ÀÊÂ_À�¼^¿'ÂZË�»�¾CË#Ç_¼1Â_Ï�Ç\Ë$Ã�Ì
T = 10−3 ÒtÓ Å�¼^Á#Ï�Ï¯»

ÖCÃ�Ï�º¯È¯¼hÇw½�Á%Ã�º�È¯À¨Â_ÀÊÃ�º�À�ÄUÀ�»�¾CÃ�Ä\Ë�È�¼1Â
x = 10

Ò�á	Î�Ë
Ï�º¯À¨Â_Äz¼hÇ\Ë
Á_Î�Ã�Ä\Ë�º�Ä\Ï¯Á_Î�Â_Î¯¼1Â
c = a = 1

Ò
á7ÕtÃ!ÄZÀ�»�Ï�¿�¼1Â_À�Ã�º�Är¼hÇ\Ë
¾CË#ÇZÌJÃ�ÇZ»�Ë�È�ÕzÀ¨Â_Î�ÂXÕtÃ�È�ÀÊÔCË�Ç\Ë�º�Â¹»�Ë;Ä\Î�Ë;ÄUÃ�Ì>Ç\Ë�Ä\¾CË�ÁnÂ_ÀÊÅ�Ë�¿Ê½2âhÝ�¼hº¯È¤Ü�Ý�Ý
Á%Ë�¿�¿�Ä�Í¯ÄwÃ�Â_Î¯¼1Â	Â_Î�Ë
»�Ë;¼^º�ÌJÇ\Ë#Ë¹¾C¼1ÂZÎ�À�ÄUº�Ã^ÂUÇ\Ë�Ä\Ã�¿¨Å�Ë�È'Ò

Ø>ÀÊÆ�Ï�Ç\Ë�ã�ÒiýÛÄZÎ�Ã;ÕzÄzÂZÎ�Ë/Ç_¼^È�ÀÉ¼1ÂZÀ�Ã�º�ÂZË�»�¾NË#Ç_¼1Â_Ï�Ç\Ë�¼1ÂrÄwÂZË;¼^È�½�ÄwÂn¼1Â\Ë�ÌJÃ�Ç¹¼�Ä\À�»/Ï�¿É¼1Â_ÀÊÃ�º�ÇZÏ¯º
ÕzÀ¨Â_Î�Â_Î�Ë�Ó�ìRòkó�ô7ô>ä.ò|Å�¼hÇ¹Ä\ÁnÎ�Ë�»�Ë�Ã�º�Â_Î�Ë�ÂXÕtÃ�È�À�ÔCË#Ç\Ë;º�Â$»�Ë�Ä\Î�Ë;Ä#Ò
á	Î�Ë�ÂXÕtÃ�Á%Ã�»�¾?Ï�Ân¼1ÂZÀ�Ã�º�Ä
¾�Ç\Ã�È�Ï¯Á%Ë�È�¼^¿�»�Ã�Ä�Â�À�È�Ë�º�ÂZÀ�Á�¼^¿¯Ç\Ë�ÄZÏ�¿¨Â_Ä�Í�ÖCÃ^Â_Î�Å�Ë#Çw½ÛÁ#¿�Ã�Ä\Ë�È�ÂZÃ¹Â_Î�ËUË%Ñ¯¼^ÁnÂtÄ�ÂZË;¼^È�½�Ä\Ã�¿�Ï�ÂZÀ�Ã�º�Ã�Ì?ÂZÎ�Ë
Ë�Ð�Ï�À�¿�ÀÊÖ¯ÇZÀ�Ï¯» È�ÀÊÔ'Ï�Ä\À�Ã�º�»�Ã�È�Ë�¿9Ò

Ø¯Ã�Ç�ÂZÎ�Ë�Ä\Ë�Á%Ã�º�È�¾�Ç\Ã�Ö¯¿�Ë�»�ÕtË è Ë#Ë�¾ùÂ_Î�Ë�ÄZ¼^»�Ë�¾?¼hÇn¼h»�Ë%ÂZË#ÇZÄ�Ë%Ñ�Á#Ë#¾�Â�Â_Î�Ë�Ã�¾?¼^Á#ÀÊÂX½�Ò¬T¤Ë
À�º�ÂZÇ\Ã�È�Ï�Á%Ë$¼�¿ÊÃ;Õ	òeÃ�¾C¼hÁ�À¨ÂX½�ÇZË#Æ�ÀÊÃ�º�ÕzÀÊÂZÎ

σ = 100
ÕzÎ�À�Á_Î!Ë#Ñ�ÂZË�º�È�ÌÉÇ\Ã�»

x = 0
ÂZÃ
x = 5

¼^º�È�¼
Î�À�Æ�Î�òeÃ�¾?¼^Á#ÀÊÂX½�Ç\Ë#Æ�À�Ã�º!ÕzÀÊÂZÎ

σ = 200
ÕzÎ¯À�ÁnÎ�Ë%Ñ�ÂZË�º¯È�ÌJÇ\Ã�»

x = 5
ÂZÃ
x = 10

Ò
Ø>ÀÊÆ�Ï�Ç\Ë�ã�Ò õ2ÄZÎ�Ã;ÕzÄ
Â_Î�Ë!Ç_¼^È�ÀÉ¼;Â_À�Ã�º¤ÂZË�»�¾CË#Ç_¼1Â_Ï�Ç\Ë�ÌÉÃ�Ç�¼�Ä\À�»/Ï¯¿�¼1Â_ÀÊÃ�º�ÇZÏ¯º¤ÕzÀÊÂ_Î¤Â_Î�Ë�Ó�ìRò



â^ë 3 � ANb c9j a s%m E = � 3'a dnc|c|g b c E A � P };�1c|s#v\d
ó�ô7ô>ä.ò|Å^¼hÇ¹Ä\ÁnÎ�Ë�»�Ë�Ã�º�Â_Î�Ë/ÂXÕtÃ�»�Ë�Ä\Î�Ë�Ä#Ò¹Ó Æ�Ã�Ã�È&¼1Æ�Ç\Ë�Ë�»�Ë�º�Â�ÕzÀ¨Â_Î�Â_Î�Ë�Ë%Ñ¯¼^ÁnÂ$ÄwÃ�¿�Ï�ÂZÀ�Ã�º�Ã�Ì
Â_Î�Ë¹Ë;Ð�Ï�À�¿�À�Ö�ÇZÀ�Ï�» È�À�ÔNÏ�ÄZÀÊÃ�º�»�Ã�È�Ë;¿'Á�¼^º�ÖCË$ÌÉÃ�Ï¯º�È�¼1Æ�¼^À�º'Ò

Ø>ÀÊÆ�Ï�Ç\Ërã�Ò¨ãrÀ�¿�¿�Ï�Ä�ÂZÇ_¼1ÂZË�Ä�Â_Î�ËzÀ�º�é¯Ï�Ë�º�Á%ËzÃ�Ì?Â_Î�Ër¼^Ä�½�»�¾�ÂZÃ^Â_À�Á	¾�ÇZË�ÄwË#ÇwÅ�À�º�Æ/»�Ã�È�ÀÊí?Á�¼1Â_ÀÊÃ�º'Ò}T¤Ë
Ï�Ä\ËzÎ�Ë#Ç\Ë	Â_Î�ËUí?º�Ë�Ä�Ât»�Ë�ÄZÎ�ÕzÀÊÂ_Î�Ü�Ý^Ý
Á%Ë�¿�¿�Ä�Ò>á	Î�Ëzó�ô7ô�ä.òeÅ^¼hÇ�Ä\Á_Î�Ë�»�Ë�¼^º�È�Â_Î�ËzÓ�ìRòkó�ô7ô�ä.òeÅ^¼hÇ
¼hÇ\Ë�Á%Ã�»�¾?¼hÇ\Ë;È'Ò!ÓzÆ�¼hÀ�º'Í7Â_Î�Ë�Ä\Ã�¿�Ï�Â_À�Ã�ºÙÃ�Ìtó�ô7ô>ä.ò|Å�¼hÇ
ÄZÁ_Î�Ë�»�ËÛÀ�Ä
ÌF¼hÇ�¼#Õ	¼#½ÙÌJÇ\Ã�» Â_Î�ËÛË%Ñ¯¼^ÁnÂ
ÄwÃ�¿�Ï�Â_ÀÊÃ�º-Ò ð º�Â_Î�Ë	Ã^Â_Î�Ë#Ç�Î¯¼^º�È'Í�À�º�ÖNÃhÂ_ÎÛÁ�¼^ÄwË�ÄRÂ_Î�Ë	ÖCÃ�Ï¯º�È¯¼hÇw½�Á%Ã�º�È¯À¨Â_ÀÊÃ�º¯Ä.¼hÇ\ËzÄZ¼1Â_À�Ä\í�Ë�È'Ò>á	Î�Ë
Ï�¾�ÕzÀ�º�È�ózôGô�ä.ò|Å�¼hÇ	ÄZÁ_Î�Ë�»�Ë¹À�ÄtÂ\Ã�Ã�È�À�Ä\ÄZÀÊ¾?¼1Â_ÀÊÅ�Ë
¼^º�È�À�Ä	º�Ã^Âz¼hÖ¯¿�Ë�ÂZÃ�Ä\Ë#ËrÂZÎ�Ë�ÂZÇ_¼^º�ÄZÀ¨Â_À�Ã�º�¼hÇ\Ë;¼
ÖCË%ÂXÕtË�Ë�º�ÂZÎ�Ë$¿�Ã;Õ ¼^º�È�Î¯ÀÊÆ�Î�Ã�¾?¼^Á#ÀÊÂX½�Ç\Ë#Æ�ÀÊÃ�º�Ä�Ò

0 2 4 6 8 10
x

0,3

0,4

0,5

0,6

0,7

0,8

0,9

1

T

Numerical solution
Exact solution

V�WlY\["÷8[�� �5¾:s,emp�ê���y/p�ê�b,p�szbji�f�s,egdc¿)emy/p	sRq�y/e5i�wgs,p�b�f_e/ê�szt�p�f?ý�hÒs,i�sRt)eÒÞ}ß�ßXà^ù,o	p�y5p�f_ê5úcû-ùjÞ}ß�ßXà^ù,o	p�yp�y�eDv/i�dc¿)p�y/e/ê�ü\bRsRt�sRt)e5e/{�p�vgs�h�i	k q)sRbji�f8|�
%t�e@dOp	s,egymbjp	k-i/¿?p�vgbRszbjemh σ = 0.1 rgi�y x < 5 p�f8ê σ = 100 rgi�y
x > 5 p�y/e�q�h�e/ê�|

ÓN®j¯'® �1¹"ºG²h·F´�¶8(F.
!��ï±1²)(¯°�.
±�(¯²)!�°C±¤±1³Q³\±}(�
7µ"!H±1²)(¯°�.;·É±1·F³N° ®ÛØ¯Ã�Ç�Â_Î�À�Ä�Á�¼^ÄwË�Ít¼^º
Î�½�Ö�ÇZÀ�È�¾�Ç\Ã�Ö?¿ÊË�»�ÌÉÃ�Ç�Á_Î�Ë�Á è À�º�Æ$Â_Î�Ë	ÂZÇ_¼^º�Ä\ÀÊÂ_ÀÊÃ�º�ÖCË%ÂXÕtË#Ë;º�Â\Ç_¼^º¯Äw¾?¼hÇ\Ë;º�Ât¼^º�È�Ã�¾?¼^Ð�Ï�ËUÇ\Ë�Æ�ÀÊÃ�º�Ä.À�Ä
Á%Ã�º�ÄZÀ�È�Ë#Ç\Ë�È'Ò�á	Î�À�Ä�Â\Ë;Ä�Ât¾¯Ç\Ã�Ö¯¿ÊË;»0Á%Ã�º¯Ä\À�ÄwÂ_Ä.Ã�Ì7¼/Ä\¿É¼hÖÛÕzÀÊÂ_Î�¼$Ç\Ë�Æ�À�Ã�º�Ã�ÌNÂ\Ç_¼^º¯Äw¾?¼hÇ\Ë;º�Â�»Û¼1ÂZË#Ç_À�¼^¿
ÕzÀ¨Â_Î�Ã�¾?¼^Á#À¨ÂX½

σ = 0.1
Í�Ë%Ñ�ÂZË�º�È�À�º�Æ�ÌJÇ\Ã�»

x = 0
ÂZÃ
x = 5

¼^º�È�¼/Ç\Ë#Æ�À�Ã�º!Ã�Ì-Ã�¾?¼^Ð�Ï�Ë¹»�¼;ÂZË�ÇZÀ�¼^¿
ÕzÀ¨Â_Î

σ = 100
Í-Ë%Ñ�ÂZË�º¯È�À�º�Æ�ÌÉÇ\Ã�»

x = 5
ÂZÃ
x = 10

Ò�Ó�ÂZË�»�¾CË�Ç_¼1ÂZÏ�Ç\Ë�Ä\Ã�Ï�ÇZÁ%Ë�ÕzÀ¨Â_Î
T = 1

Í
Ã�ºHÂ_Î�Ë�¿�Ë�Ì�Â�Ä\À�È�Ë2Æ�Ë�º�Ë�Ç_¼1Â\Ë;Ä�¼¤ÂZÎ�Ë#ÇZ»Û¼^¿UÕ	¼#Å�Ë&À�º�ÂZÃ�Â_Î�Ë&À�º�ÀÊÂZÀÉ¼^¿�¿Ê½üÁ%Ã�¿�Èü»�Ë;È�À�Ï¯»�Í	ÕzÎ�À�ÁnÎüÀ�Ä
¼1ÂÛË�Ð�Ï�À�¿�À�Ö�ÇZÀ�Ï�»)¼^º�ÈïÎ?¼^Ä�¼hºïÀ�º�À¨Â_ÀÉ¼^¿tÂZË�»�¾CË#Ç_¼1Â_Ï�Ç\Ë�Ã�Ì

T = 10−3 ÒHÓ Å�¼^Á#Ï�Ï¯» ÖCÃ�Ï�º�È¯¼hÇw½
Á%Ã�º�È¯À¨Â_ÀÊÃ�º�À�Ä	À�»�¾CÃ�ÄwË;È�¼1Â

x = 10
Ò�á	Î�Ë$Ï¯º�À¨Â_Äz¼hÇ\Ë$ÁnÎ�Ã�ÄwË�º�Ä\Ï¯Á_Î�ÂZÎ?¼1Â

c = a = 1
Ò

Ø>ÀÊÆ�Ï�Ç\Ë$ã�Ò ø
ÄZÎ�Ã;ÕzÄ.Â_Î�ËrÄ�ÂZË;¼^È�½ÛÇn¼^È�À�¼1Â_ÀÊÃ�ºÛÂZË�»�¾CË#Ç_¼1Â_Ï�Ç\ËzÃ�Ö�Ân¼^À�º�Ë�È!ÌJÇ\Ã�» Â_Î�ËrÓ�ìRòkó�ô7ô�ä.ò
Å�¼hÇzÄ\ÁnÎ�Ë�»�Ë¹ÕzÎ¯À�ÁnÎ�Õ	¼^Ä	ÇZÏ�º�ÕzÀ¨Â_ÎÙÜ�Ý�Ý�Á#Ë�¿�¿�ÄzÁ%Ã�»�¾?¼hÇ\Ë;È!ÕzÀÊÂ_Î�ÂZÎ�Ë$Ë%Ñ¯¼hÁ%ÂzÄwÂ\Ë1¼^È�½�Ä\Ã�¿�Ï�Â_À�Ã�º�Ã�Ì
Â_Î�Ë�Ë�Ð�Ï¯À�¿�ÀÊÖ�ÇZÀ�Ï�»�È�À�ÔNÏ�ÄZÀÊÃ�º!»�Ã�È�Ë;¿9ÒRÓ�Æ^Ã�Ã�È!¼hÆ�Ç\Ë#Ë;»�Ë�º�ÂtÁ�¼^º�ÖCËzÃ�Ö¯Ä\Ë#ÇwÅ�Ë�È'ÒRá	Î�ËrÓ�ìRòkó�ô7ô�ä.ò
Å�¼hÇ$Ä\ÁnÎ�Ë�»�Ë�¾�Ç\Ã;Å�Ë�ÄrÂZÃ�ÖCËÛ¼hÖ?¿ÊË�Â\Ã�Î¯¼^º�È�¿�Ë�ÂZÎ�Ë�Õ	¼#Å�Ë�Á#Ç\Ã�Ä\Ä\À�º�Æ�Â_Î�ËÛÀ�º�Â\Ë�ÇZÌF¼^Á%Ë�ÖCË%ÂXÕ�Ë#Ë�º2ÂZÎ�Ë
ÂZÇ_¼^º�Ä\¾?¼hÇ\Ë�º�Â�¼^º�È�Ã�¾?¼^Ð�Ï�Ë¹Ç\Ë#Æ�À�Ã�º�Ä#Ò

á	Î�À�Ä�Á%Ã�º�Á�¿�Ï�ÄZÀÊÃ�ºïÀ�Ä�Ë�º�ÌÉÃ�ÇZÁ#Ë�È�Ö�½�Â_Î�Ë�í�Æ�Ï�Ç\Ë�ã�ÒZS�ÕzÎ�Ë#Ç\Ë�Â_Î�Ë�»Û¼1ÂZË#ÇZÀÉ¼h¿U¼^º�È�Ç_¼^È�ÀÉ¼1Â_À¨Å�Ë
ÂZË�»�¾NË#Ç_¼1Â_Ï�Ç\Ë�Ä�¼hÇ\Ë!¾¯¿�ÃhÂ\ÂZË�È�¼1Â�í�Å�Ë�È�ÀÊÔCË�Ç\Ë�º�Â�Â_À�»�Ë�Ä#Ò�á	Î�Ë!¿É¼^Ä�Â/Â_À�»�Ë!À�Ä
Ân¼ è Ë�ºùÄ\Ï�ñÛÁ�ÀÊË�º�Â_¿¨½
Î�À�Æ�ÎùÂZÃÙÖCË�Á#¿�Ã�Ä\Ë�ÂZÃ2Â_Î�Ë�Ä�ÂZË;¼^È�½BÄ�Ân¼1ÂZË�ÒBá	Î�Ë�¾¯Î�Ë�º�Ã�»�Ë�º?¼2À�ºùÂ_Î�Ë�Ã^¾C¼^Ð�Ï�Ë�»�¼1ÂZË#ÇZÀ�¼^¿�À�ÄÛ¼
ê ¼hÇZÄZÎ¯¼ è Õ	¼#Å�ËÛË%Ñ�Á%Ë�¾�Â
Ã�Ìt¼�ÄZ»Û¼^¿�¿R¾�Ç\Ë�Î�Ë;¼1Â_À�º�Æ�¼hÇ\Ë1¼�ÕzÎ�Ë#Ç\Ë�Â_Î�ËÛ»�¼1Â\Ë�ÇZÀ�¼^¿>Â\Ë;»�¾CË#Ç_¼1Â_Ï�Ç\ËÛÀ�Ä
º�Ã^ÂrÂ_Î�Ë�ÄZ¼^»�Ë�¼^ÄzÂ_Î�Ë�Ç_¼^È�ÀÉ¼1ÂZÀÊÅ�Ë/ÂZË�»�¾CË#Ç_¼1Â_Ï�Ç\Ë�Ò¹¸�º�Â_Î�À�Ä¹¼hÇZË;¼�ÍCÂ_Î�Ë�ÂZÇ_¼^º�Äw¾CÃ�ÇwÂ$À�Ä¹È�Ã�»ÛÀ�º¯¼^º�Â;Í
¼^º�È�ÂZÎ�Ë$È�À�ÔNÏ�ÄZÀÊÃ�º�¼^Ä\ÄZÏ�»�¾�ÂZÀ�Ã�º�À�ÄUº�Ã^Â	Å�Ë#ÇZÀÊí¯Ë�È'Ò
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V�WlY\[I÷_[�� �cÀ�p�ê�bjp	sRbji�fUp�f8êOdOp	s,egymbjp	k�s*emdc¿?emy/p�szq�y�egh-rgi�y t = 100 ø t = 1000 ø t = 2000 ø t = 3000 p�f8êrgi�y3sRt)e�hms,e/p�ê��Oh/s*p�s*eKp�y/eKi�w�s,p�b�f8e/ê@szt�p�f?ý�h's,iOsRt)e'ú}û-ù,Þ�ß%ß-à\ùjo�p�y�h�vmt)emdOe�|
1

0

0.5

0.5 2

σ = 2× 105

σ = 0

VXWZY\[^÷_[�� ����e/i�dOegszy��}rgi�y�szt�e3szü-iDê�b�dOemf:h/bji�f8p�kFv/p�h�e�|

ÓN®zÂ-® �3ö/³�´�· # !�°�.;·F³C°�°"(\$t¶8(F.
! ®$á	Î�Ë$ÌJÃ�Ï�ÇwÂ_Î�¾�Ç\Ã�Ö¯¿�Ë�» À�Äz¼/ÂXÕtÃ�È�À�»�Ë�º�ÄZÀÊÃ�º¯¼^¿'¾¯Ç\Ã�Ö�ò
¿ÊË;» È�Ë#Å�Ë�¿�Ã�¾CË�ÈÙÂZÃ�ÌJÃ�Á�Ï�Ä$Ã�ºÙ¾?Ï�Ç\Ë�¿Ê½&ÂXÕtÃ�È�À�»�Ë�º�ÄZÀÊÃ�º¯¼^¿�Ë#ÔCË�Á%ÂZÄ�Ò�Ó ä�¼hÇwÂZË�Ä\ÀÉ¼^º¤»�Ë�ÄZÎ¤»Û¼^È�Ë
Ã�Ì

80 × 40
Á%Ë�¿�¿�Ä$À�Ä¹Ï¯ÄwË�È-Ò�¸�º2Â_Î�À�Ä¹¾¯Ç\Ã�Ö¯¿ÊË;»�Í'ÕtËÛÁ%Ã�º�ÄZÀ�È�Ë�Ç$ÌJÇ\Ë#ËÛÄ�ÂZÇ\Ë;¼^»�À�º�Æ�ÖCË;¼^» ¼^È:Ñw¼^Á%Ë�º�Â

ÂZÃ�Ä\Ã�»�Ë�ÄwË;ÁnÂ_ÀÊÃ�ºÙÃ�ÌtÈ�Ë�º�Ä\Ë�ÍGÃ�¾?¼^Ð�Ï�Ë�»�¼;ÂZË�ÇZÀ�¼^¿|Ò!á	Î�ËÛÃ�¾?¼^Ð�Ï�ËÛÇ\Ë#Æ�À�Ã�ºÙË%Ñ�Â\Ë;º�È�Ä/ÌÉÇ\Ã�»
x = 0ÂZÃ

x = 0.5
¼^º�ÈùÌÉÇ\Ã�»

y = 0
ÂZÃ
y = 0.5

Ò ð Ï�Â_ÄZÀ�È�Ë�Í�ÕtË�Á%Ã�º�Ä\À�È�Ë#Ç�¼�ÂZÇ_¼^º�Äw¾C¼hÇ\Ë�º�Â�Ç\Ë�Æ�ÀÊÃ�º
ÕzÎ�À�Á_Î�Ë%Ñ�Â\Ë;º�È�ÄrÌÉÇ\Ã�»

x = 0
ÂZÃ
x = 2

¼^º�È2ÌÉÇ\Ã�»
y = 0

ÂZÃ
y = 2

Ò�¸�º�Â_Î�Ë�È�Ë�º�Ä\Ë�»�¼;ÂZË�ÇZÀ�¼^¿
ρCv = 8.6× 104 Í σ = 2× 105 Ò�á	Î�Ë¹Ã�Ï�ÂZÄZÀ�È�Ë$»Û¼1ÂZË#ÇZÀÉ¼^¿'À�Ä	¾¯Ï�Ç\Ë�¿¨½!ÂZÇ_¼^º�Äw¾C¼hÇ\Ë�º�Â;Í¯À9Ò Ë�Ò σ = 0

Ò
á	Î�Ë$Æ�Ë#Ã�»�Ë%ÂZÇw½�À�ÄUÄ\Ï�»Û»Û¼hÇZÀ���Ë�È�Ã�º�í�Æ�Ï�ÇZË/ã�Òië�Ò

Ó Ç_¼^È�ÀÉ¼;Â_ÀÊÅ�Ë�ÂZË�»�¾CË�Ç_¼1ÂZÏ�Ç\Ë
T = 5802000 (= 5keV )

À�ÄÛ¼h¾�¾?¿�À�Ë�ÈBÃ�ºùÂ_Î�Ë�¿�Ë�Ì�Â�ÄZÀ�È�Ë�Ã�Ì
Â_Î�Ë�Â\Çn¼hº¯Äw¾?¼hÇ\Ë;º�Â
»Û¼1ÂZË#ÇZÀÉ¼^¿>ÌJÇ\Ã�»

y = 0.5
ÂZÃ
y = 1

à|ÄwË#Ë�í�Æ�Ï�ÇZË�ã�Òië�çnÒ���¼^Á#Ï¯Ï�» ÖCÃ�Ï�º¯È¯¼hÇw½
Á%Ã�º�È¯À¨Â_ÀÊÃ�ºÙ¼hÇ\Ë�¼1¾¯¾¯¿�ÀÊË�ÈÙ¼1Â$¼^¿�¿�Ã^ÂZÎ�Ë#ÇrÖCÃ�Ï�º�È¯¼hÇZÀ�Ë�Ä�Ò¹á	Î�Ë�À�º�À¨Â_ÀÉ¼^¿7ÂZË;»�¾CË#Ç_¼1Â_Ï�Ç\Ë�À�Ä

T = 50000À�ºùÂ_Î�Ë�È�Ë�º�Ä\Ë�»Û¼1ÂZË#ÇZÀÉ¼^¿�¼^º�È
T = 300

Ë�¿�ÄwË%ÕzÎ�Ë#Ç\Ë�ÒùÓ�¿�¿�Â_Î�Ë�Á#Ã�»�¾¯Ï�Ân¼1Â_À�Ã�º¯Ä�¼1ÇZË�ÇZÏ�º�Ã�ºB¼
Á�¼hÇwÂZË�ÄZÀ�¼^º!»�Ë�ÄZÎÛÃ�Ì

80× 40
Á#Ë�¿�¿�Ä�¼^º�ÈÛÂ_Î�Ë�¾?¼hÇ_¼^»�Ë#Â\Ë�Ç

β
Í�À�º�ÂZÇ\Ã�È�Ï�Á%Ë;È�À�º2à9õ¯Ò�Ü1ç_Í�À�ÄtÈ�Ë#í?º�Ë�È�¼^Ä
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Asymptotic HLLC−var
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ÌÉÃ�¿�¿ÊÃ;ÕzÄ
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β =

{ (
f .n
f

)2 À�Ì
f 6= 0,

1
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À�Ì
f = 0,

ÕzÎ�Ë#ÇZË
n
À�Ä�Â_Î�ËrÃ�Ï�ÂXÕ	¼hÇZÈ�º�Ã�ÇZ»�¼h¿CÃ�Ì'Â_Î�Ë¹Á#Ë�¿�¿'À�º�ÂZË#ÇZÌF¼^Á%Ë�ÒRá	Î�Ë¹Ä\À�»/Ï�¿É¼1ÂZÀ�Ã�º�À�Ä	Ä�ÂZÃ�¾�¾CË;È�¼1ÂtÂ_Î�Ë
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V�WlY\[8÷_[R`?` �\ú"f?b�h�i	sRy/im¿!�-r�p�v�s,i�ycp�s t = 5∗10−8 i�w�s,p�b�f8e/ê�szt�p�f?ý�h�s*i�sRt)e�sRt)e"Þ�ß%ß-à\ù<vcp�f8ê'Þ}ß�ßXà^ù,o	p�y øú}û-ù,Þ�ß%ßXà^ù<vKp�f8êÒú}û-ùjÞ}ß%ß-à^ù,o	p�y�h�vmt)emdOemh�|
Â_À�»�Ë

t = 5× 10−8 Ò
á	Î�Ë�Ë%Ñ�¾CË;ÁnÂZË�È2Ä\Ã�¿�Ï�Â_À�Ã�º2À�Ä�Å�Ë�Çw½�ÄZÀ�»�¾?¿ÊË�Ò$¸�º�Â_Î�Ë�Ï�¾�¾CË#Çr¾C¼1Ç\Â�Í-ÌÉÇ\Ã�»

y = 0.5
ÂZÃ
y = 1Â_Î�Ë�ÄwÃ�¿�Ï�Â_ÀÊÃ�º!À�Ät¼¹ÂZÇ_¼^º�ÄZ¿�¼1Â_ÀÊÃ�ºÛÃ�ÌCÂ_Î�Ë�¿�Ë�Ì�ÂtÖCÃ�Ï�º¯È¯¼hÇw½ÛÁ%Ã�º¯È�À¨Â_À�Ã�º'Í�Â_Î�Ë�Ç_¼^È�À�¼1Â_ÀÊÅ�ËzÂ\Ë;»�¾CË#Ç_¼1Â_Ï�Ç\Ë

À�Ä
T = 5802000

¼^º�ÈÛÂ_Î�Ë�¾¯Î�Ã^ÂZÃ�º�Ä�Ç\Ë�»Û¼^À�º�Ä�À�º�ÌJÇ\Ë#ËrÄ�ÂZÇ\Ë;¼^»�À�º�Æ�à
f ≈ 1

ç_Ò>¸�ºÛÂZÎ�Ë�¿�Ã;ÕtË#Çt¾?¼hÇwÂ;Í
ÌÉÇ\Ã�»

y = 0
ÂZÃ
y = 0.5

Â_Î�ËÛÄwÃ�¿�Ï�Â_ÀÊÃ�º¤À�Ä
Á%Ã�º�Ä�Ân¼^º�Â/À�º2Â_À�»�Ë�ÖCË�Á�¼^Ï�Ä\Ë�Â_Î�Ë�Ç\ËÛÀ�Ä
º�Ã�¾¯Î�Ã^ÂZÃ�º�Ä
ÕzÎ�À�Á_Î�¼hÇ\Ë�Ë�º�ÂZË#ÇZÀ�º�Æ�À�ºÛÂ_Î�À�Ät¼hÇ\Ë1¼�Ò>á	Î�Ë�¿�À�º�Ë

y = 0.5
À�Ä�¼
Ä�Ân¼^º�À�Ã�º¯¼hÇw½�Á%Ã�º�Ân¼^ÁnÂ�È�À�Ä\Á#Ã�º�Â_À�º�Ï�À¨ÂX½

ÌÉÃ�Ç	ÂZÎ�Ë
M1

Ä�½�ÄwÂZË�»�Ò
¸�ºÙÂ_Î�Ë!í�Æ�Ï�Ç\Ë;Ä!àkã�Ò å�ò$ã�Ò�Ü�Ü;çnÍ ÕtË�Ë%Ñ¯¼^»�À�º�ËÛÂ_Î�Ë�¼hÖ?À�¿�À¨ÂX½¤Ã�Ì�Â_Î�Ë�Å^¼hÇZÀ�Ã�Ï�Ä
Å^¼hÇZÀÉ¼^º�Â_Ä/Ã�Ì�Ã�Ï�Ç

Ä\ÁnÎ�Ë�»�Ë¹Â\Ã�Á�¼h¾�Â_Ï�Ç\Ë¹Â_Î�À�ÄUÄ\Ã�¿�Ï�Â_À�Ã�º'Ò�á	Î�Ë$í�Æ�Ï�Ç\Ë�ã�Ò å�Ä\Î�Ã;ÕzÄ�Â_Î�Ë$Ç_¼^È�À�¼1Â_ÀÊÅ�Ë¹ÂZË�»�¾CË#Ç_¼1Â_Ï�Ç\Ë�Í�ÂZÎ�Ë
í�Æ�Ï�ÇZË
ã�Ò�Ü�Ý�ÄZÎ�Ã;ÕzÄ�Â_Î�Ë¹»Û¼1ÂZË#ÇZÀÉ¼^¿?Â\Ë;»�¾CË#Ç_¼1Â_Ï�ÇZËrÀ�º!Â_Î�ËrÃ�Ö¯Ä�Ân¼^Á#¿�Ë�Í¯¼hº¯È�Â_Î�Ërí�Æ�Ï�Ç\Ë
ã�Ò�Ü�ÜrÄ\Î�Ã;ÕzÄ
Â_Î�Ë
¼^º¯À�Ä\ÃhÂZÇ\Ã�¾�½�Ì9¼^ÁnÂZÃ�Ç

f
Í¯ÌÉÃ�Ç	Ë1¼^Á_Î!Å�¼hÇZÀÉ¼^º�ÂUÃ�Ì7ÂZÎ�Ë$ÄZÁ_Î�Ë�»�Ë�Ò

Ø>ÀÊÆ�Ï�Ç\Ë!ã�Ò å�À�¿�¿�Ï�Ä�ÂZÇ_¼1ÂZË�ÄrÂ_Î�ËÛÀ�º�é¯Ï�Ë�º�Á%ËÛÃ�Ì�Â_Î�ËÛº�Ï�»�Ë#Ç_À�Á�¼^¿�Õ	¼#Å�Ë�Ä\¾CË#Ë�È¯Ä
bL

¼^º�È
bR
Ò�T¤Ë

Á%Ã�»�¾C¼hÇ\Ë�Â_Î�Ë!òkÁ�¼^º¯È�Â_Î�Ë!ò|Å�¼hÇ�Å�Ë#ÇZÄ\À�Ã�º�Ä�Ã�ÌUÖCÃ^Â_Î�ó�ô7ô�ä�¼^º�È�Ó�ìRòkó�ô7ô>ä�ÄZÁ_Î�Ë�»�Ë�Ä#Ò�á	Î�Ë
º�Ï¯»�Ë#ÇZÀ�Á�¼^¿�È�À�Ä\ÄZÀÊ¾C¼;Â_À�Ã�ºÙÃ�Ì.Â_Î�Ë�òkÁ�Å�¼hÇZÀÉ¼hº�Â;ÍGË�Äw¾C¼hÁ�À�¼^¿�¿¨½ÙÀ�º&Â_Î�Ë�½�òkÈ¯ÀÊÇ\Ë;ÁnÂ_ÀÊÃ�º'Í�È�Ã�Ë;Ä
º�Ã^Â�¼^¿�¿�Ã;Õ
Â_Î�À�Ä/ÄZÁ_Î�Ë;»�Ë�Ä$ÂZÃ�¾¯Ç\Ë�ÄwË�ÇwÅ�Ë�Â_Î�Ë�Á%Ã�º�Ân¼^ÁnÂ�È�À�Ä\Á%Ã�º�Â_À�º�Ï¯À¨ÂX½�¼^º�ÈÙÕ�Ë�Ã�Ö¯Ä\Ë#ÇwÅ�Ë�¼�¿�Ã^Â�Ã�Ìt¾?Î�Ã^ÂZÃ�º¯Ä
¾CË�º�Ë%ÂZÇ_¼1Â_À�º�ÆzÂ_Î�Ë�¿ÊÃ;ÕtË�Ç�¾?¼hÇwÂ>Ã�Ì�Â_Î�ËtÈ�Ã�»�¼hÀ�º'Ò ð º
Â_Î�ËtÃhÂ_Î�Ë#Ç>Î¯¼^º�È
Â_Î�ËtÁ#Ã�º�Ân¼^ÁnÂRÈ�À�ÄZÁ%Ã�º�Â_À�º�Ï�ÀÊÂX½
À�Ä�º�Ë;¼hÇZ¿Ê½ÛË%Ñ¯¼^ÁnÂ_¿¨½�¾�Ç\Ë�Ä\Ë#ÇwÅ�Ë�È!À�ºÛÂ_Î�Ëzò|Å�¼hÇ�Å�Ë#ÇZÄ\À�Ã�º�Ä�Ã�ÌNÂ_Î�Ë�ÂXÕtÃ�ÄZÁ_Î�Ë;»�Ë�Ä�Ò ê Ã�Ç\Ëz¾¯Ç\Ë�Á#À�ÄwË�¿Ê½�Í�¼1Â
¼�¾CÃ�À�º�Â

y = 0.5, x > 0.5
Ã�º�¼rÁ%Ë�¿�¿�À�º�ÂZË#ÇZÌF¼^Á%ËUÀ�º

y
òkÈ�À�Ç\Ë�ÁnÂ_À�Ã�º-Í�À�º/Â_Î�Ë�"n¿�Ë�Ì�Â#"�Á%Ë�¿�¿

fx = fy ≈ 0¼^º�È�À�º�Â_Î�Ë$"_ÇZÀ�Æ�Î�Â#"rÁ%Ë�¿�¿
fx ≈ 1, fy ≈ 0

ÍC¼^º�È�ÌJÃ�Ç	ÂZÎ�Ë¹ò|Å�¼hÇzÄZÁ_Î�Ë;»�Ë
bL = −c/

√
3, bR ≈ 0àeý�Òiø^ø�çkò_àeý�Òiø8S�ç_ß.Â_Î�Ë�òkÁ!Å�Ë�ÇZÄ\À�Ã�ºþàe¼^º�ÈùË#Å�Ë#Ç\½�Ä\Á_Î�Ë�»�Ë�Ï�Ä\À�º�ÆÙÄw½�»Û»�Ë%ÂZÇZÀ�ÁÛÕ	¼#Å�Ë�Ä\¾CË#Ë�È¯Ä#Í

bL =
−bR

çRÀ�º�ÂZÇ\Ã�È�Ï�Á%Ë;ÄRÂ_Î�Ë#Ç\Ër¼$º�Ï¯»�Ë#ÇZÀ�Á�¼^¿?È�À�ÔNÏ�ÄZÀÊÃ�ºÛÇ\Ë�Ä\¾CÃ�º�Ä\À�Ö¯¿�Ë�ÌÉÃ�Ç�à|º�Ã�º�¾¯Î�½�Ä\À�Á�¼^¿ÉçR¾CË�º�Ë%ÂZÇ_¼1ÂZÀ�Ã�º
Ã�Ì�¾¯Î�Ã^ÂZÃ�º�Ä¹À�º�Â_Î�Ë�¿ÊÃ;Õ�Ë#Çr¾C¼1Ç\Â¹Ã�ÌRÂ_Î�Ë�È�Ã�»Û¼^À�º'Ò/á	Î�Ë�º�Ë�Á%Ë�ÄZÄ\ÀÊÂX½�Ã�Ì.Ï�Ä\À�º�Æ�ÄZÎ¯¼hÇ\¾&º�Ï�»�Ë�ÇZÀ�Á�¼^¿
Õ	¼#Å�Ë�Äw¾NË#Ë�È�Ä	Ë�ÄwÂ_À�»Û¼1ÂZË�Ä	À�Ä	Á�¿ÊË;¼hÇZ¿Ê½�¾�Ç\Ã;Å�Ë�È'Ò

Ø>ÀÊÆ�Ï�Ç\Ë&ã�Ò�Ü#Ý�À�¿�¿�Ï�ÄwÂZÇ_¼1Â\Ë;Ä�Â_Î�Ë�À�»�¾�Ç\Ã;Å�Ë�»�Ë;º�Â�Ö¯Ç\Ã�Ï�Æ�Î�Â!Ö�½�Â_Î�Ë�¼^Äw½�»�¾�ÂZÃhÂ_À�Á�¾¯Ç\Ë�ÄwË�ÇwÅ�À�º�Æ
»�Ã�È�À�í¯Á�¼1Â_À�Ã�º-Òü¸�º�È�Ë#Ë;ÈHÌÉÃ�ÇÛÖNÃhÂ_ÎHó�ô7ô�ä.òXÁ�¼^º�ÈHó�ô7ô>ä.ò|Å�¼hÇ�Ä\ÁnÎ�Ë�»�Ë;Ä�Â_Î�Ë�Î�Ë;¼1Â_À�º�Æ�Ã�ÌzÂZÎ�Ë
Ã�¾?¼^Ð�Ï�ËU»�Ë;È�À�Ï¯»�À�Ä�»�Ï�Á_Î�»�Ã�Ç\Ë	À�»�¾CÃ�ÇwÂn¼^º�ÂRÕzÀ¨Â_Î�Ã�Ï�Â�Â_Î�Ëz¼^Äw½�»�¾�ÂZÃhÂ_À�Á�¾�Ç\Ë�Ä\Ë#ÇwÅ�À�º�Æ
»�Ã�È�À�í¯Á�¼1ò
Â_ÀÊÃ�º'ÒÒT�Î�Ë;º�Ï�ÄZÀ�º�ÆÛÂZÎ�Ë/ó�ô7ô�ä.òXÁ$ÄZÁ_Î�Ë;»�Ë�¼Û¿�¼hÇ\Æ�Ë�¼h»�Ã�Ï�º�Â�Ã�Ì�¾¯Î�Ã^ÂZÃ�º�Äz¾CË�º�Ë%ÂZÇ_¼1ÂZË�Ä	Â_Î�Ë
ÂZÎ�Ë
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¿ÊÃ1ÕtË#ÇUÃ�¾?¼^Ð�Ï�Ë$Ç\Ë#Æ�ÀÊÃ�º¤àFÕUÇ\Ã�º�Æ�Õ	¼#Å�Ë�Äw¾NË#Ë�È�ÄnçnÍ�ÕzÎ�À�Á_Î�À�Ä�ÂZÃ�Ã�»/Ï¯Á_Î�Î�Ë;¼1ÂZË�È¤àFÕUÇ\Ã�º�Æ�ÖCË;Î¯¼#Å�À�Ã�Ç
À�º�Â_Î�Ë�È¯ÀÊÔNÏ¯Ä\ÀÊÃ�º�Ç\Ë#Æ�À�»�Ë1çnÍ'¼^º�È�ÂZÎ�Ë�»Û¼1ÂZË#ÇZÀÉ¼^¿-ÂZË�»�¾CË�Ç_¼1ÂZÏ�Ç\Ë
Ç_¼^À�ÄwË�Ä¹¼^º�È�Â_Î�Ë�»�Ë�È�À�Ï�» Ë�»ÛÀ¨Â_Ä
Ë�º�Ë�Ç\Æ�Ë%Â_À�Á¹¾¯Î�Ã^ÂZÃ�º�Ä�ÕzÎ�À�ÁnÎ�¾CË#ÇwÂ_Ï�Ç\Ö�ÂZÎ�Ë$Ä\Ã�¿�Ï�Â_À�Ã�º�À�º�ÂZÇ_¼^º�Ä\¾?¼hÇ\Ë�º�Â	Ç\Ë�Æ�ÀÊÃ�º�Ä�Ò

Ø>À�º?¼^¿�¿Ê½�Í�ÀÊÂt¼h¾�¾NË;¼hÇZÄ>Â_Î¯¼1Â�ÕtËzº�Ë#Ë;È�Â\Ã/Ï�ÄwËzÄ\Î¯¼hÇZ¾Ûº�Ï¯»�Ë#ÇZÀ�Á�¼^¿�Õ	¼#Å�Ë�Äw¾NË#Ë�È�Ä�Ë�ÄwÂZÀ�»Û¼1ÂZË�Ä.¼^º¯È
¼^Ä�½�»�¾�ÂZÃ^Â_À�Á�¾�Ç\Ë�Ä\Ë#ÇwÅ�À�º�Æ�»�Ã�È�À�í¯Á�¼1Â_ÀÊÃ�º-Í7À9Ò Ë�Ò�Â_Î�Ë�Ó�ìRòkó�ô7ô>ä.ò|Å�¼1Ç
Ä\ÁnÎ�Ë�»�Ë�Í'ÂZÃ�Á�¼h¾�ÂZÏ�Ç\Ë�ÕzÀÊÂ_Î
¼^Á#Á#Ï�Ç_¼^Án½�Â_Î�Ë$ÄwÃ�¿�Ï�Â_ÀÊÃ�º�Ã�Ì-Â_Î�À�Ä	¾�Ç\Ã�Ö¯¿�Ë�»�Ò
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