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Abstract

The simulation of polymer injection in a reservoir is of paramount importance in
enhanced oil recovery. Despite decades of research, the computation of polymer
flows in porous media remains a challenging task. The main difficulty lies in
the necessity to take into account the effect of inaccessible pore volumes (IPV),
for which standard closure laws give rise to a weakly hyperbolic or even non-
hyperbolic system. In the latter case, exponential instabilities may appear at
the continuous level, which must be addressed at the discrete level so as to
prevent a premature stop of the numerical simulations.

The notion of IPV was introduced by engineers in order to account for the
following observation: when a polymer solution is injected into an initial core
saturated with water, the breakthrough of the polymer at the exit occurs before
that of the water in which it is injected. It seems that due to their large size, the
polymer molecules cannot insinuate themselves into all pores as well as water.
Having less volume to flood, the polymer molecules see their speed increased,
hence the ad hoc acceleration factor associated with the polymer.

In this work, we propose a relaxation method that guarantees some practical
robustness for all IPV laws. This is achieved by replacing the original system by
a relaxation model which is always hyperbolic. The designed relaxation model
involves two parameters which enable us not only to adjust the correct amount
of numerical dissipation, but also to ensure positivity for some critical quantities
such as water saturation and polymer concentration. Extensive numerical tests
are performed in order to compare the relaxation scheme to the more classical
upwind scheme for several IPV laws.
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1. Introduction

1.1. Context and objectives

We are concerned with the numerical approximation of the solutions of a
system of conservation laws arising in the modeling of two-phase polymer flows
in porous media. Polymer flooding is a chemical-enhanced oil recovery (CEOR)
process commonly used by reservoir engineers to boost extraction rate. Indeed,
injection of a polymer is aimed at increasing the water viscosity and lowering
its mobility [29] 21]], thus avoiding hydrodynamic instabilities of water-oil fronts
[37] and enabling oil to be better produced.

One of the most notorious difficulties in this area is how to correctly take
into account the effect of inaccessible pore volume (IPV). In CEOR, the polymer
is considered to be only transported in the water phase. Due to their bigger
size, polymer molecules cannot penetrate all the pores of the medium, unlike
smaller water molecules. Having less volume to flood, they can flow faster
at an increased or enhanced velocity [I5] [38]. This acceleration phenomenon
is usually introduced into physical models by means of an IPV factor v > 1
that measures the ratio between the polymer velocity and the water velocity.
The algebraic law expressing v as a function of the water saturation s and the
polymer concentration ¢ is mostly empirical and raises two issues:

1. When combined with a flow model consisting of conservation laws [34] [],
for instance, the one-dimensional fractional flow model [34]

0i(s) +0.(f) =0, (1.1a)
By (sc) + Ay (fey) =0, (1.1b)

it may yield an ill-posed or locally elliptic system: there exist states w =
(s,sc) at which the eigenvalues of the Jacobian matrix Vyf(w) of the
flux f(w) = (f(s,¢), f(s,c)cy(s,¢)) are conjugate complex numbers with
nonzero imaginary part. Loss of weak hyperbolicity (real eigenvalues) at
these states is a major obstruction to the stability of linear perturbations
[20, 30]. This question pertains to physical modeling and was addressed
in [B], further to previous works by Bartelds et al. [2] and Hilden et al.
[23].

2. There is an acute need for practitioners to have an efficient simulation
tool at their disposal in order to roughly compare different IPV laws to
each other, even “inappropriate” ones for which weak hyperbolicity is not
guaranteed everywhere for system or for a more sophisticated flow
model (e.g., with adsorption). This need has necessitated the development
of various high order schemes [36, 31, [8, 9] based on upwinding. However,
not all of these schemes are capable of coping with the local peaks of
polymer concentration that are likely to appear when the IPV law brings



an intrinsic instability to the model. The present contribution is focused
on the design of a numerical method that would enable users to freely
switch between “good” and “bad” IPV laws with reasonable confidence in
the robustness of the code.

By “robustness” we do not mean that the code should avoid crash at all cost.
Due to a polynomial or exponential in time accumulation phenomenon stemming
from the model, crashes are inevitable since the numbers stored in the computer
memory grow larger and larger. Our objective is to ensure that there is enough,
but not too much, numerical viscosity introduced by the scheme so that the
numerical results are physically relevant. Another goal we want to achieve is
to preserve positivity, that is, guarantee that the water saturation s remain in
the interval [0,1] and the polymer concentration ¢ remain non-negative. We
also require the scheme to provide a satisfactory numerical treatment to the
physically important empty states for which s = 0.

1.2. Methodology and outline

In light of the above objectives, we claim that relaxation methods offer a
promising approach to be explored. Indeed, the algebraic complexity due to a
non-trivial IPV law -« # 1 makes it infeasible to deploy classical approximate
Riemann solvers [35, 22] in which the eigen-structure of the exact Jacobian
matrix must be known. Even for the Rusanov scheme, an estimate of the largest
(supposedly real) eigenvalue is needed, which is not available here. The general
theory of relaxation for PDEs expounded by [32] [13] was historically turned
by Jin and Xin [27] into a numerical scheme that managed to break free from
the nonlinearities of the original system and in which all components of the
flux vector are relaxed. Further contributions by Suliciu [39, 40] suggested
to relax only the genuine nonlinearities of the system. This idea of partial
relaxation has then proved successful in a wide variety of applications (see, e.g.,
[14, 26, [6, 12, ).

To unfold this versatile philosophy, we first propose to cast system
under a form that is closer to hydrodynamics, namely,

O(s) + Oy (su) =0, (1.2a)
O¢(sc) 4+ Oy (scu+ q) =0, (1.2b)

where the quantities

f(s,¢)

S

u(s,c) = and q(s,c) = (v(s,¢) = 1) f(s,0)c (1.3)

stand for the two nonlinearities to be relaxed. The reformulated system (1.2} is
next approximated by the relaxation model

O(s) + 9,(sU) =0, (1.4a)
O(sc) + 0z(scU + Q) =0, (1.4Db)
Ot(8U) + 0,(sU?) + (a/5)*0x(s5) = e s (u(s,c) — U), (1.4¢)



h(sQ) + 0,(sQU) + 1D,(c) == 's (qls.0)~ Q) (L4d)

for ¢ > 0 and in which the new variables U and @ stand for the relaxation
counterparts of u(s,c) and ¢(s,c). Finally, to deal with empty states (s =
0), we adopt Bouchut’s approach [7] which stipulates that the two relaxation
parameters a and b are subject to the evolution equations

Ot(sa) + 0, (sal)

0, (1.5a)
Dy(sb) + By (sbU) = 0.

(1.5b)

These parameters are reinitialized at the beginning of each time iteration ac-
cording to a set of subcharacteristic conditions that rely on the Majda-Pego
heuristics [33]. They can be further locally increased in order to enforce posi-
tivity of s and c.

To our knowledge, no relaxation has ever been attempted for models of the
type , even for the simplest case v = 1 where it degenerates to a Keyfitz-
Kranzer system [28] 25]. Although the two-parameter relaxation strategy (L.4)-
bears some similarities with that of Baudin et al. [4, 3] for a two-phase
drift-flux model, its main novelties lie in the preliminary reformulation and
in the correct treatment of empty states. Besides, a careful inspection reveals
that we find ourselves in a less favorable situation: while in Baudin et al.’s
model, the pressure-velocity pair of Riemann invariants are exactly preserved
by the relaxation procedure, here the velocity does not remain constant across
a contact wave by construction.

This paper is organized as follows. We begin with a description of the
physical model considered in where its properties are highlighted depending
on the IPV law selected. The relaxation model is presented in together with
a Chapman-Enskog analysis [41] from which a first set of conditions on (a, b) are
derived. Thanks to linear degeneracy of all eigenfields, the Riemann problem of
the relaxation model is easy to solve. The numerical scheme is then defined as
Godunov’s method for the relaxation model. The emphasis laid on positivity
leads to a new set of conditions of (a, ). In §4] numerical simulations are carried
out in order to demonstrate the performance of the new scheme on a series of
IPV laws in an increasing order of difficulty.

2. Physical model

Let us start with the prototype flow model that will be envisaged throughout
this paper. The full set of its balance laws and closure laws are supplied in
Various examples of IPV laws are detailed in along with their respective
impact on the hyperbolicity of the model.

2.1. System of equations

We consider a simplified model representing the incompressible flow of a
water-polymer mixture and oil in a 1-D porous medium. This simplified model,



which can be derived from a more complete 3-D model (cf. [34][9] 7] for details),
reads

d(s) +0.(f) =0, (2.1a)
O(sc) + 0 (fey) =0, (2.1b)

where s(z,t) € [0,1] denotes the water saturation and ¢(x,t) > 0 the polymer
concentration. In (2.1)), polymer molecules are assumed to be in the water
phase only and to not adsorb on the rock. The water fractional flux f(-,-) is a
¢ *-function of (s,c) € [0,1] x Ry =: €, given by

_ Ay (s)/R(c)
F:€) = 075 + Au(s)/RI0)

(2.2)

in which:

e Ay(s) and A,(1 — s) are respectively the water and oil mobilitiesﬂ Their
definitions involve two parameters 0 < s, < sy < 1 characterizing the
porous medium: s, € [0, 1) is the irreducible water saturation, while 1 —
sy € [0,1) is the residual oil saturatiorﬂ To fix ideas, we take the Brooks-
Corey law [10] for relative permeabilties, which yields

Aw(s)zAZ}(Ssb)iLw, Aol —s) = AT <ﬁ)j (2.3)

Sg — Sp Sg — Sp

where 1 = max(r, 0) stands for the positive part of r € R and (A%}, AD) €
(Ri)2 are two positive constants. The use of the positive part function
implies

Ay(s) =0 for s€|0,s], Ao(1—5) =0 for s e [s,1], (2.4)

which extend the definition of the mobilities over s € [0,1] without any
impact on the fractional flux. Note that to ascertain differentiability of
Aw() at s, when s, > 0 and of A,() at sy when s4 < 1, we must require

My > 1, me > 1. (2.5)
From now on, it is taken for granted that

0<s, <s3<1. (2.6)

e R(c) is the mobility reduction factor of the water phase. In real appli-
cations, it depends on the polymer adsorption, the water salinity, the

I The mobility of each phase is defined as the ratio between the relative permeability &, (-)
and the viscosity p. In other words, Aw(s) = Kr,w(8)/Hw and Ao(1l — 8) = Kro(l — 8)/Ho
21n the literature, the notations syi and sor are commonly used in place of s, and 1 — Sg.



temperature and the water shear thinning. Here, we restrict ourselves to
the analytical formula

R(c)=1+4aic+ a202 + a4cl5/4, ai24 2> 0, (2.7)

due to Huggins [24] and extended to high concentration (via the power
15/4) by de Gennes [I6]. When R = 1, the fractional flux f does not
depend on ¢ and boils down to the Buckley-Leverett one [I1] for m,, =
m, = 2.

In the general case, the fractional flux f satisfies
f(s,¢) =0 on[0,s,] x Ry, f(s,c) =1 on [sg,1] x Ry. (2.8)
Furthermore, on (s, sg) x Ry,
0< f(s,c) <1, fs(s,c) >0, fe(s, ) <0, (2.9)

where fq(s,c) is the partial derivative with respect to s at fixed ¢ and f.(s, ¢)
is the partial derivative with respect to ¢ at fixed s. In other words, f is an
S-shaped function of s at fixed ¢ and a non-increasing function of ¢ at fixed s.
From now on, it is convenient to introduce the interstitial velocity

f(s,0)

u(s,c) = — (2.10)

which is well-defined for s | 0 when s, > 0 and even when s, = 0 thanks to
23).

The velocity enhancement or IPV factor (s, ¢) is continuous and piecewise
differentiable function of (s,c) € Q. Its derivatives ~,(s,c) and ~.(s,c) are
authorized to have jumps over the domain ). However, the product fcy must
be a ¢! function of (s, c) € Q. From physical considerations, it is assumed that

~v(s,¢) > 1, vs(s,¢) <0 (2.11)

Several examples will be given in for the acceleration factor (s, c).
Once an IPV law (s, ¢) is selected, system ([2.1]) becomes algebraically closed
and can be put under the abstract form

Byw + 0,F(w) = 0, (2.12)

where w = (s, sc)” is the vector of conservative variables and f = (f, fey)? is
the flux vector. We recall that system (2.12)) is said to be

— hyperbolic at state w if the matrix Vf(w) possesses two real eigenvalues
and if it is real diagonalizable;

— weakly hyperbolic at state w if the matrix Vf(w) possesses two real
eigenvalues; in case of a double eigenvalue, the eigenspace is not required
to be of dimension two;



— elliptic at state w if the matrix V,f(w) possesses two conjugate complex
eigenvalues with nonzero imaginary parts.

Before launching a simulation, it is essential to know in advance whether system
(2.12) is hyperbolic, weakly hyperbolic or elliptic in the region of interest in the
state space. The answer to this question depends on the IPV law at hand.

2.2. Laws for IPV factor

Let us review four IPV laws for which we have some knowledge about their
hyperbolic vs. elliptic behavior. Visited in the order in which they appeared in
the literature, the first three of them ( are classical while the last
one (§2.2.4) is less standard.

2.2.1. No-IPV law
If, for all (s,c) € Q,
A(s,0) =1, (2.13)
there is no acceleration due to IPV. Model (2.1 then coincides with a Keyfitz-
Kranzer system [28], which is weakly hyperbolic in the following sense.

Proposition 2.1. Model (2.1)) equipped with the no-IPV law (2.13)) always has
two real eigenfields given by

s-wave c-wave
eigenvalue fs = u+ sug f/s=u
linear degeneracy — yes
Riemann invariant c U
strict Riemann invartant U c

On the resonance curve I' = {(s,c) | us = 0} where the eigenvalues collapse to
each other, the basis of eigenvectors is lost.

For some initial data, the Riemann problem may have several solutions.
Isaacson and Temple [25] advocated an additional entropy condition to recover
uniqueness.

2.2.2. Constant IPV law
In reservoir engineering, for want of a better law, the most frequently im-
plemented IPV law is the constant

v(s,c) =1+mn, n >0, (2.14)

for all (s,c) € Q. The price to be paid for this simplicity is the possible emer-
gence of an elliptic region in the domain 2, where the eigenvalues are complex.
It was shown [2} 23] that this occurs on the manifold I' = {(s,c) | su = 0} (the
resonance curve for the no-IPV law) when 7 > 0 is small enough. Hyperbolicity
and ellipticity for this system were further clarified [5] as follows.



Theorem 2.1. Qver the region
U=1{(s,c) € Q| sus <cu}, (2.15)

model equipped with the constant IPV law is weakly hyperbolic for
all n > 0. Conversely, if a state (s,c) € Q is weakly hyperbolic for model
uniformly in the strength n > 0, then it necessarily belongs to region U.

For any other state (s,c) € Q\ U, there are two amplitudes np,(w) > 0 and
N (w) > 0 that depend on the ratio w = —sus/u such that the state is

o weakly hyperbolic if n € [0,y (w)] U [na(w), +00);
o clliptic if n € (N (w), Nar(w)).

For some initial data, due to elliptic states, polymer accumulation can be
observed at the saturation front, which gives rise to very high concentrations
and numerical instabilities.

2.2.8. Percolation law

In order to recover real characteristic speeds, Bartelds et al. [2] introduced
the saturation-dependent percolation law

if 5, <s<1,

s—s
v(s,c) = . (2.16)
2 if 0<s<sy,

Sp — Se

where s € (0,s,) is the inaccessible pore volume saturation, another char-
acteristic parameter of the medium. Bartelds et al.’s suggestion was actually
s/(s — se) in the first case s, < s < 1. For (s,c) € (s,1) x Ry, system
exhibits a weakly hyperbolic behavior similar to the no-IPV case.

Proposition 2.2. For (s,c) € (sp,1) x Ry, model (2.1)) equipped with the per-
colation law (2.16) always has two real eigenfields given by

s-wave c-wave
eigenvalue (su)s + (v — 1ecue yu
linear degeneracy — yes
Riemann invariant ye Yu
strict Riemann invariant Yu ye

On the resonance curve I' = {(s,c) |sus + (v — 1)(cuc — u) = 0} where the
eigenvalues collapse to each other, the basis of eigenvectors is lost.

The close relationship between the percolation law and the no-IPV law goes
much deeper. It turns out that they are in fact equivalent, up to a change of
variables. The exact meaning of this statement is elaborated on below.



Theorem 2.2. The change of variables
S=s/v, C=nqe,  F(S,C) = f(s0) (2.17)

turns the model (2.1)), considered for (s,c) € (s, 1] x Ry and equipped with the
percolation law (2.16)), into the Keyfitz-Kranzer no-IPV model

9,(8) +0,(F) =0, (2.18a)
9,(SC) + 9, (FC) =0, (2.18b)

considered for (S,C) € (s, — Se, 1 — se] X Ry, and conversely. The equivalence
between the two systems holds for smooth as well as discontinuous solutions.

2.2.4. Synthetic law

The percolation law is valid for 0 < se < s, only. For sq > s, > 0, Hilden
et al. [23] advocated two IPV laws called uniform and non-uniform polymer
diffusion based on a less stringent notion of “acceptable” shocks instead of weak
hyperbolicity. A synthetic law was mathematically built [5] upon Hilden et al.’s
law to guarantee global weak hyperbolicity for model . It reads

14— if s € [sa, 1],

R(c)f(s,c)

(s,e)= 1 1 (26) BEC) if s € [s,, 5], (2.19)
14 (f) Bl) it seqo,s),

s; Sh
where 1 > 0 is a given constant and
1 Seus(se,0)

R(c) u2(se,c) ’

N U(Se,C) — Selis(Se,C)

R(c) u?(se,0)

Ac) = Blc) = (2.20)

To express the conditions under which weak hyperbolicity holds, let s, € (s, s4)
be the transition saturation at ¢ = 0, that is, the unique solution of

Us(84,0) = 0. (2.21)
Uniqueness of s, follows from the assumptions that the function

sho(1 — )
Ay (s)

is increasing on (s, s4), while its derivative Y’ is decreasing on the same interval,
with

Y(s) = — (2.22)

lim Y’ (s) = 400, lim Y’(s) = 0. (2.23)
slsp sTsy
It is readily verified that assumptions (2.22))-(2.23|) are satisfied by the Brooks-
Corey law (22.3) with m, > m,, > 1.



Proposition 2.3. Assume that m, > m,, > 1 and that
52u4(se,0)
L SR 0) [ 1T
u(5e,0) |5,  Se
Then, model (2.1) equipped with the synthetic IPV law (2.19)) is hyperbolic or
weakly hyperbolic everywhere in Q, with at most a resonant saturation.

Se < min{2sy, S.}, n < (2.24)

3. Numerical scheme

The possibly non-hyperbolic nature of model makes it difficult to design
a reliable and robust numerical scheme [9]23]. Here, we take up this challenge by
working out a new relaxation scheme in the spirit of Suliciu’s method [40]. Our
motivation is to supply practitioners with a numerical method whose stability
is always guaranteed by the very fact that it can be interpreted as the Godunov
scheme applied to a hyperbolic approximation of the original model. In this
respect, our approach bears strong similarities with Baudin et al.’s work [4]
where the hyperbolicity of the original model is not taken for granted.

3.1. Relazxation model

In accordance with the philosophy of relaxation, we first have to identify the
real nonlinearities of model . To this end, it is judicious to separate those
associated with convection from those created by the IPV acceleration. This
justifies the reformulation of into the form

0i(s) + 0y (su) =0, (3.1a)
Ot(sc) + 0y (scu + q) =0, (3.1b)

in which we propose to call the (s, ¢)-dependent quantity
qg=(y—1)scu (3.2)

the IPV deviation.

We are now able to adapt the relaxation technique by introducing two new
variables U and @ to relax u(s, ¢) and ¢(s, ¢). More specifically, we consider the
relaxation model

0¢(s) 4 0x(sU) =0, (3.3a)
0c(sc) + 0x(scU + Q) =0, (3.3b)
04(sU) + 0,(sU?) + (a/s)*0x(s) = e 's[u(s, c) — U], (3.3¢)
0t(sQ) + 0:(sQU) + b0, (c)  =¢e " s[q(s,c) — Q, (3.3d)
O(sa) + 0y (sal) =0, (3.3¢)
O¢(sb) + 0,(sbU) =0, (3.3f)

10



which is aimed at approximating the original model[2.I]at the continous level. In
the right-hand side of , the parameter € > 0 plays the role of a characteristic
time for the relaxation procedure. The smaller ¢ is, the closer U and @) are to
their equilibrium values wu(s, c¢) and ¢(s,c). In the left-hand side of , the
positive quantities a,b > 0 can be assimilated to Lagrangian velocities. As will
be seen later, they must be assigned adequate values at the beginning of each
time-step. For the moment, let us observe that they depend on (x,t) and are
in fact advected by

Ora 4+ Udza = 0, (3.4a)
0b +U0zb =0, (3.4Db)

as can be shown by a combination of (3.3¢])-(3.3f) with (3.3al). This choice of

variable (a,b) instead of constant values, as was previously done in [19], is the
standard remedy [7] to deal with possible singularities that appear at empty
states s = 0. Because a and b depend on (z,t), equations lj are not
in conservation form. However, dividing by a2, (3.3d) by b* and arguing
, we obtain the balance equations

U U1 o) —U
8, (;) +0, (22 - S) — s % (3.5a)
8t<8b§> + Oy (sl;QZu + c) =c s q(s,(;# (3.5b)

Then it follows that the relaxation model can be put into the abstract conser-
vation form

AW + 0, F(W) = e s R(W), (3.6a)
with

S sU 0

5/02 ng; Q/ [u( )0 |/a?

sU/a sU*/a” —1/s u(s,c) —Ul/a

W= lsope | FWI= QU e | ROV =1 lg(s.0) - @2
sa sa 0
sb sbU 0
3

Proposition 3.1. The homogeneous part of the relazation model (3.6)), i.e.,
system
OW + 0, F(W) =0, (3.7

is hyperbolic for all states such that s > 0. All of its eigenvalues are linearly

11



degenerate and are given by

etgenvalue Riemann invariants
U (double) s;c; U; Q

U-+als c; Q; U+a/s; a; b
U-—a/s c; Q; U—als; a; b
U+b/s s;U; Q—bc; a; b
U-1b/s s;U; Q+be; a; b

Proof. The study of the homogeneous model is made more convenient thanks
to primitive variables and the quasi-linear form

8V +K(V)3,V =0, (3.8a)
where

s U 0 s 0 0 O

c 0 u o0 1/s 0 0

U _lae*/s*> 0 U 0 0 0
V=lo " X¥V¥=|"09 s 0 v o o (3.8b)

a 0 0 0o o U 0

b 0 0 0o 0 0 U

It can be checked that the characteristic polynomial of K(V) is equal to
P(2) = (2 = U)*[(z = U)* = a®/s”][(z = U)* = b/, (3.9)

from which we infer that all eigenvalues are equal to U (double), U £ a/s and
U + b/s. Computing the eigenvectors, we find that these eigenfields are all
linearly degenerate. The eigenvectors also supply us with the claimed Riemann
invariants. We leave this part to the readers. O

8.2. Chapman-FEnskog analysis

At the first-order in ¢, the structure of the error between the original model
(2.1) and the relaxation model (3.3) can be reflected by means of a Chapman-
Enskog expansion.

Theorem 3.1. Let W be the solution of the relazation model (3.6]) for a given
e >0 and let w = (s, sc) be the first two components of W. Then, in the limit
€ 1 0, the extracted vector w solves the equivalent equation

Ow + 0. f(w) = saf{[P(W)]’l[sDa,b(W)]P(w) 3mw}. (3.10a)
with
|1 0 _ (a/5)2 - (Sus)z — UcQs —uc(us + q0/52)
P(w) = [cs s} » sDap(W) = —qs(5%us + q.) (b/)* = qsue — (gc/s)?
(3.10Db)

12



Proof. Assume that the relaxation variables U and ) admit a Chapman-Enskog
expansion of the form

U =u(s,c) +eUt, Q= q(s,c) + Q. (3.11)

Inserting these two expansions into the right-hand sides of equations (3.3c])-
(3.3d), we obtain
O (su) + 0, (su?) + (a*/s%) 04 (s) = —sU*', (3.12a)
0¢(sq) + 0z (suq) + b2 0,.(c) = —sQ". (3.12b)
To perform the analysis, we need to formulate the first order terms U' and Q!
using only space derivatives. To get rid of time derivatives in equation ([3.12)),
we take advantage of the equations
0¢S + u0y8+  sus0ys+  suc0,c =0, (3.13a)
Orc + u0pc+ (qs/$)0z5+ (¢e/8)0xc = 0, (3.13b)

which come from the reformulation (3.8) in primitive variables. For instance,
adding (3.13a) multiplied by us and (3.13b]) multiplied by u., we get a PDE

governing su. Likewise, adding (3.13a)) multiplied by ¢, and (3.13b|) multiplied
by q., we get a PDE governing sq. After simplification, we end up with

Oy (su) + 0, (su?) +  (8%u? + ueqs) 0ps + (82 ustie + Ueqe) Ope = 0, (3.14a)
0:(5q) + 0 (suq) + (5%qstus + qeqs) Ops +  (82qsue +¢°) pc =0,  (3.14b)

Combining ([3.11)) and (3.12)), we get an expression for U! and Q! involving only
space derivatives, namely,

—sU' =(a®/s* — s°u2 — ucqs)0ps + (—5*Usle — Ueqe)OrC, (3.15a)
_SQl = (_SQQS’U/S - QCQS)azS + (b2 - SQQSUC - qg)aaic (315b)

In matrix-vector language, this can be reformulated as follows:

gl
| =B 7] (3.16)
with
_ 1 (CL/S)2 - (Sus)2 — UcQs _uc(szus + QC)
Ea’b(W) N g |: *q‘s(szus + QC) b — quSuc - qz:| . (3.17)

The values U! and Q' have been determined with 9,5 and d,¢c. Now, we have
to express them as a function of 9, w. To do so, we use the relation

-l tlel] e
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to obtain

~Ut 1 0 s

|:_Q1:| - Ea,b(w) |:—C/S 1/S:| az |:SC:| . (319)
Equation (3.19) relates U and Q' to 0.(s) and d,(sc). From the expansion
(3.11) and the first two equations (3.3a)-(3.3b)), we deduce that

O¢(s) + 0z (su) =0, (s(=U")), (3.20a)
Or(s¢) 4 0 (scu + q) = €0y (se(=U) + (=QY)), (3.20b)

which can be rewritten under the matrix form

@w+aﬁwo=g@{[; ﬂﬁ%“wﬂ_ésli}%{i}} (3.21)

For conciseness, introduce

P(w) = { 1 0] (3.22)

—CS S8

which is an invertible matrix. Its inverse is given by

[P(w)] ! = E 135] : (3.23)

Then, equation (3.22)) can be rewriten as

sc

N e )

= saz{[P(w)]l[sEa,b(w)] [_cl/s 1(/)3} [P(w)] " 'P(w) 8xw}.

Defining the matrix

Do p(w) = sE(w) {_i s 125} P(w)] !

=Bl | | PPV = sBusw) | ] 625)

we obtain the equivalent equation (3.10) after some algebra. O

In definition of matrix sD, (W), it is essential to note that the
quantities a/s and b/s have been highlighted. In doing so, our goal is to work
directly with a/s and b/s (instead of a and b) and to impose conditions on them
(, so that sD, (W) be a “good” matrix even when s | 0. In preparation
for this, let us verify that all other terms in sD, ;(w) also remain well defined.

14



Lemma 3.1. If

s, >0 or {sb:O and mwzg},

then each of the quantities

SUg, UeQs, S°Uss, Gses Uells, Gstes (Ge/8)?, Ueqe/s?
has a finite limit when s | 0.

Proof. If s, > 0, then v and ¢ vanish identically in a neighborhood of s = 0 for
all ¢. Hence, the above quantities also vanish. The last two of them are equal to
zero by continuity when s | 0. If s, = 0, then up to a c-dependent multiplicative
constant we have

’U,Nsm“’_l, qNSm“’,

for s | 0. Then, it is readily checked that

SUg ~ Smw—l, Ucqs ~ Sme—Z, SQUSQS ~ sme—17 qsqc ~ S2mw_17
2Mqy —3 2Myy —2 M —1 2 2Mm, —3

UcUs ~ S , GsUec ~ S s QC/S ~S s uc‘]c/s ~ S .
Obviously, all of the above quantities have a finite limit if m,, > 3/2. O

3.8. Conditions on (a,b) for a dissipative limit

The equivalent equation (3.10)) is deemed to represent a “good” approxima-
tion if the original model is a dissipative limit of the relaxation model. Fol-
lowing Majda and Pego’s heuristic [33], we require that [P(w)]~!][sD,»(w)]P(w)
be a diffusion matrix. Since this matrix is equivalent to sDg (W), this is equiv-
alent to impose that the eigenvalues of sD, ;(W) be non-negative. This require-
ment plays the role of a Whitham condition [4I] in our problem. The actual
derivation of a/s and b/s is inspired from that of Baudin et al. [3[4] for another
problem.

Theorem 3.2. Let
A=(V2+1)VO+6,  B.=(V2-1)VO+8, (3.26)
where

6 = |quS [U’S + (qc/8)2][82’u3 + (Ic]|7 (327&)
® = max {0, |ucqs| — s°u2, |gsuc| — (qc/5)*} (3.27Db)

Then, for all a/s and b/s such that

b

a
g > \/A* + (Su8)2 + UcGs, ; = \/B* + qsuc + (QC/S)27 (328)

the eigenvalues of sDg (W) are real and non-negative.

15



Proof. Let us assign shorter names to the entries of matrix sD, (W) by writing

sDap(w) = [ e ‘é] . (3.292)
with
A= (a/s)? = (sus)® —ueqs,  J = —uclus + (¢c/5)%], (3.29h)
K = —q,[s*us + q.], B = (b/5)* — qsuc — (q/s)>. (3.29¢)
The characteristic polynomial of sD, (W) is
P(z) = 2> — (A+B)z + AB — JK. (3.30)
Its discriminant is equal to
A= (A+B)?—4(AB— JK) = (A—B)*> + 4JK. (3.31)

A set of sufficient conditions for the eingenvalues of sD(w) to be real and non-
negative is

(A—B)? —40 >0, (3.32a)
AB— 0 >0, (3.32b)
A+B>0, (3.32¢)
with
0 =|JK|. (3.32d)

Indeed, condition implies A > 0. Conditions (3.32b)) and ({3.32c]) respec-
tively imply that the product and the sum of the roots of P are greater or equal
to zero.

System is solved by the following three-step procedure:

1. Solve A+ B > 0. In the (A,B)-plane, the set of points satisfying A+ B =0
is the second bisector (in brown in Figure [I). Those points for which
A + B > 0 lie above this straight line.

2. Solve AB— 0O > 0. The set of points that satisfy AB—© = 0 is a hyperbola
(in red in Figure which has the axes of coordinates as asymptotes.
Those points for which AB — © > 0 correspond to the “interior” of the
hyperbola.

3. Solve (A —B)? — 40 > 0. The set of points that satisfy (A —B)? —40 =0
is the pair of lines B = A + 2/© (in blue in Figure . These two lines
are parallel to the first bisector. Their ordinates at A = 0 are B = +21/0.
Those points for which (A —B)? — 40 > 0 lie outside the strip bordered by
these two lines.

The pair of parallel lines B = A + 21/0 intersect the upper arc of hyperbola
AB = 0O at

Ho=(0/2+1)V8, V2-1)v8),  H.=(W2-1)V0, 2+ 1)V6).
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Figure 1: Geometric interpretation of the sufficient conditions ([3.32]).

We introduce the regions (in green in Figure [1))

= {(A,B) | A>(V2+1)VO, B<A-2VO, 8B-6>0}, (3.33a)
s+={( )| B> (V2+1)VO, B>A+2V0, AB-0©>0}.  (3.33b)

Then, the set of those points (A,B) that satisfy coincides with the union
S_USy.

Unfortunately, not just any point (A,B) € S_ U S, is eligible. It is still
necessary to be able to invert the relations — to find a/s and b/s
from A and B. Since this inversion is

a b
s = \/A + (Sus)2 + Ucqs, s = \/B + qsuc + (QC/S)Zv (3'34)

the quantities under the square root sign must be non-negative. Thus, A and B
must be large enough. For instance, we can start from H_ and move along the
lower blue line until reaching

=V2+1)VO+6, B.=(\2-1)VO+6, (3.35a)

with
® = max {0, |ucqs| — (sus)?, |gstie] — (qc/s)2}. (3.35Db)

In this way, we ascertain that A, + (sus)? +ucqs > 0 and B, +qsue+ (qe/s)?
From this point (A.,B.), we can now travel rightward along a horizontal line
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without leaving S_. This amounts to increasing a/s while keeping b/s at the
same value, which proves (3.28]). O

The decision to choose H_ instead of H is also motivated by another reason.
By deliberately restricting ourselves to relaxations coefficients such that

a/s>b/s >0, (3.36)
we seek a natural ordering of the eigenvalues of the relaxation model, i.e.,
U—-a/s<U-=b/s<U<U+b/s<U-+als. (3.37)

At the discrete level, conditions are to be prescribed in each cell and at
each time iteration.

By virtue of Lemma formulas (3.28)) still make sense for s | 0 and even
for s = 0. From now on, we shall be using the notations

“ b

a=- = (3.38)

S

for convenience. In practice, as will be explained in it may be necessary to
increase [ to enforce positivity of the concentration c. In such a case, we also
need to modify « so that the corresponding point (A,B) remains in S_.

Lemma 3.2. Let (o, 3) be the pair of relazation coefficients given by (3.28]).
For any B’ > (8, the pair (/, ') is a suitable pair for a dissipative limit provided

that
o > /a2 +(p)2 - B2 (3.39)

Proof. Let (A’,B’) be the point in the plane that corresponds to (¢, 8’). From

B = /B +qsuc + (¢./5)%, B =/Bu+qsuc+ (¢./5)%,

we infer that
(8)? - B? =B’ —B,. (3.40)

The point (A’,B’) lies in S_ if
AN>B +2O0=B+2O0+ ()2 -2 =a.+ () -5 (3.41)

(we are sure to be above the arc of hyperbola at the bottom of S_ and do not
have to worry about this). The above condition is equivalent to

A+ (5u)? 4+ ueqs > Ay + (sus)? +uegs + (82 — B2 (3.42)

Since a? > A, + (sus)? + u.qs, this can be achieved by imposing the sufficient
condition

A+ (su)? + ueqs > o + (B) — 52 (3.43)
Taking the square root of both sides, we end up with (3.39). O
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3.4. Riemann problem

Roughly speaking (cf. , the relaxation scheme amounts to applying the
Godunov scheme to the homogeneous part of the relaxation model. To this
end, we have to solve the Riemann problem associated with , which is easy
thanks to linear degeneracy. Let us work with primary variables and consider
the initial data

Vv if x <
V@t=0)={ F Hrs0, (3.44a)
Vg ifx>0.
where
ST, SR
Cr, CR
UL UR
Vi = , Vg5 = 3.44b
Sl 7| Qr ( )
arg, apr
br, br

Theorem 3.3. Assume that ar, > by, and ag > bg. The solution of the Rie-
mann problem associated with the relazation model (3.3)) and the data (3.44)) is

given by (cf. Figure[d)

Vi if x/t<U*—ag/s*,

\'%3 if U —ap/s* <zt <U* —by/s*,

Ve Vi H U b5 <aft< U (3.450)
Vi if U </t <U*+bp/s",

Vi if U*+br/s* <z/t <U*+agr/s*,

Vi if U*+ar/s* <axft,

where
g* s* s* s*
cr C* C"< CR
Vi — Vi = Vi = Vi =
L QL ) L Q* ’ R Q* ’ R QR ’
ar, ary, aRr ar
by, br, br br
(3.45b)
with
1 _
1 _artor+Ur UL)’ (3.46a)
s* arSr, + QRrSR
= Brsrer + Brsrer — (Qr — QL>7 (3.46b)
Brsr + Brsr
U — arsrUL +apspUg — OzLOéR(SR — SL)’ (3460)
arSp + QRSR
0 = BrsrQL + BrstQr — BrsLPrsr(cr — CL)7 (3.46d)

Brst + Brsr
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0 x

Figure 2: Solution of the Riemann problem for model (3.3)

o If (sp,sr) # (0,0), i.e., if there is at least a non-empty state, then the
quantities defined in are all well-defined and the solution is non-
ambiguous, albeit possibly unphysical (at this stage, we are not yet guar-
anteed that s* and (sc)* are finite and non-negative).

o If (sp,sr) = (0,0), i.e., if both left and right states are empty, then c*
and U* are ill-defined, but if oy, + ar > |[Ur — UL| and if the two states
are at equilibm’unﬂ we have

s* =0, (sc)* =0, (sU)* =0, (scU)* =0, Q* =0,
(3.47)
in an unambiguous way.

Proof. Let us first establish — before scrutinizing well-definedness.
The structure comes from the assumed ordering of waves (3.37)). In
the components of the intermediate states , some Riemann invariants in
Proposition have been accounted for, such as (a,b,c, Q) across U + a/s,
(a,b,s,U) across U + b/s, (s,c) across U. Let us write down the remaining
Riemann invariants. Across U £ a/s, we have

Up— Lyt e My, 2R (3.48)
S, S S SR
Solving for (1/s*,U*), we obtain
1 Ur—-U
1_ ar/sL +ar/sr L YR L (3.492)

s* ar, +ap ar, +ap’

3a state V = (s,¢,U, Q,a,b)T is said to be at equilibrium if U = u(s, ¢) and Q = q(s, c).
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U* =

U U 1 1
arUr +arUgr 4 _9L9r ( ) (3.49D)

ar +ag ar +ar \SrR  SL

Across U £ b/s, we have
QL +brer :Q*+bLC*, Q* 7bRC* = Qgr — brcgr. (350)
Solving for (¢*,Q*), we obtain

o= brer +brer Qr — QL

, 3.51
br +bgr br +bgr ( a)
brQrL +b.Qr  brbr(cr —cr)
= — 3.51b
@ br +br br +br ( )

Using oy, = ar/sr, and agr = ar/sgr, it is not difficult to verify that ,
can be rewriten into . Obviously, these formulas make sense if the
denominators do not vanish, which occurs when at least one of the two non-
negative saturations sy, and sg is positive. For the moment, without any further
hypothesis, 1/s* may be non-positive and ¢* may be negative.

If ap + ar > |Ugr — U], then o + ar + (Ugr — Ur) > 0 and the limit of

_ arLsSy + QRSR
ar+ar+ (Ur—Uyp)

(3.52)

when sp, sg | 0 is clearly equal to
s*=0. (3.53)
The limit of U*, defined in (3.46¢|) and rewritten as

aR(SR/SL)UL +apUgr — ozLaR(SR/sL — 1)

U* =
ar, + OéR(SR/SL)

)

is ambiguous, insofar as it depends on the ratio sr/sz, when sr,, sg | 0. However,
the product
arsp(Ugr + ar) + arsr(Up —ar)

arp +ag+ (Ug—UpL)

plainly has an unambiguous limit when sy, sg | 0, which is

s*U* =

(sU)* =0 (3.54)

under the condition ay, + ag > |Ugr — Ur|. The limit of ¢*, defined in (3.46b)
and rewritten as

oo Brer + Br(sr/sL)cr — ((sr/sL)Qr/sr — QL/SL)
Br + Br(sr/sL) ’

is ambiguous, insofar as it depends on the ratio sg/sy, when sr,sg | 0. Note
that if the left and right states are at equilibrium, the ratios

Qr/sL = (v — 1)cpuy, Qr/sr = (Yr — 1)crUR, (3.56)

(3.55)
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have finite limits when respectively sy, | 0 and sg J 0. This shows that c¢*
remains bounded, even though it does not have a limit when sy, sg | 0. There-
fore, its products with the vanishing s* and s*U* must tend to 0. In other
words, we unambiguously have

(se)* =0, (scU)* =0. (3.57)
Finally, plugging (3.56) into definition (3.46d)) of Q@* yields

o = Br(ve — Vepur + Br(vr — 1)crur — BrBr(cr — cr)
= SILSR
Brsr + Brsr
Br(vr — 1)crur + Br(yr — 1)crur — BrBr(cr — cr)
Br + Br(sr/sL) ’

which admits the unambiguous limit

QRF=0 (3.58)
when sz, sr | 0 (as the product of a vanishing sr and a bounded factor). O

3.5. Conditions on (a,b) to control positivity

Condition ay + ag > |Ugr — U] for the well-definedness of the quantities
in the Riemann problem when s; = sg = 0 means that the ay, ar must
be large enough. It also entails s, > 0 when (sz,sgr) # (0,0), as shown the
upcoming statement.

Lemma 3.3. Assume that (si,sg) # (0,0) in the Riemann problem. If
ar +ar > |Ugr — U, (3.59)
then the intermediate saturation s* defined in (3.46al) is positive. If

(se)LBrL + (s¢)rBr = |Qr — QLl, (3.60)
then the intermediate concentration c* defined in (3.46b|) is non-negative.

Proof. The two claims are obvious from (3.46al)-(3.46b)). O

The drawback of the edge-wise conditions (3.59))-(3.60) is that they couple
the coefficients («, ) of two neighboring cells, unlike the cell-wise conditions
(13.28), (3.39). This is why we advocate the slightly stronger but handier cell-

wise versions
ar > 3|Ur = ULl, ar > 5|Ur — ULl (3.61a)
Br > (vp — Dlucl,  Br > (vr—1)|url. (3.61D)

The last conditions rely on the assumption that the left and right states
are at equilibrium, so that Qp = (vr — 1)spcpur and Qg = (Yr — 1)SgrcruR.
In such a case, division by (sc)r, and (sc)g does not cause any blow-up when
(sc)r, (sc)r 1 0.
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8.6. Update formulas

The space domain is divided into cells (x;_1 /2, Z;41/2) of uniform size Az =
|11 /2 — X1 /2|. We want to compute an approximation of the average

1 Tit1/2
Wl R — w(z,t") dz
A.’L‘ Ti—1/2

for all cell indices ¢ € Z and at all time indices n € N. Each time-step from n
to n + 1 consists of two stages.

3.6.1. Stage 1: Projection on equilibrium manifold (€ =0)
Having at our disposal wi* = (sP, sP'cl) for i € Z with s > 0, ¢ > 0, we

199t 1

first compute the extended states

n o__ (. .n n n o .n o pn
V’_(Si?ci?Uia aiabi)

7 7
in which the relaxation variables are forcibly set to equilibrium, that is,
Ul = u(s}, cl), Q7 = q(s?,c}), (3.62)

Formally, formulas (3.62)) correspond to e = 0. Indeed, multiplying (3.3c|)-(3.3d))
by € and letting € | 0, we obtain

0= s(u(s,c) = U), 0=s(q(s,c) — Q). (3.63)
The relaxation coefficients are forcibly set as

aj isi, bl = prrsy (3.64)

i — i i 210
where (o', 87) is the outcome of the following procedure:

1. Apply (3.28) to compute the Whitham-compliant values

Q= {A*+(SUS)Q+UCQS} / (Si y G )a Bt = {B*+QSuc+(QC/S)2} / (Si » G )

(3.65a)
2. Apply (3.61b)) to increase 8 to the positivity-preserving value
B =max {57, (1 — Dluf'l}- (3.65D)
3. Apply (3.39) to increase a to the Whitham-compliant value
~n ~n n an 1/2
ar = {(@)%+ (8% - (B (3.65¢)

4. Apply (3.61a) to further increase « to the positivity-preserving value

al' = max {@?, %|u? —ul 4|, %|u?+1 — u?|} (3.65d)
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3.6.2. Stage 2: Free evolution (¢ = +00)

Using the piecewise-constant values V' resulting from stage 1, we next solve
the homogeneous part of the relaxation model . Formally, this stage corre-
sponds to € = 400 and does not “see” the functions u(s, c) and ¢(s,c). At each
edge i + 1/2, we consider the Riemann problem with left state Vi = V and
right state Vg = V2, ;. From the solution provided in Theorem [3.3, we extract
the quantities sU and scU + @ at the interface (the equation of which is 2/t = 0
in the local reduced variable x/t). Let us designate by

n,Rel sU . n n
fi+1/2 = [ch + Q} Riem(z/t =0; Vi, Vi) (3.66)

the value extracted from this operation. Then, the variables of interest are
updated by

At
n+1 —w? — fﬁ,Rel - f@,Rel), (367)

w

i i Ax ( i+1/2 i—1/2

where At = t"T1 — " > 0 is the time-step. Note that it is not necessary to
update the other conservative variables of the relaxation model such as sU/a?,
sQ/b%, sa and sb, since the quantities U, @, a, b will be anyway erased and
replaced by those of stage 1 in the next time iteration.

It is also capital to mention that the flux components in are always
unambiguously defined, even when s} = 57, ; = 0. Indeed, in the latter case:

e If Up—ay > 0, then the flux components are s, Uy, = 0 and spc,Ur+Qp =
0. Likewise, if Ugr + ar < 0, the flux components are sgur = 0 and
spcrur + Qr = 0.

o If U, —ar < 0 and Ug + ar > 0, the four states V}, Vi*, V§, Vi
that could possibly appear at 2/t = 0 all have the same saturation s* and
velocity U*. Hence, the first flux component is (sU)* = 0 by (3.47). The
possible concentration values at x/t = 0 are ¢, ¢* or cg. Since these
numbers are all bounded (despite the fact that ¢* is ambiguous), their
products with (sU)* necessarily vanish. On the other hand, @, = Qr =
Q. = 0. Thus, the second flux component scU + Q is equal to 0.

Due to the explicit nature of (3.67)), the time-step At must be subject to a
CFL condition which, in combination with the choices (3.65)), ensures stability
and positivity for the scheme.

Proposition 3.2. Assume 0 < (s)! < 1 and (sc)} > 0 for all i € Z. If the
relazation coefficients are chosen in agreement with (3.65) and if the time-step
18 subject to

Aixr?eazx{lui —a, u; +ozi|} < 3 (3.68)
then the relaxation scheme (3.67)) satisfies
(s)r Tt >0, (s¢)m Tt > 0. (3.69)

Moreover, by imposing large enough relaxation coefficients, we have (s)?"'1 <1.
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Proof. Under the CFL condition is met, the waves involved in the Rie-
mann problems of any two consecutive edges do not touch each other. The
solution V71~ at time t"*! = t" + At and just before Godunov’s averaging
is a piecewise-constant function of = consisting of the intermediate states that
appear in each Riemann problem. According to the general theory of Godunov’s
scheme, it is known [30, 20] that the updated value w' ™! = ((s)"!, (sc)**1)
coming from can also be thought of as the averages

. 1 Tit1/2 41 41 1 Tit1/2 1
()it = A—/ s(z, t" 7)) dt, (se)i™ = A—/ sc(x, t" 7)) dt.
xz xr xz xr

i—1/2 i—1/2

(3.70)
If the relaxation coefficients are in agreement with , then all intermediate
states at (n 4 1, —) have non-negative s and sc. From this and , the non-
negative property can be deduced. Similarly, concerning the establish-
ment of the maximum principle to by satisfied by (s)?‘H; namely (s)?‘H <1,
according to we have to prove that the saturation in the intermediate
state at (n+1, —) is smaller than one. Because of (3.494)), the saturation in the

intermediate state reads at each interface

1 ( ar 1 am, 1 > 1
= s + u(siy s cily) —ulsy, ) -
5i41/2 af Faihy st ol oy sty ) ol Hady (st )
(3.71)

Since si' < 1 for all 7 in Z, we have to distinguish the case s} = si',; = 1
than the others. If s} = s7,; = 1 then u(s},c}') = u(s},,,cj ;) = 1 so that
S /2= 1 and the expected maximum principle is obtained.

Next, assume si* < 1 or sf,; < 1. Since o' > 0 and o, ; > 0 then, arguing

a convex combination, we get

O[;n 1 Oé?+1 1
a + an 57+a"+a" s7 > L
i it+1 i i+1 Sit1

i

As a consequence, involving (3.71)), there exist o' and of', ; large enough such

that s;‘+1/2 < 1 and the proof is completed. O

4. Simulation results

The purpose of this section is to compare our relaxation scheme with the
upwind scheme. The latter, which is extensively used by reservoir engineers,

reads A
1
Wit = Wi — 2 (E(w) — B(wE)). (4.1
This update formula assumes that the underlying model is hyperbolic with
positive eigenvalues. In practice, it is used for all IPV laws, even when weak
hyperbolicity does not hold.
To carry out this comparison, we focus on the simulation of a polymer flood-
ing experiment in a core that initially contains oil/water without polymer. More
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specifically, we consider a one-dimensional domain of length L, = 1 where in-
jection is performed at the left boundary by prescribing a Dirichlet condition.
At the right boundary, we produce fluid by imposing an homogeneous Neumann
condition. This corresponds to a producer well. The initial saturation in the
core is

(s, ¢)(z,t =0) = (0.25,0), Vo € (0,1).

We inject either pure water or a polymer solution (i.e., a mixture of water and
polymer). This setup can be thought of as a highly simplified oil extraction from
areservoir. It is designed in such a way that significant physical information such
as the front propagation speeds and the nature of these fronts (rarefaction, shock
or contact), which roughly characterize the efficiency of the polymer flooding
process, are preserved.

This experiment is performed for two injection scenarios: the continuous
injection of a polymer solution (see and the injection of a polymer slug
(see . The second scenario amounts to injecting first pure water, next a
polymer solution (the polymer slug), then pure water again. In fact, reservoir
engineers always have to consider polymer slug injections instead of continuous
injection. Their main motivation is to optimize polymer cost and efficiency
for oil recovery. Also, they generally have to deal with mature oil reservoirs
which have been depleted naturally and/or by water injection during years. To
mimic their problem, we consider sequential injections of pure water during a
time interval of 0.1 then a polymer solution during a time interval of 0.2 and
then pure water. The injections are performed with a constant flow rate and a
constant polymer concentration ¢y = 1074,

Regarding physical parameters, we run each scenario with the different IPV
models detailed previously: the constant IPV law of with v = 1.5, the
percolation law of with s, = 0.1. For the synthetic law of the
parameters (Se, 17) have to be appropriately tuned to ensure hyperbolicity for
the physical model (2.1)). To this end, we set (so, 7) = (0.375, 0.01). To account
for the polymer mobility reduction on water phase, we use formula with

a; =2-10%, ap;=2.8-10°, ays5/4 = 2.84605 - 10°.
For the petrophysical parameters, we consider the following values:

o for oil phase, the maximal mobility is AJ*** = 1, the Corey exponent m,
is equal to 2 and the residual oil saturation is zero;

e water phase is fixed by maximal mobility is chosen Al =1, m,, = 2 as
Corey exponent for water and s, = 0.2 as irreducible water saturation.

4.1. Continuous injection of a water and polymer solution

Here, we consider a continuous injection of a water and polymer solution:
a mixture made up of water and polymer is injected into the domain at a
fixed flow rate and with a constant polymer concentration. Due to our physical
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simplifications, this case is equivalent to a Riemann problem with the initial
data
(1,107%) if 2 <0,

4.2
(0.25,0) if >0, (4.2)

(s, ¢)(z,t =0) = {

at least far from the right boundary.

Constant IPV. The results are displayed in Figure |3, where water saturation
and polymer concentration profiles in the porous medium at time T = 0.4 ob-
tained with 200 and 2000 mesh cells are plotted. With the constant IPV law,
the physical model is not hyperbolic and the initial states of are sep-
arated by an elliptic region. No analytical solution is available. The numerical
solution exhibits a peak in polymer concentration profile. The amplitude and
the position of this peak depend on the number of mesh cells. With Az = 0.005,
the peak is located at x = 0.62 and the ratio between the peak magnitude and
the initial polymer concentration is 1.6 for the upwind scheme and 1.4 for the
relaxation scheme. For a finer mesh (2000 cells), the peaks created by the two
schemes have distinct locations. Besides, the upwind scheme’s peak magnitude
is higher than the relaxation’s one.

To summarize the observations, we can say that this peak increases with
several parameters such as the value of «, the number of mesh cells and the
pore volume (PV) injected. In Figure [4] we plot the polymer concentration
profile at several intermediate times. The two panels reveal the growth in time
of the peak amplitude for the upwind and relaxation schemes. As testified by a
straightforward numerical study, the growth is exponential in time. Therefore,
this instability is most probably due to an elliptical region rather than a weakly
hyperbolic d-shock.

Anyhow, because this instability is intrinsic to the model, there is no point
trying to remove it from the computed solutions. While time-growing peaks are
in this case accepted by users as a “fact of life,” it is in practice convenient to
keep the peak amplitudes low so as to delay as much as possible the code crash.
This can be achieved by means of the relaxation scheme using larger values of
Whitham parameters, at the price of a greater numerical dissipation.

In Figure |5} we notice that the relaxation scheme reduce the peak amplitude
and its growth speed. This figure is obtained by storing for the both schemes the
maximum value of polymer concentration in the porous medium. Let us notice
that the peak observed with the upwind scheme is not growing continuously
(because of mesh discretization) but the values are bounded by two exponential
curves.

Percolation IPV. To highlight the benefits of hyperbolicty, we perform simula-
tions with percolation law. The petrophysical parameters are those listed in
To set the percolation law, we choose sq = 0.1.

Figure[6]shows simulations performed with the relaxation and upwind schemes
for the Riemann problem . With this law, they also give equivalent results.
The results are compared with the exact solution built according to [I7]. The
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Figure 3: Water saturation (left) and polymer concentration (right) profiles at time ¢ = 0.4
with constant IPV (v = 1.5). Results are obtained with 200 (top), 2000 (bottom) mesh cells

and initial data (4.2)).
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Figure 4: Polymer concentration profiles at different times obtained with upwind (left) and
relaxation (right) schemes with constant IPV (y = 1.5) using 2000 mesh cells.
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Figure 5: Amplitude of polymer concentration peak versus time with upwind and relaxation
schemes. Results are obtained with 1000 mesh cells.

solution structure is the following: for 0 < z < 0.504 we have a rarefaction wave;
at © = 0.504, we have the contact discontinuity with the resonance embedded;
then, at x = 0.657, we have a shock wave. The contact discontinuity is poorly
resolved. In fact, at this point we have the resonance and the two waves have
the same speed. For more details on schemes convergence, see [18].

We can now assert that with percolation law there is no peak of polymer
concentration. The two schemes yield similar results. However, let us recall the
condition s, < s, is not always welcomed by engineers.

Synthetic IPV. We now simulate the Riemann problem again, but this
time the IPV is chosen to be the synthetic one .

The results depicted in Figure [7| are obtained with (se, 77) = (0.375, 0.01).
Although the relaxation scheme and the upwind scheme provide equivalent re-
sults, the relaxation scheme is more time-consuming. By way of example, the
upwind scheme with 200 mesh cells takes 2.34 CPU-time (in seconds) while the
relaxation scheme takes 20.07 CPU-time. The water saturation profile is similar
to that obtained with percolation law. The numerical solution consists of three
waves. For 0 < z < 0.45 we identify a rarefaction. Contrary to percolation
law, the polymer concentration seems to remain constant in rarefaction. At
x =~ 0.45, we have the first discontinuity. By analogy to the percolation law,
we can assume that we have here a contact discontinuity. Finally, we have at
x = 0.667 a shock which is well represented.

To summarize the observations, we can say that for the weakly hyperbolic
model , the two schemes tend to capture shocks more accurately than
contact discontinuities.
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Figure 6: Water saturation (left) and polymer concentration (right) profiles at time ¢ = 0.4
with percolation law (se = 0.1). Results are obtained with 200 (top) and 2000 (bottom) mesh

cells and initial data (4.2)).
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Figure 7: Water saturation (left) and polymer concentration (right) profiles at time ¢ = 0.4
with synthetic IPV law (se = 0.375,7 = 0.01). Results are obtained with 200 (top) and 2000
(bottom) mesh cells and initial data (4.2).
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4.2. Polymer slug injection

In this subsection, we consider sequential injections of pure water for ¢ €
(0,0.1], followed by a polymer solution for ¢t € (0.1,0.3], and finally pure water
again for ¢ > 0.3. The injection is performed at constant flow rate and constant
polymer concentration, that is,

(1, 0) if +t<0.1,
(s, ¢)(=0,t) =< (1,107%) if 0.1 <t<0.3, (4.3)
(1, 0) if ¢t>0.3.

Constant IPV. Figure[§|illustrates the water and polymer profiles in the domain
at t = 0.5, while Figure [0 shows the recordings at producer well. There appears
a peak of polymer concentration but we notice that here the water saturation
profile is different compared to previous simulations. The front of polymer
peak is characterized by an undershoot on water profile and by an overshoot
on polymer concentration profile. Regarding the domain output (Figure E[), we
have a water breakthrough at about ¢ = 0.57. Then, the water flux increases
until the polymer peak appears, for 0.57 < ¢t < 0.64. The water produced
corresponds to the connate water. During this time slot, the oil production is
declining. Then, for 0.64 < ¢t < 0.73, the polymer starts to exit the domain,
pushing the oil better and making the water flux decrease. At t = 0.73, there is
the polymer peak leading to singularities.

For the upwind scheme, the polymer peak is huge and the water flux reaches
the value 1, which indicates that no oil is produced and which is not expected
physically. Note that this phenomenon is amplified with a finer mesh. For the
relaxation scheme, the polymer peak is negligible in comparison with the one
obtained with the upwind scheme. Regarding the water flux, it attains the value
1 only with the finer mesh.

Percolation law. As mentioned earlier, the percolation law has been widely used
to simulate this type of problem [2] 23 [9].

In Figure we plot the saturation and polymer concentration profiles ob-
tained with the upwind and the relaxation scheme with 200 and 2000 mesh
cells. We clearly see a good agreement between the two numerical scheme. The
profiles obtained do not seem singular. With 2000 mesh cells, we see a small
amplitude wave at ¢ = 0.51 in the water saturation profile. It corresponds to
the end of the polymer slug, a contact discontinuity which is not well captured
with 200 mesh cell. Also, similarly to the continuous injection case, the polymer
concentration is decreasing with water saturation decreasing.

In Figure we plot the water flow rate and the polymer concentration
versus time at the producer well. We observe the main tendencies obtained
with the constant IPV law whithout the singularities. The connate water is
pushed out of the domain. The water breakthrough occurs at ¢t = 0.59 and then
the water flux increases until ¢t = 0.82. Then, the polumer slug exits the domain
(0.82 < t < 1.16), pushing more oil out and making the water flux slightly
decrease. After the polymer slug, the water flux keeps increasing and thus the
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Figure 8: Water saturation (left) and polymer concentration (right) profiles at time ¢ = 0.5
with constant IPV (y = 1.5), obtained after pure water / polymer solution / pure water
injection. Results are obtained with 1000 mesh cells and initial data (4.2).

oil flux keeps decreasing. Again, we have a very good agreement between the
upwind and the relaxation schemes.

Synthetic IPV. In Figure we plot the saturation and polymer concentration
profiles obtained with the upwind and the relaxation schemes using 200 and
2000 mesh cells. In Figure we plot the production data for the synthetic
IPV.

The results are very close to those obtained with the percolation law. Only
the front propagation speed and amplitude have changed. The water break-
through is obtained at ¢ = 0.6 and the polymer slug exists the domain form
t = 0.95 to t = 1.25. As before, no singularity appears and we see that the
upwind and relaxation schemes are very close to each other.

5. Conclusion

In this work, we studied a simplified polymer flooding model where the IPV
phenomenon was taken into account through various IPV laws. For the three
IPV laws considered, the model could be weakly hyperbolic with a resonance
curve or contain an elliptic region. Although the traditional upwind scheme was
able to cope with all IPV laws, practitioners expressed the need to strengthen
robustness in order to go to the end of the simulations involving an unfavorable
IPV law, especially those with elliptic instabilities.

We have addressed this need by developing a new numerical scheme based on
the relaxation philosophy. This relaxation scheme featured all the benefits that
relaxation usually enjoys: (i) it is a dissipative approximation of the original
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Figure 9: Water flux (left) and polymer concentration (right) versus time at producer well
with constant IPV (y = 1.5), obtained after pure water / polymer solution / pure water
injection. Results are obtained with 200 (¢top) and 2000 (bottom) mesh cells.
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Figure 10: Water saturation (left) and polymer concentration (right) profiles at time ¢ = 0.5
with percolation IPV (se = 0.1), obtained after pure water / polymer solution / pure water
injection. Results are obtained with 200 (¢top) and 2000 (bottom) mesh cells.
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Figure 11: Water flux (left) and polymer concentration (right) versus time at producer well
with percolation IPV (se = 0.1), obtained after pure water / polymer solution / pure water
injection. Results are obtained with 200 (¢top) and 2000 (bottom) mesh cells.
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Figure 12: Water saturation (left) and polymer concentration (right) profiles at time ¢ = 0.5
with synthetic IPV (s¢ = 0.375,n7 = 0.01), obtained after pure water / polymer slug / pure
water injection. Results are obtained with 200 (¢op) and 2000 (bottom) mesh cells.
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Figure 13: Water flux (left) and polymer concentration (right) versus time at producer well
with synthetic IPV (se¢ = 0.375,7 = 0.01), obtained after pure water / polymer solution /
pure water injection. Results are obtained with 200 (top) and 2000 (bottomn) mesh cells.
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model; (ii) its homogeneous part is unconditionally hyperbolic with all waves
linearly degenerated, which makes the Riemann problem very easy to compute;
(iii) most importantly, the amount of numerical dissipation can be monitored
so as to enforce stability, decrease peak amplitudes and guarantee positivity for
s and c.

Numerical results show that upwind scheme and relaxation scheme have
equivalent results for favorable IPV laws for which weak hyperbolicity holds
everywhere. Even for this kind of laws, the advantage of relaxation scheme is
that it appears as more appropriate for those IPV laws that give rise to negative
eigenvalues. For unfavorable IPV laws for which there is an elliptic region in
the phase space, the differences between the two schemes are slightly more
pronounced. In this case, the Whitham parameters of the relaxation scheme
enable us to significantly dampen the peak amplitudes in polymer concentration,
which in turn lets the simulation run to the end.

Incorporation of the adsorption effect, by which the polymer balance law
becomes 0;(sc + a) + 0, (fey) = 0, where a > 0 is a non-decreasing function
of ¢, is the obvious next step. As shown in [I7, §8.2.2], this can be brought
back to the problem without adsorption thanks to a change of variables. In our
opinion, more fundamental progress in this area would come from the design of
physically more satisfactory synthetic laws, which systematically ensure weak
hyperbolicity and of which the contribution [5] is only a first step forward.

Data Availability Statement

The data that support the findings of this study are available from the
corresponding author upon reasonable request.
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