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Abstract

The proposed work concerns the numerical approximations of the shallow-water
equations with varying topography. The main objective is to introduce an easy and
systematic technique to enforce the well-balance property and to make the scheme
able to deal with dry areas. To access such an issue, the derived numerical method is
obtained by involving the free surface instead of the water height and this produces
the scheme well-balanced independently from the numerical flux function associated
with the homogeneous problem. As a consequence, we obtain an easy well-balanced
scheme which preserves non negative water height. When compared with the well-
known hydrostatic reconstruction, the presented topography discretization does not
involve any max function known to introduce some numerical errors as soon as the
topography admits very strong variations or discontinuities. A second-order MUSCL
accurate reconstruction is adopted. The proposed hydrostatic upwind scheme is
next extended for considering 2D simulations performed over unstructured meshes.
Several 1D and 2D numerical experiments are performed to exhibit the relevance of
the scheme.

Key words: shallow—water equations, finite volume schemes, source term
approximations, well-balanced schemes, positive preserving schemes

1 Introduction

In the present work, we consider the derivation of numerical methods to ap-
proximate the solutions of the shallow-water equations. When assuming a
smooth topography z : R?> — R*, the Saint-Venant model describes the evo-
lution of both water height, denoted h, and velocity vector (u,v) in the plane
parallel to the bottom. The model under consideration is governed by the
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following set of partial differential equations:

Oth + Ozhu + O hv = 0,
Orhu + 0y (hu? + £h?) + Oyhuv = —hgd, 2, (1.1)
Oyhv + Oyhuv + 0, (hv? 4+ £h*) = —hgd,z,

where g > 0 stands for the gravity constant.

From now on, let emphasize that the definition of the topography function
is free from the location of the bottom. In general, the bottom is fixed so
that min z(x) = 0, but other reference bottom can bee chosen (for instance,
see [3,44,46,13]). In fact, in the forthcoming derivation, the location of the
bottom will be crucial and we adopt the following convention:

min z(z) = 2. (1.2)

The model (1.1) is known to be hyperbolic over the space of admissible states
()5 defined as follows:

Qy = {t(h,hu, h) € R% h > o} .
Moreover, this model preserves the steady state of a lake at rest defined by

h+z=cst and u=0.

In order to ensure the relevance of a numerical method approximating the
solutions of (1.1), the scheme must preserve non-negative water height but also
it must be well-balanced [3], i.e. it exactly captures the lake at rest solutions.

After the work proposed by Greenberg et al. [29,30] and next by Gosse [26],
numerous schemes have been derived according to the well-balance strategy
8,10,11,19-21,23,32-34,45,53|. The main difficulty comes from the derivation
of a suitable discretization of the topography source term in order to be con-
sistent with the lake at rest. More recently, Audusse et al. [1] introduced
a procedure which makes the source term discretization well-balanced inde-
pendently from the discretization of the transport operator, the well-known
hydrostatic reconstruction. This technique is based on a water height recon-
struction procedure to define on each side of a cell interface:

— . n + . n
hH% = max(0,h{ + 2 — z,1) and hH% = max(0, b’y + zip1 — 211),

where we have set 2,1 = max(2;, Zji11)-

This reconstruction is next considered to obtain schemes which are both non-
negative water height preserving and well-balanced. In fact, one of the main



interest of the hydrostatic reconstruction approach stays in its genericity. In-
deed, it can be applied with any given numerical flux function for homoge-
neous Saint-Venant equations (with constant topography). This crucial prop-
erty makes the hydrostatic reconstruction very attractive and it is now widely
used (for instance, see [2,43,7,44]).

However, in a recent study, Delestre [18] exhibited some numerical failures
when considering large topography variations on a coarse mesh. Indeed, as
soon as 2,1 — z; > h?', the hydrostatic reconstruction enforce h;r L= 0 and
some wrong solutions thus may occur. Nevertheless, for a smooth topography;,
we have z, 1= O(Az), where Ax denotes the mesh size, and such a failure
no longer stays for Ax small enough. However, when considering simulations
of physical interest, it is very difficult to predict a relevant size mesh in order

to avoid wrong behavior of the hydrostatic reconstruction.

The main purpose of the present paper is to propose an alternative to the
hydrostatic reconstruction which does not involve wrong approximations as
soon as the topography admits strong variations. Similarly to the hydrostatic
reconstruction, the obtained scheme must satisfy the following properties:

(i) an easy discretization of the topography source term free from the choice
of the numerical flux function associated with the approximation of the
homogeneous shallow-water equations,

(ii) the preservation of non-negative water height,

(iii) the preservation of the lake at rest (the well-balance property).

The paper is organized as follows. In the next section, we present the adopted
strategy in the case of the 1D model. According to Kurganov’s work [9], the
main idea consists by introducing the free surface into the model to obtain
a suitable reformulation. As a consequence, the standard shallow-water flux
function involves the free surface instead of the water depth. Based on this ar-
gument, we derive a numerical procedure to modify any finite volume scheme
given for the homogeneous shallow-water equations in order to deal with non-
flat topography. In addition, the resulting very flexible scheme turns out to
be computationally non-expensive. In section 3, we show the relevance of the
method by establishing the main properties satisfied by the approximate so-
lutions. Indeed, the scheme is proved to be well-balanced and to preserve the
water height non-negative. The following section is devoted to second-order ex-
tension by considering a standard MUSCL technique [38,41,51]. The obtained
accurate numerical scheme is, once again, proved to be well-balanced and non-
negative water height preserving. Next, in section 5, we give the 2D scheme
over an unstructured mesh and we show that all the requirements (i)-(ii)-(iii)
are satisfied. This makes the method very efficient since it is robust (satisfying
properties (ii) and (iii)) but also very easy to be implemented (property (i)).
In fact, starting from a basic scheme which approximates the homogeneous



shallow-water equations on unstructured meshes, we will see that the modifi-
cation to take into account a varying topography will turn out to be obvious.
Section 6 is devoted to illustrate the interest of the scheme by performing
numerous numerical experiments. A conclusion completes the paper.

2 Derivation of hydrostatic upwind schemes

For the sake of clarity in the presentation of our numerical strategy, first, we
focus on the 1D model given as follows:

{&h+@MmﬂL 21)

Oshu + 0, (hu? + %hQ) = —hg0,z.
The space of admissible states is here given by
(hzymmmeR%h>o}

To shorten the notations, let us rewrite this model into the following form:

with
h hu 0
w = , flw) = and S(w) = . (2.3)
hu hu?® 4 4h? —gh0,z

where w : R x RT — Qy is the unknown state vector, f : Q; — R? stands for
the flux function and S : Q; — R? is the topography source term.

The suggested numerical strategy lies on a suitable reformulation of the system
(2.1). We introduce the free surface H and the fraction of water X defined as
follows:

H=h+z and X=—. (2.4)

h
H
As underlined in the introduction, the model under consideration is free from
the location of the bottom. According to the convention (1.2), we fix the

constant zo such that H(z,t) > 0 over the whole domain of computation.
Now, let us remark the identity:

h? = XH? — hz,



to write (2.1) in the following form:

oh + 0, XHu =0,
2 g 72 g (2'5)
Othu + 0, (X (Hu +5H ) — ghz) + gh0,z = 0.
Next, we introduce a state vector
H
W = , (2.6)
Hu

which is nothing but the state vector w associated with the free surface. Ar-
guing these notations, the system (2.5) now reads:

0 0
ow+ 0, | Xf(W) — , + =0. (2.7)
Shz ghd,z

Let us emphasize that both formulations (2.2) and (2.7) are rigorously equiva-
lent and we decide to consider (2.7) to derive numerical schemes. We consider
a uniform mesh of size Az = x;,1 — x; 1 and we denote by At the time step

so that we define t"*! = t" + At. At time " we assume known a piecewise
constant approximation of the solution w. On the cell (z,_ e %) we denote

w = *(h?, h'u?) the constant approximation. We set

[
H'=h!+2z and X = Hln (2.8)

We now evolve this approximation at time t"*!. To address such an issue,
we enforce the acknowledgement of a finite volume scheme to approximate
the weak solutions of the homogeneous Saint-Venant model (i.e. z = cst) as
follows:

(whOMOYIHL — g ﬁt (ool wly) = fae(wly,w})), (2.9)
where fa, = '(fh,, fiu) : Q) x Q; — R? stands for the numerical flux func-
tion given by any approximation technique (for instance HLL and HLLC
schemes [31,51], relaxation schemes [8,16,17,42,35], VFRoe scheme [21,23,22]).
Of course, the function fa, is assumed to be consistent with the exact flux
function and it thus satisfies:

faz(w,w) = f(w) for all w € Q. (2.10)

As usual, in order to rule out some instabilities, the homogeneous scheme (2.9)



is endowed with a CFL like condition given by:

At W m
S max [Nl wly)| < 5, (211)

—_

where A\*(w!", w ;) denotes some numerical larger and smaller eigenvalues
associated to the definition of the numerical flux function fa,. In addition, we
here impose the homogeneous scheme (2.9) to be Q;-preserving; i.e. as long

as w" € O for all i € Z, we have (wlOMO)» ! ¢ )

Now, to derive a numerical approximation of (2.5), we modify the homoge-
neous scheme (2.9) to introduce the topography source term. The adopted
scheme is given by:
h?“ = h’zn - %(Xi—i—lfgx(win’ VVZ}H) - Xi—%fﬁ:c(win—lv Wzn))a

n n t u n n U n n
(hu)i ™t = () = o (X g FRAOVE W) = X fRROVE W)

g At
+ 55(’%%%‘% —hi_1z_1)
At hi_1+hi1
- 9@#(%% - Zze%)a
(2.12)
where we have set for all 7 in Z:
Hi+% =H(W, Wi,) with
— Hy, if fga:(WLa WR) > 07 (213>

HWp,Wg) =

Hpr elsewhere,

Xi+ :X(V[/zna VVin+1? h?a hzT'LJrl) with

=

_ X :hL 1f h W,W >O7 214
X(Wy, We,hp hg) =4 = * fRa(Wr, Wr) (2.14)

Xg =22 elsewhere,
R

and

hi—i—% :Hi-i-%Xi—i-% and Zi—l—%:Hi—i-%(l_Xi—i—%)' (2.15)
To conclude the presentation of the scheme, let us emphasize that it rewrites

in a very convenient form. Indeed, from a straightforward computation we
have:

(g = heoyiy) = (g + By (iey = 2g) = hiyy — By,
= z+%Xi+%Hi—%(1_Xi—%>_Hi—%Xi—%Hi"'%(l Xi-&-%)a
= H_ 1 Hip 1 (X1 — X 1),



such that we obtain the following reformulation of (2.12):

with = w — E(XH%JCM(WZ‘ W) — Xzé%fA:AWifla wi'))

2Ax Hi—%Hi—l-%(Xi—l-l - X; 1)

Form now on, let us underline the role played by the location of the bottom.
Indeed, as soon as the topography is flat, i.e. z(x) = 2y, the usual schemes
(for instance, see [12,14,24,48,49]) no longer involve z since the discretization
of the topography source term ghd,z vanishes. Here, the bottom location z
formally introduces some additional viscosity. For such a specific case, the
scheme (2.16) rewrites:

w; = w; Ar hH_% 1z Az ERAE SN hl_% Tz Az i—1s YVq
At 0
+one
o ZO(hH% - hi-%)

(2.17)
By enforcing zg = 0, we recover the initial homogeneous scheme (2.9). Nev-
ertheless, for 2y > 0 the resulting scheme stays consistent with the expected
shallow-water homogeneous system but for additional viscosity when com-
pared to (2.9). The numerical experiments, performed below, will exhibit the
efficiency of the scheme and will numerically prove that the bottom location
2o does not degrade the accuracy of the approximation.

3 Main properties

In this section, we establish the main properties satisfied by the scheme (2.12)
or equivalently (2.16). These properties are summarized within the following
statements.

Theorem 1 Let (w?)cz belongs to Q. Assume the updated states given by

(2

the scheme (2.13)-(2.16). Then the following properties hold:

(i) Well-balancing
Assume u}! =0 and h +z; = H for alli € Z, where H is a positive given
constant. As soon as the numerical flux function satisfies the consistency
condition (2.10), the steady state at rest is preserved and we have for all



1 n L:
u*' =0 and KM+ 2 = H.
(1i) Robustness property
Assume the associated homogeneous scheme (2.9) is Qi -preserving. As-
sume that the CFL condition (2.11) holds for all states (W]*),cz as fol-
lows:

At

1
+
m < .
QZL‘ zeaXM ( i z+1>| 2 (3 1)

supplemented by the following CFL like restriction (see [37]):

At n n n n
A (max(0, fA, (W, W) — min(0, fA, (W, W) < HY, (32)
then h*t >0 for all i in Z.

Let us recall that the usual numerical flux functions (for instance HLL and
HLLC schemes [31,51], relaxation schemes [8,16,17,42,35]) satisfy the assump-
tions stated in the above result.

Moreover, to establish the robustness of the derived method, we need the
positiveness of the free surface. As a consequence, at this level, the reference
bottom 2y must be suitably chosen to enforce H* > 0 for all ¢ in Z and n € N.
For instance, for any give topography function Z we can adopt a positive
value of zg to ensure the required robustness property. The reader is refered to
Section 6.1 where the numerical influence of the reference bottom is presented
and several choices of z; are tested.

Proof. To establish (i), we assume that u] = 0 and Al + z; = H. As a
consequence, we have W = (H,0) for all i € Z. Since the numerical flux

function fa, is consistent, we get:

0
fA»T(W H—l) QHQ )
2
to immediately deduce:
hn+1 — hn
At g g At
n+l __ 2
(hu)i™ = Aa:QH (X +1 = X, )+ DN ;HH%(XH% - Xif%)'

By definition of HZJr , given by (2.13), we have Hi+% = H and then we obtain

(hu)?* =0 to write ult = 0.

Next, we turn to establish the robustness property. To address such an issue,
we follow the arguments introduced by Larrouturrou [37]. Since X, 1 is given



by (2.14), we get the following identity:

Xi+%fﬁz<win7 Wit,) =
1 n n n 1 n n n n
§(Xi + X7 ) fR (W W) — 2(X2+1 XA (W W
This relation is plugged into the updated water height (2.12) to write:
Rt = aX! + (H™ —a— B)X! + BX1, (3.3)

where we have set:

1 At
T (PR (W W) PR (W W) ) (3.4)
1
5= 5 (IR OV W) + L0V W), (35)
A
AP = 1Y = (R OV W) — SOV W) (36)

We easily note that @ > 0, 5 > 0. Moreover, since we have enforced H]* > 0
for all i € Z, we thus get W} € ; for all i € Z. Now, under the CFL condition
(3.1), the homogeneous scheme is §2;-preserving and then we have H"™' > 0.

By definition, we have X* > 0 for all ¢ in Z. As a consequence, the required
positiveness of h?™ will be established as soon as vy = ﬁf“ —a — ( will be
proved non-negative. It suffices to evaluate v according to the sign of both
SR (W W) and fA, (W, WP,) to obtain v > 0 if the additional CFL like
condition (3.2) holds. The proof is thus achieved. O

To conclude these proofs of robustness properties, let us remark that A+
satisfies an additional maximum principle given as follows:
0<hrtt <A forallicZ, (3.7)

where H'"™ is defined by (3.6). Indeed, from the relation (3.3) with ™ > 0,
we can write:

1 Frn+l
h?+ _ a X" +H;L+ _Oé_ﬁxn_'_ B el
f{inJrl — Hn+1 i—1 I{I?+1 % F[inJrl i+1
n+1
to obtain IZ"“ as a convex combination of X', X" and X[ ; which belong

to [0, 1] and (3.7) is established.



4 Second-order MUSCL extensions

To improve the order of accuracy of the scheme (2.16), we suggest to consider
the MUSCL approach [38] (see also [4-6,8,47,36] for related studies) where
the numerical flux function fa,, initially evaluated with constant cell-centered
values, is now computed from limited reconstructed states on each side of the
interface.

Over the cell (%—77 Titl 1), we here propose the following reconstruction:

hi(x) = hif + (x — 2)s7,
(hu)j(x) = hifuf + (& — ;)"
H"(x) = H' + (z — x;)s,

K3 K3

where s$ denotes any given limited slope for the variable « (for instance a min-
mod procedure, see [41,51] to several choices). The reconstruction is assumed
to be robust:

hi(z) 20 and  Hi(z) >0 forallze (z;_1,z,,1),
and constant preserving
S? =0 if ;1 = O = g1

On each side of an interface x,, 1, we define the inner approximation as follows:
2

Wt — h?(mwé) and W' — h?ﬂ(mw%)
= i+l =

(h“)?(%ﬂr%) (hu>?+1($i+%)

In addition, we set:

where H"* = H(x,.1).

For the sake of clarity in the notations, let us define:

HM*
(Hu)"™*

wnE =

)

Once defined the reconstruction, we have to derive the MUSCL scheme. Ar-
guing [5,8,41], let us recall that the MUSCL schemes based on conservative

10



variable reconstructions is nothing but the following average:

wln—i-l _ ; (’LU?—H’_ + w;b-i—l,-i-) ’ (4‘1)

+1,-

where w;' is the first-order updated state on the half-cell (z,_ 1 ,x;), for

WT, Wb~ and W at time ", defined by:

7

At
n+l,— _  n,— n,— n,4+ n,— 1n,+ n,— n,+
wf ™ = T = ms (RO W R ) fan (W, W)=
RO W R ) (W, W)
g At 0

T oA | HWEL, W) HW W T)x ’
(X(mn7_7 Win7+’ h?_v h?ﬁ_) - X(Wzri—li_v VVin’_7 h?—7—"1_7 h?_))
(4.2)
with H(Wy, Wg) and X (Wp, Wg, hy, hr) given by (2.13) and (2.14). Similarly,
w™t is the first-order updated state on the half-cell (xi,xiJr%), for W™,

K3 K3

W and W/ at time ¢", defined by:

n+1, n, v n, n,— 1mn, n,— n, n,—
wi T = wt — Az /2 (X(Wz W BT R fae (W W) —

X(Win’_> ‘/Vinﬁ_’ h?7_7 h?y—k)fo(Win,_a Win7+))

g At - e - nq
+§AZL‘ H(Wz Wi H (W vVVih)X_
(X (W W R hT) — X (W W R hET))

)

(4.3)
After a straightforward computation, the resulting MUSCL scheme reads:
p » At g n,+ n,— % n,+ n,—
wpT =W — —— (Xi-i—lfA:v(Wz‘ WD) = X1 fas (W, W ))
O ) (4.4)
gAt ( o ) :
2 Az (HiHi—é Xi—X; 1)+ HiH; 2 (X1 — Xi)) ;

where we have set:
Xi X(I/Vz’n’i: Win,Jr? h?ﬁ? h?’Jr)’ it
H, = HW"", Wi,

X(Win’Jra Wﬁ-’zv h:}ﬂr’ h?—{’—il)a
H(M/vin7+’ 7:11_)

This second-order accurate scheme preserves the properties stated Theorem 1.

Theorem 2 Let (w?)cz belongs to Q. Assume the updated states given by

(2

the MUSCL scheme (2.13)-(2.14)-(4.4). Then the following properties hold:

(1) Well-balancing

11



As soon as the numerical flux function satisfies the consistency condition
(2.10), the steady state at rest is preserved.

(i1) Robustness property
Assume the associated homogeneous scheme (2.9) is Qy-preserving. As-
sume that the CFL condition (2.11) holds for the reconstructed states as
follows:

At e tom n n,—
A, Thax (])\i(WZ- LWL W W )|> <

T i€Z

(4.5)

A~ =

supplemented by the following CFL like restriction:

At n n— . n— 1rrn n
E (maX(O, sz(VVz 7+7 Wz—iil )) - mln(07 fﬁ:p(vvz ’ 7VVZ' 7+))) S Hz ’+7
At

0 (max(0, £, (W™ W) = min(0, f4,(W2T, W) < B

(4.6)
then hI™t >0 for all i in Z.

Proof. Concerning the well-balance property, we assume u]' = 0 and h'+z; =
H for all i € Z. By definition of the reconstruction procedure, we immediately
have:

(hu)* =0 and H* =H,

to deduce (Hu)!"® = 0 for all 4 in Z. Then we have W;"* = *(H,0) for all
i € Z and w!"™, defined by (4.4), now reads:

At | 0 . 0
n+l _ ,n __ —" _
Wi =W Az it+g 12 Xi_é H2
Pl 97
g At 0
280 \ H2(X, - X)) + HY(X,yy - X))
n+1

to get w;'" = w!' and the required well-balance property is established.

Next, we prove that the scheme (4.4) is non-negative preserving. Since the
updated state w?™ satisfies (4.1), the property (i) holds as soon as both
half-updated water heights A" and h*"~ are established non-negative.
We focus on h?H’J“, the proof for h?“’* remains similar.

We note that w]t"* is given by the 3-points first-order scheme (2.16) involving
the three states w"~, w"" and w[;7. Since these three states belong to €,
by applying property (ii) Theorem 1, we immediately deduce that h?+1’+ is

non-negative. The proof is thus completed. O

12



Fig. 1. Cell notations on unstructured meshes.

5 Hydrostatic upwind scheme for 2D unstructured meshes

In this section, we propose to extend the 1D scheme (2.16) in order to consider
2D unstructured meshes. Arguing the same approach than above, the system

(1.1) is rewriten involving the free surface H = h+ z and the fraction of water
X = h/H as follows:

Oh + 0, XHu + 0,XHv =0,
Ouhu + 0, (X (Hu? + $H?) — $hz) + 0,X Huv + ghd,z = 0, (5.1)
Ohv + 0, X Huv + 0, (X (HU2 + %H2> — ghz) + ghdyz = 0.

To simplify the notations, we set

h H hu hv
w=|hul|l, W=|Hul, folw)=]hu?+ %hz , Jy(w) = huv
hv Hv huv hu? + £h?

The system (5.1) thus reads equivalently:

0
—32V(hz) + ghVz

Oy + By (X fo(W)) + 8, (X f,(W) + 0. (52

In order to discretize this system, the 2D domain is meshed with a set of cells
(€2;)iez. For each Q;, we denote v(7) the set of indexes j such that ; is a
neighbor cell. For two neighbor cells €2; and €2;, we denote ¢;; the interface
and n;; = (n;, nf;) the unit vector normal to the interface ¢;; and pointing

from 2; to €2; (see figure 1).

Since it will be useful later on, from now on we introduce the triangle 7;; made
of the interface ¢;; and the center of €2;.

On each cell Q;, we denote w!" = *(h}, h'ul', h'v}') a constant approximation

R Bl AP A
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of the exact solution at time t". This approximate state is evolved at time
t" + At by considering a finite volume scheme.

As soon as the topography is flat, z = cst, we assume known a finite volume
method over the considered mesh to approximate the weak solutions of the
homogeneous 2D Saint-Venant model which reads as follows:

(whome) = wf — > glo(wi, wi ny), (5.3)

| | jev(i)
where ¢(wr, wg,n) stands for the 2D numerical flux function. As usual, ¢ =
L(ph, ¢, ¢") can be derived from the 1D scheme (2.9) arguing some rotational
invariance properties (for instance, see [5,25]). Of course, distinct approaches

can be considered to derive 2D scheme in the form (5.3).

We impose the numerical flux to be consistent:

¢(w,w,n) = (fo(w) fy(w))-n. (5.4)

Before we derive the scheme with non-flat topography, let us recall the follow-
ing statement (for instance, see [5]) since it will be useful in the sequel:

Lemma 3 The finite volume scheme (5.3) reads as a convex combination of
1D schemes stated at each interface {;; direction:

omo\n | | ~nNn
(wh )z +1 Z | | wijJrlv (55>
jev(i)
where we have set
= w) = w 16l (ol wfng) - oululng)) . (56)

We skip the proof of this easy result which directly comes from the following
discrete Green formula:

Z il p(wi', wi', mij) = 0.

jev(i)

With some benefits, we argue the above decomposition of the 2D finite volume
scheme to substitute the homogeneous 1D scheme (5.6) by the modification
coming from (2.12) to discretize the topography source term. As a conse-

14



quence, we suggest the following formula:

In n At n n n n
hin =h; — ’Tw‘ MU’(le¢h(W W s Mij) — Xu¢h(W Wi, nij)),
h~ ntl _(ha\? /¢ hu Wn Wn ~ hu W™ W™ s
(hu)ii™ =(hu)} — T, || z]’( Xijo™( i) — X (W, @'7nm))
ij
g At t hzz + hz]
|€z ’(hz Zij huzzz) A ‘gl | (Zi' - Zii)”iz';
2 |Tw| ST |sz’ ! ¢ J
(HU)%H =(hv)}" — T, ||€w| ( Xijo" (W, wi nzy) ii¢hv(mn7Winanij)>
ij
g At hii + hij
+ = M@ |<hz Zij hnzm)ny |‘€z | (Zi' - Zu)”?a
2 [ ol 2 ozl = znl
where we have set
X = X(Wn W”,h?,h?,nij) and Hz’j = H(Wi”,WJ”,nij), (57)
hl] = HZ]XZJ and Zij = HZ](l — Xij)a (58)

with

) Hy,  if ¢"(Wy, Wg,n) > 0,
AW, Wron)={ = ¢ (We, Wg,n) (5.9)
Hyr  otherwise,

_ X, =t if "Wy, Wg,n) > 0,
X(Wp,Wg,hy,hg,n) = - IZL ™ _L 7o) (5.10)
Xgp = H—’; otherwise.

From (5.5), the updated state at time t"*! reads:

n n A n n
wi+1:wi 1] Z MU|XU¢(W W nw)

jev(i)

L9 At 0
2 | Z |£’L]|
jEV hl-jzl-jnij

| 0
1.7 .
il ;&0 Rathis (i — i)

By involving a straightforward computation, we obviously obtain the following
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sequence of equalities:

Y gl (hijzig = (hii + hig) (zi — 2a))nig = D | (hagzi — haizig)nag,

jev(i) jev(i)
= > |l|(Hij X Hiy (1 — X5) — Hy X5 Hig (1 — X35))nag,
jev(i)
= > || HiHij(Xij — Xii)ni.
jev(i)

Hence, we deduce the useful and non-expensive formulation of the 2D scheme
for varying topography:

At
with = 1, > 161X e (W Wi )
1‘;’@(2’)
(5.11)
LB S !
2| ! K

jev(i) HiiHij(Xij - Xii)nij

To conclude the derivation of the 2D scheme on unstructured meshes, we
establish both well-balanced and non-negative preserving properties.

Theorem 4 Let (w?);cz belongs to Qy. Assume the updated states given by
the scheme (5.11). Then the following properties hold:

(1) Well-balancing
As soon as the numerical fluz function satisfies the consistency condition
(5.4), the steady state at rest is preserved.

(11) Robustness property
Assume the associated homogeneous scheme (5.3) is Qg-preserving. As-
sume that the following 2D CFL condition holds:

—_

At  max |”|])\i(Wi”,W]ﬂ)|§

5.12
€7, jev(i |ﬂj| ( )

57

supplemented by the following CFL like restriction:

Arltl (max(0, " (W), W}, niz)) — min(0, 6" (W7, W', nyy))) < HY,

T
(5.13)
then ™ >0 for all i in Z.

Once again we emphasize that the usual numerical flux functions (for instance
HLL, HLLC, relaxation schemes) satisfy the assumptions imposed in this re-
sult.

Proof. We assume that u] = v} = 0 and A} + 2z, = H!' = H, where H is
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a given constant. As a consequence, we have W = *(H,0) for all i € Z and
H;; = H for all (i,j) € Z x ({i} Uwr(i)). Next, by involving the consistency
property, we get:

H? [0
¢(W W7 TL) = 97 )
n
to write (5.11) as follows:
n+1 n 0
Wi =W — |7 Z |01 X5 )
Jjev(d) S 17Ny
At 0
+3 ] )
T\ X jev 10| HA (X5 — Xig)ni
=w.

(2

Hence, the scheme is well-balanced since we have H"** = h'™ 4 2, = H and
(hu)7le1 (hv)? = 0.

Now, we turn considering the non-negativeness of h?*'. To address such an
issue, we consider the formulation (5.5)-(5.6) of the 2D finite volume scheme
(5.11). As a consequence, the proof is achieved as soon as we establish h?jﬂ >0
where

At

potl — pn
17 7
T3

y'%|<Xm¢h<W” W nij) — Xuud (W7, WP, i),

Similarly to the 1D case, arguing the definition of X;; given by (5.7)-(5.10),
the above intermediate water height rewrites:

In+1 n rrn+1 n
hij+ = aX; +(Hij+ —a—B)X{" + BX]

where
1 At o R
o= 2 |E] ’€ZJ| ( (W W nzg) + |§b (W W TL”)D 2 07
ﬁ_2|j—v”|1]|<_¢< i ,nz])+|¢( i ],TLZ])D_ ,
H"+1 H - w”| ((bh(Wn Wi ni;) — ¢h(m/inaWina”ij)) :

Z !Tm
Involving the CFL condition (5.12) and (5.13), we immediately obtain ﬁg}“ -

a — 3 > 0 which implies h"Jrl > 0. As a consequence, we deduce k! is non-
negative and the proof is completed. a
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6 Numerical experiments

The present section is devoted to present several numerical experiments in
order to illustrate the interest of the proposed hydrostatic upwind scheme.
First, we perform 1D simulations to validate the scheme and exhibit its main
properties. Next, 2D approximations are made on unstructured meshes to
simulate experiments of physical interest. The numerical tests are performed
by involving numerical flux function given by the HLLC scheme [52] and the
VFRoe method [21,23,22]. The HLLC is known to satisfy all the assumptions
required in Theorem 1, 2 and 4. Concerning the VFRoe flux function, after [7],
a relevant CFL condition can be exhibited to satisfy the expected robustness
properties.

T T T T T T 25 T T T T
2 -, 7

™, — exact solution 1 — exact solution 7
--—- hwith topography origin Z=0.01 --- uwith topography origin Z=0.01| // W
~~ hwith topography origin Z=0.1 ~~ uwithtopography originz=01 | /// j B
----hwith topography origin Z=10 b ---- uwith topography origin Z=10 /',” i

18

16
14
12
1

08—

06—

4 . | . | . | . | .
045 02 04 06 08 1

Fig. 2. First-order wet dam-break.

6.1 Dam-break approximations

To validate the suggested scheme, we propose to simulate a dam break on wet
area. The grid is made of 200 cells and the adopted numerical flux function is
given by the well-known HLLC scheme (see [52]). The initial data is given as
follows:

2 if v <0,
h(z,0) = and  wu(z,0)=0.
1/2  ifx >0,

It is essential to recall that our procedure depends on the choice of the bottom
origin (see (2.17)). As a consequence, we here show the numerical results ob-
tained by considering several choices of this origin of topography; respectively
zo = 0.01, zg = 0.1 and zy = 10. Figure 2 concerns the first-order numerical
approximations. We note good agreement with the exact solution for all bot-
tom origins despite an increasing of the numerical viscosity as the adopted
origin grows.

Figure 3 is devoted to exhibit the behavior of the method when adopting a
second-order MUSCL reconstruction with a standard minmod inner recon-
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Fig. 3. Second-order wet dam-break.
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Fig. 4. Wet dam-break with a time variable topography origin.
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Fig. 5. First and second-order dam-break on dry area: water height.

struction. As expected we obtain more accurate approximate solution. Once
again, we remark that the topography does not affect the consistency of the
method.

From now on, let us underline that the choice of the topography origin can
be made locally in time. To assert this remark, we propose to define the
topography origin as a function of time as follows:

) t
2p(t) = sin (27TW> ,

and to consider the above dam-break. The obtain result (first- and second-
order) are displayed figure 4. Once again, we do not remark some influence of
the choice of zg.
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We complete these dam-break simulations by performing a dam-break over dry
area. Once again we choose a topography origin given by zy = 0.01, 2y = 0.1
and zg = 10. In Figure 5, we present the water height obtained with first and
second-order hydrostatic upwind scheme. The approximations stay in good
agreement with the exact solution and the role played by the topography
origin remains negligible.

T j T j j 155 T T T T

— reference [ — reference
En ey N 1585 o—o HLLC scheme N
o HLLC sheme r =—s VFRoe scheme
o FRoe scheme o—o Hydrostatic reconstruction
¢ Hydrostatic reconstruction 154 -

0 . | . | . | . | . y . |
0 5 10 15 20 25 . 510 5

15 20 25

Fig. 6. Trasnscritical flow without shock: comparison between first-order hydrostatic
upwind with HLLC and VFRoe numerical flux function and first-order well-known
hydrostatic reconstruction with HLLC numerical flux function (left: water height,
right: discharge).

T T T 1535 T — T T

— reference

1 — topography

© HLLC scheme

= VFRoescheme

o hydrostatic reconstruction
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Fig. 7. Trasnscritical flow without shock: comparison between second-order hydro-
static upwind with HLLC and VFRoe numerical flux function and second-order
well-known hydrostatic reconstruction with HLLC numerical flux function (left:
water height, right: discharge).

6.2 Subcritical and transcritical flow over a bump

We turn to consider the flow over a bump as introduced in [27,28]. The domain
is [0,25] and the topography admits a bump as follows:

0.3 —0.05(x — 10)2 if 8 <z <12,
z(x) =
0.1 otherwise.

Form now on, let us note that we have fixed the topography origin by 2y = 0.1.
The mesh is made of 200 cells. With some benefit, we use these benchmarks
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Cells | Hydrostatic upwind | Hydrostatic reconstruction
L'-error L2-error L'-error L?-error
128 | 5.0150E-2 | 1.0970E-3 | 3.8790E-2 6.0654E-4
256 | 2.4783E-2 | 2.7635E-4 | 1.8246E-2 1.4177E-4
512 | 1.2311E-2 | 6.9202E-5 | 8.8773E-3 3.4424E-5
1024 | 6.1333E-3 | 1.7315E-5 | 4.3800E-3 8.5075E-6
2048 | 3.0608E-3 | 4.3363E-6 | 2.1765E-3 2.1252E-6

Table 1
Discharge error for the first-order approximation of the transcritical flow without
shock.

to evaluate the influence of the numerical flux function. We will consider the
HLLC and VFRoe flux functions.

The first test concerns a transcritical flow without shock. To perform this
numerical experiment, the initial data is given by:

h(z,0) + z(x) =0.66 and h(z,0)u(x,0)=0.
The boundary conditions are h(0,t)u(0,t) = 1.53 and h(25,t) = 0.66. In fig-
ure 6, we present the results obtained by considering the first-order suggested

hydrostatic upwind with both HLLC and VFRoe numerical flux functions and
the first-order hydrostatic reconstruction with HLLC numerical flux functions.

We note a very good agreement with the exact solution. Concerning the dis-
charge, which should be constant in this test, we note that the numerical flux
function does not affect the behavior of the numerical approximation.

Similarly, figure 7 shows second-order accurate approximations. We note that
the discharge approximation is clearly better. In the tables 1 and 2, we give
the discharge errors.

The second test is devoted to a transcritical low with a shock. The initial
data is now fixed as follows:

h(z,0)+ z2(x) =033 and h(z,0)u(x,0) =0,

while the boundary conditions are given by A(0,¢)u(0,t) = 0.18 and h(25,t) =
0.33. In figure 8, we present the results obtained by considering a first-order
hydrostatic upwind with both HLLC and VFRoe numerical flux functions
and first-order classical hydrostatic reconstruction with HLLC numerical flux
functions.

In the tables 3 and 4, we give the discharge errors.
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Cells | Hydrostatic upwind | Hydrostatic reconstruction

L'-error L%-error L'-error L2-error

128 | 6.5096E-3 | 5.0379E-5 | 8.6804E-3 3.6090E-5

256 | 3.3271E-3 | 6.8732E-6 | 2.3566E-3 3.5530E-6

512 | 1.1855E-3 | 7.7995E-7 | 6.3573E-4 3.8020E-7

1024 | 4.2468E-4 | 1.4760E-7 | 2.0375E-4 5.4210E-8

2048 | 1.1162E-4 | 3.6429E-8 | 6.3717E-5 1.2427E-8

Table 2
Discharge error for the second-order approximation of the transcritical flow without
shock.
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Fig. 8. Trasnscritical flow with shock: comparison between first-order hydrostatic
upwind with HLLC and VFRoe numerical flux function and first-order hydrostatic
reconstruction with HLLC numerical flux function (left: water height, right: dis-
charge).
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Fig. 9. Trasnscritical flow with shock: comparison between second-order proposed
hydrostatic upwind with HLLC and VFRoe numerical flux function and sec-
ond-order classical hydrostatic reconstruction with HLLC numerical flux function
(left: water height, right: discharge).

In the last test, we simulate a subcritical flow over the bump. To address such
an issue, we consider the following initial data:

h(z,0) + z(x) =2 and  h(z,0)u(z,0) = 0.

We have h(0,t)u(0,t) = 4.42 and h(25,t) = 2 as boundary conditions. In fig-
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with

Cells | Hydrostatic upwind | Hydrostatic reconstruction
L'-error L2-error L'-error L?-error
128 | 3.6971E-2 | 4.8146E-4 | 3.1715E-2 5.0701E-4
256 | 2.0810E-2 | 2.0047E-4 | 1.8190E-2 2.2270E-4
512 | 1.2505E-2 | 8.6188E-5 | 1.1277E-2 9.9696E-5
1024 | 8.3797E-3 | 4.2292E-5 | 7.7002E-3 4.8074E-5
2048 | 6.2847E-3 | 2.0594E-5 | 5.9886E-3 2.3733E-5
Table 3
Discharge error for the first-order approximation of the transcritical flow with shock.
Cells Hydrostatic upwind Hydrostatic reconstruction
L'-error L2-error L'-error L?-error
128 | L1 1.7241E-2 | 3.9508E-4 | 1.7238E-2 2.9985E-4
256 7.6751E-3 7.3352E-5 | 8.6884E-3 6.1706E-5
512 6.6427E-3 7.6694E-5 | 6.5501E-3 6.1101E-5
1024 5.0403E-3 2.0213E-5 | 5.2237E-3 1.6692E-5
2048 4.8286E-3 1.9016E-5 | 4.8530E-3 1.7486E-5
Table 4
Discharge error for the second-order approximation of the transcritical flow
shock.
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Fig. 10. Subcritical flow: comparison between first-order hydrostatic upwind with
HLLC and VFRoe numerical flux function and first-order usual hydrostatic recon-
struction with HLLC numerical flux function (left: water height, right: discharge).

ures 10 and 11, we present the results obtained by considering both first and
second-order hydrostatic upwind with both HLLC and VFRoe numerical flux
functions and both first and second-order well-known hydrostatic reconstruc-
tion with HLLC numerical flux functions.

Once again, we note a fairly good agreement between approximate solutions
and exact solutions. This is confirmed by the tables 5 and 6 concerning the
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Fig. 11. Subcritical flow: comparison between second-order presented hydrostatic
upwind with HLLC and VFRoe numerical flux function and second-order usual
hydrostatic reconstruction with HLLC numerical flux function (left: water height,

right: discharge).

Cells | Hydrostatic upwind | Hydrostatic reconstruction
L'-error L?-error L'-error L?-error
128 | 9.8131E-2 | 2.9477E-3 | 9.3391E-2 2.8403E-3
256 | 4.8934E-2 | 7.3867E-4 | 4.6436E-2 7.1341E-4
512 | 2.4444E-2 | 1.8714E-4 | 2.3248E-2 1.8072E-4
1024 | 1.2238E-2 | 4.7173E-5 | 1.1667E-2 4.5581E-5
2048 | 6.1438E-3 | 1.1809E-5 | 5.8706E-3 1.1436E-5

Table 5

Discharge error for the first-order approximation of the subcritical flow.

Cells | Hydrostatic upwind | Hydrostatic reconstruction
L'-error L?-error L'-error L?-error
128 | 1.6926E-2 | 1.4799E-4 | 1.5134E-2 8.2362E-5
256 | 4.3830E-3 | 1.6440E-5 | 4.0907E-3 9.2650E-6
512 | 1.1464E-3 | 2.0479E-6 | 1.1275E-3 1.1523E-6
1024 | 3.4185E-4 | 3.7613E-7 | 3.4257E-4 1.8247E-7
2048 | 1.3401E-4 | 8.6144E-8 | 1.3857E-4 3.4296E-8

Table 6

Discharge error for the second-order approximation of the transcritical flow.

discharge errors.
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Fig. 12. Streaming simulation by well-known hydrostatic reconstruction with
first-order HLLC numerical flux function.

0.02

T T T T
00025 0. i
8% slope i (o) OO 8%slope
\ ---- 10% slope \\ o, -8 10% slope
i -~ 15% slope L \g\ (o) &< 15% slope
0.0154Y --- 18%slope * =N o. %X 18% slope
i Y B Q °
{ 0002 % P a._ © -
i x. & |, ©
x. O o
001 i xS, By Tog
i o Os Bg__ %o
% VAN g ol
% G- =8 0.0
% Xox O ﬂ“BnE, e
% 00015 Hos Do g
e O T-g
0,005 - XX 5T
X O
e IS 2‘
0 . | . | . | . | . 00011 |
0 2

L L
4 6 8 10 4 6

Fig. 13. Streaming simulation by the derived hydrostatic upwind with first-order
HLLC numerical flux function and a topography origin fixed to zo = 0.1.

6.3 Streaming failure

We here examine the problem of the streaming over a bottom made of a
constant slope. The domain is [0, 25] and we just impose an imput data given
by
h(0,t) =0.02m and (hu)(0,t) = 0.0025 m?/s.

By increasing the slope of the topography, we expect that the water height in
the domain decreases. This benchmark was introduced by Delestre in [18] to
exhibit a failure of the classical hydrostatic reconstruction. Indeed, considering
a coarse mesh, here made of 50 cells, the hydrostatic reconstruction technique
is not able to restore the suitable water height behavior. In figure 12, we
present the numerical results obtained when the topography slope varies from
8% to 18%. We note that the water height increases for slopes from 8% to
10%. Next, we obtain the same results for slope from 10% to 18%. This shows
that the hydrostatic reconstruction fails to simulate such streaming behavior.

Let us underline that this hydrostatic reconstruction failure seems to be cor-

rected by considering small enough Ax or by involving second-order extensions
(see [18]).

Now, figure 13, we have the numerical results obtained by the presented hy-
drostatic upwind scheme. The expected behavior of h is obtained with the
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6.4 Discontinuous topography with resonant regime

regime with multiple solutions (left:

We consider resonant regimes coming from a discontinuous topography. The
associated Riemann problem was studied in [39,40] where exact solutions are
proposed. Let us recall that resonant regime may involve unique or multiple
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solutions. The first simulation is given by the following Riemann initial data:

1 if < 0.5, 3 it © < 0.5,
h(z,0) = and u(z,0) =
1.2 otherwise, 0.1  otherwise,

while the discontinuous topography is defined as follows:

1.1 ifz <0.5,
z(x) =

1 otherwise.

In figure 14 we present the numerical results obtained with both hydrostatic
reconstruction and hydrostatic upwind approaches with first and second-order.
Here, we have considered 200 cells and we note a very good comparison with
the exact solution.

The second resonant test concerns a more difficult experiment presented in
[40] where a standard Godunov scheme cannot restore the required solution.
The topography stays the same:

1.1 ifz <0.5,
2(x) =
1 otherwise.
The initial data is now given by
1 if x < 0.5, 2 ifz <0.5,
h(z,0) = and  u(z,0) =
0.8  otherwise, 4 otherwise.

In figure 15 the numerical approximations obtained by both hydrostatic recon-
struction and upwind approaches are displayed. The adopted numerical flux
function is given by the HLLC procedure and we have considered a fine mesh
made of 800 cells. The general structure solution is fairly good captured by
both techniques and we obtain a good resolution of the composite wave. How-
ever and despite a fine mesh, the hydrostatic scheme presents some difficulties
to converge to the expected second intermediate state.

The last resonant simulation is devoted to the case of multiple solutions [40].
Such multiple solution problem is obtained by considering the following initial
data:

0.2 if 2 < 0.5, 5 if 2 < 0.5,
h(z,0) = u(z,0) =
0.75904946 otherwise, 1.3410741 otherwise.
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The discontinuous topography is defined as follows:

1 if z < 0.5,
z(z) =
1.2 otherwise.

Three distinct solutions satisfy the problem under consideration. The first one
is just the stationary solution made of the initial data for all time ¢ > 0. The
two other admissible solutions are made of three discontinuities; namely two
shock waves and a stationary contact discontinuity associated to the topogra-
phy discontinuity. Both exact solutions are presented in figure 16.

In order to focus on converged results, we fix mesh with 2000 cells. We note
that the usual hydrostatic reconstruction does not converge to one of the
exact solutions but stays near from the first exact solution. Reversely, the
hydrostatic upwind scheme is near from the second exact solution. In fact,
we remark that the obtained numerical result is relevant to approximate the
first two discontinuities while an error occurs to correctly capture the second
intermediate state.

— topography
— exact 3T

— exact 33T
— exact 36T
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= VFRoeflux
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Fig. 17. Thaker’s test: water height at time ¢t = 37, t = 3.37 and ¢t = 3.6T (left:
first-order, right: second-order).

6.5 Thacker’s test

The goal of this numerical experiment is to evaluate the scheme to restore
relevant dry/wet transition (see [50]). The computational domain is [—2, 2]
and the topography is given as follows:

1
z(x) = §(x2 —1).
The initial data is defined by u(z,0) = 0 and

1 . 1\2 e 3 _1
M) = 2T ETe) i <w< g,
0 otherwise.
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The analytical solution is T-periodic, with 7' = 7,/g. The exact water height
and velocity are given by

; (1 —(z+ ;cos(t\/§)2>

h(z,t) = if — ;cos(t\/ﬁ) —l<z< —; cos(t/g) + 1,
0 otherwise,

w(z,t) = TVgcos(ty/g) if —Lcos(ty/g) — 1 <z < —3%cos(ty/g) + 1,
0 otherwise.

The obtained numerical results are displayed figure 17. We note a small lost

of accuracy in time with the first-order schemes, it is corrected by the second-
order MUSCL extension.

60m

40m

[\

9.6m

90m

Fig. 18. Geometry of the canal with variable length.

6.6  Two-dimensional experiments

We here perform 2D numerical simulations on unstructured meshes. The first
test we consider (for instance, see [15]) concerns a channel with symmetric
complex geometry. The objective of this experiment is to approximate sophis-
ticated hydraulic jumps.

As presented figure 18, the channel length is 90m and it is 40m input length.
The length channel reduces and the output length is 29.6m. Here, we have
adopted an unstructured mesh made of 32811 nodes and 64923 triangles. The
input boundary condition is fixed as follows: the water height is 1m while the
velocity is 7.9ms~! in the normal direction to the boundary. In figure 19, we
show the obtained approximate water height at the stationary regime when
considering a flat bottom. We note that the sequence of shock waves are well-
captured.
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Fig. 19. Water height into a canal with variable geometry for a flat bottom (2D and
3D views).

Next, we consider a non-flat bottom by introducing a bump. The topography
is thus defined as follows:

1 3 (x —30)% + (y — 20)?
Z(x’y)_l_0+§<1_ = >+.

As presented in figure 20, the bump introduces a large perturbation in the
shock wave structure of the solution. In addition, since the bump is larger
than the water height, we note a very good behavior of the 2D scheme when
approximating wet/dry transitions.

The last performed 2D simulation is devoted to a dam-break perturbed by a
large bump. Here, the geometry is a rectangle with 1m and 5m length. We
adopt an unstructured mesh made of 40022 nodes and 79132 triangles. The
topography is flat with a bump as follows:

(z —5/2)* + (y — 1/2)2>
1/25 n

z(a:,y):i-l—%(l—

10 2
We consider a dam-break involving a wet/dry transition. The dam is located

at x = 0.7 and the initial rest water height is 1.9m. The obtained simulation
is presented in figure 21.
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Fig. 20. Water height into a canal with variable geometry for a non flat bottom (2D
and 3D views).

7 Conclusion

From a conservative finite volume scheme to approximate the weak solutions
of the homogeneous shallow-water equations, we have derived a systematic
procedure to deal with non-flat topography. This approach is very easy to
be implemented, it is well-balanced and it is non-negative water preserving.
It is based on a suitable reformulation of the model where the flux function
arguments are nothing else the variables which characterized a steady state
at rest.

When compared to the well-known hydrostatic reconstruction, the proposed
hydrostatic upwind scheme is able to deal with large variations of the topog-
raphy on coarse meshes to make this procedure very efficient. In addition, the
derivation of second-order accurate extensions is natural and preserves all the
expected requirements.

From the 1D scheme, we have proposed a 2D extension on unstructured meshes
which preserves all the required robustness properties (well-balance and non-
negative bathymetry). In fact, we have shown that the 2D scheme rewrites
under an easy formulation which adds to the efficiency of the method. Indeed,
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t =0.0215

t = 0.0409 t = 0.0658

t =0.0871 t=0.126

t=0.184 t =0.210

t=0.222 t=0.242

Fig. 21. Water height during a dam-break over a non-flat bottom (3D views).

the suggested hydrostatic upwind scheme can be understood as an obvious
correction of any given finite volume scheme on a 2D unstructured mesh, in
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order to discretize the topography source term.

A lot of numerical experiments have been performed to validate and to illus-
trate the scheme. Moreover, when considering strong topography variations,
the derived hydrostatic upwind scheme produces suitable approximate solu-
tions with the expected behaviors while the well-known hydrostatic recon-
struction fails as long as the mesh size is not small enough.
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