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ABSTRACT. Wesuggest alinear filtering method
that involves preprocessing of data and postpro-
cessing of estimations. The main advantageof this
procedure is that it requires only ordinary linear
Kaman-Bucy filtering. The main disadvantage
is that it does not give the best estimation of the
data given the observation, since it is optimal for
anon-classical 1.2 criterion.

The problem of linear filtering with fractional Brownian
motion noise, in the signal and/or the observations has
already been solved on the one hand by Coutin and De-
creusefond [3, 4], and on the other hand by Kleptsyna,
Kloeden and Anh [6, 7]. However, it does not seem to
be very easy to determine explicitly the weight functions
and/or to solve the Fredholm/Volterraintegral equations.
This paper is an attempt to give a more explicit (humer-
ical) scheme (more understandable by a computer engi-
neer). The price to pay is that we do not have the best
estimation of the state of the system given the observa-
tions. The following archetypal example shall give more
insight into the machinery involved.

Assume that the state X of the system and the observa
tionsY" can be modelled as the solutionsof the linear sto-
chastic differential system

dX; = aXy dt + dWH
D

dY; = ¢X; dt + dBH

where WH | BH denote two independent Liouville frac-
tional Brownian motions of same Hurst parameter H. We
shall use the representation

s -

B0 = e = [ o

WH ) = I7+3 (W) () = /tﬂ dw, .

o T(H+1)

Accordingly, the natural definition of a solution of the

system (1) isto consider that X = I1-3 Xy = [H-3Y

where (X, Y") isthe solution of

(2) dXt = ClXt dt + th
dY; = ¢X; dt + dB;

where W, B are independent Brownian motions. Indeed,
we havethenY = ¢I'(X) + B, and thus
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I7=3(Y) = "= 3(B) + cI"+3(X)
= BY 4" (17 3(X)

The filtering process we propose can be decomposed as
inthe following diagram

Observations Y

‘ Fractional differentitltion (diffusiverep.) ‘
7
1
‘ Kaman-Bucy linear Filter‘
7
Estimation X of X = DF-% X
1

‘ Fractional integration (diffusiverep.) ‘

Estimation X () = [7=1/2(X)(t)

FIGURe 1. The Liouville fractionad
Brownian motion filter

We need to explain the term diffusive rep. (see section 1
and the general references [1, 5, 9, 8, 2]). Fractiona in-
tegration of order o € (0, 1) has the diffusive representa-
tion:

110 = (const) | ety de

where for & > 0, the function f; is the solution of the
linear ordinary differential equation

Oife = =Efe + 1.

This leads to the following iterative scheme — also called
memoryless or Markovian scheme —the ¢; denoting suit-
able coefficients and = afinite partition,

If(t) = eefe(t),

gem

Je(t+ At) = fe(t) = =€ L (1) + [ (1)

The aim of the rest of this paper is to give precise mean-
ing to each of the steps of the proposed filtering scheme.
We first recall what is the diffusive representation of the
fractional integration of a deterministic function. Then
we show how to apply thisto Liouville fractional Brow-
nian motion. We then show how to deal with the case of
different Hurst indexes in the signal and in the noise.
Eventually, we show that the proposed filter is optimal
with respect to anon classical {2 criterion.



1. DIFFUSIVE REPRESENTATIONS OF FRACTIONAL
INTEGRATION

Given o € (0,1) and alocally integrable function f on
R, thefractional integral of f is
t -1
(L= s5)”

3) IYf(t :/71’5 ds
@ 1= | e
Classic properties of fractional integrals may be found
in[10].
The diffusive representation of 7/ isbased on theidentity

1 Ooga—l ¢

- u ]
@ 5= et
Injecting thisrelation into (3) gives

1

I*f(t) :/0 dsm/;@g_%_g(t—s)ﬂs) dg

_ [T &
= | o o

with f¢ (t) = [;7e=¢(=%) f(s) ds solution of

Ofe = —Efe(t) + f(1).

Remark 1. It iseasy to see that Fubini's Theorem applies
if either f islocallyin L? for somep > 1, or f iscontin-
uous at 0.

Theterm diffusiverepresentation hasitsoriginin theequiv-
alent realization

I“f(t)z/mfbdx, b =026+66f,

(t>0).

(u>0,a>0).

where m is the image of the measure ;(d¢) = egé~* d¢
under thetransformationé — ¢ with¢ = 472¢? (we have
used the Fourier transformin the real variable ().

2. APPLICATION TO LIOUVILLE FRACTIONAL
BROWNIAN MOTION

From the introduction we can infer that we need a dif-
fusive representation of the operator A = /7-% and a
diffusive representation for its inverse A=!. This raises

the following questions:

1. How can we apply these integrodifferential oper-
ators to stochastic processes (and in particular to
Brownian motion) ?

2. Depending on wether H < 1/2 or not, either A, e-
ther A—! isnot afractional integral operator. What
isthe diffusiverepresentation of fractional differen-
tiation ?

We are going to answer these two questions simultane-
ously. The basic ingredient of our proof is the commuta-
tion relation

©)
=ity = I'f(t) = /0 f(s)ds (0<a<l),

which can be proved by combining Fubini's Theorem with
the identity valid for o« € (0, 1)

(6) t
/ 1 — )" dr = T(1 — a)[(a) = = —
0 sin(am)
We shall

1. definetheprocesses (AZ(t);t > 0)and (A='V (¢);t > 0)
wher Z isone of theprocesses I, B, X, Y (defined
in the introduction), and V' is one of the processes
X, Y, AW, AB.
2. EstablishtherdationA~'AZ = Z.
3. Exhibit diffusive representaitons for the processes
AZ and A1V,

2.1. Thecase0 < H < 3.

Sepl: definingAZ. FormalyAZ = [7-37 = [F+3(7).
This leads naturally to the definition

t(p_ gyH-1
™ Az() /0 %d&.

We first check that AZ iswell defined for Z a brownian

motion since s — (t — s) == isin L?(0,1). To define
X = AX and Y, we use the explicit expression

t
f(t:/ea“—s) dw, ,
0]

which shows that X; is a centered Gaussian random vari-

. . 2at
able with variance £-=1. Therefore
2a

E[/Ot(t—s)H_%

Sep 2 : the diffusive representation of AZ. We now in-
ject into (7) the identity (4). Fubini's Stochastic Theorem
yields then

)N(s ds] < 400

s = [ —E
70 = || W

where Z¢ (1) = [, e=€(*=%) dZ, isthe solution of the lin-
ear stochastic differential equation

dZE(t) = —fZg (t) dt + dZE(t) .
It is easy to check that Fubini's Stochastic Theorem ap-

pliessince
t
(/ e~ =) qwy,
0
R 1 1—6_2§t
dgemed (1) <o,
| =
and

00 t
/ de e~ H+D, [/ e—E(t=s) ds] -
0 0

0 1 t e2es _
/ d55—<H+5>(COn5t)/ e—w—s)(
0 0 2a

Sep 3¢ defining A=V, A=V = I3-HV isjust an
ordinary pathwise fractional integration:

/wd€5—<H+%>E

0

N
N}
[N L S
V=
(l

X

) ds < +o00.

tp — gy (H+3)
A_1V(t):/0 (tr()i-l—‘/(s)ds.

)

Fubini's Theorem shows that thisiswell defined for V' =
X, Y, AW, AB, and that we have the usua diffusive rep-
resentation (see section 1).



Sep 4 : checking that A='AZ = Z. Itis another appli-
cation of Fubini's Stochastic Theorem.

A_lAZ(t) = 1

rE—mrE+3) "

/Ot(t — 5)"(H+3) (/Os(s — )3 dZu) ds

1

MT(H + 1) 8

—

=

(

t t
( (t—s)_(H'i'%)(s—u)H_%ds)dZu
tu
:/dZu:Zt.

0

S~

2.2. Thecase% < H < 1. Thereis atotal symmetry

withthecase 0 < H < L. Now A = 7"~% can be
defined directly

AZ(t) = /th

I(H - 3)

(s)ds.

The inverse operator is now
ATV () = IRV (1) = PPV ()

t g
(t—s)}
= -~ dV(s).
[ ter=m e
Fubini's Stochastic Theorem entailsthat A ! has the dif-
fusive representation

gH—S/Z df

ATV = /0 T(3/2— H)T(H — 1) Velt).

Eventually we show, using the same commmutation rela
tion and Fubini's Stochastic Theorem, that A ~'AZ = Z.

3. DIFFERENT HURST INDEXES IN THE SIGNAL AND
THE OBSERVATION

Assume that the state X of the system and the observa
tionsY can be modelled as the solutionsof the linear sto-
chastic differential system

dX; = aX; dt + dWH
)

dY, = eX; dt + dBH
withW# and BE' Liouvillefractional Brownian motions
of respective indexes H # H'. We just need to replace,

in our model, the classical Kalman-Bucy linear filter with
the linear filter

(9) d}?t = Clj(;t dt + th

dY, = cAX (t) dt + dB;
withy = I#'-3y, X = 1H-3X, and the operator
AZ = I"-H' 7 defined, as seen in the preceding sec-
tions, by

10) I°Z(t) = /Ot ¢ _Fz;é_l Z(s)ds if1>a>0
11 I1°Z(t) = /Otr(t(;j)f) dZ(s) if0>a>—1

4. COMPARISON WITH THE OPTIMAL FILTER

In the classical optimal filter, we find for every time ¢ a
random variable X; which realizes thefollowing infimum

E[(X - x)?| = inf (E[(Z - X)*] : Z € L*0)} |

where ); isthe sigma-field generated by (Y, s < ¢) (the
information contained in the observations up to time .
Inour non-classical filter, we find aprocess (Xt)tZO which
isoptimal inthe followingsense : forany ¢ > 0,

E[(AT'X)() — (AT )?] =
inf {E[(Z — (A™'X)(®))?] : Z € L* (W)},
where A denotes the operator 77-1/2,
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