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Problem and objectives

Numerical simulation of plasmas

Different scales (Knudsen number ¢) = different models.

@ Kinetic model:

@ particles represented by a distribution function f (x, v, t),
@ Vlasov equation (with source term S (¢))

8tf+v-8xf+%(E+v/\B)-8\,f:5(8)

coupled to Maxwell equations or Poisson equation, (E electric
field, B magnetic field, x position, v velocity, t time, g charge of particles,
m masse of particles)

@ in 3D = 7 variables: 3 in space, 3 in velocity and the time
= heavy computations.
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Problem and objectives

@ Fluid model:

s moment equations on physical quantities linked to f (density,
mean velocity, temperature, etc.),
@ smaller cost, but less precision.

@ If two scales in the same simulation: two schemes with an
interface? Difficult to deal with the interface!

1st obj. Construct an accurate but not too costly scheme.

2nd obj. Construct an asymptotic-preserving* (AP) scheme.

*S. Jin, SIAM JSC 1999.
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Problem and objectives

Vlasov. = Discretized Vlasov .
e—=0 55 —0
Limit =) Discretized limity,

Prop: Stability and consistency Ve, particularly when ¢ — 0.

Aim: Standard schemes: h = O(g) — construct a scheme for which
h is independent of €.
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Problem and objectives

Vlasov-BGK

@ Vlasov with collisions = Vlasov-BGK equation:
OuF + vOLF + EOf = éQ(f)
coupled to Poisson equation:
OE(x,t) =p(x,t)—1 :/f(x,v,t)dv—l.

(¢ Knudsen number, p = p(x, t) charge density.)

@ Q(f) BGK (Bhatnagar-Gross-Krook) collision operator:
Q(f) =M(U)—f,

M (U) being the Maxwellian having the same first three
moments than f, denoted by U.
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Problem and objectives

v—ul?
e M(U)= \/2’;—Texp (—‘ 2#‘ >

(T = T (x,t) temperature, u = u(x, t) mean velocity.)

1 1
oU=[| v |fdv=[| v | M) dv
V2 V2
2 2
p
= U=\ pu
3(pu? +pT)
@ Remarks:

s M(U) €N (Lq) = Span{M,vM,|v|*M}, the null space of

the linearized operator Lg of Q,
@ f— M (U) — 0 when € — 0: collisions move f closer to its

Maxwellian.
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Micro-macro decomposition

Micro-macro model

o Decomposition®® f = M (U) + g:
0eM (U)+vO M (U)+EDyM (U)+0sg+vug+Edyg = —%g.
Transport operator 7 - = v0y - +EOJ, -
0M(U) + TM(U) + g+ Tg = &
@ Hypothesis: first three moments of g must be zero —>

{mf) ::/m(v)f(x, v,t) dv=U(x,t),

where m(v) = (1, v, ‘%)
True at the numerical level? If not, we have to impose it.

5M. Lemou, L. Mieussens, SIAM JSC 2008.
SN. Crouseilles, M. Lemou, KRM 2010.
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Micro-macro decomposition

Micro-macro equations

Mu(e) = 3 {(@ + 7

D)

@ Properties: (I — My)(9:M) =Ny (g) = Nm(0:g) = 0.
@ Applying (I — My) to Vlasov-BGK = micro equation on g

1
org + (I —=Nm)T (M +g) = —&

M. Bennoune, M. Lemou, L. Mieussens, JCP 2008.
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Micro-macro decomposition

@ Applying My to Vlasov-BGK = macro equation on M (U)
M +NyT(M+g)=0
or by taking his first three moments

0rU + 0xF(U) + 0x(vm(v)g) = S(U),

pu
F(U)=| pu®+pT . Euler flux
pu(5+3T)
0
S(U)=| pE |: source term.
puE
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Micro-macro decomposition

Algorithm

System
{ deg+ (I —Nm)T (M +g) = —Lg
0rU + 0xF(U) 4 0x(vm(v)g) = S(U)

equivalent to Vlasov-BGK.

1. Solving the micro part by a Particle-In-Cell (PIC) method.

2. Projection step to numerically force to zero the first three
moments of g (matching procedure?).

3. Solving the macro part by a finite volume scheme (mesh on
x), with a source term dependent on g.

1-3 coupling: similarities with the §f method® but here: AP
scheme.

8p. Degond, G. Dimarco, L. Pareschi, IJNMF, 2011
°S. Brunner, E. Valeo, J.A. Krommes, Phys. of Plasmas, 1999
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Micro-macro decomposition

PIC method

@ Equation

1
Ocg + (I =Nm)T (M + &) = ——g
<
Og +Tg=—(1 —Ny)TM+ Ny Tg — g = S,.

@ Model: having N, particles, with position x, velocity v, and
weight wy, g is approximated by

gn, (x, v, t) Zwk )6 (x — xi (1)) 0 (v — vk (1))
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Micro-macro decomposition

Mesh Fields computing
generation on the mesh
Initialization Computation of —
. Emission
of positions charge and current
" -, of new
and velocities densities on the .
. -, particles
of particles mesh (deposition)

Interpolation
Movement

of fields on

of particles

the particles
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PIC method
Micro-macro decomposition

Shape functions

Use of shape functions such as B-spline of order ¢

By (x) = (Bo * By—1) (x),

with

L i | x|< Ax/2,
BO(X):{OAX eIse.| | /

In particular

1 1— | x| /Ax, if | x|< Ax,
Bi(x) = Ax { 0 else.

@ Order 0: Nearest Grid Point.
@ Order 1: Cloud In Cell.
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PIC method

Micro-macro decomposition Fini

AP

Deposition and interpolation

Computation of the moment M of order p on the cell i:

Mpi(t) = /R/le(x,t)Bg(x,-—x) dx

= /R/Rvpg(x,v,t) dv By (xi — x) dx
- zwk VP (£) B (s — xk (1)),

Evaluation of the electric field on particle k:

E (i, t) = E(xi, t) Bo(xi — xc ().
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PIC method
n o

Micro-macro decomposition e
solumes scheme

rty

1. Initialization:
o particles randomly (or quasi) distributed in phase space (x, v),
@ weights initialized to wy (0) = g (x«, vk, 0) lev—iv

(Lx x-length of the domain, L, v-length.)

2. Solving the electric field on the mesh:
OE (x,8) = p(x, £) — 1 :/f(x, v.t)dv—1

thanks to the knowledge of p; (t),
and then interpolation on the particles — E (x, t).
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PIC method
Micro-macro decomposition

Solving 0;g +Tg =0

3. Movement of particles thanks to motion equations:

ka de
v (t) = vk (t) et I(t) = E (xx, t).
Verlet scheme (for example):
1 At
v:+2 = v+ 7E" (x¢)
x£+1 =xy; + Atvn+2

n+1 _ n+3 At n+1 n+1
Ve =V T+ 5 E (k )
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Micro-macro decomposition

Solving 0;g = Sg

4. Evolution of weights wy (step specific to kinetic equations
with source term):

()= (1),

where
LL,

N,

is the weight associated to the source term

Sg=—(I =Ny )TM+NyTg — g

sk (t) = Sg (X, vi)

In our case: J )
Wk wi (t

—(t) = t) — —7

2 (1) = g (1) - 22,

where «a (t) is associated to —(/ — M) TM + Ny Tg.
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Micro-macro decomposition

—(I = Ny)TM + Ny Tg is constituted of moments of g, their
derivatives and M.

@ Moments of g are computed by deposition, derived by finite
differences and evaluated on (xk, vk) by interpolation.

@ p, uand T are evaluated on (xk, vk) by interpolation.

2
o M= —L_exp (—1Y=4) is now easily evaluated on (xg. vi).
VonT p( 2T y ( ks k)

wi(t)
€

@ To have an AP scheme, we make the stiff term implicit:

a1 Wi+ Atag
k - At
1+ <

A. Crestetto, N. Crouseilles, M. Lemou Micro-macro numerical scheme for Vlasov-Poisson-BGK



PIC method

. L Projection of wei
Micro-macro decomposition Finite

Projection step

@ We now have
g (x, v, t) & Zw,’(’“& (x —x7T) 6 (v— vt

We want to ensure (mg"*1) = 0.
o We compute U, := (mg™tt) £ 0,

A. Crestetto, N. Crouseilles, M. Lemou Micro-macro numerical scheme for Vlasov-Poisson-BGK



Micro-macro decomposition

mes scheme

o We seek h € N (Lg) of the form
h(x,v) = X(x)-m(v) M(x,v)s.t. Ug(x;) = (mh(x;,v)).
@ We expand A (x) on the basis of B-splines of degree ¢

AX) =D NBi(x—x), A\ eR.

For example £ =0 (¢ =1 is also computed).

@ Let py the weights associated to M, we compute

L

1
(mh)|x, =~ A Z m(vk) @ m(vk)pk | A
k/|xk—=Xi|<Ax/2
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PIC method

. L Projecti f weight:
Micro-macro decomposition LTSRN G W)

Finit umes scheme
rty

@ We solve the 3 x 3 linear system

Ug(xi) = AiAi,

with
1 Mo; My, Mo
A/ = E Ml,/ M2,l M3,i )
My; Ms; My;

) .
and Mji = Az Dok /x—xi|<Ax/2 Pk Vi
@ We compute the weights v of h

Ny

1
Yk = 2 AjBo(xk = x;j) - m(vi)px = AV m( Vi) Pk,
J:

where ji is such that |xx — x;, | < Ax/2.
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PIC m 1

. L Projecti f weight:
Micro-macro decomposition rojection ot weigl Sv‘

Fini lumes sche
AP y

@ We correct the weights of g

new
Wi — Wk — Yk,

to obtain

1
<mgn+1,new> |Xi: E Z wzewm(vk)

k/|xk—xi|<Ax/2

- Y wmm - Y wmw =0

k/Ixk—xi|<Ax/2 k/|xk—xi|<Ax/2

@ Remark: order 1 = (3N, x 3Nj) system.
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Micro-macro decomposition

Macro part

@ Equation 0:U + 0F(U) = 5(U,g) (= S(U) — d«(vm(v)g)).
@ Finite volume method

n n At n cn
Ut = U - 3 ( . F,_l/z) YN

with Rusanov flux
n 1 n n
i+1/2 = 5 (F(Ul) + F(UP) = ai12(Uis1 — U)))

where a;,1/5 = maxj—; i+1 (abs R (J,:: (XJ))) R (Jg) being the eigenvalues of

the Jacobian of F.

& —squm - (Lm8 s — (vmg Db
I ' Ax
where
1 1
(vmg™ lxi 1 = ax fi—sxips ol <ax/2k - Vem(vi)-
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Micro-macro decomposition

AP property

Analytical limit

O+ (1 =TT (M+8) = —Zg, (1)
0:U + O F(U) + 0 (vm(v)g) = S(U). 2)

@ Limite - 0in (1): g =0(c) =
(I = Ny TM + O(£?),
(I = M) (vOxM + EQ, M) + O(£?),
= —e(I = Nu)(voxM) + O(e?),
because EO,M € N (Lg) and then (I — MNy,)(ED, M) = 0.

g = —¢
= —€

@ Injected into (2), we obtain the Navier-Stokes model

DU+ 0 F(U) = S(U)+ed, (vm(v)(I — M) (vOx M)) + O(£2).
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Micro-macro decomposition

AP property

Numerical limit

@ (1) can be discretized as

1 1
Nt S o
At Lk T 0 .
1
+1
wy = 17 a: (wi — Ataf  + Atas ).
e But l—i-Tlt/a = & + O(e?) when € — 0, w] = O(¢) and
a3, = O(e) thus
witt = —eaf , + O(?).

@ We obtain the diffusion term of the Navier-Stokes model
gl = —e(l = Ny)TM + (9(52)

—> AP property.
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First test case
Second test case
Numerical results Computational cost

Landau damping

)

Initial distribution function:

\/12_7T exp(—%)(l + acos(kx)),  x € [0,2m/k]

Micro-macro initializations:

f(x,v,0)=

1+ a cos(kx)
U(x) = 0 and g(x,v,t=0)=0.
1 + a cos(kx)

(]

Parameters: a = 0.01, kK = 0.5.

Electrical energy &(t) =1/ [ E(t,x)%dx.
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First test case
Second test case

Numerical results Computational cost

Convergence at the € — 0 limit, N, = 128, N, =5 X 103:

-2
3|
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5L
Z s
I
g 7t
8k
9+ |
Euler I
0 - MiMa, eps=0.0001 ------- |
MiMa, eps=0.1
MiMa, eps=0.3
MiMa, eps=1
11 I . /
° 5 10 15 2

Time t
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First test case
Second test case

Numerical results Computational cost

Heat flux of MiMa (blue) and Navier-Stokes (red) at t = 1 with
N, = 10° for ¢ = 0.1 (left), 0.01 (middle) and 0.001 (right):

where heat fluxes correspond to:
(3/2)pTOx T for NS and
L{lv — ul}(M + g)) for MiMa.

£
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First test case
Second test
C

Numerical results

Distribution function f of PIC BGK, MiMa, g and M, at t = 20,
e=1, N, =5x10°

f-PIC BGK f- MiMa

omputational cost
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Numerical results

First test case
Second test c:

Computation

Noise reduction on p, e =1, Ny, =128, N, =5 x 10°, at t = 0.2
(left) and t = 0.4 (right):

Charge density 1-tho

e — i —
001 w w
0005 mw[u ‘ M
2 i)Y ‘ il
ol
’ ~ M«‘ M
BTy M‘*Mw‘ ’uh |
oous ! 5 hi S Vyw\ \
i woos| |11 [ Pl
Vi | e A\ Wﬂ
Ul “l“ }W | \J W Il
ol Mottt I
VY
oot 0 4 10 12 14 oot 2 10 12

. Crestetto,

Position x

N

ouseilles, M. Lemou

Micro-macro numerical scheme for Vlasov-Poisson-BGK

Position x




First test case
Second test c:

Numerical results Computational cost

Necessary number of particles, ¢ = 10, N, = 128:
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Numerical results

First test case
Second test c:
Computational cost

Importance of the projection stepon patt =05, =1,

N, =5 x 10°:
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First test case
Second test case
Numerical results Computational cost

@ Initial distribution function:

\)/24_77 exp(—v?z)(l + acos(kx)),  x €[0,2m/K]

@ Micro-macro initializations:

f(x,v,0)=

1+ o cos(kx)
U(x) = 0
5(1 + v cos(kx))

1+ acos(kx) (v* 1
o ) = ) (3 p(-12/2) - exp(—v2/10)> |

@ Parameters: o« = 0.05, kK = 0.5.
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First test case
Second test case

Numerical results Computational cost

Convergence at the € — 0 limit, N, = 128, N, =5 X 103:

A g 1 [in Rim: ‘ ! |
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First test case
Second test case

Numerical results Computational cost

Ll-norm of g, e = 10~* (left) and ¢ = 107 (right):

eps=10* —— eps=107 ——
001 001
0.0001 - 0.0001 -
1e.06 5 le0s [

gl

o N WO WYY el
N YWY W WYY

le12 le12

o 5 10 15 20 o 5 10 15 20
Time t Time t
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First test case
Second test case
Numerical results Computational cost

Computational cost

[ MiMa [ N,=1x10°]153s.
Landau damping, € = 0.1 mE g e =1 % 10° | 694 5.

=
I
g 7t |
8| |
9} |
-10 |
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Time t
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First test case
Second test case
Numerical results Computational cost

Conclusions

@ Fluid limit recovered when € — 0: AP scheme.
@ Projection step to numerically force the moments of g to zero.

@ g — 0 when ¢ — 0 = few particles are sufficient at the
limit, whereas grid methods have a constant cost, whatever
the value of ¢.

@ Noise due to PIC method reduced (because only on g) = at
equivalent results, fewer particles are necessary —>
calculation time is reduced.

@ Total energy preserved (about 0.1% Ve).
And perspectives:

@ Other collision operators.
@ 2D (4D in phase space).
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First test case
Second test case
Numerical results Computational cost
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