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Abstract

This article shows that counting or computing the small eigenvalues of the Witten Laplacian
in the semi-classical limit can be done without assuming that the potential is a Morse function as
the authors did in [LNV]. In connection with persistent cohomology, we prove that the rescaled
logarithms of these small eigenvalues are asymptotically determined by the lengths of the bar
code of the function f. In particular, this proves that these quantities are stable in the C°
topology on the space of functions. Additionally, our analysis provides a general method for
computing the subexponential corrections in a large number of cases.
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1 Introduction

1.1 Motivations

Since its discovery in the late nineteenth century, Arrhenius law (see [Arr]) is one of the most
robust laws of chemistry or physics. Actually, its range of applications has increased over decades
and is now also commonly used in biology or social sciences as an empirical law whose parameters
be can figured out rather easily, even when the microscopic or individual mechanisms are not
well understood. Its early interpretations were done within the thermodynamical or statistical
physics framework. They are now formulated in the modern and general language of stochastic
processes, more specifically of the Brownian motion of a particle evolving in a gradient field.
At low temperature h > 0 in some dimensionless scaling, the lifetime 7, of the state « is

exponentially large with
14
log 7o, n ~ f , (1)

where /,, is the energy variation between a local minimum and the lowest saddle point that we
need to cross in order to reach a state of lower energy. Practically and as an illustration of the
robustness of Arrhenius law, it is neither necessary to know the energy landscape nor the config-
uration space: in the end only the £,’s are important and they are determined experimentally,
e.g. in chemistry kinetics. A general justification of was proposed by Freidlin and Wentzell
in [VeFrll, VeFr2] relying on large deviation arguments (see also [FrWe| and [Bex] for a wider
overview).

In an energy landscape described by the function 2f : M — R, those lifetimes are generically
the inverses of eigenvalues of the operator —hA + 2V f -V in L?(M, e dz) , where e~ dr
is the associated invariant measure (it exists e.g. when M is a compact Riemannian manifold
without boundary). After a conjugation by er and a multiplication by h (corresponding to a
change of time scale), it becomes the operator

A;?; = —R2A+|Vf(@)]? — h(Af)(x) = d} pdpp  acting in L2(M, dz)

where df ) = e*%(hd)e% is the Witten differential and d} ), its adjoint. This operator acts on
general differential forms as the Witten Laplacian, a deformation of the Hodge Laplacian:

App = (dpn+djp)? =

where the direct sum separates the degrees. When f is a Morse function, Witten in [Wit] (see
also [CEKS]) proved that as h goes to zero, the eigenvalues of Ay j are divided into two groups,
given in our scaling as one bounded from below by Cth for some Cy > 0, and one being of

the order o(h). The small (here o(h)) eigenvalues of Agpp ,)l correspond to critical points of index
p: this is intuitively to be expected, since the eigenfunctions should concentrate in the region
where |V f| is small, that is near the critical points of f. This argument provided an analytical
proof of Morse inequalities, in the line of several results relating topological quantities and
spectral analysis, one of the earliest being the Atiyah-Patodi-Singer proof of the index theorem
(see [APS]).

In [HeSj4], Helffer and Sjostrand gave a rigorous proof of Witten’s claims and proved that
those small eigenvalues were actually exponentially small, without specifying their size. This was
later extended to Morse-Bott functions by Bismut and Helffer-Sjéstrand (see [Bis] and [HeSj6]).
After this, many applications of Witten Laplacians or more general Witten deformations were
used to study various global topological invariants of manifolds or fibre bundles by counting the
small eigenvalues of such operators (see e.g. [BiZhl [Zhal [ChLi]).



When f is a Morse function, the Arrhenius law in degree 0 says that the o(h) eigenvalues of
Agg,)L satisfy
fWa) — f(@a)
h

where z, is a local minimum and ¥, is an associated saddle point. Already around 1935, Eyring
and Kramers (see [Eyr] [Kra]), motivated by the theory of the activated complex in chemistry,
proposed a more accurate version which reads here

log )\S)h ~ =2 as h — 0%, (2)

-2 f(yoz>;f(3’a>

A ~ %C’ae as h— 0" (3)
where the constant C', depends on the Hessians at the non degenerate critical points x, and y, ,
Zq 18 & local minimum (here a critical point of index 0), and y, a saddle point (here a critical
point of index 1).

The first mathematical proof of the Eyring-Kramers formula was performed in degree 0 in
IBEGK| BGK] by using potential theoretic and capacity arguments, and in [HKN] by improving
Helffer-Sjostrand’s semiclassical analysis for A(OL (see also e.g. the prior works [HKS| Micl] for
results less precise than but more precise than ) These results were proved under the
assumption that f is a Morse function with simple local minima and simple saddle points (a
Morse function has simple critical values or critical points if every critical value is the image of a
single critical point), and with distinct lengths : the real numbers ¢, = 2(f(yo) — f(24)) are all
distinct. The pairing between local minima z,, and saddle points y, (critical points with index
1) was done by extending the intuitive picture of basins of attraction, more precisely by consid-
ering the connected components of sublevel sets of f. Note that this differs from the instantonic
picture, associated with curves which are intersections of stable and unstable manifolds of =V f |
which is in some sense local and would lead to a complicated analysis of cancellations while
computing precisely the )\((jg)h’s. This pairing relies on global topological considerations which
are robust with respect to the C° perturbations of the energy profile 2f . By making use of the
min-max principle, it is actually not difficult to start from the analysis done in [HKN] for Morse
functions and to recover and the results of [VeFrll VeFr2l [HKS| [Micl] in cases where the local
minima are degenerate.

The situation is completely different for general differential forms of degree p. In [LNV], we
proved an Eyring-Kramers law (and therefore an Arrhenius law) by assuming again that the
function f was a generic Morse function with simple critical values and such that the difference
between critical values were all distinct. Here the problem is to understand which critical values
f(zq) and f(yq) are paired in order to compute the exponential factors. This pairing is obtained
topologically by using a refinement of Barannikov’s presentation of Morse theory. This can be
restated in modern terms with the bar code of f, denoted By = ([a}, b [)aca~ , associated

) o
with the Morse function f on M, with the notation P = f(zq) and b+ — f (o), where
the critical point z, has index p and y, has index p + 1. Later, it was noticed in [UsZhl [PoSh]
that those bar codes were nothing but the bar codes of persistent homology, developed since the
beginning of the 21st century (see [EdHa] for a historical review). An important feature of the
Barannikov complex, and hence of persistent homology, is the stability result which says in the
latter framework

dbot (B, Bg) < ||f — gllco,
where the bottleneck distance dp,; estimates the variations of the lengths of the bars.
But the bar code of a function is defined for any continuous function, except that the bars

may now be infinitely many, with the property that for any ¢g > 0, only finitely many are greater
than ey . It is then natural to state the following conjecture.



Main Conjecture : Consider a C* (or even Lipschitz) function f on a compact manifold
M with bar code By . We denote by AP)(0) the set of bars in B of the type [a,(f),b&pﬂ)[ with
b _ o) > £, and Agpil)(é) the set of bars in By of the type [a&pil),bgp)[ with b —
a&p) > { and b(ap) < 4o0o. Then, there exists eg > 0 such that, for every ¢ €]0,¢¢], A;ijz,
admits §(AP)(¢) U Agpil)(f)) eigenvalues )\(52 smaller than e=2% (with multiplicity), where
ae AP (U Agp_l)(é) . They can moreover be labelled such that

- U

5 bgH” 1) a(p)
h

as h — 0t .

[e3%

Vae AP () uAPD@), logal) ~

The goal of this paper is to prove this conjecture under the assumption that f has a finite
number of critical values.

Note that we do not assume in the Main Conjecture (as well as in our theorems) that f is
Morse. One important consequence of the Main Conjecture (and hence of our main theorems)
is that the decay rate of the eigenvalues is continuous in f for the C° topology. This is not the
case for subexponential factors, since they usually depend on the eigenvalues of the Hessian of
f at the critical points.

In the case p = 0 of functions, the Eyring-Kramers law has been extended in the form

)\g{)h ~ Ca(f)h”“(f)eﬁw when f is not a Morse function or when f is a Morse function
with multiple critical values (i.e. the preimage of a critical value may contain several criti-
cal points), the latter appearing in practical situations with natural symmetries. We refer for
example to [BeGel BeDul Mid, [DLLN2| [LeNell [LeNe2], whence it appears that the exponent
Vo (f), or the constant C,,(f) in the subexponential factor, may be discontinuous when a general
function f is approximated by a sequence of generic Morse functions. On the other hand, it
will follow from our results that the £, = 2(f(ya) — f(za)) are stable. Understanding how the
eigenvalues A, ,(f) or the lifetimes 7, 5, (f) depend on f is also important for applications to the
acceleration of stochastic algorithms (see [LeNi, [DLLNT] [DLLN2| [LeNell [LeNe2] and references
therein). This leads to the

Main Question : Is there a way to analyze how the subexponential factor of Eyring-Kramers
law for p-forms varies when f is changed ¢ In particular, does it explain the observed disconti-
nuities ¢

Again, the answer is yes. Our presentation of Arrhenius law for p-forms provides a very
general result. The method actually completely separates the determination of the exponential
Lo . . . . . .
scales e” & | related with global algebraic topological objects, from the determination of the
subexponential factors, which rely on some local analysis. Many applications with various dis-
continuous effects will be presented at the end of this text. Actually, the discontinuities w.r.t.
the energy landscape f of the leading term for the subexponential factor Cy, (f)h*=(f) are easily

understood on the simple example of the Laplace integrals

m4/4761'2/2+1]R+ (8)62 /4
- D

1(6,h) = fR e z,
which satisfy 1(6,h) "=° 5t/ when § # 0,
and 1(6,h) "2° Ccnt/A when 6 = 0.



1.2 General assumptions and notations

The manifold M: The Riemannian manifold (M, g) is assumed compact without boundary
with dimg M = d and non necessarily oriented. Some non compact manifold will be considered
in Subsection In the non-orientable case, the Hodge star operator, x, sends AT*M =
@2:0 APT*M to AT*M ®ps orpr , where oryy is the orientation (line) bundle, which is of course
locally trivial. When N C M is a regular hypersurface admitting a global unit normal (or
conormal) vector the orientation twist ory is the restriction of oryy; .

In local coordinates the metric will be written g = g;;(z)da’dz? with g=! = g% (z) 52 525 and
the musical isomorphisms ¢ : T*M — TM and ” : TM — T*M are given by

;0
Ox? and (X" ox?
The differential d acts on C®(M;AT*M ®p; C) or D'(M;AT*M ®jp; C) and augments the
degree of forms by 1. The codifferential d* = (—1)4°8 =1 dx acts on C*(M; AT*M ®),; C) and
D'(M; AT*M ®)s C) and decreases the degree by 1. In the sequel and unless otherwise specified,
we always consider complex valued differential forms and the tensorization by C will be omitted
in the notation. The duality bracket { , ) between D'(M; APT*M ®oryr) and C(M; A4=PT* M)
(where D’ and C* can be interchanged) is assumed C-antilinear on the left-hand side and C-
linear on the right-hand side. Stokes’s formula then implies that d* is the formal adjoint of d
according to

0= /M d(w A *n) = /M da A (%) + (=1)48“G A d(x1) = (dw, 1) — (w, d*n)

for w,n € C®(M;AP~IT*M).

(wida') = gw; ) = gi; X7 da' .

Functional spaces: The L?-norm of sections of AT*M is the one given by the metric ¢ and we
recall
/ (W, marzm dvoly(q) = / WA *T.
M M

We use the notation W*P for the Sobolev space with s derivatives in L?. In particular, W52
corresponds to the standard Hilbertian Sobolev spaces while W will be used for the set of Lips-
chitz functions. For an open domain Q C M and for s € R, the notation W*2(Q; AT* M) denotes
the set of restrictions to € of W#2-sections in M , and when there is no ambiguity or necessity,
we shall use the short version W*2(Q). The same definition holds for C>°(Q; AT* M) . We recall
that when ( is a regular domain, that is when 92 is a C* hypersurface, W*2(Q; AT* M) coin-
cides with W#2(Q; AT* M) by interpolation and duality from the special cases of s € N (see e.g.
[ChPi]). In such a case, the trace theorem holds from W*2(Q; AT* M) to W*=1/22(Q; AT*0Q)
for s > % The local regularity theory is not affected when sections of AT*M ® ory; and
AT*M ® orpq are considered and we shall use the short notation W#*2(Q) or W*2(9Q) indiffer-
ently for sections of the trivial and orientation line bundles, unless we need to distinguish the
global behaviour. Other functional spaces will be introduced later in our analysis.

Witten differential and Witten Laplacian: The Witten differential and the Witten Lapla-
cian are deformations of the differential d and the Hodge Laplacian dd* + d*d associated with a
real valued function f and a positive parameter h > 0 in the asymptotics h — 0.

Definition 1.1. Let f be a real valued function on M . For a € R = R U {—oc0,+00}, we use
the notations

fr={reM fz)<a} , f=={reM, f(z)<a},
fa={zeM, f(zx)>a} , foa={zecM,[x)=a},
with all the combinations like fo ={x € M, a< f(x) <b}.



Although weaker regularity assumptions for the function f will be discussed later, the following
simple hypothesis will be convenient for us.

Hypothesis 1.2. The function f on (M, g) is assumed to be Lipschitz with a finite number Ny
of values cq, . .. ,CN; such that:

e fec(M\ f({er,... en, })iR)
o Vo e M\ f ({c1,....en, }),  [Vf(@)] #0.

When f € C*°(M;R), the above assumption simply says that f has a finite number < Ny of
critical values. For a Lipschitz function, we count also “fake” critical values allowing singularities
of f at those values. We nevertheless call ¢y, .. -, CNy the “critical values” of f and use the
notation

Myeq = {z € (M \ suppsing f),Vf(z) # 0} C M\f_l({cl, .. .,cNf}),

where suppsing f denotes the singular support of f, the closed set out of which f is C*°. When
M is a real analytic manifold, Hypothesis [[.2] may be replaced by the following simpler natural
assumption.

Hypothesis 1.3. On the real analytic compact Riemannian manifold M , f is a Lipschitz sub-
analytic function.

Actually, the proof of the main result, Theorem will hold under Hypothesis or under
some milder assumptions which are more technical and will appear as consequences of Hy-
pothesis [I.3] in Subsection [B:3] We also refer to Subsection [8.3] for more material on Lipschitz
subanalytic functions.

Under Hypothesis or more generally for a Lipschitz function f and for h > 0, the differential
operators dyp, , dj ;, and Ay are defined by:

dpp = et (hd)eh =hd+dfA , dppodsy =0, (4)
&5, = ek (hd*)e b = hd* +iy; , dj,od;, =0, (5)
Apn=(dpn+d; ) =djpdpn+depods, =k Dos + [Vf()]* +h(Lys+ L) (6)

The above identities make sense when considering dy and d} , as operators from W2(M) to
L%(M) or from L?(M) to W~12(M), and for the compositions of two of them and for Ay, as
operators from W12(M) to W~12(M). We shall be more precise on requirements for domains
once we add the boundary conditions.

Convention for closed operators and quadratic forms:

We shall consider various closed realizations in L? spaces of the above differential operators
dfn, dy ), , and Ay, which will be denoted dy o ,n , d} ¢ > and Ay on, where the subscript e will
specify the realization. When A is a closed operator in a Hilbert space (resp. when @ is a closed
quadratic form), writing Au (resp. Q(u) or Q(u,v) for the associated sesquilinear form) means
that u belongs to the domain of A (resp. u or u,v belong to the domain of Q). For example
dfenw =o€ L? means in particular w € D(dy.e.n), possibly imposing boundary conditions.

Comparing exponential scales:
Definition 1.4. For two functions F, G :)0, ho[— C, one says
o F(h) = O(G(R)) if:

Ve > 0,3h.,C. > 0,Yh €0, he[, |F(h)| < C.|G(Rh)|e ;



3e,he,C. > 0,Yh €]0,he], |F(h)| < C.|G(h)|e™ 7 ;

[E()| = O0(G(M)) and |G(h)| = O(F(h)]).

When |F|,|G| > 0, the above three conditions can be written respectively

limsup h log ('F(h)> <0,

h—0 |G(h)|
. IF(h)>
limsuphlog | —=% ] <0
b0 gQaw

: |F(h)]

fm 1o i) =0
In the two first definitions, the constant C. can be fixed to 1 by changing he (and € in the second
definition).
When F : Xx|0,h[— C, the statements “F(x,h) = O(G(h)) (or F(xz,h) = 6(G(R))) (lo-
cally) uniformly” are used when the above definitions make sense for the corresponding suprema
sup, F(z,h).

Bar code:
Although a more precise definition and construction will be recalled especially in Appendix
we can start with a short definition.

Definition 1.5. Under Hypothesis a (persistence cohomology) bar code associated with
fis a finite family B = ([aq,ba])aca with —00 < aq < by < 400, an € {01,...,0Nf},
bo € {62, ey cNf,—|—oo} , with the following properties:

o it is graded according to A =12_ AP | [aq,ba[= [aép), b((fﬂ)[ when a € AP ;

e for any pair a,b, a <b, a,b ¢ {cl, . ..cNf} , there exists a basis of the relative homology
vector space HP(f°, f*) indeved by the bars of degree p with a unique endpoint lying in
la,b[. In particular, the relative Betti number is given by:

Fr(ft, 1) = dim HP(1*, %) = ¢ {a € A7) ¢ {al 520 } o, =1} .

For a general Lipschitz function, such a finite bar code is well defined under the following
assumption (see Subsection and Appendix [B).

Hypothesis 1.6. The function f : M — R is a Lipschitz function and there exists a finite
number of values ¢y < cz... < ey, such that for any a € R\ {cl,...,cNf}, the following
property holds along f~1({a}):

For any xo € f~*({a}), there exists a neighborhood Uy, of xo in M, a local coordinate system
r=(2',2') € R x R¥! and a constant C,, such that

Lt -yl < 1f e — Fh )]

Vo = (', 2)),y = (y',2') € Uy, , e
xo

This notion of bar code, and especially the identification of two bar codes, after possibly
adding empty intervals, is better understood after associating with a bar code Ba = ([aq, ba[)aca
the constructible sheaf ©necaK[q, p.[ of K-vector spaces, on R. Then, a persistence bar code
associated with a function f satisfying Hypothesis is essentially unique and then denoted

B(f).



After possibly adding empty bars such that a, = by or cg = dg, two different bar codes
Ba = ([aa;ba[) qe 4 and Bp = ([cs,ds]) 5  can be assumed with the same cardinality, 1A = 4B .
The bottleneck distance is then defined by

dyot(Ba,Bp) = inf maxmax(|aa — ¢j(a)ls [ba — dja)]) s
jiARp @€A

with the convention |(400) — (+00)| =0.
The stability theorem for persistent (co)homology (see e.g. [CEH [KaSc]) says that for two
functions fi, f» which satisfy Hypothesis [I.2] or Hypothesis

dyor(B(f2), B(f1)) < || f2 = filleo -

1.3 Simple results

The method presented in this text leads to several results and can actually be extended to
other cases. Essentially, we show that the usual generic assumption that the function f is a
Morse function can be replaced by a very general one, after replacing the algebraic topological
information in terms of Morse indices by the one given by the persistent cohomology bar code
associated with f. The following simple statements illustrate what can be obtained.

Theorem 1.7. Assume that f satisfies Hypothesis and let Ag arn be the self-adjoint Witten
Laplacian defined with D(Ajarp) = {w € WE(M), Appw € L2 (M)} and Mg prpw = Ajpw

according to @, and Ay prn = @3'§p§d AE‘Z,)?\/[,h' Let B(f) be a persistent cohomology bar code
associated with f . Then, there is a bijection between A®P) L) {a e Alp—1) ,bﬁf’) #* +oo} and the

0(1) eigenvalues counted with multiplicities of Agf,)gwﬁ . Precisely, there exists g > 0 small enough
such that for all e €]0, &0, there exists he > 0 such that the O(e™ % )-eigenvalues of A;{’L counted
with multiplicity for h €]0, he[ are given by )\&p)(h) ,a€ AP or (o€ APV and bP) +00),
with
either bPTY = 400, and then AP)(h) =0,
or b < 400, and then %in}) —hlog AP (h) = 25+ — a¥),
—

with * meaning (p) or (p—1) depending on the case. Obuviously, the multiplicity of the 0-eigenvalue
ofA(f’j])VI,h , the dimension of its kernel, equals the p** Betti number of M , 4 {a c A®) ,b,(f+1) = +oo} =
BPI (M), and does not depend on the function f .

To summarize the situation, the logarithms of the exponentially small eigenvalues of AS?? 3\4 A
are given by the lengths of the bars b*™ —a? , * = (p) or (p—1), of which one endpoint in R is of
degree p, the eigenvalues associated with infinite lengths being identically 0 for A small enough.
A direct application of the stability results of persistent cohomology then gives the variations of
the exponentially small spectrum when the function f is perturbed.

Corollary 1.8. Assume that f satisfies Hypothesis let B(f) = ([aasbal)aca s Ga <ba, A=
I_IogpgdA(p) , be a persistent bar code associated with f, and set ly, = min{by, — an,a € A}.
For any other function g which satisfy Hypothesis with ||g — fllco < e”% , the O(e‘ew")

eigenvalues of Aé’j])\/[’h can be labelled with multiplicities

Aalg, h), ae AP orae AP~Y pP) £ 4o,
with
Aalg,h) =0 if bPTY) = 40
or 2(bo, — aq) +4)lg — fllco > }lbl_>mo —hlog(Aa(g,h)) > 2(ba — aa) — 4llg — fllco > Lumin -



One rapidly realizes that we make no normal form assumption for f near the “critical values”
c1,...cn, of f. Even if we work with C°° functions, any closed set K of M can be the global
minimum of f € C*(M) by taking a non negative C* function vanishing only on K after
Whitney’s extension theorem. Having a finite number of critical values restricts the possible
sets K which still make a very large class. Hence, no algebraic behaviour with respect to h
of the leading terms of the subexponential factors can be expected as it is the case when f is
assumed to be a Morse function. Theorem simply says that exponentially small eigenvalues
and their exponential scales are given by the algebraic topology without specifying a possible
subexponential factor. Among other results, we will obtain similar things for Ag y—1((a.5)),n s
—o00 <a<b< +00,ab¢ {c,...cn; }, when considering the proper boundary conditions
on f~'({a}) (Dirichlet type) and f~'({b}) (Neumann type). Actually, this leads us to the
presentation of our strategy which passes through local problems on R = f(M) and a recurrence
argument on the number N of “critical values” lying in [a, b] .

1.4 Strategy and outline of the article

Proving a result like Theorem even in this simplified form, is a rather long process which is
clearly split into various steps.

e A general presentation of bar codes in persistent (co)homology as well as properties of
Hodge Laplacians on weakly regular domains are recalled in Appendix [B] and in Ap-
pendix [A]

e In Section [2| we set up the functional analysis framework, the relevant boundary condi-
tions for Witten Laplacians, the corresponding integration by parts formulas, as well as
weighted integration techniques a la Agmon, in order to obtain exponential decay estimates.
We especially consider self-adjoint realizations of Witten Laplacians Ay in the domain
f71([a,b]) when a < b are not critical values, always with Dirichlet boundary conditions
along f~1({a}), the lowest level set, and Neumann boundary conditions along f~1({b}),
the highest level set. Those self-adjoint realizations will be denoted by Ay r-1((4.],n) , and
possibly Agf’? }*1([a,b]),h when specifying the degree. Remember the intuitive picture for
functions: Dirichlet (resp. Neumann) boundary conditions are associated with a potential
—o0 (resp. +00). Such boundary conditions are actually the natural ones in order to
avoid boundary layer phenomena along the boundaries in the spectral analysis. For further
applications, this analysis is done in a weak regularity framework, and the long series of
works by Mitrea et al. were instrumental in setting up the proper framework. The end of
this section gathers repeatedly used technical lemmas, deduced from the exponential decay
and weighted resolvent estimates for boundary Witten Laplacians.

e Once the geometrical issues in the weak regularity case are solved, the rest of the analysis
becomes essentially one dimensional on R D f(M), as suggested by the bar code structure.
The first step consists in understanding what happens when there is a single critical value
in the energy interval [a,b], [a,0] N {c1,...,cn, } = {&1}. In this specific case, the bar
code of f has no bar included in a compact subset of Ja,b[. Accordingly, Ay r-1((a.5]),n
should not have any non zero exponentially small eigenvalue. This is the main result of
Section formulated in Proposition which states that all the 6(1)-eigenvalues of
Agfj },1 ([ab)h A€ equal to 0. After preliminary notations related with variations of the
min-max principle, the core of the proof is done in Subsection B2l and follows in some
sense Carleman’s general scheme for uniqueness results of PDE, along the energy interval
[a,b] C R. Resolvent estimates and other corollaries are listed afterwards. Section

and Proposition provide in particular the number of 6(1)-eigenvalues of A;p;,l([a o).k
counted with multiplicities in this setting: it equals the relative Betti number

B(fY, FR) = dimker(AY)

— di (p)
(ff,l([a’b])’l) = dim ker(A

3 )
Fd =1 (a.b) k)
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e Only in Section @ really starts the relationship between the bar code By of f and the
spectral properties of Ay t-1((qp)),n- It contains an enumeration of the non zero 6(1)-
eigenvalues of Ay ¢-1((q,p)),n in terms of bars compactly embedded in Ja,b[, while the di-

mension dimker(Agl‘p.)f—l([a W) L) = BP(fY f%4R) is also expressed in terms of By. This

section ends with Proposition which proves the rough lower bound e~2"%* for the non
zero o(1)-eigenvalues of Ay ¢—1((q,)),n (see Proposition [4.5).

e An important step elucidated in [HKN]|, and used in many forthcoming articles, consisted
in the trivial observation that the eigenvalues of Ay r-1((44)),n, Testricted to some spec-
tral compact segment , are the square of the singular values of the restricted differential
df t-1([ap)),h - Singular values are much more flexible spectral quantities than eigenvalues.
One of their advantage is that, in many situations, the approximation errors appear as
relative ones for all the singular values, a property which is not fulfilled by eigenvalues.
We gather several functional analysis preliminary results in Section [p, which elaborates
in a functional abstract setting how various matricial error estimates propagate nicely to
singular values estimates.

e The core of the proof of Theorem [I.7]is done in Section[6] It is a rather sophisticated proof
by induction on the number N of critical values contained in the energy interval [a, ],
{cl, o+, CNy } Nla,b] = {¢1,...,¢n} . This recurrence is initiated by Sectionfor the case
N = 1. Although it contains several steps, the induction from N to N + 1 mimics in some
way the proof of Mayer-Vietoris’ Theorem. The main result of this section is Theorem
which can be considered as the central result of this text, while Proposition proves the
simplest non trivial particular case. This induction contains many intermediate results,
which lead in particular in Section[7] to Theorems and which generalize respectively
Theorem and Corollary to the boundary Witten Laplacian Ay r—1((4.5]). -

e Section[§]is devoted to various generalizations of Theorem [6.3]and of its spectral corollaries.
The first one concerns results for some domains which are not bounded by level sets, e.g.
for (non necessarily) small deformations N; and N,, of the level sets f~1({a}) and f=1({b})
for which the conditions 9, f | ~, <0and d, f| ~. > 0 are still valid, and for which all the
conclusions of Theorem and of its corollaries hold true. The second generalization is
about noncompact manifolds like R?, for which the results still hold provided we make
some assumptions on M and f at infinity. The most technical one concerns the extension
to a general subanalytic Lipschitz function on a real analytic manifold (see Hypothesis .
Even when f is a subanalytic real Lipschitz function, it is possible to define self-adjoint
realizations A -1 ((q,5)),n ; critical values and finite bar codes, but there is an extra difficulty
to establish Agmon’s type estimates to accurately control the exponential decay estimates.
This problem is solved in Subsections and by modelling a collection of solutions
to Hamilton-Jacobi equations associated with some natural stratification of the subanalytic
graph of f in M x R.

e Finally, Section [9] answers precisely our Main Question in various explicit cases. We return
to our results of [LNV], where Morse functions with simple critical values (one critical point
for every critical value) were considered. It was too rapidly conjectured in [LNV] that some
topological constant k2 appearing in the subexponential factor was equal to 1. It is true in
the case of oriented surfaces (see [Lep2]), but examples are now provided with a constant
k2 equal to any n?, n € N*, the first example with x? = 4 arising in the case of a Morse
function on RP?. Additionally, in the case of Morse functions with multiple critical values,
the constant x has to be replaced by an “incidence matrix”, k , related with the bar code.
Various examples, including non Morse functions, show that the accurate computation of
the prefactors now results from two well separated analyses: one for the global topology of
the sublevel sets relying on the bar code, and one for the local asymptotic expansions of
Laplace integrals.
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2 Boundary Witten Laplacians

In this section we specify the domain of various operators involved in our analysis and review
the basic exponential decay estimates. The general assumptions and notations have been set in
Subsection [I.2] and in particular the function f satisfies Hypothesis or Hypothesis We
shall give the definition of Dirichlet and Neumann boundary conditions for Witten Laplacians
on strongly Lipschitz domains . Most of the time in the sequel, these domains will be level set
domains Q = f~!([a,b]) with a,b ¢ {cl, cel, cNf} . The required Agmon’s type or exponential
decay estimates will be proved under Hypothesis We are unable to prove these estimates in
the general setting of Hypothesis but we will prove them for subanalytic Lipschitz functions

(see Subsection [8.3)).

2.1 Tangential and normal traces
2.1.1 Smooth case

Definition 2.1. Let N € M is a C®-hypersurface of M , n a unit normal vector and n® the
associated covector, defined locally. When w € W*2(M;AT*M), s > %, the tangential and
normal traces denoted tyw and nyw are defined by

thzin(nb/\w)’ and nN:nb/\(inw

N )|N

Before we extend this definition to more singular forms, let us make explicit this definition
in coordinate systems (see e.g. [Schl):

e When n is a normalized normal vector to N , any vector field in X = Ty M can be decom-
posed into X = X7 @ X,,n. The traces t yw and nyw are then equal to

th(X1,~--Xp):w‘N(Xl,Ta-naXp,T) and an:w‘N—th.

o With local coordinates (z',...,z?%) = (2, 2%) € R in a neighborhood U} in M of 2o € N,
such that N N UM = {(x’,xd) cUR" 2t = 0}, g = Eij<dgi)j(x',xd)dxidacj + (dz?)?,

n= % and n’ = dz?, and when a differential form is written

w= Z wp (2, ad)da!” + Z wy (2!, 2 dz? A dz?
fl'=p, dZI’ §J'=p—1, dgJ’
with  do! =da™ A Ada™t ) iy <o <idyr o, T={in,.. 0,

the tangential and normal traces are given by

tyw = Z W (x’,O)dmI/ and np_,w = Z wa(ac’,O)dx‘]/ A dz?.
fI'=p, dgl’ 4J'=p—1, dgJ’

e From those formulas one gets at once xty = ny*, where x denotes the Hodge x operator
on (M, g). The possible orientation twist orys is locally trivial so that the orientability of
M is not required.

e When restricted to the tangent space to N, tyw coincides with jyw where jy : N — M
is the natural imbedding. Therefore tyd = dtx and therefore nyd* = d*ny . Note also
that ty and ny commute with multiplications by functions.

12



2.1.2 Lipschitz domains

The typical case which will be considered is when N = 0f) is the boundary of a Lipschitz domain
of M (strongly Lipschitz according to the terminology of [GMM]). This means that € is locally
the hypograph of a Lipschitz function in a proper coordinate system. For the notations, 2 is an
open domain in M and its closed version is Q = QLI N with N = 9. Precisely we consider the
following situation.

Hypothesis 2.2. The domain Q = QUN C M is a Lipschitz domain with N = N; LI N,, made
of two disjoint closed hypersurfaces.

When 2 is a regular domain, with C* boundaries V; and N,, , the unit normal vector field n to
N = 99 is globally defined so that the hypersurface measure do , the orientation twist ory and
the Hodge x operation on N = 92 are deduced from dVol, and or); and the Hodge x on M . In
the general case when the domain 2 has only the assumed Lipschitz regularity, the same things
hold except that the normal vector is defined do-almost everywhere along N; U N,,, do being
the H9~1-Hausdorff measure.

For two forms u,v € WH2(Q, AT*M), the Green formula yields

(du,v)r2(0) — (u, d*v) 120y = / d(T A *v) :/ ta (T A *v)
Q N

:/(u,inv>AT;Mda:/ (tNu, ipv)aTr mdo, (7)
N N

= / (nb A, v) ATy mdo = / (n’ Au, nNv) AT Mdo (8)
N N

while the decomposition N = N; U N, into two disjoint closed hypersurfaces clearly implies

(ty,u=0) & (supp n’ AuC Nn)
and (ny,v =0) & (supp i,v C Ny) .

Moreover according to [JMM], when w € L?(Q;AT*M) and dw € L2(Q; AT*M), the above
Green formulas provide the duality needed to define n” A w| N € W—2:2(N; AT*M) by

Vg € WEA(N), (n°Aw,g),, dw, G)raiey — (W, d*Ghray,  (9)

SRR EEI I
where G is any form in W12(Q; AT* M) such that G|N =g e W22(N;AT*M). Similarly, when
w and d*w belong to L?(Q; AT* M), one can define inw’N € W22(N; AT*M) by

Vg S W%’2(N), = <w, dG>L2(Q) — <d*w, G)LQ(Q) . (10)

s 9y -y w2 )

In particular, when O is an open subset of N and when the trace n” A w‘ o defined in the sense
of ([9) (resp. of (10)) belongs to L*(O; AT*M), the tangential (resp. normal) trace tow (resp.
now) is well defined on O by the standard formula from Definition

tow = i (n’ /\w)|0 (resp. np = n’ A (inw)|o) .
We may thus make sense of the boundary condition ty,w = 0 (resp. ny,w = 0), which is

equivalent to supp n’ A w|N C N, (resp. supp inw}N C Ny), for any w € L%(2; AT*M) such
that dw € L?(Q; AT*M) (resp. d*w € L2(Q; AT*M)).
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According to [JMM| Proposition 3.1], C§°(Q U Ny,; AT*M) (resp. C3°(2U Ny; AT*M)) is dense
in

T ={w e L*(GAT*M) ,dw € L*(Q; AT*M) , ty,w = 0} (11)
(resp. in N ={we L*(AT*M),d*w € L*(GAT*M) ,ny,w =0} ) (12)

endowed with the norm |lw||z2(q) + [|[dw|z2(q) (resp. ||w|r2(q) + [|d*w|L2(q)). Theorem 3.4 of
[ITMM] also says that when u,v € L?(Q) with du € L*(Q; APTIT*M), d*v € L?(Q; APT*M),
and

supp i, T or supp (n” Au) CT

with I' = N; or I' = N,,, the following Green formulas

(du,v)2(Q) — (u,d*v)12(q) = /(nb Au,n’ A (inv))rrodo
r
(13)
_ / (in(n® A ), iy0) 72 0do
r

make sense with a r.h.s. interpreted in general in a weak form specified in [JTMM], Proposition 3.3].
Notice that under Hypothesis the geometric assumptions concerned with T" in [IMM] are
trivially satisfied without any locally mixed boundary conditions. Additionally, when i,v and
n” A u belong to L? ("), the r.h.s. of are standard integrals along the boundary.

Definition 2.3. Let Q be a Lipschitz domain of M with Q = QU N, N = N, U N,, like above,

and let T, N be the spaces defined in .
The space

W(QAT*M) = {w € L*(QAT*M);dw € L*(Q; AT*M); d*w € L*(Q; AT*M)}
is endowed with its natural Hilbert space norm given by
@l = lwlZz@) + ldwliZzq) + ld* @72 - (14)

The closed subspace T NN of W (2 AT*M) will be denoted Wy(Q; AT* M) and the restriction
of the W (S; AT*M)-norm || |lw, ) -

Remark 2.4. i) By interior elliptic regularity, note that

W% AT M) € W(Q AT*M) € WE2(Q; AT* M)

loc

with continuous embeddings. However it is known that W (Q; AT* M) , and even Wy (Q2; AT*M)

if we add boundary conditions, differs from WY2(Q; AT*M) for a general Lipschitz do-

main (see e.g. [MTV[MMMT|]). An easy counter example is u = r%_lcos(%ﬁ)dr —

! sin(g-0)do in the sector 0 < 0 < 0o of R2 near r = 0. It satisfies nu = 0, du = 0
and d*u € L? near r =0 while w € W42 near r = 0 when 6y > .

it) The space W(Q; AT*M) and its subspace Wy(Q2; AT*M) are Lipschitz-module: for any
€ WL (Q;R) andw € W ([ AT*M) , @w belongs to W (2; AT* M) and the mapping w €
W(QAT*M) — ow € W(; AT*M) is continuous. Moreover, for any bounded sequence
(en)nen of WH(Q;R) such that ¢, — ¢ a.e. and dp, — dyo a.e., the convergence
Onw — pw holds for the W (Q; AT* M)-norm for every w € W(Q; AT*M) .

iii) In our case it is proven in [MMMT|] and it is extended in [JMM)] that Wy (Q; AT*M)
is embedded in W1/2’2(AT*M). Again the exponent % cannot be improved for a general
strongly Lipschitz domain €.

T
7%
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iv) For a different approach on regularity issues for Lipschitz domains and relying on a gener-
alization of Bogouvskit and Poincaré type integrals, we refer to [CoMcl], [Mit] and [MiMo).

Proposition 2.5. Let Wy (Q; AT* M) be the space of Definition [2.5

Bvery w € Wy( AT*M) belongs to W2:2(Q; AT*M) and has, in the sense of ©) and (10),
tangential and normal traces txyw and nyw which actually belong to L>(N; AT*M) . Moreover,
there exists C > 0 such that

Yw € Wo(AT* M), Jlw|? )+|Iw|NII%2(N> < Clwliy, @ -

22(Q
where w|y = tyw + nyw € L*(N; AT*M) is the total trace of w .
Finally, in the case where § is a smooth domain, Gaffney’s inequality holds:

Wo(QGAT* M) = {we W' Q;AT*M), ty,w =0, ny,w =0}
and there exists C > 1 such that
Vw e Wo(QAT*M), C7Ywllfprag) < lwllwo@) < Clwlliyizg -

Proof. The first part of the statement is an immediate consequence of the analysis led in [JMM]
(see e.g. Theorem 1.1 there), but our setting is actually simpler since no locally mixed boundary
conditions appear.

For Gaffney’s inequality when the domain € is smooth, consider first

w e W'(QAT*M) = {ueW"(Q;AT*M), ty,u=0, ny,u=0}

and a function x € C§°(Q U N¢; [0, 1]) such that x =1 in a neighborhood of N, , and decompose
was w=xw+ (1 — x)w=w; +wsy. For any differential operator L of order < 1, note then the
relation || Lw;||z2 < Oy jllwllzz + [[Lwl|/zz, j = 1,2. Now, wy = xyw € WH2(Q; AT* M) satisfies
toowr = 0 and wy = (1 — x)w € WH2(Q; AT* M) satisfies ngows = 0. Gaffney’s inequality for
Dirichlet boundary conditions then says

lorlffyrz < Co [lwnllZe + ldwillZ2 + lld*wi]1Z:]

for some C independent of wy, while Gaffney’s inequality for Neumann boundary conditions
says
ez fyr1.2 < Co [llwall7z + lldwa|[Z2 + l|d*well72]

for some C5 independent of wy (these two different boundary conditions have been treated
separately in [Sch]). Adding the above two inequalities then leads to

Yw e W(QATM),  |wliyiz < C[lwlZ: + ldwlZz + [ld"wlZ2] -

In order to prove Proposition it suffices to show that W' (Q; AT*M) equals Wy (Q2; AT*M) .
We can forget the boundary conditions. With a regular boundary, a simple local reflexion
after identifying the domain with a half space, leads to the problem on R? with a Lipschitz
riemannian metric, asking if a compactly supported form in w € Lgomp(Rd) such dw € L*(R?)

and d*w € L?(R?) belongs to H},,, (R%). Tt is a straightforward application of Lax-Milgram’s

comp
theorem. O

2.2 Witten’s deformation

The function f is assumed to be a Lipschitz function and the domain Q satisfies Hypothesis
Improved regularity results are stated when f and ) are more regular.

15



Definition 2.6. Assume f € WL°(M;R), h > 0, and Hypothesis for Q=QuUN =

QU N; UN,, . The operators di g and df . are defined by

an) = {we LX(GAT*M), dypw € L (4 AT* M) ty,w =0} =

f,
and  D(d}g,) = {we L*( QAT M), d} ,w € L* (G AT*M) ,ny,w =0} = N,

where T and N are the spaces defined in and , and we recall that

I
eh

dip=e t(hd)et =hd+df A and df, = ek (hd")e

according to and .

A particular case that we will study extensively is when Q = f~1([a,b]), N; = f~1({a}),
~1({b}), and a < b do not belong to {c1,...,cn, } under Hypothesis (in this case

Q = f° according to Definition . With such an f-dependent domain, it will be useful to

consider do’f—l([a,b])’h and df,f—l([a,b])’h

Proposition 2.7. In the framework of Deﬁm’tion the operator d; g, (resp. df a, h) 18

densely defined, closed, and Ran df an C ker df a,n (resp. Ran df ah C ker d;,ﬁ,h)' Its adjomt

is d* (resp. d;g ). The subspace C5°(2U Nps AT* M) (resp. C§°(XU Ny AT*M)) is dense

£.a.h
in D(de n) (resp. D(d ). Finally, the identity

= hd* +iv;

th)

D(d;5,) N D(dig,) = Wa(Q AT*M),

holds true when Wy(2; AT* M) is the space of Definition .

Proof. The operators d ron and df o Y havmg respective domains 7 and N, with T NN =

W (2, AT* M) by Definition [2.3] u they are clearly densely defined, and they are bounded pertur-
bations of hd,, ¢ ; and hd , owing to df,n =hd+df N and d} , = hd; 5, +ivy. The operators

domanddom

around @

As bounded perturbations, the adjoint of df,ﬁ,h equals d;‘cﬁ N because the adjoint of dyg.1 is

are moreover closed with the density properties, according to the presentation

d; a1 while the adjoint of the bounded perturbation df/\’is’ ivy. Actually w belongs to the

domain of the adjoint of dy o iff
AC >0, Yu € C3°(QU N, AT M), |{du, w)| < Cllul|ge2 .

Taking any u € C°(; AT* M) implies d*w € L?(2; AT*M) and therefore inw‘N is well defined
in W-Y22(N;AT*M). Using afterwards Green’s formula with a general u € C*(Q U
Np; AT*M) leads to inw|Nn = 0. Thus the domain of the adjoint of dyg,1 is included in
D(d; a, ,)» which is enough to conclude.

It remains to check Ran d;q , C kerd; g , and Ran d tan C ker d;‘c an The identities and
5) already say that dy nd; g ,w =0 in D' (Q, AT* M) (resp. dy, hdf an = 0) whenw € D(d; g )
(resp. w € D(d;Q ,)) - We can conclude that d, o ,w € kerd, g, (resp. de LW € kerd;Q W)
if tn,dypw =0 (resp. ny,d} ,w = 0) or more precisely, with the weak formulation of the trace
defined in (9 (resp. in (I0)), if supp n’ A (df7hw)|N C N, (resp. supp in(d}i’h)w|N C Ny). For
W € CE(QUN,; AT* M) (resp. w € C3°(QUNy; AT*M)) the weakly defined trace n’ A (df’hw)|Nt

(vesp. i, (d} pw) |Nw,) obviously vanishes because N;Nsupp dy pw = 0 (resp. NpNsupp d} ,w = 0).
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By the density of C5°(QQUN,; AT* M) (resp. C*°(QUNy; AT*M)) in D(d; g ;) (vesp. D(d;5 W)
we deduce
Vwe D(dsg,), 1 Aldg,w)|

(resp. Yw € D(d; E ind;7§7hw|Nn

N, =0 in WTV22(N)
=0 in W 23(N,)).

This ends the proof. O

We now apply results of the abstract Hodge theory reviewed in Appendix [A] to our specific
framework.

Proposition 2.8. Assume Hypothesis for @ = QU N; UN,, f € Who(;R) and let
Wa(; AT* M) be the space of Definition [2.5.

1. The operator df,ﬁ,h + d;,ﬁ,h with domain

D(ds5,) N D(d5g,) = Wa(AT*M)

IEEE)

is self-adjoint and has a compact resolvent.

2. The operator Af@h = df,ﬁ,hd;,ﬁ,h + df a, hdf,ﬁ,h with domain

D(A;5,) ={ueD(d;5,)N D(dfQ ) S-todppu € D(dfQ ) and dju € D(d;g )}

is a self-adjoint operator with a compact resolvent. It is the Friedrichs extension asso-

ciated with the (closed) quadratic form Qg (w) = |ldfpwl72 + [|df jw|72 with domain
D(d;q,) N D( ).
3. The ranges of df,ﬁ,h and d;ﬁh are closed and the following Hodge decompositions hold in
2. .,
ker (d;,ﬁ,h)

L 1
L( AT"M) = Ran(d; 5,) Sker(A 5 ,) & Ran(d) 5 )

ker(dfyﬁyh)

4. For any z € C\ O'(Af’ﬁyh) , one has for any compactly supported and bounded measurable
function x on R and for any w € D(d), where d = digy ord= de b

d(z — Af@h)_lw =(z— Aﬁﬁ’h)_ldw and dox(A;g,)w=x(A;g,)odw.

5. When Q is smooth and f € C2(;R), the domain of Af@h equals
_ _ 2,2 . * tNtw = 05 nan = 07
D(Af,Q,h) = {w eWw (Q,AT M)a tN,d}kc’hW =0, nNndf,hW =0

Proof. The identification of D(d; g ;)N D(d} 5 ,) is done in Proposition E.The statements L),
ix

Q,h

2), 3) are then straightforward applications (f)f Proposition [A.1]in Appendix|Al The first identity
of the statement 4) is an application of the general relation ((155) in Appendlx A The second
identity then comes from the functional calculus for self-adjoint operators.

Finally, for 5), it suffices to notice that Ay, = —h?Ag1 + [V f|? + h(Lyy + L ) and that
df is C' on 99 so that AfQ , is a regular lower order perturbation of h? AO .1+ within the
theory of elliptic boundary value problems (boundary conditions also have a regular lower order

correction), when f € C*(Q;R). But the elliptic analysis made in [Sch][MMMT] (see also [LNV]
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for the combination of Dirichlet on N; and Neumann on N,, boundary conditions) ensures that
the domain of Ay g, = dd* 4 d*d is

_y_ 2,2((). AT* tyw=0, nyw=0,

D(AO’QJ) - {w € WA AT M), ty,d*fw=0, ny dv=0 [

O

Remark 2.9. Let us complete the statements of Propositions and with some remarks
when f satisfies Hypothesis or Hypothesis 1.6,

o The domain D(df@h) does not contain any other regularity assumption than w € L*(Q),
dpw € L2(Q), and does not contain any condition on N,, . In particular, when a’ < a < b
do not belong to {cl,...,cNf} according to Hypothesis , the domain f° (resp. ffl’,)
equals to f=([a,b]) (resp. f~1([a’,b])) and satisfies Hypothesis with Ny = f~*({a})
(resp. Ny = f~1({d’})) and N,, = f=1({b}). This a consequence of implicit functions
theorem which is the classical C*-version under Hypothesis and still holds in a Lipschitz
version under the more general Hypothesis (see Subsection m} The density of
C(fEUF~H{b}); AT* M) in D(dy p-1((a,4)),n) provides the following extension result:

Yw € D(df,ffl([a,b]),h)v w € D(df’ffl([a/’b])’h)7 where (I)}fg =w and C:J|fa/ =0. (15)

e Hodge decomposition in Proposition @3) says that
ker(Af,ﬁ,h) = ker(df,ﬁ,h)/Ran(df,ﬁ,h) = ker(do,ﬁ,l)/Ran(do,ﬁ,1) .

From the usual Hodge theory on the manifold with boundary ) , the dimension ofker(A?% h)
is thus the relative Betti number dim HP(Q, N;) and is independent of h > 0. In particular,
when Q = f° and a < b are not in {cl,...,cNf} it is

’

dimker(Ag p-1(jap)),n) = dim HP(f°, f*) = @ (f°, f9).
If moreover [c,d] C [a,b] and ([a,b)\]c,d]) N {c1,...,cn, } =0, then for every a’ € [a, ]
and b’ € [d,b], the dimensions dim HP(f°, f%) and dim Hp(fb/,f“/) are equal and then
dimker(Af’ffl([aﬁb])’h) = dimker(Af’ffl([a/’b/])’h) . (16)

o When s > 0, the commutation of dy gy with 1 g (Af@h) ensures that the restricted differ-
ential 0jo,s) = 10,4] (Af,ﬁ,h)df,ﬁ,h defines a finite dimensional complexr with Betti numbers
dim HP (2, Ny):

5(1’*1) 5(17)
O pe-1 200 pe) 00 e )
0= Tl oy === Fos) —=Flo.s) "+ Fio. =0 (17)
[0,s] [0,s]

where F[(Opi] = Ranljg 4 (A;% h). This will be studied more carefully when Q = f°, with

the notations Fig g ja,b),n and 6[o ], [a,5],n 1 oTder to handle various intervals [a,b] .

2.3 Agmon’s type estimates

We review a series of exponential decay estimates which are adapted from [DiSj][HeSj2], and
[ILNV] for Witten Laplacians with boundary conditions. Those are standard when the function
f satisfy Hypothesis but only a part of them can be proved when f is a general Lipschitz
function which satisfies Hypothesis

18



2.3.1 Weighted integration by parts formulas

We present here weighted integration by parts formulas with low regularity assumptions. These
formulas will be used in the sequel, after optimizing the weights, in order to prove different
exponential decay estimates. Under Hypothesis the regular case, this will lead to the usual
Agmon estimates presented in the next section. A variation of these arguments will be developed
in Section under Hypothesis (subanalytic case) and will require the low regularity results
listed below.

Lemma 2.10. Assume Hypothesis for Q=QUN,UN, . Let f,o € WL>(M;R), Argn

be the self-adjoint operator defined in Proposition and Z;’Zl X? = 1 be a smooth partition

of unity in . For any w € D(Q;qp) = Wol(S4 AT*M) (see and the lines below), with the

notation
»
h

w=erw,
the following identities hold true:

2o - -

Re Qg5 w, e w) = lldpg,0l° + 14} 5,017 — (@, [Vel*@), (18)
J J
2¢ 2¢ -

and Re Qf’ﬁ,h(uh e fw) = ZRe Qﬁﬁ,h(ija € J’ij) —h® Z |||VXJ'|W||2 . (19)

j=1 j=1

Moreover, when in addition f € C*>(M), the identity writes also

Re Qg (w e w) = h?|da||F: + h||d" @7
+(@, (VI = Vol + hlyy + hLyp)a)

+h (/ ) /N) W)ATzQ <g£) (o) do. (20)

Lastly, when f € WL (M;R) and ¢ € C*(M), the above quantity can be written

2¢

Re Qf’ﬁ,h(w,efw)fo (pﬁh(dz w)
+ (@, (2Vf.Ve = 2|Vy|* + hLy, + hLy,)D)

+h (/ . /Nt) W)AT=Q (gi) (o) do. (21)

Proof. We recall that according to Remark Wy (Q; AT*M) is a Lipschitz-module. For the
first statement (18], simply write

2¢ P
R

Re nyﬁ’h(w, erw)=Re Qf’ﬁ’h(e* w)
=Re ((dyn — deN)@, (dfp + deN)D)
+Re ((d} ), +ivy)w, (d} ), —ive)@)
= |ldgp@ | + [[d} x0|* = (dp A @, dp AD) = (ived, iv,d)
= dpn@|® + |d 4Bl* = (@, (ive(dpA) + (dpA)ive) @) -
=|Vel|?

~ k2
w,er

For (19)), we start from after noticing that ;& € Wy(Q; AT* M) when w € Wy(; AT*M) .
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We compute
drnx; @l + 145 @01 = lxdra@l? + xsds poll”
+ 2Re <def,h¢:1 (thJ )@w) — 2Re <def p@, hivy,w @)
+ 12 [{dxg A@, dxy A@) + (vy, @, ivy, @)
= Ixjdrn@l® + lIx;dj n2|1?
+ Re (df po0, (th] )w) — Re (df RO hlvxzw>
+ 1@, (ivy, (dxA) + (dxNivy,) @) -

=Vx;?

Summing w.r.t j € {1,...,J} leads to

J
Qfﬂh Z R (OXGW s e Xjw) _h2Z|HVXJ|WH2

j=1

Let us now assume that f € C2(M). According to , the identity

2¢

Re Qf’ﬁ’h(("“ QTLU) = Qf’ﬁ’h(a)7 (IJ) - <‘:)7 ‘V(p|2(:)>
holds true and it suffices to prove the formula when ¢ = 0. To this end, one first writes for
weD (Qf,ﬁ,h> s

= 1® |[dwllze + B2 | d" w2 + [ldf A w7
+ livywllz. + h((df Aw, dw) 2 + (dw, df A w)
+ (d*w, iy w) 2 + (ivw, d*w))
= B? ldwl[72 + b ld* w72 + IV f]wl 72
+h{w, (Lyvy + LG )w) L2 + h({df ANw,dw) 2
—(d*(df Nw),w) 2 — (divw,w) 2 + (ivw, d*w)rz2),

2
de,h"'}”[,?

where the last equality holds thanks to the relations (dfA)* =ivy,

Lyp=doiyy+iyfod and L= (dfA)od" +d"o(dfA).

since w € D
L? d*v € L2}:

The relation (20)) follows using in addition the generalized Green formula which gives here,
Qfﬁh) and hence admits a total trace on N, and df Aw, iyjw € {v € L? dv €

(df Aw,dw) > — (d*(df Aw),w)2 = /N (n* Aw, 1" Ay (df Aw))Teodo

n

:/ (@, 1 (1 A i (df Aw)))zzado
Ny
_ / (@, 1n(df A w))7s0do

Ny

- /N (0uf (o 0) 0= (0 1 )10}

=0

= On f (w,w)Tr0do
N7Z
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as well as

<ivfw, d*w>L2 — <divfw,w>L2 = 7/ <nb A ivfw, nb A inw>Ta*Q
N

= - Onf (w,w)r:dodo .
Ny

Lastly, let us prove the relation . By direct expansion with f and ¢ Lipschitz continuous
and

df—pn=dsn— (dpA) = hd + (df \) — (dpA) and d;—<p,h = d}’h — iy, = hd” +ivy —ive,
we obtain
Qf—<p,§7h(a)7d)) = Qf,ﬁh(‘:’aa))
— 2Re (<df AN@,dp AN@) + <ivf(:), iv¢;)>)
— 2hRe ({d@, dyp A @) + (4@, iv,@))
+ dp A@|* + [lived]|”
By adding this relation for the pairs (f,¢) and (0, —¢), we obtain
Qi_pan(@0) + Qg ,(@,0) = Qg ,(@0,0) + Qyg n(ww)
—2Re ((df A@,dp A@) + (iv 5@, ived))

—(@,(Vf- Vo))

+0
<12
+2[[[Velwl|
Finally, using the relation gives

Re Qg p(w, e w) = Q@) — I Vola|”
= Qf_pas(@®) +2(@,(Vf - Vo — [Vol*)a)
+ Qi n(® @) — Qo (@,@) — IVelal®.
When in addition ¢ € C?(M), using (18) and with f = ¢ leads to the relation (21)). O

Remark 2.11. Alternatively, one could first prove the relation for f,o € C?3(M), and then
approzimate a general f € WL (M) by a sequence in C*(M) as in Remark ,

2.3.2 Exponential decay estimates

Under Hypothesis these estimates rely on the integration by parts formula of Lemma
They will be replaced by a new hypothesis for more general Lipschitz function f, which will be
ultimately verified when f is Lipschitz subanalytic in Subsection

Definition 2.12. Assume Hypothesis[I.3 for f and remember
Mreg = {iIJ S (M \ Suppsing f) 7Vf($) 7& 0} cM \ f_l({cla v 7cNf}) .

The Agmon distance dag on M associated with f € C*(M) is the geodesic pseudodistance
associated with the degenerate metric 1yr.. |V f|?g, namely

reg

dufe =t [ GOIVIGOIR )
~v € C([0,1]; M)
7(0) =z, v(1

21



Because f € WH(M) N C®(Myey), we know dagy(x,y) < ||V flr=dy(z,y) where d, is the
geodesic distance and d g4 is a Lipschitz function of (z,y) € M x M . Moreover when z,y belong
to the same connected component of M \ ffl({cl, .. .7cNf}) any C! curve 7 staying in this
connected component satisfies

/0 IV F (@)1 dt > | / V()4 (2) dt] = £ () — F()]-

For a general v € C1([0, 1]; M) such that v(0) = z and (1) =y, {f(v(t)),t € [0, 1]} is a compact
interval. Therefore, bounding from below the integral fol ...dt by a sum of integrals on intervals
Jt, t},[, where f(y(t)) & {c1,...,cn;,max(f o), min(f o)}, leads to

/0 Ly, (YO)) [VF(Y@O) 1Y (8)] dt > max f(y(t)) — min f(y(£) > |[f(y) — f(@)]-

t€[0,1] t€[0,1]

We obtain
When f is a C> Morse function, more details about the more general broken geodesic curves,

which do not hold anymore with our general assumption and which we do not need, are given
in [HeSj4).

Proposition 2.13. Assume Hypothesis for f and Hypothesisfor Q = QU N, UN,, with
or of
On 'Ne " On

Let A, ), be the self-adjoint operator defined in Proposition and let U denote the compact
subset of @, U = (M \ Myeg) NQ. All families (\p)r>0 in C, (rp)p=o in L2(Q) and (wp)r>o in
D(A;g) C Wo(Q AT*M) such that

=N, UN, C My, ,

N, > 0. (23)

Avey —A)wn=rn CK , limh =0,
(Arqn = Aw)wn =1 supp 74, Lim A

where K is a fized compact subset of Q, satisfy the estimate (see and the lines below)

le™ " whllwy@) = O) x (Irallz2) + tullwnllLe@) »

where ty =1 4fU #0 andty =0 if U =10.

Proof. For € €]0,1[, one introduces K. = {y € Q,day(y,UUK) <e} and x1 = X1,c,x2 =

X2.e € C*(€,[0,1]) such that x; =0 when U = () and x; = 1 near U else, supp x1 C K. NQ,

and x7 + x3 = 1. Let us also introduce ¢ : z — (1 — &)day(z, K.) € WH>(Q), so that .
@

satisfies |Vip.| < (1 — ¢)|Vf| almost everywhere in Q. Setting @y, := e wy, and applying
with . =0 on K., supp x1,supp r, C K., we obtain

(rnywn) 2 + Anll@nll72 = Re Qg (s €% wp)
> Re Q.5 (Xown X26” T wh) + Qg (X1wh, 1) — c<h®||@n |72 -
Then, applying of Lemmawith a C2-extension to M of f|supp Lo 0 With |[Vf]?2 > C. and
1L+ Loy| < C. on supp Y2 and the sign condition leads to
lonllzzllrall: > Qg (xiwns x1wn) + B2 ([[dxa@nl| 72 + (14" x2@n|72)
+(Ce=Ch = Ay = cch?) | xa@nll72 — tu(An + ch?) [ xawnl|72
> Q.0 (Xawh, xawn) + CL A2 | x2@n[3y — tullwnl| 72 . (24)
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where we recall from Definition 2.3] that [|w||w = [lw||r2 + [|dw| 2 + [|d*w]|z= -
Since Q 5, (010, X11) > 0 and Jwn [z < Cllrallzz + tullwnlz2 (this is obvious when U 0
and apply of Lemma with ¢ = 0 else), we obtain the estimate

B C//
X290 [lw, (@) < f(”rh”m + tyllwn| £2) - (25)

This ends the proof when U = ().
When U # (), the relations and

Qs an(awn, xaiwn) = [[(hd + df N xawn 2 + [[(hd* +ivs)xiwn 2
h? "
> 5 (ldxawnllZz + ldxawnlz2) = Cllxawn 7z

lead, since ¢. = 0 on supp X1, to

!

- C
i@nllwa@) < 2= (Irallce + llwnllz2) - (26)

The statement of Proposition then follows from and , by using again the IMS
localization formula with now ¢ = f = 0 but w replaced by w. O

Following [HeSj2] [DiSj] we extend the definition of O to the kernels of bounded operators from
L? to W, which appears to be more natural than W2 in our setting (see indeed Definition [2.3]
and Proposition . For more flexibility, boundary conditions do not appear in the following
definition and the full space W (§; AT*M) of Definition is used.

Definition 2.14. Let the domain Q satisfy Hypoth%@ Let the operator Ay, act continuously
from L2(Q; AT*M) to W (Q; AT*M) and let ® € CO(Q x Q;R) . We say that the kernel Ay (z,y)

&(z,y)

of Ay, is O(e’ no) if, for all xo,yo € Q and € > 0, there exist neighborhoods U, Ve in M of
Yo and xo and constants h. such that

Vh €]0, he[, ¥x € C§°(V.), 3Cy.e >0, Yu € L*(Q) s.t. supp u C Us,

_ ®(zq0,y0)—¢

IxAnullw ) < Cxce e

For a finite family (®y) ) in CO(Q x 4 R), the kernel Ay(z,y) of Ay is said to be

ming << g Py (,y)
7 ) .
2(x,y) Y(z,y)

When Aj(z,y) = O(e== %) and By(x,y) = O(e~— = ) and D}, is a differential opera-
tor of order < 1 which vanishes in a fixed (independent of h) neighborhood of 02 (remem-
ber W(QAT*M) € WL2(QAT*M)), with ||Dy||cewr2.r2y = O(1), then (A DyBy)(z,y) =
O(e*@(i’y)) with ©(z,y) = min_ g ®(z, 2) + ¥(z,y).

If Ap(z,y) = O(e™ Q(Zm) and 1 € C°(Q), p € WL>(Q) satisfy ¢(z) < ®(z,y) — ¥(y) for all
£ ~

y € 0, then sup,cr2(q) W =0(1).
ehu L2

ked{l,...,.K
O(Shey €™ @k(’fﬂ)) when it is O(e~

An easy application concerns the case when the gradient of f does not vanish in Q C M,
under Hypothesis

Proposition 2.15. Assume Hypothesis for f, and Hypothesisfor Q = QUN,UN,, with
now

o - of
On N " on

where we recall that f € C®(Myeq) has a non vanishing gradient. The self-adjoint operator
Af@’h defined in Pmposition is bounded from below by cq fn, > 0. when h €]0,hi[ with

eg

Q - Mreg )

N, >0, (27)
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hi > 0 small enough. If limy_,q p(h) = 0T, then the resolvent (Apan— 2)7H 2] < p(h), well
defined for h €]0, ho[, ho > 0 small enough, satisfies

~ dag(@y) ~ [f(z)—f(y)l

(Af,ﬁ,h - z)—l(xvy) = 0(6_‘?) < O(e—f)’
according to Definition and uniformly with respect to z, |z| < p(h).

Proof. The lower bound and the definition of the resolvent is deduced from in Lemma m
applied with ¢ = 0, |Vf(z)] > ¢ > 0 for all z € Q and where the condition (27) ensures
the positivity of the boundary terms. The estimate of the kernel is then a straightforward
consequence of Proposition with here U = (). O

We cannot prove Proposition 3] and Proposition [2.15] for a general Lipschitz function
even under Hypothesis [1.6, We replace it by an assumption which is proved to be fulfilled by
subanalytic Lipschitz functlonb in Subsection [8-3]

Hypothesis 2.16. For a Lipschitz function which satisfy Hypothesis with the “critical val-
ues” ¢1 < ... < cn,, we assume that Proposition @ and Proposition @ hold true after
replacing Myeg by M\ f=' ({c1,....cn; }) , dag(@,y) by the pseudodistance |f(x) — f(y)|, and
by restricting to the case Q = f~1([a,b]), a<b, a,b ¢ {cl, .. .,cNf} .

2.3.3 Adjusting boundary conditions

Another consequence of Agmon estimates is the following lemma which will be used to correct
boundary conditions and to extend solutions to d¢pw = 0 to a wider domain with suitably
small errors. Under Hypothesis it is stated in the more general framework of Proposi-
tion with @ C M,.,, although it will be applied essentially when Q = f~!([a,b]) with
[a,b) N {cq, ... ,cNf} = (). For a more general Lipschitz function we work directly in the frame-
work of Hypothesis [2.16]

Lemma 2.17. Assume Hypothesis |1.9 for f and Hypothesis m for @ = QU N, UN,, with
Q0 C M,ey and the sign conditions - N, < 0, 8f|N > 0. Consider the operator Ath of

Proposztwn- There exists ¢ > 0 and ho > 0 determined by f and Q and for any pair of cut-
off functions x,x € C=(Q;[0,1]) which satisfies dx,dx € C°(Q), with X = 1 in a neighborhood
of supp dx, a constant C'ny/ > 0 such that the following holds.
When w € W(Q; AT* M), the forms
M= dig (D) () Aw) and m = dyg (A g,) " (hivw)
both belong to
D(A;g,) CWo( AT M) C W(Q;AT™M)

and satisfy the following inequality with convention dag4(supp dx,supp dx) = +oo when X is the
constant function 1:

Inlize < =llhdx) Awllze and  fnellze < =l (hiwy)wllze
7 i

ldgn(xw—xm)|lrz < \[H(hdx) Ndypwl Lz + [Ixds pwll L2

~ dpg(supp dX,supp dx)

+0(e” " )I(hdx) Awllzz

d pg(supp dX,supp dx)

ldfp(Rm)llze <O 7 )|l(hdx) Awlre,
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* ~ 1 . * *
% 5 (xw — Xm2)[|2 < %thvxdf,hw”L? + [Ixd} pwll L2

- dpg(supp dX,supp dx)

FO(e T gyl e

d g 4(supp dX,supp dx)

ld s (xX2) |22 < Oe™ g )Ihivywl|z2

lldr.n(xw = X (1 +n2)) | L2
+ < Oy [lldgpwlirz + [ld pwll 2]
1} 5 (xw = X(m +n2))ll >

5, _daglsupe dXsupp dx)
+0(e g Ml L2 (supp ax) -

When f is a Lipschitz function which satisfies Hypothesis and Hypothesis the results
are the same when Q = f~1([a,b]), ¢ < @ < b < ¢py1, and dag(K,K') is replaced by

infrer yex |f(z) — f(y)]

Remark 2.18. Note that w is not assumed to belong to the domain ofdf’ﬁ’h , d;,ﬁ,h
boundary conditions) and the same holds in general for xw . Accordingly, we used the notations
dfn and dj for the differential operators. In some applications x will be chosen such that xw
and therefore xw —x(n1+mn2) belong to one of these domains. Example given, if xw € D(Af’ﬁ’h) ,
the last inequality then provides a good estimate of Qg j,(xw — X(m + 12)) when supp x and

supp x are well chosen.

Proof. Proposition under Hypothesis or Hypothesis with Q = f~!([a,b]) in the
more general case, ensures Ay g, > ¢ > 0 for h €]0,ho[. When A, g, u=v¢€ L3(Q), it implies

first [|ul| < 1|lv]|. We apply with ¢ = 0:

or Af,ﬁ,h (no

1
ld g null® + lld} g ull” = Re (u, Apg yu) < Jluflloll < o]

This proves the two first inequalities for |||z and ||n2||L2 -
Moreover, the equality
dfn(xw) = x(dfpw) + (hdx) Aw

implies
0 = dynlx(dpnw)] + dgn [(hdx) ANw] = (hdx) A (dgnw) +dpn [(hdx) Aw] . (28)

Our assumptions ensure (hdx) Aw € D(d;q,) and m1 € D(A;q,) C D(d;g,). By using
Af’ﬂ’ht df’Q hd; an + d; a, hdf . and the commutation relation stated in Propomtlon .8H4),
compute:

df’ﬁ,hm = dfﬂhd;gh( ) 1(hafx/\w)
= (hdx) A d* hd ran(D g (hdy) Aw)
= (hdx) A Tan(Bran) T (dygpl(hdx) Aw])
B (hay) Aw+d;ﬂh( an) T ((hdy) A dygpw) .

With dyp(xm) = X(dgnm) + (hdx) Am and xdx = dy, this implies:

dpn(Xm) = (hdx) Aw+Xd; g, (A g,) 7 ((hdx) Adppw) +(hdX) Adj g, (A ) 7 ((hdx) Aw).
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We have proved

dyn(xw — Xm) = x(dgnw) = Xd} 5, (81 5,,) " ((hdx) A dgpw)
(I)

— (hd) A d} 5, (B g) ™ (hd) Aw)

(1)

Since ||d;’§’h(Af’§’h)_1H < % for h small enough, it follows

1
NG

For the last term, Proposition [2.15 under Hypothesis [T-2] says

(D2 < —=l(hdx) Ny nwl L2 -

~ _dag(supp dx,supp dx)
()]l L2 = Ofe g )I(hdx) AwllL2,
while Hypothesis with Q = f~1([a,b]) in the more general case gives

ming csupp dy,yesupp dx £ (@ —f (W)l

I(11)]| 2 = O(e™ z M (hdx) Awl|zz

Meanwhile the identities d} , (Xm) = Xd} ,m + hivgm and d} ,m = 0 lead to

dj p(Xm) = hivgm = hivgd; g, (A g,) " ((hdy) Aw).

which yields the fourth inequality.
Working with 7, is completely symmetric by exchanging the role of dy , and d} , , after starting
with

dy n(xw) = x(d} pw) + hivsw
and 0= d;h(d},hxw) = hiy, (d?hw) + d?h [hivxd},hw] .

The last inequality is obtained by summation. O

2.3.4 Resolvent estimates

From this paragraph and until the end of Section 6, the analysis becomes essentially one di-
mensional along R O f(M). Accordingly we now work specifically with Q = f~1([a,b]),
Ny = f~Ya), Ny = f7Hb), a,b & {c1,...,cn, } or possibly Q@ = UL, f~1([an, bn]) , an,bn &
{cl, .o, CN f} , under Hypothesis for f, or by assuming Hypothesis and Hypothesis
for a more general Lipschitz function f .

~ dpg(K,K')
Also the upper bounds O(e~ — ) in Proposition , Proposition and Lemma M

' L g er 1$@) T o ] ]
are replaced by their weaker form O(e™ R ) which is the one given in Hypothe-

sis [2. 10

We present here resolvent kernel estimates when [a, b] contains one or a fixed number N of “criti-
cal values” of f. It assumes some spectral localization, in and , which is not yet proved.
It will be done in the next sections with increasing complexity and precision: first for N =1 in
Section [3] and then for a general N in Section [d] followed by the accurate version for N > 1 in
Section [0} It is also presented in a more general form where actually the N critical values may
be replaced by N clusters of critical values for further applications.

Let us first consider the case when [a, b] contains one cluster of “critical values”.
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Proposition 2.19. Assume Hypothesis or more generally Hypothesis |1.6| and Hypothe-
sis[2.16, for f and let a < ¢ < b and o €]0, min(b — ¢,c — a)[ be such that

€0 o
b - — —.
[a, }ﬂ{cl, ,cNf} Cle 16,c+ 16[

Assume also that Ag ¢-1(ap)),n , the self-adjoint operator in f~Y([a,b]) € M given in Proposi-
tion[2.8 with Ny = {f = a} and N,, = {f = b} satisfies:

4eg

e (29)

dho >0, Vh G}O,ho[, O—(Aﬁf_l([a,b]),h) N [0,67%] C [0,67

Then the estimate ) o
(Dpogs(tapon — =) (@, y) = O(e= HF A

2eq

holds, according to Definition uniformly with respect to z, |z| = e~ & .

Proof. We prove Proposition by adapting the analysis made in [DiSj, pp. 57-58]. Let us
consider the self-adjoint realizations Ag r-1((q 201y, and Ag ro1 ey 20 ), for which Proposi-

tion [2.15] says .

_ _ ~ _F@=fw)l
(Af,ffl([a,c—i—g]),hfz) 1(%9) and (Af,ffl([c_;'_i%,b])’hfz) 1(ac,y) are Ofe D

), (30)

uniformly with respect to z € C, |z| = e~2% . Let moreover 6 and 6 be two cut-off functions

such that 0 € Cg°(f~'(Je — S, ¢+ 2[);(0,1]), 0 = 1 around f~'([c — $¢,c+ 2]), and 0 €

Ceo(f~(Je— 22, c+ 22[);[0,1]), 6 = 1 around f~!([e— <, c+ 22]). Let us also define 6_,0_ €
1

C(f~1(] = 00,¢)); [0,1]) and 6,0, € C=(f~(Je, +00[); [0, 1]) such that

0_+0+0,=1 and 6_+0+0,=1.

0_ 6 0
—————————————— - EEEEEEEEW - —— e ————————————
RV XY
0_ w 0 1) 0.+
" "
N [
a .
n "
I I_A.‘\l | Il,‘A L
L = T T T T
_ &o (=200}
a c—3 c c+ 3 b
3e — & €9 3e
c—%  ¢T 1 T ety

Figure 1: Positions of the cut-off functions, 6_,6,0., HA,, é, é+ .

The support conditions imply the following resolvent identity:

(A s-1(aphn =2 = (A p-1(aphh = 2) 0+ 0-(Df o e-zann —2) 0=

— (Af,ffl([a,b]),h — Z)ilé[Aﬁh, 9—](Af,f*1([a,c—51%]),h — 2)710_
O (Ag p1(fer 2o ppyn — 2)7'0y

= (Afp1((abhn — Z)_lé[Af,fu 9+]<Af,f—1([c+i—g7b]),h —2)710, .

Since moreover [[(Af, r-1((a,p]),h — Z)_1||£(L2,L2) < 2e27% for |z] = e , because the hypothesis
2e

e

280
ensures distc(2, 0(Af f-1([a,)),n)) < 2” for h > 0 small enough, applying Proposition [2.13to

(A p=1(abn — 2)wn =13 = O
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with supp 6 C f~1(Jc — 358

&, ¢+ 358]) first yields

|f(z)—c|—38e0/16 | oe
,%4,2}*?

[(Ag,r=1((a b)) h — 2) ) (z,y) = Ofe

and then

. 5 li@)zelae/16 | 520

[(Afp-1(anpn —2) 10z, y) = Ofe
B O(e_\f(w);f(y)\+3%).

_1f(y)—ecl=3eq/16
e h

) O(
By using B0), [[[Afn, 0]l w2, r2) = O(1), [Af u, 0] vanishing in a neighborhood of f~!({a,b}),
and the latter estimate for all the left factors concerned in the above resolvent identity, we obtain

(Aff1(apyn —2) Hz,y) = Ofe )
= Ole

@)~ @)l 3e @)~ )]
R S P

(o}

)+ O(
,MJF%)

O

Proposition 2.20. Assume Hypothesis or more generally Hypothesis and Hypothe-
sisforf. Let a < b belong to R\ {c1,...,cn, } and let Q@ = f~*([a, b]) with N; = f~*({a}),

N, = f7Y{b}). Assume that there exist a = ¢o < ¢ < ... < éy < ¢éyy1 = b and
g0 €]0, mmlsngw{é(%_c“l)[ such that
~ g0 - €0
Ja, b[N {Cl’ - "CNf} = l—lgzl]cn - Evcn + TG[

The operator Ay y-1((a,p)),n i the self-adjoint realization of the Witten Laplacian given in Proposi-
tion and accordingly Np = Aj p-1(1a, 1 +(1-6,.1)20,n 11— (1—6n.n)e0]),h 15 defined for1 <n < N
where Op, n, 15 the Kronecker symbol. We assume

Vne{l,...,N}, o(A,)N[0,e" %] c[0,e ] (31)

Then every z € C such that |z| = e belongs to the resolvent set of Ay t-1((q,]),n Provided that
h €]0, ho[ with hg > 0 small enough. Moreover, there exists a constant Nog € N* | determined by
b —a and ming<, <N Gy — Cp—1, such that

_ ~  _ [f@)—-fwl €0
(A p=1(appn — 2) "z, y) = O(e o e

2egq

holds, according to Definition uniformly with respect to z, |z| = e~ r .

Proof. We prove Proposition by adapting the analysis made in [DiSj, pp. 58-59]. Call
Mo = Ming<,<n and take g9 €]0,min;<,<ny41 “Fg=2[, 0 < R as stated.
Forn € {1,...,N}, let us introduce 6,, € C§°(f~*(|én — %2, &, + 2[); [0, 1]) such that 6, =1 in

8
a neighborhood of f~*([¢, — 5%,¢n + 58]), and

o = (L= D )l e ey = (U= fimr = Oust) s,
m#n

Cn—Cn—1

Here, we use the convention 6_; = 6y41 = 0. We also need another partition of unity 1 =
25:1 Xn, 0 < Xn <1, such that

Xn=1on f7H[En —n0/2,6n +1m0/2]) for1<n <N,
Xn € CC(F (Eno1 +10/2,Cns1 —m0/2[)) for2<n<N-—1
and ¥1 =0 on f_l([ég —10/2,b]) Xy =0on f_l([afN,l +n0/2]) .

28



Note in particular that our conditions, g9 < @ and supp 60, C f~!([¢, — 52,¢n + 2]), ensure

Xn = 1 on supp X -

_9%0
We now set for every z € C, |z| = e 27 :

N
RO(Z) = Z Xn(An - Z)ilfén ) (32)
n=1

where we recall Ay, = Ay r—1((a,_,4(1-6,.1)c0,8n41—0n.neo]),h - BeCaUse the boundary conditions
are satisfied, a simple computation shows

(Ap-1(appn — 2R = I =K, (33)
with

N
K = Z Z [Aﬁhv 9m”f—1([6ﬂ7176n+1]) (An - Z)ilf(n . (34)

n=1lme{n—1,n+1}

Moreover Proposition applied to every A,, and combined with the support conditions
of 0, Xn imply

~, _C 3%
IK|lzrz,2) = O(e™ " H77),
where o €
C:= min min flx)—fy)l) > —=—-—,

me{n—1,n+1} z € supp Om

and g9 < L, yields
_ n0/2-25e0/8
h

- R
Kl z(z2;02) = Oe )= O(e ).
For h > 0 small enough, I — K : L? — L? in then invertible and the resolvent set of A p=1(jab)).h

2gq

contains {z eC,lzl=e"n

Let us now consider the exponential decay estimate. Write first

No—1
(Af 1 (apn —2) "' = Ro(2) Z K* = Ro(2) Z K"+ Ry(2)Kp, . (35)
teN =0
and choose Ny € N* such that Ny x %" > (b—a) and
y . Lomax, 1 @)
1N llezzan = 1| Y Kllewasy = O™ 7) = O =% (36)
£>No
By referring again to Proposition and from the definition or Ry(z), we know:
Ro(2)(x,y) = O(e™ 740, (37)
The relation together with implies that
L mingenm IF@)-f(2)+b-a | e ~ e e
(Ryo Kn)(w,y) = O(e™ ™55 H8) (e oty - (3g)
Moreover, the relation together with
K(ny) = O(e_lf(w);f(y)\_,’_s%g)’
which follows as well from Proposition [2.19] implies that for every £ € N, one has:
< _lF@-fwl 0
(Ro(z) o K)(w,y) = O(e™ 7 = H3D), (39)
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One finally deduces from and from , that the estimate

_ ~, _f@-fWl €
(A i(tappn —2) Hay) = O(e™ 7 +3NTh

9

holds uniformly with respect to z € C, |z| = e~2% . This concludes the proof of Propositionm
O

3 Local problems

In this section we shall use Agmon type estimates to study carefully the case when there is a
unique “critical value” of f in Ja,b[, —o0 < a <b < +00.

Hypothesis 3.1. The function f is assumed to satisfy Hypothesis[1.4, or Hypothesis and
Hypothesis|2.16, and the values a,b, —o0o < a < b < +00, are chosen such that

[a,b] N {c1,...,en, } =la, b {cr,. .. en, } ={a} -

The domain is Q = f~([a,b]), with Ny = f~*({a}) and N, = f~1({b}), and the operator
Ay p=1((ap)),n 18 the one defined in Proposition @

With this assumption all the exponential decay estimates of Section can be used with the
pseudodistance |f(z) — f(y)|. The main result of this section says that, in this framework, the
only possible exponentially small eigenvalue of Ay r-1([4,5)),n 18 0.

Proposition 3.2. Under Hypothesis the spectrum of the operator Ay r—1((q,5)),n Satisfies
Ve > 0,3h. > 0,Yh €]0,he],0(Af j-1(amp.n) N[0,e7 7] C {0} .

Proposition will be proved in several steps. Consequences e.g. for resolvent estimates will
be given afterwards.

3.1 Useful quantities and notations

Let us first recall the following notion of distance between (spectral) subspaces which is conve-
nient for spectral analysis (see e.g. [DiSj, pp. 59-61]).

Definition 3.3. For E, F two closed subspaces of a Hilbert space H , the non symmetric distance

—

d(E, F) is defined as

d(E,F)= sup dy(z,F)=|lp—pllg|| = |Hg — Upllp]|,
z€E,||z||=1

where I, Il g are the orthogonal projection on E F .

This distance satisfies:

e d(E,F)=0iff EC F;

o dE,G) <d(E,F)+d(F,G);

o cf(E, F) < 1if and only if HF|E : ' — F is one-to-one with a continuous left-inverse, and
HE|F : ' — FE is onto in this case;

o (d(E,F) < 1and d(F,E) < 1) if and only if Ilp|, : E — F and Ig|, : F — E are
bijections with continuous inverses. In this case, the equality d(E, F) = d(F,E) holds
true;
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e if we know a priori dim £ = dim F' < 400 then

—

(B, F) <1) & (J'(E,F) <1 and d(F,E)< 1) & (d(F,E)<1).

We will use a variation of the min-max principle associated with the quantities v(«, [a, b], h) and
I'(«, [a,b], h) defined below. Remember that Qf -
Aj r-1(jap)),n (see the second item of Proposition 2.8

L([a,b]),h is the quadratic form associated with

Definition 3.4. For p € {0,...d}, s > 0, let P

[0, 9] [a.b],h denote the range of the spectral

projection 1 4 (A;Ij;—l([a,b]),h) , with in particular {(0} P (b)) h = ker(ASfj}_l([a7b])7,L).
For a > 0, the quantities vP)(«, [a,b], h) and T®)(a, [a,b],h) are defined by

(p) - J(F® (p) — d(F® (p)
VP e la b k) = d(E D s Fo ) = AE g e KA 1 o )

disty2(wp, ker Af,f*l([a,b})ﬁ)

= sup , (40)

w;LEF(p)

N \{0} HwhHL2
[0,e” h],la,b],h

r®(a,[a,b],h) = sup disty (wn, ker (AT}, g1 1)) -
lonllg2=1+ QP (, 4y 0 (@ wn)Se R

(41)

Those quantities satisfy simple properties:

e The quantities v (a, [a,b], ) and T'P)(a, [a, ], k) are decreasing w.r.t a and, since

b

=R

( ) (p) —
Foes1amn © 19 € DQps=1aphn) s:t- QF pi o, n(wn) < €

they satisfy
0 < 7(”)(04, [a,b],h) < F(p)(a,[a,b],h).

It says in particular:
(hm T®) (a, [a,b], h) = o) = (lim 7P (a, [a,b],h) = o) :
h—0 h—0
e Since Ay r-1([q,5)),n 18 self-adjoint, the spectral theorem implies:

— : () -
'Y(p)(a> [aab]ah) =0 iff U(Af{jf—l([a,b]%h) N [an ] C {O}

and
'y(p)(a, [a,b],h) =1 else.

In particular, it provides the expression

,.Y(p) (OL, [aa b]a h) = sup dist 2 (wh, ker A

fs f 1([a;0]), h)
(p) _

|lwr||=1 : { Aff _[‘Eb])»hwh - Ahwh
n < D

and the convergence limy, o v (a, [a,b],h) = 0 means precisely that:

3he > 0,Yh €]0, ha[,o(AP)

L apm) 00,77 {0} . (42)



e The spectral theorem also implies

o

L@ (a, [a,b),h) =1 iff U(A%—l([a,bLh))ﬂ]O,e’f] #0

and

2 e R
€ [o, ] C[0,1] else. (43)

min (7(AF} 1 o .0) \ {0)

Actually, J(A;’j},l([mb]’h))ﬂ]Q e~ ] # 0 implies T®(a, [a,b], h) > 7P (a, [a,b],h) > 1 and
obviously T'®)(«, [a,b],h) = 1.

Reciprocally when O'(Afvf—l([(hb])yh)ﬂ]o,6_%] = () and for any wy which satisfies the in-
equality Q;{g},l([a’b]m(wh) <e &

wp||%2, the spectral decomposition

— (p) ()
n = Loy Ag 1 aon ) on T lpmin(oa®) o)) el (Brr o n)@n
leads to
f 2 (p) _ (p) 2
dlSth(waker(Af,ffl([a,b]),h)) - Hl[min(U(A;{Jiil([a’b],h))\{O}),+oo[(Af»f71([avb])vh)wh||L2
e n
< lon 72 -

min (0(AF} - (, 41.0) \ 03)

e We deduce from and that

’

(hm P (o, [a,b],h) = 0) = (Va >a' ,TP(a,[a,b],h) <e 70 — 0) .
h—0 h—0

Up to an arbitrary small change of the positive parameter a, working with v or I'®) is
then essentially equivalent.

3.2 [Exponentially small eigenvalues are zero

This section is devoted to the proof of Proposition 3.2} First of all, we can assume ¢; = 0 if f is
replaced by f — & . The proof will be done in three steps connected by the remarks on 7(*) and
I'® from the previous subsection.

Step 1: Assume [a,b] = [—¢,¢] with € > 0 (and & = 0). We prove here that

Yo/ =24 ¢> 2, lim 4P (o, [—¢,e],h) =0,
h—0

where, owing to the monotonicity of v)(a, [~¢, €], h) w.r.t o, we can focus on ¢ €0, €.
According to , it amounts to show there exists h. > 0 such that

2e+tc
(Ah < U(Ag"l,)}*l([a,b],h)) Nn[0,e” o ]) = (Vh €]0,h.[, An=0).
Take then wp € D(AT) . o) ) satistying
Jonllze =1 and AP}, e = Ao with 0< X, < e

(the result is obvious for the h’s for which the existence of wy, fails). The exponential decay
estimates of Proposition m (or Hypothesis for a general Lipschitz function) applied with
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N, = f'({—e}) and N, = f1({e}), K =0, U

writes:

F7H{0}), dag(x,U) > |f(2)|, and rj = 0

2| f(@)] L
[ @ de < el .y = O0). (44)
fH([=ee])

Hence the mass of the probability measure with density |wy,|?(x) concentrates on U = f~1({0})
as h — 0. We deduce the a priori estimate

_9
e nr

V6 €]0,e,Fhs > 0,Vh €)0,hs], |leF e, (@)wnllrz >

Once the parameter ¢ €]0, e[ is fixed, introduce s; = § and sp € (£, §) and take y € C*°(M;[0,1])
such that y = 0 near f~*2 which contains a neighborhood of f~% and x = 1 near f_,, = o<

—€ —C —5 _z 0 €
Figure 2: Positions in the interval [—¢, ¢].
X
-5 —52 —71=-51 0
Figure 3: Cut-off function x in [—¢,¢].
Since . , ,
d(xerwyp) = xd(erwp) + dx A (eFwy),
we deduce , , ;
ld(xemwn)lZ> < 2llxd(emwn)lZ + 2lldx A (eFwn)|Z: - (45)

The estimate
_ 2e+tc

_s s £ e
Qf5-1 (e n(wn) = lle” 7 (hd)eFwll7z + [l (hd")e™ Fwp[|F: < e 77

with f < e then implies that the first term in the r.h.s. of is of order O(e™# ). Meanwhile
supp (dx) C £~ and the exponential decay estimate imply that the second term in the r.h.s.
of is of order 0(6’2%) . Adding the boundary conditions ny—.w;, = 0 and ny_.dy prwp =0,
ie. nf:E(e%wh) =0 and nf:Ed(e£wh) = 0, we have thus proved that

£
Xerwy € D(A07f_1( *5275])71) ?

||d0,f—1([752,a]),1(;(eﬁw)H%? =0(e 1),
limy, o hlog||xerwp|L2 = 0.

L ot c
Set up, = ﬁ so that ||uh||L2 = 1, up € D(Ao,ffl([fsg,e]),l) and Hduhniz = O(e*ﬁ).
xehwpl|y2
By using the Hodge decomposition (see Proposition2.8) and o(Ag, f-1((—s, )),1)\{0} C [p1,+00) C
R**, with p; fixed by € > 0 and so > 0, we obtain the decomposition of uy,:

. *
Up = errdo,ffl([—sg,a]),luh + d07f’1([—327€])71u27h )

33



where d(ﬁ;,ffl([—sms]),lulh in (ker AO,ffl([fsms]),l)J_ = Ran 1{[M1>+OO)}(A(()Z,)}_l([—82,8]),1) . Writing
ShOl"tly d= d07f—1([7327e])71 and d* = d*07f—1([752)€])’1 s it follows that

O(e™#) = |dun|?> = [[dd"uz |32 = Q)1 (s, ey (A u2n) > pia [ d* v n[32 -
We deduce distrz(un, kerdy s-1(j—sy.e]),1) = O(e~27) and then the existence of a form 7, €
ker(dowf—l([_S%s])’l) such that

£ ~, _
Ixerwn — mallL2(p-1([=s0,e)) = Oe™27) .

By the first item of Remark , the extension 7, of n, by 0 in f—2* belongs to ker(dg, f—1([—c.e),1)

with supp 7, C f,. and || xerwp, — 7|l = O(e™ 7).

S2

After multiplying by e~ = O(eSTQ) in f¢. , we obtain
Ixen — e Fillze = O(e™F+3) 5> m,
_fa
e mijp, € ker(dy, f—1(j—c.e)n) -

c

We conclude with ||xws — wp |2 = O(e~ %) (since supp (1 — x) C f=51 = f~4) that

c

dist(wn, ker(dy, f-1((—ccp),n)) = O(e™ ")  for some ¢’ > 0.

The duality consists in replacing f by —f (which does not change [—¢, ¢]), the differential form
wp € W(f~Y(—e,e]); APT* M) by xwp, € W(f~1(]—¢,¢[); A“"PT* M ®ory,) where the orientation
twist does not change the analysis, t by n (and conversely), x and ', and dy,;, by d* b (and
conversely). This leads to

o

dist (xwp , ker(d_y p-1((—c.ep.n)) = dist(wn, ker(d} j-1 (o)) = Ole” 7).

. . _ 1
Assume by contradiction that A, # 0. Since wy, = A, 1A§fj},1([_67€])7hwh S (ker A;{)},l([_w])’h)
the Hodge decomposition (see Proposition leads to the orthogonal decomposition

Wh -

Wh = errd Fl(een

fwf*1<[—5,s]>,hwh + Ilker d;

The squared norm 1 = |Jwy,||? thus equals

Bk

diSt%z (wh,ker(df’ffl([,s’s])yh)) + diSt2L2 (wh,ker(d?’f71([7€’€]),h)) = O~(€7 ),

which is impossible for 0 < h < h., he > 0 small enough. It follows that U(Agcp},l([a 0] h)) N

_ 2e4c

[0,e="7"] C {0} for h small enough, which implies lim,_,ov® (¢, [~¢,¢], h) = 0 according to
the comments following Definition |3.4]

Step 2: From Step 1, we know lim,_,ov®) (c/, [~¢, €], h) = 0 for any o/ > 2¢ and the comparison
of the quantities 4(») and T'*) in the previous subsection leads to

Vo > 2,  lim TP (a, [, ], h) = 0.
h—0

Working with T'(?) brings the flexibility to use some restriction argument from fb to fe_, which
of course does not send eigenvectors onto eigenvectors.

Step 3: For the general case a < 0 = ¢; < b, we now prove

Va >0, o(A?

L it amm) N0, e 7] € {0},
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where, by monotonicity w.r.t «, it is sufficient to consider @ < min(—a,b) . Let us then assume
that wy, satisfies Agfj}_l([a’b}mwh = Apwn with [jwpljz2 = 1 and 0 < A, < e~ % . Take e €]0, gl
and consider f£_ C f°. We know that

Hdﬁhwh”QL?(fiE) + ||dj‘,hwh||2L2(ij) < ”df,f*l([a,b]),hwh”%2()02) + ”d;,f*l([a,b]),hwh||2L2(fg) < e )

although wy,

s, apriori does not belong neither to D(A(flj;_l([_g,a]),h) nor to D(Q;’j}_l([_87€}7h)) .

We now use Lemma in the two subsets f~*([—e, —0]) and f~([6,¢]) for some § €]0, §[ which
will be fixed later.

Consider Q = f~!([—e,—6]) (the other case is symmetric) and take the cut-off x_,y_ €
C=(f~ [~e,—0];[0,1]) with supp x— C f~'(=]e +6,—4]), x- = 1 in f~}([-e +24,-4]), and
supp X— C f~'([~&,=0[), x- =1 in f~'([~e, —24]).

_a
—a 4
a - 0 ¢ b
Figure 4: Positions in the interval [a, b] .
X—
iEEEEEEN ---------------------------------------.
y_ \
.
.
.
[
—€ [
I il Il ‘A—l L
—+6 —-20 =6 0

—e+ 20

Figure 5: Cut-off functions y_ and x_ in [—&,0] C [a,b].

The form 71, and 72— in D(Ay y-1(j—c,—s]),n) are defined by

M- = e gn(Api-1(qe—apn) (hdx-) Awp)
Mo— = dpj—e—s)n(Af p-1(e—s)n) " (hivy_wn).

Lemma [2.17) combined with dag(z,y) > [f(z) — f(y)| implies

ldgn(O-—wn = X, + 02, )l g2 =0y + 1450 Oc-wn = X (m,— + 12,2 ) | L2,

< 0(6_577146)||wh”L2(f:§i§6) + Oy [”df,hwhHLZ(f::) + ||d7‘,hwh||L2(f:§)} '

Because Af}f—lh)(dh = A\pwp with ||wp||zz = 1, the Agmon estimate of Proposition

2.16

(or Hypothesis for a general Lipschitz function), applied with N; = f~1({a}) and N,, =
FH, K=0,U = f71({0}), dag(z,U) > |f(2)|, and rj, = 0 implies

_e=25

) (46)

||(AJh||L2(f:EEI‘;25) = O(e
while we know

”df’hwhHZL?(f:j) + Hd?,hwhngp(f:g) < de,hwh||2L2(fg) + Hd?,hWhHQH(fg) <e .
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With § > & > 44, we have thus

_ 2e—64

ld g (x—wn = X=(m,— + 12, )| g2~y + Idfp (x—wn = X= (1= + m2= ) g2 p-5) = Ole™ 7).
(47)
A symmetric construction provides two cut-off functions x 1, X+ € C®(f~1([d,¢])) such that

supp x4 C f 7 ([Ge =0 and xy=1 i f7 (5, —20)),

supp X+ C f1(16,¢]) and x4 =1 in f7H([20,¢]),
and then two forms 71, 1,72 + € D(Af r-1(1s,e]),n) such that

~ 2e—66

dg.n(x+wn =X+ (M4 +m2,4) [ 22(re) + | dF (X wn — X (01,4 +1m2,4) |2 (p2) = O(e™ 7). (48)

Take now x € C§°(f~1(]—e+6,e—4][;[0,1]) which equals 1 in f~1([—e+2d,c—26]) and coincides

with x_ (resp. x4) in f:fif‘s (resp. in f£795) and set

vp = XWh — X—(m,— +m2,—) = X (M, +7m2,4) -

X— X X+

. L L L .
T T T T T

—+49 —0 0 0 e—90
—e 428 €—20

Figure 6: Cut-off function y in [—e,¢€].

This form is close to wy, . In fact, write

fee

VUh — Wh

o, = = Dwnpe = X=(m— +12-) = Xt (4 +12,4) 5
where, according to Lemma and to the exponential decay estimate (46)) (and its symmetric
version on [e — 28,¢ — 4§]),

~ N, _e=28 .
X+ 2 = Ollwnllsupp ax.) = O(e™ ") fori € {1,2}

and
—25

(¢ = DwnllL2e.) = Ofe™ 7 ),

which implies
~ e—26
||1)h — wh”Lz(fEE) = O(ei

).

The form vy, also satisfies, for d = dy, or d = d;})h ,

dop = [d(x—wn = X0~ + 02,2 )| ps + [dwn] | 15+ [dOcron = K (ms +m2,4)]] . -

Then, since vy, belongs to D(Ay, t-1([—c],n)) by construction, it satisfies, by and ,

4e—1245

s s (e.eppvnl® + 145 g1 ecppvnl® = Oe™ 7).
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3e

We finally take § = {5 for which the r.h.s. of the above relation is O(e~ ), with 3¢ > 2. By
Step 2, this implies
diSth (Uh,ker(Af’ffl([_s’E])yh))

h—0 llvn L2
But the Agmon estimates of Proposition or Hypothesis also imply

=0.

=26

D )

Denoting by F C L%(f?) the subspace ker(Aij},l([is’E])’h) extended by 0 in f;° U f2, it then
follows from the preceding analysis that

”Wh”LQ(fiE) =1+ O(e*%) and then H”h”LZ(fiE) =1+ O(ei

%ig})disth(wh,F) =0.

Since dim F' is finite and does not depend on h > 0 (see the second item in Remark , there
exists hq > 0 such that for every h €]0, ho |,

: (p) : g (p) T (p)
dim F[O,e*%],[a,b],h < dim F' = dim ker(Af,ffl([fe,s],h)) = dlmker(Af,f,l([a’b])’h) ,
where the last equality follows from [—¢, €] C [a,b] and [a,b]N{c1, ..., en, } = {é1 = 0} (see (16)).
This implies that O'(A;p},l([a w.m) N 10, e~#] C {0} for h €]0, h,[ and this ends the proof.

3.3 Consequences

We still work under Hypothesis f admits a unique “critical value” ¢; € [a,b], a < & < b.
With the information of Proposition the resolvent estimates of Subsection lead easily
to similar estimates for spectrally defined operators. Finally we deduce other properties which
will be used in the induction process in terms of the number N of “critical values”.

3.3.1 Estimates for spectral operators
For a Borel set I C R we introduce the notation:
U7 fapn = (A g1 ((a,p)),n) - (49)

Proposition 3.5. Under Hypothesis the spectral projection on the kernel oy (a.4],n satisfies

)

< @l
oy fapln(z,y) = O™ 7

according to Definition [2.17)

Proof. Tt suffices to use the formula

1T

1 _
o}, [a,b],n = 7/ (2 = Afptiapn) " dz
Yh

for the suitable contour ~; such that 1 = O(dist('yh,U(Aﬁf—l([a,b]),h))), and then to apply
Proposition [2.19| with €y > 0 arbitrarily small. Such a contour is chosen as follows. For n € N,

Proposition [3.2] says

3h,, > 0,Vh €]0, h,[, U(Af7f—1([a’b])7h) N[0,e” 2(T“}'l)h] ={0},

and the condition h,41 < h, can be added. Take simply v, = {z eC,lz| = e_("“rlU’L} for
h € [t hn[. 0
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The final result of this paragraph extends the exponential decay estimates of Proposition 2.13|
(or Hypothesis , when f admits a single singular value ¢; , under orthogonality conditions.
It will be referred to as the “orthogonality lemma”.
Because A y-1((a,5)),n has a discrete spectrum, the operator

1 1
Afpt(ab) b liera, yoker(Ag poraap.n) T = ker(Ag porap.n)

7 (la,b)),h

is invertible. We now define (Aiffl([a,b]),h)_l by extension by 0 on ker(Aj f—1([4,5]),1):

— L —
(AF 51 abnn) = O Qs et hea ) (50)

ker(A

1
Fof =1 (lab]),0)

£F =1 (lasb]),n)

ker(A g r=1(ta,bn),n) "

Thus, the equality w, = (A}-f,l([a b] h))’lrh simply means that wy is the unique solution in
ker(A g p-1(a.p).n) " N D(As f-1((ap)).n) t0
Ag p=1(ap),nywWh = (1= {0}, (a,61,0)7h -
Lemma 3.6. Under Hypothesis the operator defined by satisfies
)

_ @ —=fl
h

(AF f=1anpyn) (@) = Oe
in the sense of Definition [2.1]}

Proof. With A = Ag ¢-1((a.p)),n and o} [a,5),n = 140} (A) write simply wy, = (A,%,ffl([a,b]),h)_l’"h
as

1 A
wp = (1 — H{o},[a,b],h)wh = _ﬂ/ mwh dz
Yh

1 1
= —— —(1-1I d
%m /% z(z—A)( {o},[a7b]7h)7‘h Z,

where 7, is the contour introduced in the proof of Proposition [3.5] To conclude, it then suffices
to combine the resolvent estimates of Proposition with €9 > 0 arbitrarily small, as used in
the proof of Proposition [3.5] and the result of Proposition [3.5 O

3.3.2 Changing the interval [a, )]

For further applications, it is useful to specify the effect of changing b in f°. Rough estimates
after a change of @ and b are followed by more accurate estimates after a change of b only.
Remember that we work under Hypothesis which contains Hypothesis or for a more
general Lipschitz function Hypothesis [I.6] and Hypothesis

Proposition 3.7. Assume Hypothesis and a < a’ <& <b <b. The kernels Fo} a,8,h =
ker(Ay r-1(a,8)),n) = Ran Moy ja.8,0 , @ € {a,a’}, B € {b,0'} satisfy

. N min{b’ 1,61 —a’}
e

A(Fioy,1a b0 Froy jasln) = AF0y a0 Froyfarpn) = Ole ),

where the second inclusion of Fioy (arp),n C Lz(ffl’:) C L2(fY) is implemented by the extension
by 0 on fg/ urh.
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Proof. We already know dim F {0} (bl dlmF{O% @ b lh = = @I fo) for p € {0,...,d}.
From the remarks following Definition it then sufﬁces to prove

~ min{b’ —&y,&1—a’}

J(F{o},[a,b],h, Froy o ,n) = O(e™ g )

For a normalized vector ¢ € F{oy,[4,5,n the exponential decay estimate of Proposition (or
Hypothesis [2.16] - 6| for a more general Lipschitz function f) with r, = 0 and A\, = 0 says

\f(l) 1f@)=¢1| ~

lle Pllw sy = 01).

For any ¢ > 0 small enough, take x € C5°( 2:;;, [0,1]) such that x = 1 in a neighborhood of
(o) +2e,b" — 2¢]) . The form x¢ then belongs to D(Ay, s—1((ar p]),1) With dgptp = (hdx) A1),

$n¥ = —hivy ¥, and therefore

" ~  omin{& —a’ b/ —& }-2¢
05 Ap 1o v n (X)) = lldpn(x) 172 + ldf, (x) 172 = Ole™? i

min{éy —a’,b' =& }—2e

and ¢ — x¢|7. = O(e™? g )
Because 0 is the only exponentially small eigenvalue of Ay r-1((47p]),n , this implies

~ min{éy —a’,b' =& }—2e

distz2 (X%, Fyoy, a7 ,p1],0) = O(e™ G )

If F' = F{o},[a’ /], is considered as a subspace of L?(f%) after extension by 0 on f“/ U fh, the
orthogonal projection g : L2(f°) — F is given by Ilpu = g0y, [’ b, u}f,,, again extended by
0 on fa urh.

From [[IIjoy, (0,0l < 1 and the exponential decay estimates for 1, we deduce, by setting
E = Fio}[a,b),h »

(Mg —Tplp)yll = [ =Ty (w1, 1/J\fb/ L2 (se)
< W= xdllzzcrny + X = Moy farp1,0 O | 2oy + lIxdd = i 2 gery
S O(e_min(élfa/},’/blfél)72e ) )
Since this holds for all ¢ € E, ||¢)| = 1, this proves d(E, F) = O(e*w), and we
conclude by taking € > 0 arbitrarily small. O

The above result implies that the mapping Ay, : Fyoy a.b),n — F{0},[a’,b,h C L2(fb) defined
by Ah¢ H{O} b, d)|fb/ batlsﬁes

min{&l—a’,blfél}

A5 An = Ul 2(Froy o) = Ole™ 2 )

and then

min{é; —a’,b' =1 }
R

HAZA’L - 1||L(F{O},[a,b],h) + HAhAZ - 1||£(F{0}1[afyb,])h) = 0(6_

. . ~ min{&; —a’,b'-21} | .
A more accurate version can be given when a = a’. Actually O(e™ D ) is easily

replaced by O(e*%) but additionally a small change of A;, allows to improve the estimates
in for.
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Proposition 3.8. Keep the same assumptions and conventions as in Proposition [3.7 with now
a=a'. There exists a linear mapping Ap : Foy [a,p),n — F{o},[a,p],n Such that

b —f(z)+b —&

e = — Aty ) = O
holds for all ¢ € Fyoy,[a,b),n and

b =&
R

1AL AR = Uiy o) + 1ARAR = Uy 0 = Oe™ 7). (51)

Proof. The proof is modelled on Lemma [2.17

Let ¢ €]0, Y22, and let x, ¥ € C(f~!([a, 1']); [0,1]) satisfy

X=1in fI7% | x=0inf)__,

X=0in foF° | y=1infl,,. .
A form ¢ € Fioy [ap)n = ker(Ay p-1(jap)),n) > [[¥llz = 1, satisfies dyp1p = 0 and d} 9 = 0 in
fg/ but does not have to belong to D(Af f-1([q,5),1) - We introduce

Ve =X — X(m +n2),

where

M =5 1 (o ey (D g1 rerny) (hdx AY)
= (Afp-1(artein) G, (hdx Ap)]

and

M2 = —dg -1 (e re | h) (Bg p-1((ersep)n) T (hivyt))
= —(Af p1(@rrenn) dpn(hivy)] .

Note that the last equality in each of the two above relations follows from the intertwining
relations of Proposition 4). This implies in particular that n;,n2 both belong to the do-
main D(Aj p-1((z,+¢],/),n) and hence satisfy the boundary conditions at {f = b'} . Since more-
over ¥ € D(Ay r-1([ap)),n) Satisfies the boundary conditions at {f = a}, . then belongs to
D(Af,r=1([apr),n)) -

Besides, the exponential decay estimates on 1 given by Proposition m (or Hypothesis
imply

b/ —&; —2¢

H¢||W(f§,’_2€) =O0(e 1)

and therefore

" ~ b —E1—2e . ~ b —E—2e
[} (hdx AY)lle = Ole™777) , [ldpn(hivyd)]rz = Ofe” ).
The exponential decay estimates stated in Proposition (or Hypothesis [2.16]) then imply

b/ — f(x)4b' —&1 —4e b/ — f(x) b/ —&1 —4e
T T

lle ' 771HW(fgi+E) +lle ' 772||W(fb’ y = O(1).

E1te

Set wh = 1;5 — H{O},[a,b’],h@& S D(Af,ffl([a,b’]),h) N keI'(Af,f—l([C,qb/])’h)L and Compute

rY

~ dy ph=0 .
df r-1([ap]),h%Wh = df g=1([a,p']),h Ve PETT —hdX A (1 + 12)

dj =0
"= higg (4 n2)

A 1o )),hWh = Th = (1 = oy [a,p,0)Th

e

dF -1 (jap)) nh = Ay f-1((ap)) n Ve

b/ — f(x) b/ —&1 —4e
B

Th“L?(fg/) = O(].) .
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The “orthogonality lemma” (Lemma with wy, = 1/35 — H{O})[%b,mi/;g yields

b — f(x)4b' —& —4e
B

lle [0 = Moy fapyn el llw ey = O(1) -

By defining A5 = H{O}y[a@]’h?[)s € Fioy,ab,h C L2(f?), it then follows from the latter relation
and from the relation ¢ = . in f&1+¢ that

b —f(@)+b =&
He h

[ = A3y jr, = Oe™)
and
[ — A5l 2(pey < 100 = Yellpa(pey + lltbe — ALl L2 pery
S =29l L2 gery + X0 +nm2)ll L2 oy + 18l 22,y + [P — Ayl L2y

! —&; —4e

= é(e_bf).

In order to conclude, it thus just remains to choose e depending on h €]0, ho[ in a proper way.
To do so, note that when ¢ = %_H with n € N large enough to ensure € €]0, 2%

hy, > 0 such that for every h €]0, hy, [,

[, there exists

b -2

[0 — A5l ery < €TFOF and [y — A§el|a ) < eTROR e

b —f(@) b =&y
[F—

1
The sequence (hy)nen can be chosen decreasing and it then suffices to define Ay := A;"*" when
h € (Rt ol 0

3.3.3 Interactions of solutions to dy,w = 0 with local spectral problems

We conclude this section with a result which will be used in the construction and analysis of
global quasimodes (see Section @ It provides information about solutions to d¢pw =0 in f&,
in particular how the exponential decay can be combined with local spectral information.

Proposition 3.9. Assume Hypothesis and ag < a < & <V < b. Let §(h) > 0 satisfy

limy, 0 0(h) = 0 and let the family (wn)nejo,ho| Satisfy wh € W(f,fl_é(h); AT*M) and ds pwp =0
n f;fé(h) with
f(®)—ag

He whH '175(;1)) :O(l)

W(fa

Take any cut-off function x € C§°(f~([a,¢1]);[0,1]) such that x = 1 in a neighborhood of
{f = a} and assume that h > 0 is small enough so that supp x C [a,é — §(h)].

i) The form Iloy (a,6),0[df,n (XWR)] = Tf0y [a,0),n[(RdX) Awn] does not depend on the choice of the
cut-off function x .

ii) If oy [a,0),n1dyn(Xwh)] = O, then there exists a family of similar cut-off functions xp such
that @p, = Xpwh, —d}7f,1[a’b]7h(A]%7f,1[a,bLh)_l[(hdxh) Awp)], where, in the r.h.s., xp in the

first term is extended by 1 and the second term is extended by 0 in fg , satisfies

_— . ra
Wp =wpin fo,

df,hd)h =0 1in ag >’
f(z)—ag _

and le™ = @nllw(sy = o).

iii) If An @ Froy,[a,n = Froy,[ap),h 18 the operator introduced in Proposition then for any
Y € Fioy,[ap),h > the quantity (dyn(xwhn), ¥ — Apy) does not depend on the choice of x and

b’ —ag+b’ &g
h

Vb € Froyjanns  (dpn(xwn), ¥ — App) = O(e™ e e -
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Proof. i) Let x1,x2 be two cut-off functions like y in our assumptions. Then xjw, — Yowp
belongs to D(dy f-1[4,,1) and

df 170,60 (X1Wh — Xown) = dfn(X1Wh) — df n(Xown) -

We simply conclude with the commutation

W0y a0, g, 1= (fa,0]),h = Af =1 ([a,]),h {0} [a,0),0 = 0

ii) When IIfoy [0,0),n]dy,n(Xwn)] = 0, i) ensures that the latter relation is also satisfied if we
replace x by xe with x. = 1in f%~¢ and y. = 0 in 5’1+5 for a' = a'g—el and some ¢ €]0, elT_a[
The a priori estimates on wy, and supp (hdx:) Awy C f~([a' —€,a’ + ¢]) imply

'—ag—¢

1((hdxe) A wnll g2y = Ole™"

The orthogonality lemma, Lemma then implies that

).

Ne = df p1(jap) n (BF 11 (famgny)~ [(hdxe) A wi]
(is well defined and) satisfies

If(z)—a’|—¢ ~ a’—ag—c

le™ " mellzzpey =0(e™ 7 ).

Since moreover df,h(Xewh) = (hdxe)/\wh = (I_H{O},[a,b],h)[(the/\Wh)] belongs to D(df’f—l([a’b]’h)) ,
we can write

s r1(ap)nlle = D r-1((ab)n(DF -1 (qapyn) (hdxe) Awn) = (hdxe) Aw, .
Using in addition d}i F1(lap))n"le = 0, we deduce

1f(@)—a’|-¢ - a—ag-e
||e h We||w(f};) = O(e . )
If 9. denotes the extension by 0 in f of ne € D(dy, t-1(ja,p),n)) » it still belongs to D(dy, t-1((ao.b)),n)
and solves dg 1. = (hdxz) Awy in f& U f2. We have thus proved that @, := y.wy — 7. satisfies

fx)—ag ~ , 2e

dfpie =0 in ffl’o and e " @clw(ppy = Oe™).

We then end the proof by choosing conveniently ¢ depending on h €]0, ho[ as we did at the end

of the proof of Proposition when € = n%_l , take h,, > 0 such that

f(z)—a 3
Vh 6]0; hn[, ||6 h OJJEHW(fg) S e(n-fl)h

with (hp)nen decreasing, and choose yy, := X1 when h € [hpy1, hnl.
iii) Since

(dyn(xwn) ¥ — Apb) = (o} jap)nldrn(xwn)] s ) — oy jas),nldsn(xwn)] s Antd)

does not depend on x, we may take the preceding x = x.. Owing to Proposition [3.8] we deduce
|<df’h(XEwh) ) ’(/} - Ah’(/}>| S ||(th€) A whHL2(f:,'j:)||z/} - AthLz(fg,lj:)

)l ez -

Since this holds for every € > 0 small enough, this yields the result. O

a’—ag—¢

7a/—5+b/761
h

— O ) x O(e™"
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4 Rough estimates for several “critical values”

In this section, we give first estimates for the exponentially small eigenvalues of A¢ r—1((q5),1) -
We work under the following assumption which, like Hypothesis in Section [3] gathers Hy-

pothesis or (Hypothesis and Hypothesis , and specify some notations.

Hypothesis 4.1. The function f satisfies Hypothesis[1.3, or more generally Hypothesis[1.0] and
Hypothesis [2.16, and we choose 1y such that

1
0< < = min |¢, — Cp_1]|-
nf 21<nng|” n—t]

In addition, a,b, —o0o < a < b < +00, are not “critical values” of f: a,b & {cl, . ,cNf} .

4.1 Bar code associated with f

We refer to Appendix [B]for details and simply recall the useful notations. We already mentionned
in Subsection that Hypothesis implies Hypothesis in the beginning of Appendix
(this is actually proved in Subsection .

Under the assumption that M is compact and f has a finite number of “critical values” ¢; <
... <cny , thereis a bar code B = B(f) = ([aa; ba[)aca Where A is finite, —00 < aq < by < +00,
Qo € {cl, R cNf} , by € {02, e cNf,—i—oo} . The set A is graded according to A = I_Igi:”(‘,MA(p)
so that, for € A®) | the grading of endpoints of the corresponding bar is given by [aq, ba[=
[a((f ), be +1)[. It contains all the information about the relative cohomology groups H(f?, f;R)
when a < b, a,b & {cl,...,cNf}.

More precisely here is the situation when a < b are not “critical values”. We forget the bars with
no end point in ]a, b[, and among the remaining ones we distinguish the ones with two endpoints
in ]a, b[:

A*(a,b) = {ae€A*, [aZ, bt [Na, b[¢ {0,]a,b[}} . (52)
Al(a,b) = {a€A*(ab), a<al, <bi'<b}, (53)

a€A*(a,b) & a<al, <bora<bi™<b.

We now partition the endpoints of the bars, multiple value being distinguished by the index
a € A*(a,b), according to

X*(a,b) = {(o,al),a€ Ai(a,b)} (54)
V*(a,b) = {(a,bL), € AZ (a,b)} (55)
Z*(a,b) = {(o,al),a€ A*(a,b)\ Ai(a,b),a < aq < b} (56)
U{(o,bs), 0 € A Ha,b) \ A5 (a,b),a < b}, <b} ,
J*(a,b) = X*(a,b)UY*(a,b) U Z"(a,b). (57)

Those definitions are illustrated in Figure 7: the degrees of the bars and of the corresponding
endpoints are indicated. The bars in A%(a,b) are the ones with two endpoints in |a, b[ and the
critical values lying in |a, b[ are relabelled é; < ... < éy .
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killed in ]a, b]

@ - -
Z(pfl) Wlllll
x®) o) Y+l
Z(p) o) anusn
x -1 D @)
(p+1)
X @) o) G
X(;D—l) .T y(p)
— z(P)
a ¢ Co CN CN+1 b

Figure 7: X* = X*(a,b) (lower), Y* = Y*(a,b) (upper) , Z* = Z*(a,b) (lonely)

Then the relative Betti number are given by
BO(f0, %) = dim HP(f*, f*R) = dim Fyo} ja,,0 = 127 (a, 1), (58)

which counts the number of degree p endpoints of the bar code lying lonely in ]a, b[.
The rest of this section shows that there are exactly #.7® (a,b) exponentially small eigenvalues

of A;p}_l([a o).k and provides a priori estimates on the size of the non zero ones.

4.2 Counting exponentially small eigenvalues

Proposition 4.2. Under Hypothesis[{.1] and with the notations of Subsection[{.1], the exzponen-
tially small eigenvalues of Ay -1 (jap)),n are counted according to:

dimker(AY) 0 0) = $2%)(a,b) (59)
dim F[(Op)é(lﬂ [a,b,h ﬁj(p)(aa b) = ﬁX(p) (a7 b) + ﬁy(p)(av b) + ﬁz(p)(av b) ) (60)

. - . _gny—2e
where the second quality holds for h €]0, he| when 6(1) is replaced by e 2~ 7 for e €]0, % |.

Note that the right-hand side of is nothing but the total number of degree p endpoints
of the bar code lying in ]a, b[. This counting also says that the 6(1) eigenvalues of A;p;,l([a o).k

2ng
are actually O(e™ 7).

Proof. Equality , which was already stated in Subsection is proved in Appendix
Equality relies on exponential decay estimates and on the result in the case {cl, ...y CN f} N
[a,b] = {é1} Cla,b] stated in Proposition

The “critical values” of f lying in |a, b[ are relabelled as a < ¢ < ... < éy < b according to

Ja,b[N{c1,...,en, } =[a, )N {cr, ... en, } ={c1, ... en )

Consider the disjoint union €2:

N
Q= | r7'& =g & + gl a, b))
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for which the associated boundary Witten Laplacian is

N
Apan= GB Af,p=1(lablN1g; - 54+05]) (61)

j=1

By Proposition we know that the 6(1) eigenvalues of A, g areequal to 0. For e €]0,n¢/2],

take x € C*(Q;[0,1]) such that x(z) = 1 if mini<j<y |f(z) — &| < ny — e and x(z) = 0 if
(p)
.0

minq<j<n |f(z) — é| > ny —€/2. For any w € ker(A ), |lw|]lzz = 1, Proposition [2.13 (or

Hypothesis [2.16) gives
-~ ng—e - _ng—e
h

dpn(xw) = (hdx) Aw = O™ ) and  d},(xw) = hivyw = Ofe

).

Meanwhile our choice of x ensures xw € D(A;p;,l([a o) ,) with now

* PP, 0
g, -1 (fap)n X 122 + 1147 p1 (0,0 0 (X0) 22 < O(e72777). (62)

Since || xw — wl|g2 = O(e™ = ), the spectral decomposition of A;p},l([a p)),p CISUTES

d(ker APy p® e Yy=0(e
( f’Q’h) [o7e*2nfh 1,la,b],h )

and then (see indeed the lines following Definition

dim(ker(A(pl )) < dim jal o —2e ) (63)
F2h [0,e72 = 1,la,b],h
for h €]0, he[ with h. > 0 small enough.
Reciprocally, when w € F[gp )7}2] b h the exponential decay estimates of Proposition [2.13| (or

Hypothesis [2.16]) lead again to

ng—e ~ ng—e

(hdx) Nw = O(eifT) and hiyyw =0(e" "7 )

and then to ~
1 dg.n(x)l72 + lld7 5, (xw)l72 < O(e™ )
”f*e

with now yw € D(A(fp)ﬁh). Again, with ||yw — w2 = O(e~ %), the spectral decomposition

o AE“{))@)}L, with 1[0’eiﬁ](A5"{7)§,h) = 1{0}(A§‘Ii)§,h) ) leads to
Ay g (BT, )) = O™ )
and then to " . )
d' F p e < d k A Pf < d F P . ’
0 fpaan = T B = G 0,62 ) (bl b

for h €]0, he[, he > 0 small enough, where the last inequality follows from .
In particular, we deduce that for every € > 0 small enough:

F(P) . — F(P) o 64
[O." R Llablh g =2 5 b (64
and
dim F® e —2e = dim ker A;{%’h .



We conclude with

N
dim kerA;%’h = 3 B (pmintbstng) | pmax(a.d;—np))
Jj=1
N
= > _t2P(max(a, & —np), min(b, & + 7)) = 17 (a,b),
j=1
the total number of degree p endpoints of the bar code lying in ]a, b[. O

We have also proved the following result.

Proposition 4.3. In the framework of Proposition and when Af,ﬁ,h is the operator defined
mn , the following inequality holds:

7 (p) (») 7 ®) () — Ol
d(F[OIjé(l)],h’ ker(Af%’h)) + d(ker(Afljﬁ7h), F[o%a(l)},h) =0(e ).
Proof. By we know that for € > 0 small enough
diker(AT) ) F) o) = dlker(AYL ). PP o),

(0. " ]k

- -

while we are in cases with d(A, B) = d(B, A) < 1 by the result of Proposition . From
we deduce

Il () (p
d(ker(Afﬁ’h), F[o,

which yields the result. O

_nf735/2

5 ,) =0T ),

)
£
e h]h

The result of Proposition [£.2] can be translated in terms of singular values of dj -1 ((a,p)).n -
Remember that d¢ r-1([q,p)),n and d;’f_l([a’b]%h are endomorphisms of Fjo ¢} [a,5,» Such that

Ag 1@t bl my oy o = O0.CLa0 000,01 a6, T 00,01, fa,61,2010.C1.[a.b]

with 00,01, fablh = A1, 51 (@bl g o 0y

Proposition 4.4. Under Hypothesis[{.1] and with the notations of Subsection[{.1], the number of
o(1) non zero singular values of 0o 5(1)),[a,b],h = df)f—l([a7b])7h|F[0,5<1)]’[a’b]’h is $A%(a,b) for h >0
small enough. More precisely “h > 0 small enough” means h €]0, h.[ for some h. > 0 when 6(1)
is replaced by e” % , ¢ €0, %f[

Proof. FEigenvalues and singular values are counted with multiplicities. The non zero singular
values of § = 6[0 e~ F 1 fan A€ the square roots of the non zero eigenvalues of §*¢ and coincide
with the non zero singular values of § §*, i.e. the square roots of the non zero eigenvalues of 6 §* .

By Hodge decomposition, the number of non zero eigenvalues of Ay f—l([a,b]),h’ oo =
[0,e” h],[a,b],h

8% +8"4 is twice the number of non zero singular values of §. For h €]0, h.[, Proposition
gives

dim F[o,e*%],[a,b],h = X" (a,b) + V" (a,b) + 12" (a, b)
= 24A%(a,b) + dim(ker(Af7f71([a7b])7h)) ,

which ends the proof. O
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4.3 Rough exponential estimates

The upper bound on the 6(1) eigenvalues of A ¢-1([q,4)),» contained in Proposition can be
completed by a rough lower bound for the non zero ones.

Proposition 4.5. Assume Hypothesis and denote a < ¢é1... < ¢y < b the “critical values”

of f in]a,b]. There exist r(h) > 0 satisfying e*ZM — O(r(h)) and R(h) = 0(672”%)
such that the 6(1) non zero eigenvalues A(h) of Ay p-1((ap)),n all belong to [r(h), R(h)] for h €

10, ko[, ho > 0 small enough.

Proof. The upper bound R(h) = ON(e_Qan) is given by Proposition
For the lower bound, it suffices to check that if A(h) € o(Af f-1([a,p)),n) satisfies A(h) <

max{b—&y,éy —a}te 3 - - .
—25 o some fixed ¢ €]0,min{é¢; — a,b — éx}[, then there exists h, > 0 such

that A(h) = 0 for all h €]0,h.[. The proof follows the same arguments as those of Step 1 in
Subsection B.2

Let us proceed by contradiction and assume that there exists a decreasing sequence (hy,)nen
tending to 0 such that, for every n € N, Ay ¢-1((q)),n, admits an eigenvalue A(h,) in the
interval ]O,efzw}. Let then, for every n € N, w, € D(Ay t-1([a,p]),h,) Satisfy
lwnllzz = 1 and Ag -1((a,8]),hnWn = A(hp)wy . From the Agmon estimates of Proposition
(or Hypothesis with U C f~1({é1,...,én}), we know that

f-e hn
Y6 > 0,3hs > 0,Yh, €]0,hsl, |le T wnlluz i > =
(falfrs) 2
. « _2(b—é1)+c
while ||df,h”0~)n||i2(fg1_6) + ||df7h’"wnH%2(fgl—5) <e hn
By setting @, = e - ith o(ft ; =1lin f° =0in fo=¢
y setting w,, = e v xwy , with x € C*(f~*([a,b]);[0,1]), x =1 in &< and x =0 in f$
with ¢’ € (%, 5), we get, for every n € N,
@n € D(Bo p1 (- b 1) s
do.r-1(iz1 ' by 1@nl[72 = O™ ™)
liminf,, oo by log ||@n]lL2 > 0.
X
AEEEREEREERER
a on—< - CN b

2
Figure 8: The cut-off y in the interval [a, b].

Besides, the Agmon estimates of Proposition (or Hypothesis[2.16) with U C f=1({é1,...,én})
also imply

lim sup h, log [|@n ||z < én — €1

n—+00

Hence, by extracting, we can assume that there exists £ € [0,2(¢y — ¢1)] such that

N>

ngl}rloo hylog ||on ]2 =
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ct+e

The normalized form u,, = ”w‘bﬁ thus belongs to D(Ag t—1(jz, — e p)),1) and [|duy, ||, = O(e” "n ).
nilp ’ ) ’

By Hodge decomposition (see Step 1 in Subsection for details), this implies that 7, belongs

to ker(do,ffl([él,czyb])wl) and

c+4

llwn — 77nHL2(f§17C,) =0(e" 7).

p ’ f-e
Moreover, extending 7, by 0 in fi1™¢ gives 1, € D(dg f-1([a,]),1) and therefore e hnlnn €

ker(dfyffl([a’b})yhn) with

~ _f-a ~_c/2=¢!
Ixwn = [|@nllL2e” T mllp2gpey = Oe™ 7).

With [|wn, — xwnllz2 = O(e” 7w ) and ¢’ = min {¢/2 — ¢/, ¢/4} , we deduce

!

dist 2 (wh, ker(dy —1(jap)n,)) = O(e in) — 0.

_2(enN—a)tc

By duality, starting from [|d} ,wn,, [[7. < e in and extracting again, we also get

}lLl_>H10 diStL2 (Whn, ker(d?’f,l([a)b],hn))) = O

and Hodge decomposition implies A(h,) = 0 for n large enough (see indeed the end of Step 1 in
Subsection [3.2)), which leads to a contradiction and achieves the proof of Proposition O

Remark 4.6. The lower bound for the non zero eigenvalues is not optimal at this level. Actu-
ally, generalizing Step 3 of Subsection [3.9 requires the propagation of exponential decay through
“critical values”, which is not true in general. This will be refined into e=2 5 = O(r(h)) at
the end, when global quasimodes for ds -1 ((a,p),n) will have been constructed by induction on N .
Like e.g. in [HKN, [HeNi, [LNVY], we follow the strategy which consists in studying carefully
the singular values of dy r~1((ap]),n » which brings more flexibility than studying the tricky problem
of interacting wells for Ag p-1((q.p)),n i the spirit of [HeSj2, [HeS)3].

Proposition 4.7. Assume Hypothesis let a < ¢1,... < ¢y < b be the “critical values”
of f in la,b| and let R(h) be the function of h €]0,ho[ given by Proposition such that

o(Ay p-1([ap).n) N10,0(1)] C [0, R(R)]. The projection g ren))a.b),h = Lo,reh)] (D s, F-1(jab]),h)
satisfies
)

<, i@t
Mo, R(h)],ap),p = Oe™ F

in the sense of Definition [2.1]}

~ 2
Proof. By Proposition we know that R(h) = O(e*%) . Set &y = a and ¢y41 = b and take
any g €]0, %f[, where 7y is defined in Hypothesis Here the first assumption of Proposi-
tion [2.20]is obviously satisfied:

~ ~ N 1~ €0 - €o
]a,b[ﬂ {617"'7CNf} = {017---7CN} C un:l]cn — E,Cn + E[
For An = Afaf71([&n71+(175n,1)501&n+17(17571,,N)50]) , e {1, ce 7]\/v} , We know moreover that

4eq

h]7

owing to Proposition because we are in the case [¢,—1 + (1 — dpn,1)€0, Ent1 — (1 — dn N )E0] N

{cl,...,cNf} ={é¢,}.
Then Proposition says: for some N € N* |

o(A,)N[0,e” 7] {0} C [0,

[f(=) = fw)|  3Ne
— = Y + hO

(At =1 (ap)n — 2) " (z,y) = O(e )
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2¢e
uniformly w.r.t z, |z| = e~ . But our choice of g¢, g9 > 0 and 4gy < L and

o(Af r-1((ap)).n) N 0,6 ] [0, R(h)] C [0,e” 7] C [0, ]
for h €]0, ho[, ho small enough, imply
1

Mo, R(n) (o1 = 57 2y (2= Dy porapn) " dz

‘z‘:e7 h

This proves
_ @) —f@)l | 3Neg
h h

o, R(h)),fap),0 (T, y) = Ofe ),

and we conclude by choosing €y > 0 arbitrarily small. O

5 Singular values

Singular values of compact operators are much more flexible than eigenvalues because they allow
to work with two different orthonormal bases instead of one. Ky Fan inequalities recalled below
provide uniform multiplicative errors for all the singular values after perturbing the orthonormal
bases or moving the initial and final spaces. We recall those facts in a convenient way and
complete those results by some refined analysis of additive error terms. This is a better rewriting
of techniques already used e.g. in [HKN| [HeNil [Lepl] [LNV]

The singular values of a compact operator B : E — F, E and F Hilbert spaces, are the
square roots of the eigenvalues of B*B (and BB*) and they are labelled in the decreasing order
wm(B) =Bl > ... > we(B) > pre1(B) ... with limy_, o pe(B) = 0 after possibly completing
the sequence by a sequence of 0’s. They satisfy p¢(B) = ue(B*). With this order, the min-max
principle becomes a max-min principle applied to B* B and gives:

By

B)= mi :
'U/Z( ) dimn\}lznf—luEI\;lfi({o} Hu” (65)

Note also that the definition also provides the existence of two Hilbert bases (¢;)jers, J D J1 =
{£ € N\ {0}, pe(B) > 0}, of F, and (¢x)gex of F', and a one-to-one mapping j € J; — k(j) € K
such that

By = pe(B)Yrey and then pe(B) = ||Boe|l = (Vi) , Bee) if ¢ e 7

When E, F,G are three Hilbert spaces and A : E - F, B: F — F,and C : F — G, the
singular values of B also satisfy

Ve N\ {0}, p(CBA) < ||Cllue(B)]IA].

In order to handle accumulated multiplicative errors, it is convenient to use the function

T D_"l[o,1[u]o,+oo[ , rlene) =[]
N k=1

1+eg
1—¢p

(66)

In particular we have the implications i) = ii) = iii) for
i) max(||CC* —Idg||, |C*C = 1dp|]) <e1 < 1
and max(||[AA" —Idp|, ||A*A —1dg|]) <ez < 1;
i)  max([C], [CTH) < 7(en)'? , max(|J AL [|ATH]) < 7(e2)"?;
iii)  VjeN\ {0}, 7(e1,e2)""2p;(B) < p;(CBA) < 7(e1,22)"*11j(B).
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The first implication is a consequence of the following operator inequalities
(l—e<|[AP=A*A<1+4¢) = (T(g)—lﬂ <(A-e2<|A<(1+e) 2 < T<5)1/2) :

Definition 5.1. Let H,H' be two Hilbert spaces and let € € [0,1].
An operator A : H — H' will be said e-unitary if it satisfies the condition

max((|A* A — Idy |, | AA" — Iy [) <&

used in 1) just above.
A family of vectors (vj)jcg is an e-orthonormal basis of H if
e it is total in H , Span(v;,j € J) =H,
o [((vj, vi))jkes —1de ) llewe) <.
Two closed subspaces Hi,Ha of H provide an e-orthogonal decomposition of H if H = H1 B Ha
and ||y, Oy, || < €.
Before we review applications to singular values, notice the following properties.
Lemma 5.2. Let H, H' be Hilbert spaces and let € € [0,1].
a) For an operator A:H — H', the condition ||A*A — Idy|| < e is satisfied iff |A| : H — H is
e-unitary and iff Ids : (B, (, ) = (H, (,|A|*)) is e-unitary.
b) An operator A : H — H' is e-unitary iff

|A*A—Tdy||<e and Ran A=H'.

c) A family (vj)jes is an e-orthonormal basis of H' iff the linear map A : (2(J) — H' given by
Al(aj)jeg) = 22 e 7 av; is e-unitary.

d) If the decomposition H' = H1 & Ha is e-orthogonal and (pj/)cg and (jr)jregr are or-
thonormal bases of H1 and Ho respectively, then (¢;)jegugr is an e-orthonormal basis

1
of H'. Additionally, the identity map induces an e-unitary map from H = Hi ®Hs to
H' = Hy ®Ha, where the first space is endowed with the scalar product (, )H L making

1D H2

(pj)jeqrugr orthonormal, i.e. defined by

Vu1,1}1 € Hq, VUQ,UQ € Hs, <U1 + usg, U1 +U2> n = <U1,U1>—|—<U2,Ug>.
H1® He
Proof. a) The first statement is a consequence of |A|* = |A| and |A|?> = A*A. The second one
is deduced from Id* = |A|?> when the identity operator maps H with the scalar product (u,v) to
itself with the scalar product (u,|A|?v).
b) It suffices to notice that the condition ||A*A — Idy|| < € implies

VueH, VI-ellul < [Aull < V1+elull.

Thus A is one-to-one with a closed range which has to be H’ by the second assumption and A,
A*  and AA* are invertible. Hence the spectrum of AA* coincides with the spectrum of A* A by
A*(AA* — Nldy/) = (A*A— NIdy )A* for A € C. The spectral theorem yields ||[AA* —Idy/|| < €.

c) is a particular case of b) if we notice that ||A*A — Idy| = [|[((vj, v&))jres — Ide (g with
H = (?(J), while the condition Ran A = H’ becomes equivalent to the totality of the family
(vj)je -

d) The family (p;)jequg is clearly total in H' and, defining the map A : H — H' with
H =(%(TJ) as in c), we get

" 0 B .
A"A—Tdp(g) = (B* 0) with B = ((¢x, ¢j))jeg" ke -
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To prove that (¢;)jes/ug» is an e-orthonormal basis of H', it is then enough to prove that
| Bllz2(gy,e2(57)) < €, which follows from the observation that B is unitarily equivalent to
H'Hl‘Hz tHo — Hi

For the last statement, it suffices to note that the mapping

1
uwe (H1®Hs, (, >H15H2) — (<¢jvu>H1éH2)j€J’UJ“ eP(J'ug")

is unitary and to apply c). O

Below are consequences of those notions on singular values.

-

Proposition 5.3. Let E, F, G be three closed subspaces of a Hilbert space H and assume d(E, F)+

- - -

d(F,E) =¢1 <1 and d(F,G) +d(G,F) = e < 1. Let B: F — I be a bounded operator and
let IIp, Il be the orthogonal projections on F' and G . The operator B = HgBHF‘E E— G s
compact iff B is compact and in this case:

Vee N\{0}, 7(e1,65) 2 ue(B) < pe(B) < pu(B)7(ei,e3)"?.
Proof. Call Apgp =lIpllg + (1 —p)(1 —g), with 1 = Idy , and compute
ArpArg — 1 =gl + Ipllg —IIg — IIp.
We deduce that for all u € H,

(u, (AppAre —1)u) = 2Re (pu, Hpu) — [Mpu|? — [[Lrpul®

—[[(Ig — p)ulf?

—2||(lp — Mp)Hpul? = 2| — )1 - Og)ul?
—2||(Ug — Mpllp)ul? = 2| — Tellg)ul®

> —2(d(B, F)* + d(F,E)* ) |[ul.

AVARLY,

= =

Since 0 < g1 < 1, we know that d(E,F) = d(F,E) = % (see indeed the lines following
Definition and we have thus proved the operator inequalities

0 < (Idy — AppArg) < efldy.
Owing to the spectral theorem, it follows
|AFpAre —ldu| <,
and by symmetry, since A%, = Agp, we also get |[AppAly —1Id|| < 7. The operator Apg is

thus 5%—u~nitary, and similarly Agp is e3-unitary.
Finally, B = HgBHF‘E : E — G is nothing but the nonzero diagonal block of

1 1
Agr BApp - H=E®E+ — H=GaG .

It is thus compact if and only if B is compact. Moreover, up to some additional irrelevant
zeros, the singular values of B are the ones of Aqr BApg and the result follows from the general
statement i) = iii) above. O

Proposition 5.4. Let E, F be two Hilbert spaces, B : E — F be a bounded operator and let
€1,€2 E]O, 1[ .
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a) When (¢;)jeg is an e1-orthonormal basis in E and (Yr)kex s an ex-orthonormal in basis
F,let B:0*(J) — (*(K) be defined by Bo; = >, cxc (U, Bp;j)i . Then B is compact iff
B is compact, and in this case their singular values satisfy

VKEN\{O} s 7(81,62)_1/2/},@(3) SM@(B) SM@(B)T(51,€2)1/2. (67)
b) Assume that E = E' & E” is an e1-orthogonal decomposition and F = F' & F" is an ea-
orthogonal decomposition such that BE' C F' and BE" C F", then the relation holds
N 1 1 1
with B = HF’B}E/ @ Ilp.B R EeoFE - F aF".

c) Assume that B is compact and that E = E' ® E" is an e1-orthogonal decomposition, and set
F'=BE', F" = (F")* . Assume moreover that

E/)7£6N\{0}}ﬂ]07—|—oo[) > B E//”

v = inf( {me(B m

N L ) /L 1" /L " .
Then, the operator B = B|E, EBHFHB|E,, :E'®E" — F'&F" satisfies

Ve e N\{0}, 7(e1,e2) " pe(B) < pue(B) < pe(B)7(e1,€2) .

Proof. a) This item simply follows from the general statement i) = iii) above and from the re-
lation B = U5 B®p , where @ : (2(J) — E and Uy : 2(K) — F are defined by ®x((u;)jcr) =
Yiegujp; and Vp((vk)kex) = > pex Vk¥r » and are thus respectively €1- and ez-unitary ac-
cording to item c) in Lemma

b) Let (¢;) ey and (p;);cg~ be two Hilbert bases of E' and E” , so that (¢;)jc7ug is an €1-
orthonormal basis of E according to item d) in Lemma An eg-orthonormal basis (Vg ) keicrux
of F is constructed in a similar way. It also follows from item d) in Lemma [5.2|that the identity

Idg: E=F' é E" - F = E'®E" is e;-unitary and, similarly, Idg is ex-unitary. We conclude
by applying the general statement i) = iii) above to the relation B = Id} BIdg .

c) If | B| ., || = 0 there is nothing to do. Actually this is a particular case of b) with BE" =
{0} C F”, &3 = 0 and of course 7'/2 < 1. If ||B|E,,|| > 0, then there exists ¢; € N\ {0} such

that v = s, (B|,) and rank(B|,,) = {1 . In particular, we can find two Hilbert bases (¢;) e/
of E' and (¢x)rex of F such that 7' NK D {1,...,¢1} and

Vie{l,....t1} , Beg; = pu;(B|, )Y,

Set F' = Span(v;, ,j € {1,...,41}) = RanB
R : F — FE defined by

o and F” = (F')*, and introduce the map

The norm of R is not greater than e; since for every u =u' +u” € E=FE ® E",

I

B "
||RU||2 — HRUHHQ Z | 1/)g ) u’ S ||2 E
7 E’) N’el (B

where the last inequality follows from the last statement of Lemma [5.2] We deduce

[u”]* < (1 = ex)ed|u”|* < e3l|ull®,

E’)

lds — R|| < 14 e5 < 7(2),
1

I(dp = R)7H < (1 —e2) ™" < 7(ea),
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and for every ¢ € N\ {0}, using the above general statement ii) = iii),
7(e2) ' ue(B(Idp — R)) < pe(B) < pe(B(Idg — R))7(e2) .-

Moreover, the operator By = B(1 — R) clearly sends E’ into F’, and also sends E” into F” =
(F")* according to
£y

Vu e E", BRu= Z(%‘ , Bu)y; =g Bu.
=1

1
Since in addition E’ @ E” is a e;-orthogonal decomposition of £ and F = F'©F", a di-
rect application of b) (with e; = 0) says that the singular values of B; : E — F and

~ L
Bl = HF’BI B EBHF”BI

o are related by

Ve e N\{0}, 7(e1) 2ue(B1) < pe(B1) < pe(Br)7(e1)'/?.

We conclude with

HF'BI|E/ :HF’[B E’_BRE/] :BE/7
=0
HF”BI E :HF”B B _HF”BR}E// :HF”B B
—_———

=0
O

Remark 5.5. 1) In the sequel, Propositions and will be used and combined with spaces
EM Fh Gh B E" F' F'"operators BY , B" | and bases (go?)jej and (V) ex which
depend on a small parameter h > 0 and such that the hypotheses are satisfied with

lim e1(h) = }lliirbez(h) =0.

h—0
More generally, note that when N parameters €1(h),...,en(h) are involved and satisfy
0 < en(h) < o(h) forn € {1,...,N} with limj,_0 o(h) = 0, then for any o > 0, the
estimate

7(e1(h),...,en(h))* =1+ O(o(h))

holds uniformly in the sense that there exist ho N, Ca,n > 0 independent of €1,...,en
such that
vh E]Ov hg,N,oz[v T(El(h)7 s 75N(h))a -1 < CN,a Q(h> .

Several applications of the previous results in this setting will lead to estimates of the type
Vee N\{0}, pe(B") = pe(B")(1 4 O(o(h))) -

2) A case is especially easy to handle: when E" F" G" are finite dimensional with dimen-
ston bounded by a common number np . In this case, one can use any norm || |2 on
Moy (C) in order to check the 0(5172(h))-orthonormality of the bases. The constants
in the O(o(h))-estimates are then fized when ng , the norm || ||,z and possibly the above
N € N and a > 0 are fized.

Additionally, we recall that in this case, (i(Eh,Fh) = _ZFh,Eh) < 1 is equivalent to
d(E", F") < 1 and dim E" = dim F" .

The following lemma will be useful in the sequel.
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Lemma 5.6. Let B" : D(B") — H, D(B") C H, be a closed unbounded operator and assume
that the closed subspaces E", F" G" and the operator B" satisfy

e E'C D(B");

e the restriction Bh‘Eh 18 a left multiple of HF;LBh|E,L with the commutative diagram:

Eh L—'H

\ TC’I
h
1,,B ’Eh

Fh

)

e the distance between F" and G" satisfies
(A", G + d(G" F")| | CM]| = Olo(h)  with  im o(k) = 0.
—

Then thBh|Eh (Idy + O(o (h)))HFhBh|Eh and the restriction Bh‘Eh is also a left multiple
of Hen B |Eh with the commutative diagram:

Iol L’H

Téh
M, B"

Gh

b

with C" = CM(Idy + O(o(h))) . The roles of F" and G" are therefore symmetric.

Proof. Note first that the relation Bh’Eh = CMlgn Bh‘Eh implies

1" o[l < IC™ 1L 1]l B" | o |

and then ||C"|| > 1 (except when Bh‘Eh = 0, in which case the statement of Lemma is
trivial). Consider now the difference in £(E"; H):

Hn B — Henllpn B"| ., = (Ugn — MgnIlpn)C M pn B

By introducing the operator

h 2
Canpn =gnllpn + (1 = Ign)(1 = Ipn) = Idgy + O( ||éh)||2) = Idy + O(e(h)?)

like in the proof of Proposition we obtain
B, = [Conpn + (Hgn — Hgnllpn) C* Tpn BY| ) = [Idg + O(o(h))|pn B" |, -
We get Ipn B"| , = [Idy + O(o(h))] " 'Tgn B"| ) and we take Ch = CMIdy +O(e(h))~t. O

We now consider additive error terms which arise in our applications.

Proposition 5.7. Let B}, B : E" — F" be two compact operators parametrized by h > 0, like
possibly the Hilbert spaces E", F" . Fix fo € N\ {0} and let o(h) > 0 satisfy limj, 0 o(h) = 0.

a) When |B} — BY|| = O(o(h)) max (pe, (BY), e, (BY)) , the singular values are related by
Vee{1,.... Lo}, pe(BY) = pe(BY)(1+ O(a(h))) -
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b) The two following statements are equivalent:

min (tg+1(BY), ey 1 (BE)) + 1B = BE| = O(o(h) max (ue, (BY) g (BY)) )

and  max (sey 41 (BL), g +1(BE)) + |1BY = BL| = O((o(h) min (ue, (BY). ey (BY)) )

Proof. The two results are simple consequences of the max-min principle.
a) Assume ||BY — BY|| < ep, (BY) withe < 1. For £ € {1,...,4p} and V C E" | dimV =/ -1,
we write

Vue VE, || Biull = epe, (BY) ull < [1Bull < 1Bl + epey (BY)||ull

and then, using g, (BY) < pe(BY),

| B ul| | Bv|] h

Vue VvVt < + epe(BY)
[ul|  ~ vevigor [Jvf !
Bhu Bl

| B} ||_W(B{l)< | B5v||

X
[Jul] ~eeviv(oy vl

Therefore, for every £ € {1,...,4y}, we deduce

Bhu Bhu By
IBLul oy < |Bul B}l

= + epyp B!
weviy(or  [ul] weviigor [lull T weviioy ull (B1)

for any subspace V such that dim V = ¢ —1. Continuing by taking the minimum w.r.t V finally
leads to
Vee{l,.... b}, m(BY)(1—e) < pe(By) < (1+&)u(BY).

The h-dependent assumption and the symmetry B} <+ B in the above proof yield the result.
b) First, since min < max, the second condition obviously implies the first one. Moreover, the
first condition implies | BY — B}|| = O(g(h) max (e, (BY), 1, (Bg))) and we deduce from a)

max (pug, (BY), ey (BY)) = O(min (pug, (BY), pueo (BY)) . We have then to show that the second
condition is implied by

min (p 1 (BY), ey 11 (BY)) + B — B = O(o(h) min (e, (BY), e (BY)) ) . (69)

But assuming this and reasoning as in the proof of a) with V'.C E" / dim V = {;, and using now
| B — BY|| = O(o(h)e, (BY)) , leads to

[B3ull 1B}l

= X O(o(h) g, (B
wevioy wevifoy (eh)piee (B))

and then, by taking the minimum w.r.t V', to

/’(’Z(ﬁ-l(B;L) = Heo+1 (B{L) + O(Q(h)ufo(B{L)) .

It follows that

max (juey1(BY), peg+1(B3)) = min (pey11(BY), preg+1(B3)) + O(o(h) e, (BY)) -
Then, since 114, (BY) = O(min (e, (BY), e, (BY)) leads to

max (:u’fo+1(B{L)7lMo+1(Bg)) + ||B£L - B{L” = O(Q<h) min (Mfo (B{L>7M€0 (Bg))> )

which concludes the proof. O
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The final result of this section combines multiplicative and additive error estimates.

Proposition 5.8. Let (B", D(B")) be a densely defined closed operator in H . Let EM, F",
and G" be finite dimensional subspaces of H and let o(h) > 0 satisfy limy_0 o(h) = 0. Assume
that both E" and F" are contained in D(B") and that the space E" admits the o(h)-orthogonal
decomposition EM = E" o gt , such that:

1. UpnB" = B"Ipn on D(B");
2. Mpn B "1 pn has a fized finite rank fy € N ;
3. B" g 18 a left multiple of I pn B g

= HFh,Bh|E,h, with the commutative diagram:

n  B"
E"  ——H

TC}]‘
., B "5

Fh

4. with the convention ug(A) = +oo for any compact operator A and when (7 denotes the
rank of gn B the following inequalities are satisfied:

Eth

—

d(E", F") + d(F", E") + |C" | (d(F",G") + d(G", F")) = O(e(h)), (69)

1 IC (", G") + d(G", F")

1B"
pon (Mgn BR| 1) max(puey (TWgn BR| ), 11y (B )

= 0(e(h)).  (70)

E//h, ||

Then, the £y first singular values of I pn BMLpn and Ign B gn satisfy

vee{l,....b}, pe(MgnB"gn) = pe(Mlpn B" ) (14 O(o(h))) - (71)

=pe(gn Bh ’Eh) =pe(Bh |Fh')
Moreover, the ly + 1-th singular value of Han BMIgn satisfies

/1,20+1(HGhBhHEh) _ /LKU+1(HGh’Bh|Eh) h20 M€0+1(HGh’Bh|Ehr)
ey (HGh'BhHEh) Heg (HG’LBh’Eh) Heo (Bh|Fh)

=0(e(h)). (72

Proof. Since the statement is trivial when ¢y = 0, we assume here that £; > 1. The assumptions
1. and 3. then imply ||C"|| > 1 because

1B"

ol < ICM T || B

E'h ||

(except when B" g = 0, in which case one chooses Ch = M pn so that ||C*|| = 1). Therefore,
the first estimate of 4. implies dim E" = dim F" = dim G" < oo as well as d(E", Fh) =
d(F" E") and d(F",G") = d(G", F").

About dimensions, the assumptions 1. and 3. also imply

rank(Ip» B"| ) = rank(B" =< 4.

E'h E'h )

This rank ¢?, which is not assumed to be independent of h, will be proved to be equal to
rank(Ilg» B

E/h) °
Multiplicative estimates: By replacing E"* by E'" in Lemma we get

Mg B, = [Idys + O(o(h))]TTpn B"

E'h
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and therefore

vee{1,...,dimE™} | p,(IgnB"

E/h) = /’(‘Z(HF}LBhHFh'

gr)(L+0(e(h)).  (73)

In particular,

rank(IT;. B"

) = rank(Ilpn B"

pn) = ¢ = rank(B"

E’h') :

An accurate information about the orthogonal projections on F'* := RanTlp» B" and on

E'h
G™ ;= Ran HG;LBh| g 18 achieved as follows. There exist two orthonormal systems (@?)1S j<eh

in B’ and (¢});<;<¢r in F™ C F" such that

vie{l,... ,K?} , HFJLBhgo? = M??ﬁjh where u? = p;(Mpn B"

) > 0.

By computing

1 1
Pl — =g Bl = — [Mpa B¢l —Tgn B¢}
Hj Hj
1
= —(pn — Tgn)(CMpn B T pnel)
K

= (Upr —Mpallgn)CM} + (MpnTlgn — Tgn)C Y
we obtain the estimates:

. 1 - -
vie{l,... .0}, |l — —Tgn B || < |ICM|(d(F", G") + d(G", F")) = O(o(h)) .

M;.L ———
(69
Since moreover rank ITgn B pn = dim G = 1 < 4y, it follows that (%thBhgp}Q
H M agj<en

is an O(||C’h|| (dﬂ(Fh7 Gh) + d(G", Fh)))—orthonormal basis of G’ (see Definition and then
that
HHF/}L - HG/}L

= O(|IC|(d(F",G") + d(G", FM)) ) = Ole(h)).
By calling F""" the orthogonal of F'* in F and G'"* the orthogonal of G'* in G", the equality

HF//h, - HG//h == (1 - HF/h)HFh - (1 - HG/h)HGh
= (1 - HF/h)(HFh - HG}LHF}L) - (HF/}L - HG/h)HGhHFh
—(1 = Tgm)(Mgn — TgnTpn)

now implies (using also ||C"|| > 1)
I = Tgonl| = O(ICM | (d(F", ") + dG", F")) ) = O(o(h)). (74)
The separation between the ¢7 first singular values and the smaller ones is obtained by applying

Proposition c) to B = HF;LBh’Eh :E" — F" and to B = HG;LBh|Eh : EM — G" with: the
o(h)-orthogonal decomposition E" = E'" @ E"" |

ul’f(HFhBh E’h') - H[?(HGhBh’E/h)(l + O(g(h))) )
and ||HFhBh El/h” HHG’IBh Eiih” ||Bh Euh,” _ O(Q(h))
M@?(HFhBh E”L) /’LE?(HGhBh E”‘) N IU’E’f (HG}LBh E/h)
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This implies that the singular values of Iz Bh|Eh and of g Bh|Eh satisfy

g) (1+0(e(h)) , (75)
g (L+0(e(h) , (76)

vee{l,....0t} , pe(pnB"|,,) = pe(Ilpn B
/J’Z(HGhBh‘Eh) = M(HG’LB}L

and, for every k > 1,

pep ok (Mpn B ) = (g B[ 1,,0) (14 O(o(h))) = O (pen (T B"| 1) e(R)) (77)
M@?—&-k(HGhBh‘Eh) = /’Lk(HG”h’Bh E//h)(l + O(Q(h))) = O(ILLE;L (HGhBh|Eh)Q(h)) . (78)
Besides, using d(E", F")+d(F", E") = O(o(h)) and the commutation Iz B"| , = Ipn BT pn
a direct application of Proposition[5.3|with B = Ipw B, : F" — F" and B = g B p

OpnB"|,, : E" — F" leads to:
VEeN\{0},  pe(TlpnB"| ) = pe(Mpn B"| ) (14 O(a(h)?)) - (79)

Additive estimates: When ¢y = ¢, the statement of Proposition follows from the equa-
tions and 7 and, when £y > ¢ | these equations reduce the problem to the compar-
ison of the singular values py , 1 < k < £y — £%, of the two operators

[

[

HGH}L Bh}E,,h and HF//h Bh
By and , we know that

HBh E//h

max(ueo 7@}{ (HG//}L Bh

E/h

TG — T |
g )s g — et (g B ,0)
The first result is thus an application of Proposition a) with

B =T pmB"

= O(o(h)).

and Bg = HG//h Bh

E//h. E//h

while replacing £y by £o — ¢ .
Lastly, the definition of £y in 2. implies

=0.

Eh )
The remaining statement is then given by Proposition b). O

min(u€07€?+1 (HG//hBh E”h)’ ,U/Z07€}11+1 (HFNhBh E”’L)) = lufo*f?ﬁ’l (HF//hBh

6 Accurate analysis with N “critical values”

This section is the core and the most technical part of our analysis. It combines: i) the expo-

nential decay estimates of eigenvectors solving Ay r—1((a,6)).hWh = AnWh , An h30 0, and all the
properties of solutions to dy nwn = 0 stated in Sections [2 and |3} ii) the information on local
problems, that is when f([a,b] N {cl, ... ,cNf}) = 1, from Section [3; iii) the rough estimates
when #([a,b] N {c1,...,cn, }) = N of Section |4, Finally, the recurrence analysis with respect
to N is modelled on linear algebra lemmas about singular values given in Section In the
first paragraph, we review and complete previous useful notations before stating a general result
which leads easily to Theorem variations of which will be given afterwards. It is about the
construction of global quasimodes for Ay ¢-1((q,4)),n, and more precisely of a suitable basis of
widely extended solutions to dy pwp, = 0, which, contrarily to the eigenfunctions of Ay y—1((a,5)),1 »
provide a high flexibility when changing the geometrical domain, in particular the values a,b.
After specifying the framework in the first paragraph, we check in Subsection [6.2] the first step
of the recursive construction of such global quasimodes and presents the strategy of our iterative
method, developed in the other paragraphs.
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6.1 Assumptions, notations and main result

We assume Hypothesis which is: The function f has a finite number of “critical values”,

¢1 <...<cny , according to Hypothesis[T.2] or Hypothesis while Hypothesis is assumed
for a general Lipschitz function f, and we choose

€0~ min | I (20)
nf i) 1<I£11San Cp — Cp—1|[-

Moreover, the values a,b, —co < a < b < 400, are not “critical values” of f .

Like in Sections [3[ and 4] we use the the space W (fb; AT* M) of Definition We recall that
it coincides with W1H2(f%; AT* M) under Hypothesis while we only know W (f%; AT*M) C
Wllof( 2 AT*M) in general (when a,b & {c1,...,cn, }). According to this remark, when E =
LR Jak, bil, ar,be & {c1,...,cn, }, the space W (f~(E); AT*M) is nothing but the direct sum
S, W(flr; AT* M), which is included in W2 (f~1(E); AT*M).

The set of “critical values” lying in [a, b] are relabelled according to

[a,b]ﬂ{cl,...,cNf}:{51,...,61\;} , a<é<...<éy<b.

The bar code associated with f is still denoted by B = B(f) = ([¢a,ba])aca. We keep the
notation A*(a,b), A:(a,b) given in (52)),(53), while the endpoints of the bars with a non trivial
intersection with |a, b[ are partitionned into

J*(a,b) = X*(a,b) UY*(a,b) U Z*(a,b),

where the definition of those sets are given in 7,, and . Remember that an
(®» ()

element j € 7P (a,b) is a pair j = (o, ¢) with o € A*(a,b) and ¢ € {é1,...,éx}, =28, ya |
or z,(lp ) , depending on wether:

o j € XP(q,b), which means a € A¥ (a,b) and é = 27,

e j € Y®(a,b), which means a € A((;p_l)(a7 b) and ¢ = y&p) ,

e or j € ZP)(a,b), which means o € A*(a,b) \ A%(a,b) and ¢ = 2P

Below are figures which summarize the three different cases.

a®

x&p) : y((f'H)

a Cm Cn b
Figure 9: A bar [mgp),y&pﬂ)[: [Ems En[, aP) € Agp)(cub).

There are two extreme points j = (a?),&,,) € XP)(a,b) and j' = (aP),&,) € YP+(a,b).

a(p+1)

Figure 10: An extreme point j = (a,é) € Z®)(a,b).
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After restriction to [a,b], this represents the two possible equivalent ways of having
j= (=) € 2W)(a,b).

We recall that

() _ (p+1) (p) ()
O e-crnlaplh = o2/ (BF 1 a ) n)DF 1 (o)) n L0/ m (A f o1 (o) n)
) _ )

and F[o,e—e/h],[a,b],h = Ran 1[0,675/;1](Af’f,l([a’b]),h)

do not depend on € €]0,¢[, provided that h. > 0 (h €]0, h[) is chosen small enough when ¢ is
fixed. We then use the notation

and F!

(p) —_ 5@ ) — g
5[56(1)],[(1,1)],}1 - 5[§e—s/h],[a,b],h [Ozjé(l)],[a,b],h - F[olje—s/h],[a,b],h (81)

without mentioning € > 0.

The exponent P) is forgotten when the direct sum w.r.t p € {0,...,dim M} is considered.

The distance between vector spaces cf(E,F) is the one defined in Subsection (see Defini-
tion and used in Section |5 We also recall that for ¢ > 0, an O(e~# )-orthonormal family
of vectors (p)1<e<r in a Hilbert space H is a family such that |(@}, k) — dpe| = O(e™ )
according to Definition [5.1

With the family J*(a,b) of endpoints of bars with a non trivial intersection with ]a, b[, we will
associate an 6(1)-orthonormal family of solutions to df pw;, = 0 in the proper range.

Definition 6.1. Under Hypothesis and for 6y €]0,%L], let
551 = {én—5176n+61, 1§’ﬂ§N} (82)

A family (‘P;’h)jej*(a,b) , cp;’h = gagp)’h when j € J®)(a,b), is called a &,-family of quasimodes

if there exists 7y :]0, ho[—]0, 400 with limy_oy(h) = 0 such that:
. (gogp)’h)jej(p)(a,b) is a linearly independent family ofD(d(f{'])c,l([meﬁ) forallp € {0,...,d};
e by setting j = (o, ¢) and I]’-L = [x&p) - 51,y&p+1) —v(h)] = [¢ - 51,y&p+1) — (k)] when

j e X®(a,b), and IJ’-‘ = [¢— 01, b] when j € Y®)(a,b) U ZP)(a,b):
supp " € £ (I +0.7(h)/2) 0 [a, ) (83)
If=2l h ~

e o w1 apinss,) = O (84)
dpne?" =0 in fTHIE N [a,b]) and then in £ (la, & — 1] U (I 0 [a,0])).(85)

For such a family of quasimodes, we will use the notation:

d
VO = Span(ef" j € TP (b)) . VM= G VI
p:

The idea is that the quasimode associated with the endpoint j = («, ¢) € J*(a, b) is supported
in [é¢ — d1,b], decays exponentially away from ¢, and solves d f7h<p;-’h = 0 in a region essentially
covered by the bar indexed by a. Global quasimodes for dy ; are constructed by climbing along
the values of f. The reason why W-estimates, namely with norms || || ) given by in the
Deﬁnition fail in a neighborhood of f~1(S5,) will appear in the construction of such a family
(see in particular Remark about the values ¢, + 7).

The following definition specifies how such quasimodes are truncated around the upper endpoints
yP ) when j = (o, x&p)) € XP)(a,b). This truncation operator preserves the spaces W (f~(I))
for I C [a,b] and D(dy¢ ¢-1([q,)),n) With its boundary conditions.
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Definition 6.2. In the framework of Deﬁm’tion and for 62 €]0, %f] , let

X602 (T) = X (W) (86)

forn e {2,... N} and a fixzed x € C*(R;[0,1]) such that x =1 on | — 0o, —2] and supp x C
] — o0, —1].
The operator Ty, is defined on V" by

b
Ts, PP = Xy g0 0= (@,ad)) € X0 (a,b) (87)
27 (pg_p),h if j € Y® (a,b) U ZP)(a,b).
. log .. . . . . .
The notation ~ of Definition will be extensively used in this Section.
Theorem 6.3. Assume Hypothesis with ny given by ,
a) For any p € {0,...,dim M}, the 6(1) non zero singular values of d;p},l([a W)h that is the

non zero singular values of 5[(5)5(1)] [ab],h 2 CON be labelled by the family (u?)jex(m(a ) (with
possible multiplicities) with

h log ygﬂ—l)*ngp)
My~ e j:(a,x((f))e)((p)(a,b).
b) For any 6, €]0,%], there exists a 01-family (@;’h)jej*(a,b) of quasimodes in the sense of

Deﬁnition which is O(e*%)-om‘honormal in L2(f2).
The vector space V" spanned by those quasimodes satisfies:

- 51

: 7 o (p) (p) Y A (o— St
Vp e {0,...,dim M}, dVPM ETL )+ AE s e V) = 0T ™).

c) IfTs, is the truncation operator ofDeﬁm'tionfor b2 €]0, %], then the map d;’j},l([a’b])’thz :
V@ 1271 ([a,b])) is a left multiple ofé[(é’)a(l)] (a,0),n 162 with the commutative diagram.:

(p),h 4 r 1 o, T2 2/ 1
v L2(f~*([a,b])) (88)
Ch.
(P) T
010,5(1][a.b].h T2 P
ED 0,6(1)];[a,b],7

with O = O(e 7).

The proof will be done in several steps, by induction on the number of “critical values”
N . Because the graduation w.r.t p € {0,...,dim M} is associated with an obvious orthogonal
decomposition of Fg 5(1],(a,5],n a0d 6[0,5(1)],[a,b),h » and clear partitions of the sets of indices for
bars and endpoints, A*(a,b) = I_Ig:OA(p) (a,b), J*(a,b) = I_Igzoj(p)(a, b), etc., we can treat
globally Fio 5(1)],[a,b),n and 0[0,5(1),[a,5],» and forget the degree p.

6.2 Initialisation and outline of the recurrence

The result holds true for N = 1: According to Proposition we know that J*(a,b) =
Z*(a,b) and that the 6(1)-eigenvalues of Ay r-1((q,p),n , and therefore the 6(1)-singular values of
810,6(1)],]a,b],h » all vanish . This proves a). To prove b), it suffices to take an orthonormal basis
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(‘P;‘L)jej*(a,b) of ker(Af7f71([max(afl,gl)’b]),h) , extended by 0 on f§1751 when a < é; — 61 . Note
that in the latter case, the extended family (@?)jej*(a,b) is still included in D(dy ¢-1([a,5)),n) 5
and actually in ker(dy s-1([4,5),n) - The exponential decay estimate comes from the expo-
nential decay estimates on the gp? € ker(Ay, f—1[max(a,e—51),5,0) given by Proposition or
Hypothesisapplied with Q = f~([max(a,é —61),b]), 7o =0, A\, =0, U = f~1({¢1}) and
dag(z,y) > |f(z) — f(y)|. The distance between V" and Fl0,5(1)],[a.b),h 18 also deduced from the
exponential decay estimates on the (,O;»L € ker(Afhffl([maX(a,él_61)7b]),h) as we did in the proofs of
Propositions and The statement ¢) is obvious in this case because

Ty, = Idyn
dg.t-1(ab)nlyn =0,
and 80,501, fa,b1k|yn = W0,6(0) a6l f, 71 ([ab]) k| yn = 0-
Strategy of the proof by induction:

1. Already while checking the initial step N = 1 or when proving e.g. Proposition [3.2] in
Subsection [3.2] it was convenient to work with different values of a and b. From this point
of view, the construction of §;-quasimodes in the sense of Definition [6.1] which are some
specific solutions to dy pwp, = 0, is more flexible than working with spectral eigenvectors
of Ay t-1(ja,p)),n - Note that even though the extension by 0 in f of ¢ € ker(dy -1 ((a,5)),n)
does not belong to W(f?%,) for a’ < a, it belongs to ker(dys ¢—1([a’p)),n) - This provides a
way to extend the quasimodes in the area of the lower values of f. The extension to ffl’/
with b < b’ will be done with a repeated use of Proposition Note for example that if
there is no “critical value” in [b,b'], a solution to dy -1 (ja,p)),non = 0, which satisfies some

exponential decay estimates of the type ||e$ enllwey < O(Ch), can be “extended” to a

solution to dy ¢-1((a,p17),nPrn = 0, with the same decay estimates in WY\ f~1({b—d})
for some § > 0 small enough. To prove this, it suffices to consider b as an artificial
new “critical value” ¢ and to apply Proposition i) with ag,a,¢1,b there replaced by
a,b—0,¢ ="0,b'. Note that with this extension procedure, @}, fails in general to belong to
W in a neighborhood of f~*({b — 6}) (see in this connection). If there is a “critical
value” ¢, €]b,b'[, then one has to study more carefully the orthogonality condition of
Proposition [3.9}i).

2. Now Theorem [6.3| will be assumed to be true in the case of N “critical values” in [a, b] , we
can deduce several consequences. The aforementionned flexibility of a family of quasimodes
in V" | as compared to a family of eigenvectors for the initial space Fio 5(1)],[a,b),n > can be
completed by replacing the arrival space Flg 5(1)],[a,b],n i the diagram by a more flexible

approximation. Moreover, the O(e_%)—orthogonality of the §;-family of quasimodes can
be preserved while ensuring true orthogonality properties on the images dy T, Lp;-L . This
will be done in Subsection [6.3] The corresponding results will be used in the rest of the
proof and for other constructions later.

3. Let us now explain how we pass from the case of N critical values ¢; < --- < éy to the
case of N + 1 critical values ¢; < -+ < éy41 in [a,b]. To do so, introduce ay €]¢y, é] and
b1 €)¢én,én+1[, set a1 = a, b = b, and apply the result valid for N “critical values” to
a1 =a <€ <...<¢éy <byand toas < é ... < ényy1 < ba = b. From the §;-families
of quasimodes for the intervals [a1,b1] and [as,bs], we can extract a partial d;-family of
quasimodes for [a,b] which satisfies the required properties for all bars of length strictly
smaller than ¢y — ¢ . This construction, and all the information coming from step N
in the intervals [a1,b1] and [ag,bs], is collected in Subsection After this, in Subsec-
tion[6.5] the construction of §;-quasimodes associated with bars j = (a, za) € X*(a, b) with
Tq = ¢ and y, = éy41 must be specified. This leads to the definition of “intermediate ;-
family of quasimodes” (see Deﬁnition which, comparatively to Deﬁnition does not
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yet elucidate the interaction with the local spectral problems around the “critical value”
cn+1 - This strategy is summarized in Figure 11 below. It is related to Mayer-Vietoris
type arguments in algebraic topology, but handling and propagating all the estimates on
exponentially small quantities requires some care. From this point of view, the inspiration
is also taken from the standard techniques for handling exponential decay estimates, and

several up and down inductions on n € {1,..., N + 1} are used.
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Figure 11: Positions of the bars while the interval [a, b] is covered by [a1,b1] U [ag, bo].

We will use the recurrence hypothesis at step N first in the interval Jas, ba[ and then in
the interval Jaq,b;1[, where the corresponding proper bars (not equal to ]a;, b;[) are
collected in dashed rectangles. Quasimodes in ]ag, bo[ are extended by 0 in f22 | while the
extension of quasimodes in ]aj, b1[ to fzfl requires more care.

Once the latter “intermediate d;-family of quasimodes” is constructed, it is used in order
to prove Theorem a) in Subsection Like in the proof of Proposition for N =
1, we have to play with different values of a,b such that a < ¢ < ... < éyg1 < b.

log _ EN41—@1+max(61.83)
R

Using Proposition we deduce firstly a lower bound r(h) ~ e when
a = ¢ — 01 and b = éy41 + I3, and translate it in the various variations of the operator
00,5(1)],[a,b],h 5, that we have introduced. Secondly, we study the effect of changing a and
b while keeping N + 1 “critical values” in [a, ] as it was done in Subsection for the
case of one “critical value” in [a,b]. Thirdly, and only after proving Theorea), we
can construct in Subsection the §;-family of quasimodes (@?)jej*((Lb at step N +1,
and check all the conditions stated in the items b) and c) of Theorem [6.3

6.3 Consequences of Theorem [6.3| at step N

We assume in this section that Theorem holds true at step N. We refer in particular to
the Definition of d1-quasimodes (@?)je‘y*(a,b) and of V! = Span(@?)jej*(a_’b), and to the
Definition of the truncation Ty, : V" — D(dy, t—1(ja),n) > for 61,02 €]0, %]

While keeping the initial space V" for dg t-1([ab)),n L5, , We replace the arrival space Fio 5(1)],(a,b],h 5
and therefore the left-multiplying projection g 5(1)],[a,6),n » DY @ more flexible space G" and a
projection Ilgn . In view of Lemma and of the general analysis of singular values led in

Section [5} consider
G" =ker(A;q,) and  F" = Fjo 51y, ablh» (89)

63



where A F.n 18 the operator introduced in with

N
Q= || £ ([én —ng.én +nsl N fab]) . (90)
n=1

We recall that according to Proposition

nf

d(G", F") + d(F",G") = O(e~7)

and dim G" = dim F" .

The interest of the space G" is that it is defined in terms of local spectral problems, actually
kernels of local Witten Laplacians, around the “critical values” ¢é;,...,¢n .

Proposition 6.4. Assume that Theorem- holds true at step N and let G be defined by .
The operator
HG;Ldf,f_l([mb]),thz, =MgndsnTs, : V' = L*(Q) C L*(f2)

does not depend on 02 €]0, } for h > 0 small enough. Namely, for two different choices
2, 0% €]0, ] there exists h52 s, > 0 such that the equality Ilgndy nTs, = Ugndy Ty, holds for
all h 6]0 h52’§/[

Its singular values satisfy:

vee{l,..., dimF"}, pe(Mgndy g1 (jap)),1n s, |vh) = 1e(8j0,5(1)),a,b),n) (1 + O™ 7)) . (91)

Its kernel equals
ker(Ilgnds 1 T5,) = Span(cp? ,7 €YV (a,b) U Z%(a,b)). (92)

In particular, when the non zero singular values of 6(o,5(1)],(a,b),n are labelled as (#?)je?{*(a,b)
. n log Yo
with p; ~ e D

HGh'df,hTéz .

i = (a, ), the same result holds for the dy-independent operator

Proof. The Definition of (‘P?)jej*(a,b) and the Definition of T, give
df,thzgo? = df,hgo? =0 ifjeY(a,b)UZ"(a,b),
and
df’hT(;Qcp? =0 inf ' ([a,ya —202])) U f ([ya — 62,0]) if j = (e, 24) € X*(a,b).
We deduce firstly
ker(Ilgnds nT5,) D Span(g@? ,j €Y (a,b) U Z*(a,b)).

In the case j = (a,z4) € X*(a,b), the equality HgndspTs, = Ugnds Ty, for h > 0 small
enough is secondly a direct consequence of Proposition [3.9 nl) applied around the ‘critical value”
Yo , OWING to SUPP df7hT52g0j C 7' (JYa — 1, Yal) and to

HendynTs,} = oy, fya—n yatns el ndsnTs, @) -

The result (91 on singular values implies dim ker(Ilgnds 4 T5,) = 1Y*(a,b) U Z*(a,b) and yields
the equalit. Let us now prove (91)).

Consider the initial vector space E" = Tj, V! = Span(T52g0§‘,j € J*(a,b)) and the mapping
B" =dy p-1(ap)),n 0 B" — L*(9) € L2(f2) . The distance to V" is estimated by

51

d(E", V") + (V" E") = O(e™ ) < O(e™ 7). (93)
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With the factorization stated in Theorem [6 c) and d(GM, F") + d(F",G") = O(e *Tf)
2

~ [
with 20, < 4 < 7y, we are exactly in the framework of Lemma with o(h) = O(e™ = - ).

Therefore, df F1 (b)), h{E’ is a left multiple of Tlgndy, r-1((4,1)), h|Eh with the commutative dia-
gram

B B 2(sh (94)

- 26-my

while C" = C"(Id (o) + O(e— 7)), and

5—77

endy p-1((a)),h] gn = Adpzcpey + O(e™ 7 ) Mpndy p-1 (0 n) | gn -

=00,5(1)].[a.b],h L ph }Eh

-

Using additionally Proposition and the relation d(E", F") + d(F", E") = O(e*%) arising
from Theorem b) and , this leads to

Vee{l,...,dmF"},  puMgndg y—1ap))n] gn) = (80,500 1a010) 1+ 7(R)),

~ 25 ~ ~
where r(h) = max(O(e G nf) O(e~ -5 ) < O(e” ) The comparison (91) for Hgndy, hT52|w
is then a consequence of
~ ~ )
173, Ts, = Tdyn || + |1 T5,T5, — dgn || = O~ 7 ) = O(e™ 7). (95)
O

Below are details about a useful block decomposition of the operator Ilgnds T, : Vo
L2(Q2). Of course, there is the orthogonal block decomposition with respect to the degre p ac-

cording to IIgn d(p) WL, Y@L 5 L2(Q; APHIT*M) . But we consider here a block decomposition
according to the longth of the bars, which correspond to clusters of singular values. Again, we
forget the degree p here. We need some notations. Let

Xn(a,b) = {j = (@, xa) € X(a,0), ya =}, 2<n <N, (96)
Xnn(a,b) ={j = (a,z4) € X(a,0), To =Cn}t, 1<m<n<N, (97)

and consider the following O(e’%)—orthogonal decompositions:

Vg%n = Span(go?, JjE€ Xmn(a,b) for 1<m<n<N, (98)
n—1

vh = @IVZ@,n = Span(go?, Jj € Xy(a,b)) for 2<n<N, (99)
N

vio & v, (100)

Vi = Span(gl, j € Y*(a,b) U Z*(a,b)) = ker(TgndpnTs,|,,0) » (101)
Vh=yh oVl (102)
with th df hT52V C ker(Af F1([En—n5,8n+n5]Na,b]), h)

L
while  G"= &  ker(As p-1(zu—nsintnsnfad))h) - (103)

—.Gh
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Proposition 6.5. Under the assumptions of Proposz'tion and with the notations 7,
the operator lgndys T, Y GI s, for 1 < m < n < N, one to one, and, when

| h m,n
v'm, n ’

dim Vv}vlz,n £ 0, its singular values all satisfy p" %8 o fugim
Moreover, the non zero singular values of Megndy pTs, : V' — L?(2) (resp. of HGde,hT§2|vh :
Vi — L2(Q), wheren € {2,..., N} is fived) are obtained by collecting all those non zero singular

~ 5
values for 1 <m <n < N (resp. for 1 <m <n), with an O(e” ) relative error.

Proof. For every 1 < m < n < N such that X, ,(a,b) # 0, the composition of the exponential
decay estimates on the ga? given in , Jj € Xpmon(a,b), and on the elements of any orthonormal

basis () 1<k<k, of Gl =ker(Ag r-1((z,—n; cn+ns]nlab)),n) leads to

Vu eV, TgrdynTs,ull = O~(e‘ 51L;ém)

m,n

Jull (104)
Let us now prove by reductio ad absurdum that

in—&m

lull = O(e™ )| Tgndy nTo,ull -

V1<m<n<N such that X, ,(a,b) #0, Yu € V!

m,n

Let us then assume that there exist £ > 0, 1 < mg < ng < N, a strictly decreasing sequence
(hi)ken converging to 0 and, for every k € N, uy, € Vi \ {0} such that

mo,no

ng —Emgte

_fng~°mgoTE1
||Hth. dﬁf—l([a’b])’hkzszth <e Pk ||uhk|| . (105)

Without restriction, we choose the pair (mg, ng) among the pairs for which (105]) holds such that
Ao := Cny — Cm, is minimal. Set

E::ﬁ{(m,n) e{l,....,N}* ,m <n,Xp.(a,b) #@andén—émg)\o} .

Theorem a) says that the ¢-th singular value of (g 5(1)),[a,5,» and therefore, with , the

¢-th singular value of gndy f-1(q,0),nT5, |vh satisfy

%i_{nO —hlog pe(Mgndy, -1 (105w s | ) = }LIE% —hlog 11e(810,5(1)),a,b],n) = Ao -

By using in addition the O(e_%)—orthogonal decomposition
Vh = V_}f_ D V(})L With V(})l = ker(thdf,ffl([a’b]),hT(;?}Vh) y
applying Proposition [5.41b) gives
lim —~hlog pe(Mgndy,f-1 (a,b)),n 5. |v¢) = lim —hlog ue(dj0,5(1),a,1,1) = Ao -
Because V! is finite dimensional, dim V? = $X*(a,b), the max-min principle implies

[gndsnTs,0||

IondrpT, = i
pe(Mgn o 62|Vi) dimW:ﬁI?I(ly(la,b)*éJrlvenV%/ai{O} ||v||

We obtain a contradiction by considering

W—< &) V,’;’jn)@((:uhk.

Cn—Cm>Xo

This ends the proof of the first statement.
By applying again Proposition b) with now B = Ilgndy nTs, acting on Vﬁ , the singular values
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of llgnds 1 Ts, |V5”— are obtained, modulo some O(e*%) relative error, by collecting all the singular

|VL” n € {2,...,N}. Actually, G! L G”, and V! and V", are O(e*%)—
orthogonal for n # n’. This reduces the problem to the computation of the singular values of
ngdf,hT(;AVh . Forn € {2,..., N}, we solve it by reverse induction on m € {1,...,n — 1} by

considering @ <m/<n Vﬁl,m . Simply apply Proposition c) with

values of Hgﬁ ds i Ts,

h ! _Sn—¢m
El = @ Vr};,n’ ,deimE/h(Hngf,hTég E/h) ~ e )
mm/<n
~ G =G - &n—&m+2n ~ G =+
B =V iy WapdnTh] gl = 0" F5) 0@ —F 1) < O(™ 77,

by starting from the first case when dim E’ & # 0. This implies that the non zero singular
~ 5
values of Ilgndys 1 Ts, : ©m—1<m’<n val'],’,n are obtained, modulo some O(e‘fl) relative error, by

collecting the non zero singular values of UgndysnTs, for m — 1 <m’ < n. This ends the

[
m’,n

proof of the second statement. O

Proposition 6.6. Assume that Theorem holds true at step N and let G* be defined by ,
There exists a basis (¢§L)jej*(a,b) of V' such that the ¢"’s satisfy the same properties as the

<p;? ’s, that is the ones of Deﬁnition and of Theorem as well as the additional following
one:
h h . ./
Wy L WG forj#j (106)
where U =Tlgndys, T5,¢" . (107)
In particular, according to Proposition the singular values of gnds 15, - Vi L2(Q)

log Ya—Tq

. h N, 61 . * h —
are given by the numbers |[W3|[12(1+O(e™ %)), j € T*(a,b), where ¥} |12 ~ e™ "7 when
Jj=(a,z4) € X*(a,b).

Proof. We keep ¢;-‘ = 4,0;? if j € Y*(a,b) U Z*(a,b). Because G L G", for n # n/ and
HgndspTs5, V) C Gl for 2 < n < N, it suffices to construct the family (¢});ex, (ap) for any
n € {2,...,N}. Take some fixed n € {2,...,N}. While keeping the O(e’%)—orthogonal

decomposition
h h
Vn - @lim<n Vm,n )

the first result of Proposition says that, for a fixed pair (m,n), the O(e_%)—orthonormal
basis (‘P?)jexm,n(a,b) can be replaced by an orthonormal one (@?)je){m,n(a,b) such that

UendynTs, @) L MendsnT5, 5 for j# 5, j,5' € Xmnla,b)

—_ftn—Cm
h

~ 1 .
and ||Hgﬁdf,hT§2(p?| e for j € X n(a,b).

Because the change of basis Pt . € L(V] ) given by 95;»’ = Pf,‘mgog? satisfies
[P )" Bl =1, [ = O™ ),

the new family (Q?)jeé\fm,n(a,b) keeps all the properties of the initial one (@?)jexm,,n(a,b)~ In
Theorem H at step IV, nothing is changed when the @;?7 j € Xmn(a,b), are replaced by the
gbg?, Jj € Xpon(a,b), and this can be done for all pairs (m,n) and with any initial guess of the
family (o) ;e 7+(ap) -

Thus, it suffices to construct the family (¢7);ecx, (ap) such that and hold when
J € Xmyn(a,b), j' € Xy, nla,b), mi # mo. Like at the end of the previous proof, we do it by
reverse induction on m € {1,...,n —1}.
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e For m =n — 1, simply take qS;-‘ = gb;-‘ and set

Wff,l’n = Span( ?,h € Xy_1n(a,b)) = Yh

n—1,n -
e Assume that the qﬁ?’s have been constructed for j € X,/ »(a,b), forallm’ € {m,...,n —1},

with Wh, = Span( ;‘,j € X on(a,b)) and the equality of the O(e*%)—orthogonal de-

m’,
compositions
& Wh.= @& Vb .

m<m’/<n m<m’/<n

Set, for j € Xy—1.n(a,b),

Ul Tendy T, o)

“ho_  h (W HandynTs, 05) 4,

bj =¥ Z FAE Py
J

jl€u7n§m,’<n Xrn’,n(a’b)

and define
Wh 1 = Span(@] ,j € Xn_1.n(a,b)).

We have clearly
HendynTs, @ L Span(¥h, 5" € Xpw n(a,b),m <m’ <n)
and
e V=W .8 ( = v,’:,,m) .

m—1<m’<n m<m’<n
All the properties of Theorem at step NV are verified for the §;-family of quasimodes
given by the @?, Jj € Xm—1n(a,b), and the q[);’, Jj € Xpnla,b). The estimates on cﬁ?,
Jj € Xm—1n(a,b), are consequences of:

\Ij‘?, = Hngf’h¢;ll € ker(Afvf_l([671_7”7En+77f]ﬂ[aab])ah) for j/ € m LI/ Xm/’n(a’ b) ’

<m’'<n
where H\I!;-l,HLz % == when J' € X n(a,b)
U MandsnTs, o ~ @i, ~ En =y - &, —Em
wd LTI o5 x 0 BT < 0 T,
j/

If=é 11 ~

le™ ™ ¢ lw (-1 (abissy) = O1),
Em’ - &m—l > 27])‘ > 61 .

Hence, the vectors @?, J € Xm—1n(a,b), satisfy

‘f*‘_:'mfl‘ h

le™ " @M lw (-1 ((apnss,) = O1).

Note in particular that the total space V" is not changed, so the statement of Theorem |6.3
b) and the factorization in Theorem c) are obviously true.

Once we have the O(e_%)—orthogonal decomposition

vﬁ:( ® W,’;,n>@< @ v;;,n> :
m—1<m’<n ’ 1<m’/<m-—2 ’

we just apply our first argument with V" now replaced by Wﬁ%l’n, which permits

—1,n
to replace the O(e*%)—orthonormal basis (@?)jexm_l‘n(a,b) of Wh _, ,, by an orthonormal
basis (@?)jeXm_l,n(a,b) such that

UendpnTs, @) L Oendy nTs, @l for j # 5, §,5" € Xm—1.n(a,b).
We finally define (b? = @? for j € Xp—1.n(a,b).
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6.4 N — N + 1: Collecting the information from step N

We assume that Theorem holds at step N, i.e. when #([a,b] N {cl, .. ,cNf}) = N, and we
consider the case

[a,b]ﬂ{cl,...,cNf}:{51,...,6N+1}.
Define
ap=a , bi=¢cy+ns and ax=cC—1ny , ba=D.

We can use Theorem [6.9] and its consequences given in Subsection [6.9] for
[ahbﬂ N {Cl,. .. ,CNf} = {61,. .. ,61\{} and [ag,bg} N {Cl,. .. ,CNf} = {52,. .. 76N+1} .
Let us start with the interval [az, bs]. Consider A, g, , and let G% and F} be defined like G

and F" in and while replacing (a,b) by (ag,bs), with

L

Gy = G5, @ ker(Af 1z, —ny i tngnab]).h) -

2<n<N+1 2<n<N+1

For this interval [ag, bo], the family of quasimodes (d)g]) jET*(az,bs) 18 given by Proposition
with the orthogonality condition (106]),(107), and we set

WE (ag,by) = Span(gbg’j ,J € Xmnlaz, b)), 2<m<n<N+1.

m,n
For the interval [a1,b1], we use similar notations A, g G", FI' with now

L
h h
Gl = 8 Gln= & ker(Aspr(e—nseutnsiniat)n) -

We start with a family of quasimodes

(@g,j)jej*(al,bl) (108)

given by Theorem and merge this family with (d)g,j)jej*(02752)0\7*(61417{71) , after considering

the restrictions ¢o ; - extended by 0 in f$2 according to the following procedure:

ai=a’

H([az,b1])
c10}1L,j:¢)}21,j ifje(avé)ej*(alvbl)a ¢2>cCa,
go'llJ = gog)j ifje(a,é1) € 2%(ar,b1),
(W5 MendsnTs,00,;)

h _ h J hto270,5

P15 = Pos — Z ”\I,Zh NE
J'€X*(az2,b2)NX*(a1,b1) 2.3’

with W5 = TgndpnTs,05 ;0 = UgndpnTs, 0l 5 for j' € X*(ag, b)) N X*(a1,b1),

¢y 1§ = (&) € X*(a1,b),

where we recall that j = («, ¢) € X*(ag,by) N X*(a1,b1) means ¢ < x4 < Yo < Cn -

Remark 6.7. Assume that v1(h), (Sﬁ?,j)jej*(al,bl) and y2(h), (@g,j)jej*(az,bz) are given by The-
orem[6.3 and Definition[6.1] at step N, respectively in [a1,b1] and in [az,bs] . Let us then define
~v(h) := max(y1(h),v2(h)) and, fori € {1,2},

h golh,j when j € Y*(a;,b;) U Z*(a;, b;) ,
Yig = xyéwl)ﬁ(h)go?,j when j = (o, z") € X®(a;,b;), p e {0,...,N — 1},

where Xyt o (h) is defined by in Definition . Then, the families (Sz}ll,j)jej*(ahln) and
(@g,j)jej*(az,bz) both satisfy the properties of Theorem and Definition respectively in
[a1,b1] and in [az, bs], but now with the same v(h). Hence, we will assume here that the prop-
erties of the families (¢4 ;) jc 7+(as,b2) Gd (00 ;) je7(ar,b1) are satisfied with the same y(h) .
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The spaces generated by those quasimodes are denoted by
V"(a1,b1) = Span(el ;,5 € T*(a1,b1)) and  V"(az,ba) = Span(h ;,j € T*(az,b2)),

o VE 1<m<n<N+1,VE V) defined in (98)—(101),
while writing W/ | (a2, b2) instead of V! | (a2, bs) refers to the additional orthogonality property
of Proposition

Proposition 6.8. The family (@}117j)jej*(al’bl) satisfies all the properties of Theorem W at step
N . Moreover, the family (#1,5)je7+(a1.b,) deduced from (‘P?,j)jej*(al,bl) in Proposition m can
be constructed such that

vjEX*<al7b1>mX*(a25b2) ) d)?,j :ng’j

and the same rule applies for V"

Proof. By construction (and Remark , the family (% J)ieT (a1 by) 18 @ O(e” ) orthonormal
§1-family of quasimodes, and G} In = G27n for 2 <n < N and

!

-

(Span(i505 € 7" (ar.b0). FE) + AU Span(iet € 7 (an, b)) = O(e™ ™).
1(V"(az, bo), Fy') + d(Fy »Vh(azybz)) ( -,
d(F}.G}) + (G Fl) = O #) < O™ ),
)
ensure the validity of the last statement of b) in Theorem that is

:\H

-

and  d(F},GE) +d(Gl Fl) = O(e ) < O(e™

=

AV (ay,by), FIY + d(FP Va1, b1)) = O(e™ ).

The exponential decay estimates on the ¢ j»J=(a,¢1) € X*(a1,b1), are actually obtained like
in the proof of Proposition [6.6] by noticing that

(W5, Mey draTo ;) ,
3
M 2

Vi€ Xin(ar,b1), o=l — Z
S H] NXm/,n(a27b2)
where G?’n = Gg’n for 3 <n < N and
Uy o = HGgyndf,thzqﬁ’;,j, = HG?,ndf’hT(bcp’f’j, for j' € Xy n(ar,b1), 2<m' <n<N.

We still have to check the factorization of Theorem c)7 namely

255

dff ([al’bl])hT52|Vh(a1 b1) =C" 1_[thff Y([a1,b1]) hT62’Vh(a b1) with HCh” = ( ).

We will do it by first considering the operator Ilgndy,T5, -
From the properties of the gpi‘)j , j € J*(a1,b1), we already know that (see indeed (104))

T dg.nTs, O(e=™F™) and V!(a1,b1) C ker(ds,Ts,) .

|v:;z,n(a1,b1>” -

We now check that Hgndy,nTs, is one to one and that its singular values, which thus

m,n(ala bl) 7& (Z):
e Since the vectors \Ilg)j = Hgndy nTs, d)'ij = HendynTs, (i)gj are, according to Proposition

‘ng,n(alvbl)

. . 1
do not vanish, all satisfy puy, & e

” log 76 —Cm

applied in [ag, bs], mutually orthogonal with ||\Il n - when j € X, (a1,b1),

2 <m <n < N, the result holds for m > 2.
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e Case m = 1: as in the proof of Proposition[6.5] assume by reductio ad absurdum that there
exist 2 < n < N, a strictly decreasing sequence (hg)gen converging to 0 and, for every
keN, up, € Vﬁ%(al,bl) \ {0} such that

En—21

) lun

ML dp g Ty un, || = 0(e

and let ng € {2,... N} be the smallest n such that the above holds. Consider then

E//hk = (Cuhk) S5 V(?k ((11, bl) S5 < D ngk,n(alv b1)> ’

& —Ein >Eng —E1

Cn—Cm Séno —C1

so that dim V/* (a1,b1) — dim(E”h’“) =f ( ] Xn(a, b1)> —1=:14y—1.

Owing to the exponential decay estimates on the quasimodes, we obtain

Gng —¢1—203

de,hthsz | = 0(67 P ) (109)

E'"hg

and (see (104))

éng—@1

| =a(e” %),

HHG;% At L5, | goom,

o éng—°C1
o |l =0(e” )
and then, applying the max-min principle as in the proof of Proposition with here
W = E//hk, ,

Since moreover |ILpn —IIpnIlgn || = O(e’"Tf) , we deduce ||HF1h,k dyp,Ts,

__émg—a1
o (s i Too | s 4y y) = 07 7).

- -

Hence, since Ty, is O(e_%l)—unitary (see (95))) and d(FY*, T5, V" (a1, b1))+d(Ts, V" (a1, b1), F') =
O(e*%) (see ([93)), it follows from Proposition that

Engo —&1

., —-20_ 1 .
1o (Xjo,601)) far ba) ki Af,f =1 ([ar ba]),hy,) = O(e "% ) with £ = ﬁ( U Xm,n(alab1)>7

Cn—Cm Séno —C1

in contradiction with Theorem [6.3}a) in [a1,b1].

Because the spaces Vﬁm(al, b1) have mutually orthogonal images by HG;L dynTs, , ie.
HendpnTs, Vi, oy (a1,b1) L gndpnT5, Vo, (a1, b1) - for (ma,n1) # (ma,ns),

we can conclude like at the end of the proof of Propositionthat there exists a basis ((bﬁj)jEJ* (a1,b1)
such that (106)) and (107)) hold, and in which nothing needs to be changed when j € X*(az, b3) .

It follows from the above analysis that HG? ds i Ts, |vi (ar.b1) is one to one, and the factorization

dypTs, = C’hHG;fdf,th,z is then satisfied with C"* : G? — L2(fb1) defined by C" = 0 on the
orthogonal complement of Ilgndy T, (Vi (a1,b1)) in G} and

Vj e X*(ay,b1), éh\Ij’ll,j = df,hT62¢]f,j-

Moreover, the relation ||C"|| = O(eaﬁ) follows from the orthogonality of the family (‘I”f,j)jex* (a1,b1)

and from [|¥7 ||

(109)).

Finally, applying the symmetric version of Lemma that is exchanging F” and G", yields
the factorization dy ,T5, = ChHFlndf,thg : Vi (ay,b1) — L2(fb1) stated in Theorem c). O

_ Ya—Ta —26

8 ¢%55 and ldsnTs, 8% 5] = O(e n ) for j = (a,¢) € X*(a1,b1) (see
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We have now spaces Wﬁ%n(al,bl), 1<m<n<N,and Wf;’n(ag,bg), 2<m<n<N+1,
such that
W,};L’n(al,bl) = ng’n(az,bg) when 2<m<n<N.

We now work in the interval [a,b] and we consider A PO G", and F" according to and
(89), after replacing N by N + 1 and {¢1,...,én} by {¢1,...,én+1}. We set

Wh  (a2,by) = Span(¢h .. j € X n(az,bz)) for2<m<n<N+1

h — m,n 2,02 2’J7 m,n 2, U2 = = 9
Win,n(a:0) { W{fn(al,bl) = Span(¢§‘7j,j € Xin(a, b)) forl=m<n<N, (110)
Vi (a,b) = Span(aﬁéﬂj ,J € V*(az,b2) U Z%(az, b2)), (111)
and  V'a,b)=( @ Wh (a,b)) @V (112)

0<n—m<N-1 !
Vi
Accordingly, we introduce

ji/(a; b) = X*(G'?a b2) u (2<r|7|§NX17n(a1)bl)) = 0<n—7[;,|§N—1 Xmm(av b) ) (113)

0'(a,b) = Y*(az, by) U Z*(az,by) and J*(a,b) = J;'(a,b) U T (a,b),  (114)
¢h; if j=(a,¢) € Ji'(a,b), 6 < ¢,
SD? - ¢;l - ('ZSSJ lf] € jO*,(aa b)a (115)
oh s ifj=(a,c1) € T (a,h).

In the perspective of applying Proposition we now consider the space E'" = Tjs, V' .

Proposition 6.9. With the notation (112)), consider E'" = T5,V'""(a,b), EJ = T5,V(a,b),
and let G be defined by with N replaced by N + 1. The operator HGhdﬁffl([a,b])h’E,h
satisfies

rank (Igndy p,

E/h) = ﬁji(aﬁ b) = el
) = Eg',

and  ker(Igndg y—1((a,p)n| g

and its non zero singular values can be written (/‘?)jeﬂ"(mb) with

ul log o yagze for every j = (o, 24) € T{/(a,b).

In particular, its £1-th singular value satisfies

_ max(EN41—82,EN—C1)

e " =0 (e, (Hgndy p1((ab)).h E/h)) .
Moreover, the operator dy r-1((a,b]),n| g 5 @ left multiple of gnd s f—1((a,b)),n | gin -
Ay =1 (a,b])n

B L2(f~*([a,b]))

C«h
Ugnds =1 (a0 T

Gh

where the diagram is commutative and ||C’h|| = O(e%) .
Finally, the same results hold when G" is replaced by F" = Flo 5(1)],(a.b].h -
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Proof. The basis (¢})je 7+ (a) of V" (a,b) defined in (note that the inclusion J* (a,b) C
J*(a,b) is strict in general) has been constructed so that it is a partial d;-family of quasimodes
in the sense of Definition with the additional orthogonality property ,. Moreover,
we know that (see indeed Proposition

Yo

lo _ — T . *
||\I/§L|| = ||HG’Ldf,f*1([a,b]),hT52(b.?||L2 ’\‘g € h when ] = (C%,.'L'a) (S j+’(a,b)(116)
and U} =TlgndyTs,¢" =0 when j € J;'(a,b). (117)

Again, with (see (95)))

* * A _nr
1T5,T5, = Idpm | + 15,15, — Idyn || = O(e™ "),

this proves the results about the rank, the kernel, and the singular values of Ilgnd 1 ((a,b]),n | i -

Moreover, reasoning with the orthogonality of the family (\PS‘) jeg+(ap) and (116]),(117), like at
the end of the proof of Proposition leads to the factorization

-h _
CPgndy p-1((ab)).1n 1o, Vih(ab) df,f-1(lab)),h L5 Vih(a,b)

with ||C"|| = O~(e$) . We conclude with the invertibility of Tj, : V'*(a,b) — E'".
Finally, replacing G" by F" simply relies on Lemma used as we did around . O

6.5 N — N + 1: Handling the bars containing [¢1, ¢y41]

We continue in the framework of the previous paragraph with

[a,b]ﬁ{cl,...,cNf} :{51,...,5N+1}

and
a=a , blzéN—i-nf R agzéz—nf , by=0>.
We use the partition
J*(a,b) = T (a,b) U T*(a,b),
where J* (a,b) is defined in (114)) and

T (a,b) = {j=(é1) e X(a,b),ya = v} U{j = (a,¢1) € Z%(a,b)} (118)
= {i=(a,&1) € 2%(ar,b1)} = T"(a1,b1) \ (T"(a1,01) N T (a,D)) .

If we remember that (o, &) € Z*(a,b) can be represented by the bar [¢,b[, the set 7*(a,b) actu-
ally collects the lower endpoints (which are multiple copies of ¢;) of bars containing [¢1, én11]-
Thus, the partition of J*(a,b) and the identifications of J*”(a,b) are clear. In the preceding
section, we started with a ¢;-family of quasimodes (wg,j)jej*(%bl) in the interval [a1,b1] =
[a,en + 5] (see ), and only used for the construction of E'* in Proposition among the
corresponding j € J*(a1,b1), the indexes j € J*(a1,b1) NT* (a,b) (see (115))). We now use the
vectors ¢ ; for j € T (a,b).

Proposition 6.10. The vectors <p’(}J- , j € T (a,b), introduced in , where by = eéx + 1y,
can be “extended” to f~([a,bs]) into vectors @? € D(dy f-1([a,bs)),n) Such that @? ot =
cpg,j vt and such that all the properties of Deﬁnitz’onﬂ hold on the interval [a,b] = [a1, bs]
with 1" = [¢&1 — 61, énq1 — 7" (h)], limp09”(h) = 0.

73



Proof. For j € J*(a,b), j has the form j = (o, é1) € Z* (a1, b1) and the vector ¢f ; then satisfies
the support condition (that is more precisely supp cpg’j c f~Y[e1 — 61,b1] N [ay, b1])),
the exponential decay estimate with a,b replaced by a; = a,by = ¢y + 7y, and cpg,j €
ker(dy, r-1(jay,b]),n) - For any v €]0,7y/2[, we consider the domain [¢x + d1,Cn41 — 7] and we
consider ¢y + 7y as a new artificial “critical value”, for which we know

ker(Af,ffl([5N+51,5N+1*7]),h) = {O} .
We then apply Proposition ii) with ag,a,c1,b there replaced here by ¢é1,¢ény + 01,y +
nf,CN+1 — 7 and wy, replaced by <p}0’7j. This provides us a new w;; € D(df7f—1([a7aN+1_,y])7h)
which satisfies 7, now on [a,én41 — 7] with I]h = [¢1 — 01, En41 — 7] . With the cut-off
Xén 41,y defined like in Definition [6.2], set

h -
©7" = Xenp1.9@50 € D(df -1 (jab])n) -

It does satisfy, on the interval [a, b], the conditions (83)~(85) with I/ and ~(h) there replaced

by [a,én41 —27] and 2.

For n € N, take ¥ = —— . The estimate B}, = O(Ah) implies B, < e TR Ap, for h €]0, h,[,

n+1 "
and (hn)nen can be chosen to be strictly decreasing. We then adjust 7”(h) = 2y = n%rl for
h € [hnt1, hn| as we did at the end of the proof of Proposition This ends the proof. O

Remark 6.11. In the construction of Proposition i'i), we used the extension by 0, here on
fovton, of
d},f*l([5N+51,5N+1Jy]),h(Af,ffl([ézwél,ézwl—’v})ﬁ)_l(thh A ‘pg,j) :
Because of this, the point én + 01 must be included in the set Ss, introduced in Definition .
When the family (cp;»‘)je J'"(a,b) 18 given by Proposition the operator T, is defined on
Span(cp;‘,j € J*(a,b)) by
Vi€ T (a,b), Ts, 0! = Xensr,020) »

like in Deﬁnitionwhen j € X*(a,b). Moreover, following the procedure of Remark we can
assume without loss of generality that v”(h), given by Proposition equals v(h) , considered
in Section (see Remark . Now, the orthogonalization process of Proposition can be
continued by setting

(O 5 Tan o drnTs,ef)
15 112

VieJ"(a,b), @ =l >

7€ pemi<n A1, 0)

¢5 0, (119)

where QSSLJ-, = q[);-’, (see (115])) and HGQ,NH = HG?VH' Moreover, without knowing the sin-

gular values of HG;LHldf,th,z we can replace the basis (¢?)jeJ//(a7b) by an

Epan(say,jea*"(a,b)) ’
orthonormal basis <¢§L)j€‘7*//(a7b) such that HG;&de’hT&qb? = \Il?, with \I/;P 1 \Il?, when j # j’,
3,7 € T (a,b), without changing its characteristic properties.

The construction of the new quasimode basis at step N + 1 is almost achieved, except that
the family (cp?) jeg+(ab) 18 not exactly a d;-family of quasimodes in the sense of Definition
In fact, we have not distinguished the endpoints of bars j € X y11(a,b) from the endpoints
j = (a,¢) € Z*(a,b) in (I18). For this reason, we prefer to introduce a different notation.

Definition 6.12. The family (@?)jeg*(mb) , where we keep the notation @? = @;-‘ for j €
J*(a,b), is called an intermediate §1-family of quasimodes if the following conditions are satis-

fied:
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1. It is O(G’T -orthonormal like in Theorem and all the properties of 61-quasimodes in
Definition are verified, with the only difference that I]h = [¢1 — 01,¢n41 — y(R)] for

all j € J*"(a,b). For such a family, we set V" (a,b) = Span(@h,j € J*(a,b)), and the
operator Ts, : V'(a,b) — D(dy, -1 (ja,p)),n) keeps the same definition Ts, @ = Ts, o} as in
Definition[6.4 for j € T*(a,b) , while

Ts5, 8" = Xen11,0.8)  for j € T (a,b).

2. The space f)h(a7 b) is O(e_%)-close to FI" = Fio,51)],[a,b],h°

)

91

d(V"(a,b), Fio 51)] fa6).1) + A(Flo 5(1)] fa.b]h: V" (@, 0) = Oe™ ) .
3. When V'"(a,b) = Span(¢},j € J*(a,b)), Vi*(a,b) = Span(¢, j € T3’ (a,b)), V{(a,b) =
Span(go?,j € Ji'(a,b)) , all the properties of Proposz'tion hold true.

If G" is defined like in , we use the notation (&?)jej*(mb) and gb? = gi;? for j € J%(a,b)
when the following additional orthogonality property holds:

UL forj# (120)
with — O" =Tgndy 1, Ts, 0} . (121)
When 1 <m <n < N+1 andé, — ¢y < Cny1 — C1, the corresponding spaces will be denoted
V,},Ll’n(a7 b) = Span(go? ,j € Xmon(a,b)) Wﬁ%n(a, b) = Span( ;‘,j € Xyn(a,b)),
while
Vi n1(a,0) = Span(gf,j € 7 (b)) . Wiy i(a,b) =Span(dy,j € T (a,b)).

Our construction, and especially Proposition provides such a family (gﬁ?) jeT*(a,p) - More
precisely, according to (119) and the lines below, and since G! 1 G!, for 1 <n <n’ < N +1,

our construction actually provides a family (¢?) jeg*(ap) » that is satisfying in addition (120]) and

(121)). Note that, like in Proposition the operator
HgndynTs, - V'(a,b) = L*(f7)

does not depend on d, €]0, 7.

In the remaining steps, we will consider various values of ¢ and b and the above properties, espe-
cially the ones involving G" and G}](,H = ker(Ay, j-1((ens1—ny min(b,éns14n,)]),0) » Which depend
on b. More precisely, an intermediate §;-family of quasimodes in the sense of Definition [6.12}
and constructed for the pair a < b, will have to be conveniently adapted for another pair o’ < V'
so that it satisfies Definition for this new pair.

6.6 Lower bound for non zero singular values at step N + 1
This paragraph will end with the proof of Theorem a) at step NV + 1. We are in the case
{er,. . en, PN fa b = {er,. .. en, P Nla, b= {é1, ..., énga ) - (122)

The notations J;'(a,b), J3'(a,b), J*(a,b), and J*'(a,b) are the ones introduced in (113)),
(114), and (118), and the spaces VI  (a,b), WI , (a,b), & — ém < ing1 — €1, ])ﬁNH(a,b),
WfN+1(a, b), Vi (a,b), V(a,b), V'"(a,b), are the ones of Definition We set

lo := X" (a,b) = §A(a,b) = rank d(0,5(1)),(a,b],h »
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where the last equality was proved in Proposition and A% (a,b) = $X*(a,b) since the number
of bars « such that in a < z, < y, < b equals the number of their lower endpoints.
Meanwhile, we set

0 ==Ly — X1 n41(a,b) = §{j = (2, 2a) € X*(a,D), Yo — Ta < Eng1 — E1} = dim V] (a,b).

Proposition 6.13. Consider the case ¢; — 61 < a < ¢1, éNy1 < b < éyy1 + 03, and as-
sume 01, 92,03 €]0, %f] . Let G" be given by , define V'"(a,b), VﬁNH(a,b) , and Ty, like in
Definition[6.12, and consider

EM = T5,V"(a,b) = T5,[V"(a,b) & V' y 11 (a,b)] .
Then, the £y-th singular value of HGhdf,h|Eh, is bounded from below by

EN+1—&1+max(5;,53) max(b—&1,6N41—a)

e” g <e” 2 = O(peo(Mgndy p ) -

Proof. With our choice ¢; —§; < a < & and éyi1 < b < ényy1 + I3, Proposition says

_ &N+1—81+max(81,53) max(b—¢1,6N41—a)
R

<e =0 (pe(0,501)bh) - (123)
with 010,6(1)],[a,b],h = Hthf,ffl([a,b]),h|Fh ’

e

where we recall F* = Flo,5(1)),[a,b],h -
Write -
E" =T5,V"(a,b) and E"™ =T5,V!'y (a,b).

The assumed exponential decay and the definition of T, in Definition yield

$

J’(Ehvvh(avb)) + Cizvh(av b)th) = O(ei%f) < O(ei’%)

and therefore . - s
d(F" EM + d(E", F") = O(e™ 7).

Moreover, the decomposition E* = E'* @ E"™" is O(e_%)-orthogonal and we know that

E" CD(dfp1(apln) A1 (@) n] g = din g
and  d(F",G")+d(G", F") = O(e= 7).

In addition, Proposition [6.9} whose properties are ensured by the condition 3 of Definition [6.12}
provides the factorization

= ChHthf,ffl([a,b]),h

dy,f=1((a,b],h) | grn B
~  202-my 5

with  [|[C"] = O(e™®) and then ||C"| [J’(Fh,ah) +J’(Gh,Fh)] — Oty <O ).

So, Hypotheses 1,2,3, and the inequality of Hypothesis 4 in Proposition are satisfied
with B" = df f-1(la,p)),n and o(h) = O(e_%) when 61, d2, 05 €]0, %f] . Moreover, we know from
Proposition [6.9] that

) = ¢ = dimV'"(a,b) = 7} (a, b)

rank(HGh df,ffl([a,b]),h

E’h
_ max(én—21,6N41—82) ~
and e h = O(,ugl (HGhdf,ffl([a,b],h”E/h) ,
with maX(EN — 51, 6N+1 — 52) S EN—i-l — 51 — 277f .
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EN41—C1—

25
With B, = dy t-1((a,]),h 5 the upper bound |[dy, t-1((a,5],n)| gon | = (e*%) (see (109)),
and (| . the inequality (70)) of Hypothesis 4 is deduced from

||Bh| H 1 ”Oh”( (Fh Gh) +d(Gh Fh))
1h
B Hf1(HGhBh|E/h) HlaX(,u,gO(thB |Eh 7.“20 B |Fh,))
é é1—24 2 O( 202 —ny
~ _EN41—C1—262 ~  EN41— f1 ny e h
= O T ) x 0@ ) ¢ S
/‘LZO(B Fh)
see
~ o ny ~  4dy+max(8y,53)—ny ~ 85
=0(e" ")+ 0(e g )=0(e""),

if 51, 52, 03 E]O, %] .
The first result of Proposition [5.8| then implies

Vee{l,.... b}, pMendgp1(apyn| gn) = #e(80.50) a0 (1 + O(e /™)),

which yields in particular (see (123]))

_ max(b—8;,8n41—a)

e D = Oty (Mgndy g1 (0| )
O

In the spirit of the proof of Proposition and in particular of Step 3 in Subsection we
transfer our estimates from [¢; — §1,Cny1 + 03] to a generally wider interval [a, b] .

Proposition 6.14. Assume 61,03 €]0, %], let a,b satisfy ([122), and let G" be deﬁned by (B9).
There exists an intermediate 61-family of quasimodes in the sense of Definition[6.13 such that

EN+t1—-C1+81

e 7 =0(pe,(Mgndyn| ) with o =4X*(a,b),
holds true by defining E" = Ts,V"(a,b) = Ty, Span(gé?, je T (a,b)).

Proof. Let 61,65 €]0, %f} . When é; — 61 <a < é& and ény1 < b < Céyy1+ 01, the statement of
Proposition is an immediate consequence of Proposition [6.13] Moreover, when a < ¢, — 0y
and ¢y < b < én+1+ 01, the statement of Proposition [6.14] [6.14) simply follows after extending the
quasimodes by 0 on f" We thus focus on the case b > éyy1 + 061 . Let then 03 €]dy, —] be such
that b’ := én41 + 03 < b and set o’ := max(¢; — 1, a).

We start from an intermediate J;-family of quasimodes (qg )jed(a, v, for the interval [a’,b'],
with the orthogonahty property - - When a < ¢; — 61 = o/, these quasimodes are
extended by 0 on f‘l We will use the spaces

EMd\ V) = T,V (d', V) @ <1< o TuWh, (a’,b’)) & Ty, Wi i1 (1)

E/h(a/,b/) E//h(al7b/)
and, for (a,b) = (a’,b') or (a,b) = (a,b),
- 1
GHa.b) = _ & ker(Asi-1(e—ns cutnsiniash) -

Gh (a,b)
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According to (104]) and to Propositions and [6.13] we know that
T&Véh(a/’ b/) C ker(th(alvb/)dfvh|Eh(a,,b,)) ,
- ing1—a
HHGh’(a,,bl)df,h|E‘//h(a/7b/)|| = O(e h ) s

_ N1 @ dmax(9y.93)
h

and e = O(pe, (T a6y At | o)) -

Comparing the singular values of llgn o/ 1y d s nTs, and of HGh(a/,b/)df,h| is straight-

|Vh(a’,b’) Eh(a’,b')

forward owing to
* * A _nf
HT52T52 - IdEh(a/,b’)” + ||T52T52 - IdV’L(a/,b’)” =0(e 7).

Meanwhile, the spaces Ign (g pydsn(T5, W}, . (a/,0)) are mutually orthogonal and orthogonal

to HGh,(al)b/)df,h(T52V~V17N+1(a/,b/)), thanks to the orthogonality property (120)),(121). Ow-

ing to Proposition b), the non zero singular values of HGh(a/’b')df’h’Eh(a’,b’) are then ob-

tained by collecting the ones of Ign (4 b’)df’h‘TJ 1<n-m< N—1, and of
n ’ 2

HG’Kr+1(a/vb/)df’h|T62W{1,N+1(‘1/7b') .

Moreover, since the family (&?)Je T+ (a,br) satisfies Definition and thus the statement of

Wr’h,n("’/vb/) b

€n—¢Cm

. log _
satisfy pup, ~ e~ ®»  when

Proposition the singular values of Ugn (o p1ydy,nTs, |ng(a,7b,)
n—m < N —1 (see indeed (|116])), while we know that the ones of HG?,VH(al,b/)df,thz ’VV{’,N

satisfy, for £ < 41 yy1(a’,0") = 48X nvy1(a,b),

+1(a’,b’)

_SN41—%

= O(M@(HG’K’Jrldf,hTﬁz ‘W?,NJrl(a/vb/))) = O(e " ) .

EN41—C1+max(dy,d3)
e 2

Let us now construct the family (@});e 7+ (a) for the interval [a, b].

e For the j = (o, én41) € J'(a,b) , we take an orthonormal basis (¢7) ;= (a.cn1)eds (ab) Of
ker (A p—1(jans1—1,5]),h) (extended by 0 on fontiony

e For j = (o, ¢) € Ji(a,b) with ¢ < énxy1, we “extend” the quasimode qz~5;‘ as a solution to
dﬁh@? =0 in [a,b], as we did in Proposition by referring to Proposition ii), with
the new artificial “critical value” b’ = ¢y11+ 3 > éyy1+ 01, in the interval [¢y11 +01,0].

e For j € X, n(a,b) with 1 <m <n < N, we simply keep 4,5;? = (ZS?

e For the j = (o, xq) € X*(a,b) such that yo, = éyy41 and the j = (a,é) € Z*(a,b), the

construction is detailed below after comparing, for mg € {1,..., N}, the two maps
HG’I(,_'_l(a’,b’)df,hTtsz ‘V"}V];r()yN“’l and HG’Z(,+1(a,b)df7hT52 ’V#LO,NJA = HGl’k]+1(a’,b)df7hT5z "/’!ZQ,N+1 5
with
v = &> wh a, b)) ewh a,b).
tvi = (0 O W) O @)

if m():l

We recall that
dim W), yoq(a', V) = 81X n41(a,b) when2<m < N +1
and dim Wf,NH(a/ab/) = 48X N1 (@ D) U {j = (o, &) € Z*(a,b)}
where (@, b) = (a/,¥') or (a,b) = (a,b), and we set, for mg € {1,... N},

Xm,NH(a,b)) U{j = (a,é1) € 2*(a,b)} .

if mo=1

J, = LJ
mo,N+1 mo<m<N+1
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Since the \il? = HG?V+1(G/7b/)df,hT52 gi)? 2 7 € Jmg,N+1, are mutually orthogonal and owing to the

information on the singular values, there exists an orthonormal basis (¥ )1 <p<dim Glyyy(a',) of
G 1 (a’, V') such that the matrix
Mh = ( H N d T ~}'L )
ks Uan, vy dr.nTs, 95) SR Sdim Gy ()  §€Tmoren
= . dgnTs, " )
((1/% s Ts,07) LSk Sdim Gy (@) F€Tmartn
has the following block diagonal structure:
e When mgy > 1:
n_ (D" h_ qio \h s
M" = 0 5 D" = dlag(Aj , J € J’mo,N"rl)a
where )\? o8 e_CNﬂLima for j = (o, za) € Jmg N+1 -
e When mg = 1:
h D" 0 h . [ -
M" = 0 R , D'=diag(\}, j = (a,24) € J1N+1,Ta > C2),
where )\? g e~ g for j = (o, zq) € J1,N41, Ta > C2,
and  |[R"| = O(e= "), (124)

while, for ¢; = #(J1,n4+1 N X*(a, b)), the £{-th singular value is bounded from below by

EN41—¢1+max(dy,d3)

e =O0(ugy(M").

Proposition iii) provides an isomorphism A;, : G%_(a,b) — Gh_,(a',V) = Gk, (a,V)
such that

93

4540 =Ygy, o] + 14047 = Ty i)l = O™ )
Vj = (,8) € Jmg,n+1, Y € Ghyy1(a,b),
(dpnTs, 0", ¥ — App) = O(e™

EN 41— E+283
D

el (125)

By using the O(e~ % )-orthonormal basis (") i€ty nin Of VI 4y and the O(e~#)-orthonormal
basis (A;1¢Z)1gkgdim Gly 1 (arh) of G} (a,b), the singular values of the matrix

th __ —1_,h h
M = (<Ah L 7df7hT52¢j >)1§k§dimG7\,+l(a7b)7jeJmOYN+1

min(5,83)
D ’Vh accord-
mg,N+1

ing to Proposition a). With the above inequality (125]), the j-th columns of M'* and of
M" | for j = (,24) € Jmg.N+1, Ta > Co, differ by a O()\;l X e_%i). When mg = 1 and

- g —& 426
j = (a,é1) € Ji n+1, the j-th columns of M'" and of M" differ by a O(e™ A=
Hence, we can write

coincide modulo a O(e‘ )-relative error with the ones of Tlgn (g p)ds,1nT5,

error.

%3)) 5N+1—h51+253

M"™ = (1d + O(e” M" +0(e”

if mo=1
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When mq > 1, the singular values of M'" coincide with the ones of M"" := (Id + O(e’%))Mh
with a 0(6_%)—relative error.
When mg = 1, the £)-th singular value of M"" := (Id + O(e_$))Mh satisfies

&N 41—81+max(61,83) - h
e g = O(pey (M™)).
Hence, we get

,Q%L}M

M/h _ M//h + O(e
Since 41 < d3, Proposition implies:

pay (M)

%1

Vee{l, .. 6y}, pe(M™) = pe(M") (14 O(e”7)).
We have thus proved that for all mg € {1,... N}:
Ve e {1,...,min(fJm,n+1,40)}

() drnTss | yon

mg,N+1

/Jg(HGh,

N+1

) = meen (@wndinlslyn  JA+0(e ™).

mo,N+1
In particular, since

_eN41—¢1+63
3

.y y ~
Vd3 €]dn, mln(§f7 b—cént), e = O(pey (Mg, (apydrnTs, |V1"N+1)) ;

and the right-hand side in the latter equality does not depend on 3, we get

_eN41—C1+61
R

= Oy (Mg, (an)dr.nTs, |V1*5N+1)) - (126)

We now finish the presentation of our quasimodes (@?) jedinii - Like in the proof of Propo-
sition we construct by reverse induction from my = N to mg = 1, starting from the
family (¢7)jer, v » & basis (B1)je s v Of Vi nyq and an orthonormal basis of G, (a,b),

independent of mg, such that the matrix of Ilgn (44 df thg‘Vh in these bases is di-
N+1\™ ’ mo,N+1

agonal (add possibly lines or columns of zeros to make it square). Since this process pre-
serves the flag (quo, N41)1<mo<N+1, the support condition and the exponential decay estimates

are valid for this new basis of foN +1- The O(e’%)—orthonormality of the full new family

(@?)jej*(a’b) and the O(e_%)—proximity to Fl0,5(1)),[a,b),» hold true, especially with our choice
for j = (a,én41) € Z*(a,b) . This proves the conditions 1 and 2 of Definition[6.12} For the third
condition, we notice that the spaces V/"(a,b) and V/*(a’, ') are equal, like the spaces G (a,b)
and G!(a’,t’) when 2 < n < N, while T, is not changed. Moreover, in the case n = N + 1,
the above orthogonalization process until VQhN 41 and the asymptotics of the singular values of
HG'&+1(avb)dfth52|V2’fN+1 finish the verification of the properties stated in Proposition for
E'™ = Ts,V'"(a,b) with G* = G"(a,b) .

Finally, it then follows from and that

_&N41-%
R

e (HGh(a7b)df’h|T52Vh(a,b):Eh) = O(e ) (127)

EN41—-C116

and e~ " = O(/Wo (HG’}\,JA(a,b)df’h‘Tézvh(mb):Eh)) . (128)
O

Remark 6.15. Although we used the notation (@?)jey*(a’b) , notice that we obtain at the end of

the proof an intermediate 61-family of quasimodes (é?’)jej*(a’b) which satisfies the orthogonality
property , in the interval [a,b] . It was actually more important in the proof to put the
stress on this property for the initial family given for the interval [a',b'] = [¢1 — 61,En41 + 03] .
However, the orthogonalization process can always be carried out afterwards.
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Proof of Theorem[6.3a). Let a,b satisfy (122)) and take 61,02 €]0, %], We recons1der the proof
of Proposition for the pair (a b) with the new lower bound of Proposmon

EN41—¢1+81

e R = O(Mgg (HGhdf,h|Eh,)) with EO = ﬁX*(aa b) .
We then set B = E' @ E'"" |
E" =Ts,V"(a,b) , E"™=T5,V!y 1(ab),

where V'(a,b) and f/f ~N41(a,b) are associated with the intermediate d;-family of quasimodes

(95?) jeg*(a,b) Provided by Proposition In particular, the verification of the inequality
in Proposition now becomes:

1B"

” 1 |CH | (d(E", G") + d(G", F"))
Bt :U’£1 (HGhBh E/h) maX(/’[’Zo(HGhB ‘Eh 7“[0 B ’Fh))

ENp1—E1—262
R

O(e”

eN41—C1—2ng ~  262—nyg ~  eN41—C¢1+d1 :|
R R

) X [O(eh) +O(e ) x O(e

ny - 452+51 ny

O(e” ™) +O(e )=0(e 1),

with 51,52 S % .
The conclusion of Proposition is then

~ 51

Vee{l,....b}, (05000 5abin) = eMandys -1 (ap)n] gn) 1+ O™ 7)),
and  pgor1(Tandy, p=1(jap) n] gn) = O(e_%)ﬂéo (010.6(1)).a.b].h) -
In particular, we obtain " "
e = O, (0[0,5(1)],[a,b],h))
and therefore, since the right-hand side of the latter equality does not depend on J7 ,

“N+1 €1

e” = (114, (80,5(1)) (b)) -

Using in addition (127)) (together with Proposition leads to the statement of Theorem|[6.3}a)
at step N + 1. O

We also proved

5 X, _ENgi—fitor

fieg1 (Mandy -1 ((a)),n] gn) = O(e™ ™ ) ey (80,5(1)),japy,n) = Ole 2 ) (129)

Moreover, according to the comments made around ., one can choose the intermediate ;-
family ((;5 )je=(ab) sSuch that the orthogonality property (120)),(121)) holds, and then such that

Ya—To
h

1B 1% e for every j = (a,2q) € X*(a,b) . (130)

6.7 Construction of the family (¢");cs-(p at step N + 1

We now end the proof of Theorem[6.3] at step N + 1 by finishing the construction of the d;-family
of quasimodes (") e 7+(a,p) - The statements b) and ¢) in Theorem (6.3 . 3| will be easily checked
at the end.

Let a,b satisfy (122)), let G" be defined by (9], and let &;, > €]0, AL]. We start with an inter-
mediate d;-family of quasimodes for the interval [a, b] which satlsﬁes the orthogonality condition
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. and the estimates and .

We ﬁrst Work in the interval [a b] with @’ = max(a,é; — ;). Note that, since the quasi-
modes are all supported in [a’,b] and G"(a,b) = GI(a’,b) for every 2 < n < N + 1, the family

((bh)j€ T*(ap)=T*(a’,p) is still, for the interval [a b] an intermediate ;- family of quasimodes
which satisfies the orthogonality condition (120 and the estimates and ({130 .
The quasimodes (cpj )jeT*(a’,b) Ar€ NOt changed ie.

h _ 7Th
@j_ 7

when

€ Jy'(d',b) =Y (d',b)U{j = (a,¢) € Z*(a’,b),¢c > 1}
. %/ 1 _ ’
or Jje X (a,b) = 1§m<‘5|§N+1 Xn(a',b).
We must now construct the remaining quasimodes ¢” , j = (a,¢é) € £*(d/,b), in order to ensure

<p? € ker(dy g-1(jap)),n) for every j = (a,é1) € 2*(d’,b),

while we only know for the moment that, for those j, (129) implies
~ ~ ~  _EtN41-C€116
105 = Mgndyn T, 01| = Ofe g
We recall that those quasimodes é?, Jj = (a,é1) € 2*(a’,b), were until now considered in the

space WfNH(a', b), together with the quasimodes o, je X1 n+1(a’,b) . Let us also recall that
the rank of djg 5(1)jja’,5],n Satisfies (see Proposition {4.4)):

rank 5[0,5(1)],[a’,b],h = fo = ﬁX*(a'7 b) . (131)
Proposition 6.16. For j = («a,¢1) € 2*(a’,b), where ' = max(a,é; — 1), there exists
(Oé?,j/)j'ex*(a',b) such that

h
g — Z 5.4 "
! k|

j'ex*(a’,b)
belongs to ker(djo,5(1)),[a,5),nT5,) with, for every j' € X*(a’,b),
B ~  _ENy1—C€1t6

Proof. For every j' € X*(a/,b), we set

h
1/}h - lI}j'
]/ o ~h 3
3|
so that, when j' = (o, z,) € X*(d/, ),
= = log _ya—2q
ey e N T e

and (1/) ))jrexs (a/ p) is an orthonormal system in G .
By writing, for j/ € X*(a/,b),

80,51)), a0, T, 0 = TMpndy 1 Ts, &)
=Mgndsn T, 8% — (Mgn — Mpallgn)dyn Ts, &
+ (HFh — thﬂgh)df’hT(quiN)?/ (132)
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with F" = Fig 5(1y,{a 01,0 » d(F", G") + d(G", F") = O(e=7), and (see (T09))
- b A, 202
dgnTs, 651l = 0510 ™),
we deduce from (132) that the family made of the

n _ Opaio .0 T50)

i - . §ex*(d,b),
f 5 J (a',b)

defines an O(e*%1 )-orthornormal system of R" := Ran 0,5(1)],[a b}, - Owing to (131)), the family
= 51 . . A

(0?/)j/e/\f*(a’,b) is thus an O(e™ 7 )-orthonormal basis of R" . Denoting now by (Q?I)j/ex*(a/,b) the

dual basis of (0?,)]»/625*(,1/’,,) in R", that is the unique family satisfying

Vii.dy € X*(d'b), 0% € Ry and (B, 0;) =65, 4,

the family (é?,)jlex*(a,,b) is also an O(e*%)—orthonormal basis of R" and the orthogonal pro-
jection on R is given by

. (0%, u) -
V’LL < Fh ’ HRhu = Z <9§L’ 7’U,>6j/ = Z Wé[o’a(ln1[al7b]»hT62¢?/ :
j'€X*(a’,b) j'€X*(a’,b) J’

_eNy1-c1+6y
R

For j = (a,¢1) € Z*(d’,b) , the same decomposition as (132)) with now H@;’H =0(e
~ ~ [ —c1—26
and ||df,hT52¢?|| = O(e‘w) leads to

)

EN41—C1+81
- B

610,601 far 0,2 5. 01| = Ofe
The statement of Proposition follows easily by taking, for every j = (a, ¢é1) € Z*(a’,b) and
j e X*(d,b),

a?,j’ = <9§L/ ,5[0,5(1)],[a',b],hT52¢?> .

The following statement finishes the proof of Theorem [6.3]

Proposition 6.17. Assume that a,b satisfy (122), let 61,02 €]0, %f] , and set ' = max(a,¢; —
01) . The family (‘P;‘L)jej*(a,b) defined by

gp? = é? when j € X*(a,b) U Y*(a,b) U {(,¢) € Z*(a,b),é > ¢1}

and

- al ., .
O =15 x o 501)),1a,00,0 Lo (¢? - Z 2 ;L') when j = (a, ¢1) € 2*(a,b),
@ j'eX*(a,b) ||\I]],H

where ti;\c} coelﬂicients aﬁj, are given by Proposition fulfills all the conditions of Theorem
at step N 4+ 1.

Proof. We use here the notations ¢’ = max(a, ¢ — d1) and, in order to avoid confusions,

Wh(cub) = Span( ~§L7j € J*(a,b))
and Wﬁ(a, b) = Span( ~?,j € X*(a,b)),
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where ((;th) jeJ*(a,p) 18 the intermediate ¢;-family of quasimodes we started with.

—E1+6
From the estimates o ;, = O(e %11) (see Proposition [6.16) and ||\Ilh | ~
j=(a,¢1) € Z*(a,b) and j' = (o, o) € X*(a,b), we deduce that

log _¥Ya-— «va

for

h
~ * Oé»,v 71
Vj=(a,é) € Z%(a,b), H Z ||\I~i’j|| ?, Lo
j'€X*(a,b) J’

-~

Since in addition (i(F[O)a(l)]’[alwb],h,Wh(cub)) +dW"(a, b), Flo,6(1)),[a’ ,b],h) = O( ) it follows
that
ol — 3 = O(ﬁl) for j = (a,@) € 2"(a,b),

and the family (<p] )je J (a,p) is thus O(e~ ) orthonormal. Moreover, the exponential decay
estimates on the ¢ L, j e X*(a,b), lead to

h
1F—2 o, - ~ 91
Vji=(a,é cz* .b), H6T< JJ h)H =0(e 7).
j= 1) (a,b) P e;a . n, W(f=1([a’,b]\Ss;) ( )

This implies, together with Proposition the required exponential decay estimates on the <p§? ,
j=(a,¢1) € Z*(a,b). Besides, Proposition gives

h h
“h X" in “h Q3" Tn
dg nIlj0,5(1)),[a’,b),h L5, (¢j - Z ﬁ ) = 010,5(1)),[a’,b],h 152 (¢j - Z ||Cp]f,f ”¢j> =
]/

j'ex*(a,b) j'exX*(a,b)

All those properties are preserved after extending those quasimodes by 0 on f @ when a < a
Therefore the family (¢”);c7+(ap) satisfies all the conditions of Definition and is thus a
O(e 7 )-orthonormal §;-family of quasimodes. Since in addition

41

A(Flo.51)]. a6 Flo.6(0abn) + AFlo.601)] jab] s Flo,s(0)far 510) = O(e™ ),

the statement b) of Theorem is also satisfied.
It only remains to check the factorization stated in Theorem [6.3}c). Since

df7hT52()0§L = df,h@? =0 forevery j & X*(a,b),
it suffices to prove the existence of C” such that the diagram

d Ts,

£~ ([a.b]),h

VI (a,b) = W (a,b) L2(F1([a, 1)

Ch
Mjo,5(1)].[a.b],ndf,n Ty T

Flo,5(1)],[a.b].h

Ya—Ta

is commutative with ||C*|| = ( ) Since Hgndy, hT52¢h \I/h with H\I/h|| 8 - when

j=(a,x4) € X*(a,b) with the orthogonality property , reasoning as at the ends of
the proofs of Propositions [6.8 and [6.9] we obtain the commutative diagram

d Ts,

fof=1([a,b]),h

Vi (a,b) = W (a,b) L2(f~([a,0]))
Gh
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with ||C"| = O(e%) We conclude by applying Lemma with B" = dy t-1((a5)),n 15, ;
F" = Flo.5(1)].[a.b]h » and

- nf

d(F",GM) + d(G", F") = O(e~ 7).

7 Corollaries of Theorem [6.3

The statement or Theorem [6.3]is much more flexible than its illustrative statement, Theorem [T.7]
given in the introduction. Actually, even its proof, and especially the intermediate propositions
of Subsection [6.3] have easily derived consequences which are listed here. Subsection [7.1]reviews
consequences on the eigenvalues and eigenvectors of the Witten Laplacian Ay r-1((4.)),n» When f
is fixed. Subsection studies how the logarithms of the singular values of dy -1 (jq,)),n Vary
when f is changed. It contains a generalization of Corollary [I.8] Remember that Theorem [6.3]
is proved under Hypothesis which gathers Hypothesis or (Hypothesis and Hypothe-
sis for a more general Lipschitz function f. Hypothesis or Hypothe ensure that
[ has finitely many “critical values” ¢; < ... < cn; -

When a, b ¢ {cl7 e ,cNf} s Af p-1((a,p)),n is the self-adjoint Witten Laplacian in fb, with Dirich-
let boundary conditions on f~!({a}) and Neumann boundary conditions on f~!({b}), according
to Section 2

Finally, the bar code associated with f, under Hypothesis or Hypothesis (see Subsec-
tion, is B(f) = ([6as ba[)aca , defined in Subsection d in Appendix he restricted
bar code B(f;a,b), and the set of endpoints J*(a,b), X*(a,b), Y*(a,b), Z*(a,b), all graded
according to the degree p € {0,...,d}, are the ones introduced in Subsection

7.1 Spectral results
The first result generalizes Theorem [I.7}

Theorem 7.1. Assume Hypothesis or (Hypothesis and Hypothesis for a more
general Lipschitz function f. Let a,b & {cl,...,cNf} with a < b and let Aj g1 (jap)),n =

®d_ A;p},l([a o) .n b€ defined like in Proposition with Ny = f~*({a}) and N,, = f=1({b}).
The number of 6(1)-eigenvalues of Agcp},l([a W)k equals 47 (a,b) , while

dimker(AE}j},l([a’bD’h) = B(P)(fb, £9) = ﬂZ(P) (a,b).

Moreover, the non zero o(1)-eigenvalues of A(p) . counted with multiplicity can be labelled
7 ([a,0]),h
)\((f)(h) , € Aﬁp)(a, b)u Agp_l)(a, b), with

1%

AP ()18 2T e AP (a,b) U AP D (a,b).

With the usual supersymmetric argument which was already recalled in Proposition [£.4] it
is a straightforward consequence of Theorem [6.3}-a).
The above result can be completed by some information on the eigenvectors. We start with the
link between the singular values of 09 5(1)],[a,b],n » the truncated version of dy -1 ((q,5)),1 introduced
in , and their approximation via the introduction of a basis made of quasimodes, and the
spectral elements of the operator 5[6,5(1)],[a,b],hé[o,a(l)],[a,b],h . The spectral elements of

Mo,601)), (0,610 A F, £ -1 ([a,b).h = 070,6(1)],a,6],1.000,5(1)],a,b], b T 0[0,5(1)],[a,b],h0[0,5(1)],[a.8],

will be described afterwards by referring to Hodge decomposition and to duality.
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Proposition 7.2. Keep the same assumptions as in Theorem and define ny > 0 like
in Hypothesis 4.1, Let 6[%0)0(1)] (@,b],h denote the restriction of dg y—1([ap)),n 10 F[E)p()s(l)] (@ bl,h 2

(p) . (p+1) .
6[&6(1)]’[{17“7}1 : F[oljau)],[a,b], F[Opo( Dl ablh according to , and set

L® — {b((lp-%l) — ), a € AP)(a, b>} 7

_p!
5]0:11111’1(%, ‘é 8€|,€§AE/EL(I)))>O

Take the §1-family of quasimodes (@?)jej*(a,b) given by Theorem with 01 = %f (and with
any 63 €]0,2L]) and define, for £ € L)

U = Span (@, j = (@,20) € XV (a,b), Yyt -2 = 1),

and

Ll(p) (s Span(goj jeYP(a,b) U 2P (a,b)).

Then, for every £ € L®) U {+oo} and p € {0,...d}, the distance between Uép)’h and Fl(p)’h is
estimated by

= . ~ 8
d(u(p)’h,F(p)’h) + d(F(p)’h,Ué(p)’h) _ O(efif),
(p),h (p) M) 4 (P),* (P)
where F,"" C F[Ozfé(l)] la, b}ehéc LQ({(I;APT M) is the spectral subspace 0f5[55(1)],[a,b],hé[(ié(l)],[a,b],h
Qif _9 f

for the spectral range [e™=* =" e 2 ® |.

Proof. With our choice §; = the basis (o] )jej@)(a,b) is a O(e’%)—orthonormal family such
that, according to Theorem ib) and to the definition of T, (see Definition [6.2)),

. nf
Vi€ TW(a,b), M50y, bnT5.0F — @ = O(e™¥r). (133)
For j € Y®)(a,b) U Z()(a,b), the equality
5[0,6(1)],[a,b],hH[O,é(l)],[a,b],hTég80? = H[o,a(l)],[a,b],hdf,h<ﬁ? =0

then implies that (Ijo 5(1)],(a,0, 1520} ) jey® (ab)uz® (ap) 1S & O(e_g*{b)-orthonormal basis of

(p) )k
ker(a[gé(l)],[a,b],h) =F".

This leads to the result for £ = +oco and initializes the decreasing induction with respect to £.
Assume now that for all £ > ¢y in L®) | we have proved
8

AU FPY 4 dED U = O ).

Let us check that it is still true for £ = ¢y . Like in Subsection we introduce G defined by

(89),(90), G2 = ker(As p-1(, - 07 sn+nsinfab)),n) defined in , and the spaces V,’;w defined
in (98) by

VP = Span(¢, j € &), (a,b)).
In particular, we have
U= o vk,

En—Em=Lo
while HGh,,<p+1)d(fp,)lT52( ,(f,)ﬁh) c GO ith gt | GZi(pH) for n # n’. From Propo-
sition we know that the mapping HGh,<p+1>dgcp})LT52 : u,ff)’h — GM@+D) does not depend
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on &y €]0, %], while Proposition and Proposition nb) ensure that it is one to one with

(only non zero) singular values all satisfying up R - Moreover, following the analysis
made in the proof of Proposition the factorization holds with here E* = T52U4§f)’hv

By, = d( ) (ap). » And ICh| = ( ). Hence, using Lemmamwith the relation
77 Ah,(p+1) (p+1) 77 g(p+1) hy(p+1)\ _ A o— -
d(G" D, FZ 0 fain ) + A 50 g e G0V = O(e7 ™)
leads to

285—n;

(p) _ A (p)
HG’“@“)dfzjffl([a,b]),h‘Eh - (IdLZ(fS) +0(e™ ™ ))H[Oaa(l)]v[%b]vhdfzjf*l([a,b],h)|Eh :

(p)
_6[0 (1)), [a,b], h|Eh

Thus, since Tj, : L{(p) " EMis Ofe~ 3+ )-unitary, the operator 500(1)] (a,bl.h T52Uéé’),h N
F[(Opj(ll))] (@ b.h is, as Ilgn, (p+1)df hT L{(p) oy ghs (»+1) " one to one with singular values all

logarithmically equivalent to e % In particular, for all j = (a, zP )) X®)(a,b) such that

y P _ 2 P) = gy we must have

£

(p) hy log
”5[({5(1)]’[a’b]7hH[O,6(1)],[a,b],hT52Soj” ~e .

From the previous estimates, the new family of vectors (u;‘) defined by

uf = (1= M) o)) o Loy

>4

and indexed by j = (a, 2P )) € X (a,b), y P _ 2P = 4y satisfies

log _o 150

h o s*(p) P) h
(u; 75[0 5(1)] [a,b], h5[o 3(1)],[a,b],h uj) ~e ) (134)
“j LRanl = sy (5Fo(5()1)] [a,b], hé[(O)o(l)] [a,b], R (135)
[0,e R
- 5
and ul — ) = O(e™ 7). (136)

Note that (134 and . ) follow easily from the definition of the family (u ) while (136)), which

also 1mphes the O(e~ ) orthonormality of the family (u!), follows from (I33) together with
the estimate, for £ > £y and j = («, x&p)) X (a,b), ((fﬂ) — 2P =y,

h h h
HFE(p),;LQDj = (HF(p),h — HF@),;LHU(;,),;L)@J» + HFZ(M,;LHMLS;)),;L(pj
~ 5f

=0 ) +0(e ) < O™ 7).

where the last line follows from the induction hypothesis and from the O(e’%)—orthonormahty
of the family (go?)jejm(a,b) . The relations (134]) and (136)) imply that the vector

h _ *,(p) (p) h
Vi = 1[0 JR i ](6[0,5(1)],[a,b],hé[o,a(l)],[a,b],h)uj
satisfies 5 5
[of —ul[| = O(e=7) and thus |j! — @l = O(e™7),

while ((135)) yields

h (p),h
Vi € Fe0 .
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— ~ )
Hence, we have proved d(Z/lZ(f)’h, Fg(f)’h) = O(e‘Tf) and thus, using
amUP™" = 1 {j = (0,2)) € X (a,b) 4™ — ) = 0} = dim FP"

— — ~ )
implies d(Fg(f)’h,Mz(f)’h) + d(UZ(f)’h, Fe(f)’h) = O(e‘Tf) . This ends the proof of Proposition

Now quasimodes have been constructed for dy ¢-1((q,p)),n, the dual version can be given.
Remember that , ,
Fh= (—1)4°8 x~1 e% (hd)e™ %

and the construction of d;-quasimodes for d; F1(jasb),h) is equivalent to the construction of §;-
quasimodes for d_ (_r)-1(|—p,—a]),n » Where the fiber bundle AT™ M is replaced by AT*M @oryy .
Accordingly, the degree p is changed into d — p, the order of critical values is reversed and, in
the interval [a,b], the role of lower and upper endpoints in the sets X*(a,b) and Y*(a,b) are
interchanged.

Definition 7.3. Under Hypothesis and with &, €]0," Y], a dual &;-family of quasimodes

'8
denoted by (go;’h is defined like the family ((p;’h) in Definition with
JET*(asb)

degree recalled here in the superscript *", after replacing:

JET*(asb)

o dpp1(ab)h b9 45 p1qap)n
o I =[a — 61,y —4(h)] when j = (o, 2d) € X®)(a,b) by

Iy =23V 4+ y(h),yP + 6] when j=(a,y) € Y (a,b),
e and IJ’? = [&— 61,b] when j = (o, &) € YP)(a,b) U ZP)(a,b) by

fjﬁ =la,é+ 6] when j=(a,é € XP(a,b)UZP)(a,b).

Fmﬂly, the truncation operator Ty, introduced for d2 €]0, %f] m Deﬁm’tion has to be replaced
by Ts, defined by

—

ok —— P ®)
Iﬁ‘;@;p)’h — ></I£1),52wj Zf] = (a’ya ) c y(p)(a7b)
PN if j € X®(a,b) U ZP)(a,b),
— R ) — ¢
where Xeos () =X (f(<22> ’

for a fized X € C*(R;[0,1]) such that X =1 on [2,400[ and supp X C|1,+oo[.

Theorem 7.4. Like in Theorem assume Hypothesis or (Hypothesis and Hypoth-
€esis for a more general f, which is equivalent to Hypothesis when the definition of
ny > 0 is added. Let a,b & {cl, . .7cNf} and let Ay p—1([a,p)),n = 69?:0 AP be defined

f:f 71 ([a,b]),h
like in Proposition [2.§ with Ny = f~*({a}) and N,, = f~1({b}) . We set, like in Proposition[7.4,

L0 = [ho+) — @), 0 € AP (0, b))}

ny [£ =1

Uz (40 e L®)y>0.
5 8,7&6 ) >

and 07 = min(
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The 61-family of quasimodes (p j’ )JEJ “(a,b) 18 given by Theorem m with 1 = gf , and its dual
version (cp;’h)jej*(ayb) by Definition . For ¢ € L?) | we define lastly

uép) h = uép)wh @Zj{\e(p)’h ,
where Uép)’h = Span (gp?, Jj=(q, m(p)) € X(p)(a,b), y&’”‘l) - xfxp) = K)

and AP = Span (o, = (a,y) € VP (a,b), g — a7V = 1) .

Then, for every £ € LP) | the space Zjép)’h is close to F™ cvs; L e-s; according to
[672 R el TR 1,[a,b],h
7 [ 55(p):h —(p),h -5y
d uép ’F(p) sy s +d| F® R ’ul(gp — (e 7).
[e >R e* R 1abl,h [e? 2R ab),h

Proof. Let us first recall the relation

(») (») p—1) (p—1),* (p),* (p)
A s (T s a1 = oty oy a0t OB a1 060 . f

A B

where A and B are self-adjoint and satisfy AB = BA = 0. We deduce from this observation
and from the Hodge decomposition that, for A\, £ 0, Ay, = 6(1),

L
ker(Aj f—1([ap)),n — An) = ker(A — \,) ©ker(B — Ap).
Moreover Proposition [7.2] says

AP FPM + dEP" U = O,

where N
P — & ker(B — Ap) .
246 -5
6—2%£§A,L< —2—t
The proximity of L{(p P o @t J45s s, ker(A — Ap) is the dual version. O
e~ <Ap<e? TR

Remark 7.5. The last result about the eigenvectors of Ay r—1((ap)),n arouses several comments.

o When there is a single bar o € A p)(a b) with length £, then Af f L (fasb]) (resp. Agcp;_lz(?a o).k Y,

has one eigenvector associated with the eigenvalue \p R -3 localzzed around f~1(x (p))
(resp. f~(y pH))) and O(e~ ) close to the corresponding quasimode @ (p)h (resp. <p§p+1)’h)

with j = (a, x&p)) € X®)(a,b) (resp. j = (a, y((f+1 ) e YPtl(a,b)).

e Once we have approximated the eigenvectors associated with the non zero eigenvalues by the
quasimodes ga? or ;J;\l , one can recover an approzimate description of ker(Ay r-1([a.5]),n)
by considering a basis of Span(@?,j € Y*(a,b) U Z*(a,b)) whose elements are O(e*%)—
orthogonal to all the ;ﬁ/ ,j e Y*(a,b).

o Actually, the description of the eigenvectors with a O(e~ a ) error in the L*-norm is much
less precise than what we were able to do with the quasimodes <p;’h , with a wide range

control of the exponential decay estimates. We also know from the proof of Theorem
and this is again illustrated in the proof of Proposition that working with the family
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of quasimodes (@?)jej*(aﬁ) is much more flexible and informative than working with the
eigenvectors of Ag y-1((a,p)),n - Note specifically, in the proof of Pmposition the use of
the orthogonality Gt L G", for n # n’ in the separation of the different exponential scales
associated with the different lengths of bars. This really relies on the fact that G" is made
of kernels of separated local problems. Such an exact property is completely lost if we use
instead the full spectral space Flo 5(1],[a,b],h -

e From the modeling interpretation, it is interesting to note that the quasimodes (@?)jej*(a,b)
carry the same heuristic as the true eigenvectors for small times although they do not belong
to D(Ay¢ g-1(jap)),n) - For simplicity, assume that there is a single bar o € Aép)(a7 b) with
length £ . Then @? ,j=(a,z,) € XP)(a,b), satisfies

o572 el — | = (e s ) — =) — )|

~, _%f
<2|l¢f —unll = O(e™ ™),

. . . . . . log _o2¢ .
where uy, is the unitary eigenvector associated with the eigenvalue A\, ~ e 2% . In particu-
—tA 1(la Y log 2L
lar, e "= f. 87 (las0D), hgpj ~e hap makes sense for times longer than the lifetime - o er

of the metastable state up, as h — 0.

7.2 Quasi-isomorphisms

Before the present text was published, Xiaonan Ma asked whether there is an explicit quasi-
isomorphism between the bar-code and the restricted Witten complex. A direct answer comes
from

)/Ran(d ) )

(p)
n) ~ ker(d P 0. f—1 ([ab]),1

0,f~1([a,b]),
~ HO(KT D, dg) ),

@ 1)
ker (3§ b1y, o)/ RN o2

where (K7 “(a.b) ,dp) is the trivialized version of persistent cohomology given in Appendix
by dgz}, = y"‘+1 for (o, x}) € X*(a,b), dpyl = 0 for (a,yt) € Y*(a,b) and dpzl = 0 for
(a, 2%) € Z*(a,b).

Actually a more explicit version of the quasi-isomorphism can be given by using the projected
quasi-modes constructed for Proposition [7.2] and Theorem [7:4] Such a result corresponds to the
statements of [Zhal-Section 6 elaborated from [HeSj4] and which are important in the application
of Witten type techniques in the exploration of more subtle topological invariants (see [BiZh]
and [Zhal).

Before giving a more accurate description of this quasi-isomorphism let us notice that the family

of quasimodes (") je 7+ (a,0) Of Deﬁnition 1| (resp. ((pj )]GJ “(ab) Of Deﬁmtlon is transformed

into another one with the same properties by any (9( % )-unitary transform

* _or - *
PeLVh L ML —1d|ony = O(e" ), V" =Span(¢},j € T*(a,b)),
Lép)’h = thv(.;,),h € £(Vc(p)’h) where Vc(p)’h = Span(gp? ,j=(a,c) € J(p)(mb)),
h h
and ng = Lh|V§f’2’h € ﬁ(VC(Z) )

where Vc(’pe)’h = Span(gp? j=(a,zP) =¢) € XP)(a,b)),yPtD) — 2P =),

The above properties are easily adapted to the family (;?) jeT*(ap) for a C’j(e_on)—unitary map
h : By Lk S 1)
L" by replacing Vc(fz) by Vc(f? = Span(¢”, j = (o, g = ¢) € Y?)(a,b)), T =1/).
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As in Proposition let Fe(p)’h C F[E)pzsu)] @p,n C L2(fb APT*M) be the spectral subspace of

¢
5(20)7 )(1)] @b,k for the spectral range [e . Accordingly and this was

(p _of % oty
0.0 [a8,20[0.6 e

used in the proof of Theorem l Phh F[(oplu)] (@8],
1) (p—1),*

subspace of 5[0 s, [a,b],h5[0,5(1)},[a,b],h for the spectral range [e

, C L2(f; APT*M) is the spectral
l+5f _széf

_2h)€ h]_

Proposition 7.6. Let us work in the framework of Proposition and Theorem with
the above additional notatz’ons and let us set C = {cl,.. cNf} The family of quasimodes

(L" o5 )jEX “(a,b) and( ot )Jey “(a,b) can be chosen such that the basis ( ?)je‘y*(mb) of Fio,5(1)],[a,b],h
given by

N N
o v} = TR, wL'p} € Ran (6[(5)5(1)]7[a,b]7h) = ker(5[(0 s et for ¢ € @cecv(p) when

Jj=(a x,&p)) € X®(a,b) and yF™ — 2P =0,

L)k
. U? = Wmthpj € Ran (5(50(11) ],h) C ker(6[( (DL [ab], n) for go? = ®C€CVC(Z) when

i=(a, y(p)) € Y®)(a,b) and y(p) x(p D _ =/,
. v € ker(Ay -1(a)),n) C ker(do.5(1)],[a,6,n) N ker(é["zm(l)]’[mb]’h) for j € Z*(a,b) with

Sr

dlSt(’Uj ,Span[gpj 7 €Y (a,b)UZ"(a, b)])+dlst( Span[goj ,j € X*(a,b)UZ*(a,b)]) = O(e~7),
satisfies

Vp e {0,...,d} \Vj=(a,zP) e X®)(a,b), 53’0(1 el Vs = M;w? winy + R,

with ,uh log — % Ll = yPtD g 0) D) = qp )

Loty /2

o1k <, _tatds/2
and R € FPH™ < Ran (00 1)) o) » IIRE = O(e™ =7 7).

In particular the map from J*(a,b) to Fio 5(1)],(a,b],n given by j ”U;L defines a quasi-isomorphism
from (R77(¢9) dg) to the restricted Witten complex (Fio,5(1)],a,b],h> 9[0,6(1)],[a.b],h) -

Proof. For a given £ > 0 the family (tho;-‘) (respectively the family

FEX®) (a,b), y(p+1) () _yp
Ly Oe 7 )-orth I basis of UP" (resp. of UL

(Lnj )jey(p“)(a)b)’y{(ypﬂ) o) _,) isa O(e” ) -orthonormal basis of U, (resp. of U, ).
The result of Theorem tells us that (v )JGX(P)(G By Py (resp. (v ;L)jey(p+1)(a,b)7ygép+1)7x(ap)zf)
isa O(e™ ) orthonormal basis of F), (P).h (respectively of FE(pH)’h) .

Owing to the supersymmetric property, we know that d(o 5(1)),a,5],» 1S an isomorphism from F, g(p ):h
to Fe(p DR With singular values all satisfying u 8 o~ according to Theorem .

When j = (a, z&p)) € X®)(a,b) and j' = (B,yépﬂ)) € Y®+t(a,b) with y,(gpﬂ) — 2P # { let us
estimate

(W) 0.0l ablaty ) = (T iy w L0 010,501)1labl b T L 65)
1
= (7 G L6l dpp-rqaa)n(L"60))
4
= (v = (Lhh) , dy p=1(tae)y n (L") + (LR, df pr qaspy (L 0))) -

The first term is estimated by

5f

o — Lol ldg, a0 (L") = Oe™ 7 )O(e
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by choosing d; <

When ylg’ ) _ (p ) 7é ¢, the localisation of Lh , around y(p 1 and the construction of the
global quasimode tho? implies that the second term is O(e ﬁ) .

The matrix M, = ((vjh,  010,6(1)],[a,b],n V) ) )57 indexed by j = (a,x&p)) € X®)(a,b) with yrh

2P = ¢ and j' = (B,yépﬂ)) e YP+t(a,b) with y[gpﬂ) - zgj) = [ is a block matrix in the
decomposition

(P):h _ (p):h @tk (o1,
Fg _CEGBCWFZ(Z))JLVC’E s F = CQgcﬂ'F(p) hV Y
with square blocks along a diagonal corresponding to y(p D _ &p ) = ¢ and other blocks with

045p/2
norm estimated by O(e o ). It implies that the singular values of M, coincide with the

singular values of all the square diagonal blocks. The linear maps Lh|v<p),h and ETL| GTo.. are
c, b ’
chosen in order to make these blocks diagonal.
This is done for every £ € {Ka = y&pﬂ) — , (ay x&”)) € X®)(a, b)} and for every p € {0,...,d — 1}

separately because we know
Fg(p),hJ_Fz(lp’),h and Fl(p+1),hLFg(fﬂ+1),h

when (p,£) # (p/,0').
~ 5
Finally the basis (Uh)jeX*(a B)UY* (a,b) 1S AN O(e‘Tf )-orthonormal basis of Fjo 5(1)],[a,b],» Which can

)
be completed by a basis (v h)Jez “(a,b) Of ker (A} p=1((a,p)),n) - Because ||v;-‘0 (L %O)H =0(e” f)
for jo € X*(a,b), we deduce by working with the orthogonal complements that the distance
- * * * A of
between vf', j € Z*(a,b), and the vector space Span(goj/,j € Y*(a,b) U Z*(a,b)) is O(e~ 7).
The same can be done with (L @] )]ey *(ayb) - O

Remark 7.7. The construction of the basis (U?)jej*(a,b) is not very explicit because of the
possible multiplicities which require the introduction of the h-dependent linear maps L and L .
A much simpler situation occurs when we know a priori that for every critical value ¢ € C,
H*(fete, fC €) is one-dimensional and that all the lengths £, = yapH) &p) , or more simply

d —c,c,d €C,c#, are distinct. This is exactly the assumption which was made in

[LNV] for a generic Morse function. Note however that the quasi-isomorphism of [Zhd] is also
constructed in a generic case requiring the Thom-Smale transversality condition. The mot so
simple statement of Proposition shows that it makes sense within our general assumptions
and within the stability theorem discussed below.

7.3 Stability theorem

The following stability theorem, of which a simple version, Corollary [[.8 was given in the
introduction, is a direct consequence of Theorem [7.1] and of the topolgoical stability result

dyot (B(f): B(9)) < [[f — gllco
recalled in Appendix [B:3]

Theorem 7.8. In the framework of Theorem namely Hypothesis or (Hypothesis
and Hypothesis for a more general Lipschitz function f, and a,b & {c1,...,cn,}, set

bopin = min | {yo — 2o, a € A%(a,b)} U{lc, — b, |cn —al,1 <n <N ,
c f
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where A%(a,b) = A%(f;a,b) is the set defined in for the function f, that is indexing the
bars of f with two endpoints in |a,b|.
Let moreover g be any other function satisfying Hypothesis or (Hypothesis and Hypoth-

€sis , as well as

0.
lg— fleo < i
and such that a,b do not belong to the set {c},...,cly } made of its “critical values”.

Then, the 0(e*w) non zero eigenvalues of A_E)[,);*l([a,b]),h can be labelled
AP (gih) , ae AP (a,b)u APV (a,b),
with, for every a € AP (a,b) U Agp_l)(a,b) ,

lnin < 2(y5t = %) —4llg = flleo < lim ~hlog(\P(g,h) < 2(y5*" = x5) +4llg — flleo -

Meanwhile, for f = f or f = g, the dimension dimker(AEpf),l([a W) ,) equals BP(£2 £) | and
thus

dimker(A) ) = ker(AW )i and only if BP(1, £%) = BV (g, g°).

Proof. After possibly adding empty bars, the bar codes associated with f and g can be written
B(f) = ([aa;bal)aca and B(g) = ([ca,da[)aca , Where

gmin
max {|aa — Cal,|da — bal, @ € A, by < 400} < diot(B(g), B(f)) < lg — fllco < I

The definition
lnin = min({yq — T, € A%(f;a,0)} U{len, —al,|en —b],1 <n < Nj})

implies that the number of bars o« € A%(g;a,b) such that y, — z, > Z’”%, for the function
g, is in bijection with the whole set of bars AX(f;a,b) for the function f, which is made by
assumption of bars not smaller than ¢,,;, . The other potential bars of A%(g;a,b) have a length
strictly smaller than Zm% .

Moreover, for a € A (a,b), the expression of limj,_,o —h log AP )(h) given in Theorem respec-

2(min/2)
— St 2]

tively applied with g and f, provides the inequalities for the O(e ) non zero eigenvalues

of Agg=1([a,b]),h -
Finally, the last statement of Theorem [7.8]is a direct consequence of the comments made in the
second item of Remark 2.9 O

8 Generalizations

Our proofs are definitely done under Hypothesis while, for a more general Lipschitz func-
tion f, consequences of Hypothesis [I.6] have not yet been checked and the exponential decay
estimates of Propositions [2.13] and [2:15 have simply been replaced by assumptions.

This framework was chosen in order to put the stress on the essentially one-dimensional analysis
on R D f(M). Once this is well understood, it is rather easy to adapt the analysis and the
results in order to consider more general domains, manifolds, or Lipschitz functions f. The first
generalizations will be presented for the sake of simplicity in the framework of Hypothesis
Additionally, we will check that Hypothesis [I.6] and Hypothesis [2.16] hold true under the simple
assumption that f is a subanalytic Lipschitz function (see Hypothesis , which describes, in
some sense, a wider class of functions than Hypothesis in a real analytic geometry.

93



8.1 More general domains

It is not difficult to adapt all the analysis to some simple cases when the geometrical domain
differs from f~'([a,b]) by tamed deformations of 9.

Proposition 8.1. Let (M, g) be a compact Riemannian manifold and let f satisfy HypOthesis.
If there exist mo,ng € {1,..., Ny} such that mg < ng and the boundary of the domain Q =
QU N; UN,, satisfies

f(Nt) C]Cmmcmo-l-l[ s f(N'fL) C]Cm)? C”0+1[7
af af
and %|Nt < s % - >0.

then all the results or Theorem@ hold true with ¢, = cmo+1, CN = Cn, when 1y is chosen in
the interval

1
0< < — min ¢, — Cy_
nr 21<n§an n—1;

and 1y < min (emor1 = f(@) 5 0y < min (£(2) = cn) -

Proof. All the proof of Theorem [6.3 relies on the construction of the §;-family of quasimodes
(@?)jej*(a,b) when Q = f1([a,b]). We fix a = cpogr1 —nf = &1 —np and b = ¢, +
ny = éx + 1y . Because the gradient lines provide a homotopy between the pairs (€2, N;) and
(f~Y([a, b)), f~* {a}), the bar code for f in 2 relatively to N; can be identified with B(f;[a,b]).
Now, the quasimodes (W.;})jej*(a,b) are extended by 0 in f*N§ and, when j € Y*(a,b)UZ*(a,b),
they are “extended” in f, NN as

h * -1 h
XE5 =7 fot(feng 11,4000, (B F = (eng 48 ocini).n) (BAX A €5)

like in Proposition ii), with §; €]0, %], x € C*(M;[0,1]), x = 1 in fom/2 =0 in
fo—n; /4, and where Dirichlet (resp. Neumann) boundary conditions are put on f “1{en, +011})
(resp. on N,,), for the domain f~([e,, + &1, +00[N€2) O

Remark 8.2. Another interesting case is when the Neumann boundary conditions on N = N,
where g—ﬁ > 0, are replaced by Dirichlet boundary conditions. Then, generalized critical values
corresponding to critical values 0ff|N appear following what is known for a Morse function f (see
e.g. [ChLi, [HeNi, [Lepl| [LeNi, [Lauf). As a topological tool, bar codes make sense for boundary
manifolds. But the analysis has to be reconsidered from the beginning, especially by introducing
mized Dirichlet-Neumann problems along the upper boundary of QN f<t. We do not develop this
point here (see however [DLLNI] where such conditions are considered).

8.2 More general manifolds

The following generalization aims at including the particular case when M = R? is not compact
and the gradient of f does not vanish outside a compact set. More specifically, we assume

Hypothesis 8.3. Let (M,g) be a connected complete Riemannian manifold and assume f €
C>®(M;R) for the sake of simplicity. We suppose that there exist —oco < ag < by < 400 and
K > 0 such that

e Ko = f~Y(lao,bo]) is compact,
o forallz e M\ Ko, |Vf(2)]* > k+k

G+ Los| (@),

e f has a finite number of critical values cy,...,cn; in |ag, bo] which belong to ]ag, bol.
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Under this assumption, the definition of the bar code B(f) = ([al, b5 [)aca is essentially
the same as in the compact case, except that bars with af = —oo and b:*! € R are possible,
according to the topology of f! as t — —oo. In such a case, b5™! € Z*H(a, b) for all a,b €
[—o0, +00] \ {cl, ...,cn, } such that a < b;‘“ <b.

The domain f~1([a,b]) C M is actually f~*([a,b]N] — oo, +oc[) when a = —o0 or b = +oo0.
Accordingly, Ay r—1((a,8]),h » df,f~1(ja,b]),h, and d} P =1 ((ab]) ,, do not include boundary conditions

on the infinite end in the definition of thelr domains.

Proposition 8.4. Under Hypothesis[8.3, all the results of Theorem [6.3 still hold.

Proof. The lower bound |V f|? > x implies

lim f(z) =400 and lim f(z) = —o0,
IGf_;gb&ﬁOOD zef” (] ~00,a0])

Actually for f(x) > by a descending gradient line will reach f~*({bp}) in finite time to with

f(@)—by = — / A1)V () dt = / ROV F(0)] dt > Vad(z, £ (b)) > Vad(r, Ko)

while the completeness of M implies lim, o d(z, Ky) = +o0o. Therefore for any a,b € R\
{c1,...,en}, a < b, f~([a,b]) is a compact smooth domain of M . The elliptic regularity then
tells us that the operator Af F=1(la,b],n) is on the bubspace of C&°(f~Y([a,b]); AT* M) defined with
the boundary conditions, of Dirichlet type on f~!({a}) and of Neumann type on f~1({b}).
Let us adapt the proof of Simader’s (see [Sim| or [Gaf][Wol| for related approaches) for the
essential self-adjointness of Ay, on C§°(M; AT*M). The equality of the maximal and minimal
extensions of the symmetric operator A f}h’ O (MAT* M) amounts to checking that

we L*(M;AT*M) and (14 Afp)u=0in D'(M;AT*M)

implies u = 0. The local elliptic regularity implies that u € C>°(M; AT*M). A variation of the
integration by parts (20)) gives

0=Re (x*u, (1+Azn)u) = |xull® + 22|l dxullzs + h?|ld"xul|?
+(xu, [V + WLy s + L3 p)xu) = b (u, [Vx[*u)
> [xull? = 12 (u, |Vx|*u).

for any compactly supported Lipschitz function x . Because the manifold M is complete, it can

be applied with the compactly supported Lipschitz function xx(x) = 6( (,f Jﬁ“)) k € N and
6 € C5°(R;[0,1]), # = 1 in a neighborhood of 0:

el <0 [ VPl

and taking the limit as k£ — oo yields u = 0.

The same method proves that Af r-1(—o0,5]),n (16D Af #-1(a,+o0l,n) IS essentially self-adjoint on
the subset C§°(f~1(Joo, b]); AT*M)) (resp. C$°(f~1([a, +oo[; AT*M))) restricted with Neumann
(resp. Dirichlet) type boundary conditions on f~1({b}) (resp. f~'({a})) when a,b € R\
{Cl,...,CN}.

The lower bound |Vf[*(z) > k + k|Lyy + L& sl(z) for x € M\ Ko implies that the tensor
VP (z) = h(Lvy + L) (2) is uniformly bounded from below by x > 0 for h < x and therefore
that the essential spectrum of Afh (resp. Afhffl([a’Jroo)) or Af,ffl((foo,b]),h) with a,b S R\
{c1,...,cn}) is contained in [k, +00) .

The ﬁnal ingredient is the Agmon estimate of Proposition n 2.13|with Q@ = M, Q = f~*([a, +00[)
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or Q= f~1(]—00,b]),a,b € R\{ci,...,cn}. Here the compact subset U is f~1({co,...,cn})NQ
and for any fixed compact subset K of €2 we consider wy, € D(A; g ;) such that

Acgr, —A = 3 K lim A\, =0.
(Asan R)wh =T, Supp i C oo Jm AR

The result is now: for all € > 0 there exist h. > 0 and C. > 0 such that

(1—e)d g4 (@, UUK) C
||6 " wh”Wa(Q) < f (”th + tU”whH) )

for all h € (0,h.), where tyy = 1if U # 0 and ty = 0 when U = ). Restricted to any fixed
compact set of Q the above estimate is the same as the one of Proposition [2.13[. This result
suffices to prove the proximity between the eigenvalues of A5, and of A, g1 (s py),, With

a',t/ € R\ {c1,...,cn} for —a’ and b’ large enough and therefore allows to replace a = —oo by
a > —oo or b = 400 by ¥ < 400 in all the intermediate estimates with an arbitrarily large
accuracy.

The proof is the same as in Proposition with two modifications:

e For a given h > 0, the integration by parts formulas of Lemma [2.10] are firstly written for
compactly supported forms. Secondly w, € D(A f,ﬁ,h) are approximated by elements of
D(A;5,) NCE(S: AT M) in order to get before (24)

lwonllz2 7nll 22 >Q .0 (awns xawn) + B2 ([|dxa@n|® + [|d* x2@n]])
+ (x2@n s [V = [Vl + h(Lvg + LG;) — Anlxa@n) — cch?(|an]]? .

e We use the lower bounds

IVfP(2) = Vel (@) + h(Loy + L3 (2) = (1= (1= )*)[VFP () = hlLvy + L4](2)
(1-(1—e)"r

v

when h < (1 — (1 —¢)?)s and = € Q\ Ko and

V112 (@) = Vel (@) + h(Lvs + L37)(@) 2 Crye = Croch
when z € Ky Nsupp X2 -
O

Remark 8.5. The lower bound |V f|*(z) > k+k|Lyy + L 4|(z) for x € M\ Ko is a very strong
condition which involves the behaviour of f and of the curvature of the riemannian metric as
x — 0o. It is used not only for the localization of the essential spectrum of Ay y in [k, +00)
but also, via Agmon estimates, to approvimate the spectral elements of Ay by the ones of
Af f-1([arp1],n) @8 @' — —00 and b’ — +oo. From this point of view, the assumption Vf2(z) >k
(as stated in the first version of this text) is not sufficient. Already in the case of functions, it
meets the vast litterature about the global analysis of harmonic functions on an open Riemannian
manifold (see e.g. [CGT[Carll][Car2][CoMi[Yaul]) and the escape rate of Brownian motion on
a complete Riemannian manifold (see e.g. [Grill[Grid][HsQi]).

Let us make this more explicit with a simple example. Consider on R? the potential f(r) = g
and a C* metric g = dr? + (r)2d0? , with ¥(r) > 0 for r > 0 and ¥(r) = O,_o+(r). The
volume is Y(r)drdf and the solution to dypu =0, u = Ce 5 , belongs to L*(R?, dvol,) if and

only if f0+°° w(r)e_% dr < 400 . This is not true if Y(r) ~r oo e’ although the riemannian
manifold (R?, g) is complete and |V f|> =72 >1 forr > 1.
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Let us look now at the stronger condition |V f|* > rk + k|Lvs + E*Vf| . In the simple scalar case
1t means

PR X 0]
(G
which implies %ﬂ;)) < Tandi(r) < C’e%i forr >rg > 0. With this assumption e actually

belongs to L?(RY, dvoly) for h > 0 small enough and there is no problem for the approxzimation
_f

by e hX(ki )-

When R is endowed with the euclidean metric, the condition |Vf|?> > k + k|Lys + Lyl

says essentially that the Hessian of f is estimated by %|Vf|2. In [HeNi2] many examples

where discussed where e~ % € L?(R%) can be approvimated by local spectral problems while

lim sup,,_, o HI{V%(J;(;‘CQ)‘ = 4o00.

As a conclusion here, our hypotheses are very strong and we do not know for the moment how
they could be relazed in order to ensure the validity of Theorem [6.3,

8.3 More general Lipschitz functions

We consider more accurately the situation of a general Lipschitz function f, while the analysis
was presented under conjectural assumption. As a first step we recall in Subsection how
Hypothesis implies Hypothesis [B-I] of Appendix [B] and therefore provides a finite bar code
By .

Once this is clarified we prove that Hypothesis and Hypothesis are satisfied when f is
a subanalytic Lipschitz function, after the suitable specification of the “critical values” | ¢; <
... < cny - It relies on the stratification of the subanalytic graph of f, of which the properties
are recalled in Subsection [8:3:2] A variation of Agmon distance will also be constructed after
solving the Hamilton-Jacobi equation |V'¢| = |V’ f|, where V' concerns only tangential partial
derivatives in some tubular neighoborhoods of every stratum. From this point of view, the
analysis of this Lipschitz subanalytic case, via a stratification technique, takes some inspiration
from [GeNi]. Finally in Subsubsection Hypothesis is checked to hold true, via some
partition of unity adapted with the stratification.

8.3.1 Hypothesis and consequences

The manifold M is assumed to be compact without boundary although it could be extended to
more general cases like in Subsection [8.2]
Let us first define the critical values of a Lipschitz function f or more exactly, its contrary.

Definition 8.6. When f : M — R is a Lipschitz function a value a is not a critical value
if for any wo € f~1({a}) there exists a nmeighborhood U, of xo and a local coordinate system
r=(2',2') € R x R and a constant C,, > 0 such that

Vo = (z!,2'),y = (y',2") € Uy, , ' =y <[ f(z 7)) = f(y',a")]. (137)

1
Cq,
A critical value a € f(M) C R is a point where the above property fails.

Since the function f is continuous, the local condition condition (137)) can be replaced by

1
Vl':(,’El’l‘l)’y:(yl,(E/)EUIO, Ci(xl_yl)Sf(x1>ml)_f(yl7xl) when xl >y1'
o

Hypothesis simply says that the Lipschitz function f has a finite number of critical values.
But the set {cl, ey cNf} of Hypothesis may be strictly larger that the set of critical values
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as defined above, and this a reason why the values ci, ..., cn,; were called “critical values”. Ac-
tually this flexibility is especially usefull when we consider subanalytic Lipschitz functions below.

The above definition ensures that the implicit functions theorem in the Lipschitz case can be
applied locally around = € f~!({a,b}) with the following straightforward consequences for the
domain f° when a, b are not “critical values”:

i) f?is a strongly Lipschitz domain of M according to the terminology of [GMM], meaning that
it is locally the hypograph of a Lipschitz function in the proper coordinate system.

if) fo=f"(la,0]).
iii) When a = —o0, f* with ¢ < b < ¢’ and no critical values in |¢,¢[, is homotopic to € a C>
domain with 092 C f$ .

The last statement can be checked by using finitely many local homotopies in coordinate systems,
but one could also use the global construction of a smooth transverse vector field as proposed in
[Ver]-Theorem 1.12-vi).

The above three properties were used in our analysis. In particular the finiteness of Ny and iii)
appear in Hypothesis which allows the introduction of a finite bar code B¢ . The properties
i) and ii) are used in the definition of Ay r-1((4,4)),n according to Proposition

Critical points and values can actually be defined in a coordinate free way, in terms of the
standard notion in non smooth analysis of Clarke’s generalized gradient and Clarke’s critical
points: In R? or locally in a coordinate system in M , a Lipschitz function admits a differential
df (x) almost every where by Rademacher’s theorem and the domain Dom(df) is the set of
where df (x) exists. Clarke’s generalized gradient at = then equals the closed convex set

0°f(x) =co {( € R, 3(2n)nen € Dom(df)N7n1LH;O z, =z and HILH;O df (zy,) = (}

where co denotes the convex hull. A Clarke critical point z is a point where 0 C 0°f(z)
and a Clarke critical value of f is a value a where f~'({a}) contains a critical points. In the
case of subanalytic Lipschitz functions which will be considered more specificaly in the other
paragraphs, this definition actually coincides with the wavefront naturally introduced in [DeLe].
Staying at the local level the local condition for zg € f~'{a}, actually means that for all
x € Dom(df) NUs, , df (z) lies in the intersection of some closed salient (¢ # 0 and —( cannot
both belong to it) convex cone Cy, with a shell S;y = {( € R, r < |[(| < R},0<r <R < +o0.
This writing is equivalent to the fact that for all z € f~1({a}), Clarke’s generalized gradient is
included in the intersection of a salient convex cone and a closed shell. This property is indepen-
dent of the coordinate system and of the metric if we replace the differential df by the gradient
Vf.

Even in the subanalytic setting, those critical values (according to Definition or Clarke)
may overestimate what the intuition and even the final result would retain. Warga’s example
carefully analyzed in [CzRi],

1
flat o) = ||t + 2% + 5ot

with the level curves in the picture below, satisfies the above consequences i),ii) and iii) for any
value b € R although 0 is a critical value of f. Note also that 0 will be a critical value of non
well chosen regularizations of f and we refer to [CzRi| for a thorough discussion of this point.

Actually in the subanalytic setting an even larger, but still finite, set of values {cl, . ,cNf}
will be introduced in order to verify the second assumption, Hypothesis[2.16] used in our analysis.
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Figure 12: Level curves of Warga’s function f(z!,2%) = ||z!] + 22| + J2!.

8.3.2 Stratification of Lipschitz subanalytic functions

According to [BDLS] a Lipschitz subanalytic function has a finite number of critical values and
Hypothesis holds true. We also recalled in the previous paragraph that Clarke’s gradient co-
incides with the wavefront set of subanalytic Lipschitz functions introduced in [Del.e]. However
such a notion of gradient or wavefront above a point x € M , is a wide closed convex set which
contains all the convex combinations of limits of neighboring gradients without discriminating
the information which can be deduced from the stratified structure. We specify the correspond-
ing constructions when f is a real subanalytic Lipschitz function on a real analytic compact
Riemannian manifold M according to Hypothesis

Let us first remind the basic notions about subanalytic sets and functions. We refer the reader to
the founding articles [Hardt] [Hiro] and to [Loja] [BiMi| for a panoramic or historical presentation.
A part but not all of the material, presented or recalled here, may be found in [DeLe| for the
specific case of subanalytic Lipschitz functions.

Review of subanalytic notions and results:

e In the real analytic category, the class of subanalytic sets is the one which contains the
semianalytic sets, characterized by real analytic equations or inequalities, and which is
stable by finite set operations (finite union, finite intersection and complement) and by
proper real analytic projections. The name “subanalytic” was introduced by Hironaka
and Hardt used the name “analytic shadow” in [Hardt] although they finally happened to
describe the same class (see [Lojal).

e Any subanalytic set F of a real analytic manifold X admits a stratification, that is a locally
finite partition in real analytic connected submanifold of X called strata E = Liges S such
that SNS # 0, S # S, implies S C 95’ (in this framework 95" = S’ \ ') with
dim S < dim S, or equivalently because S is a partition, SN 9S" # 0, S # S’ implies
S C 08" with dim S < dim S”.

Such a stratification can always be refined in order to satisfy Whitney’s local condition B
which reads in R™ or in a coordinate system:
((mn)neN e, limz,=zeScC @) = (T,S C lim T, 9.
n—r oo

n—oo

When C is a locally finite family of subanalytic sets, the stratification S can also be chosen
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in order to be compatible with C, which means that for all S € S and C € C, either
SNC=0orScC.

e A subanalytic function X — Y is a function of which the graph is a subanalytic set of
XxY.

e When f: X — Y is a real analytic mapping, a stratification of f is made of two stratifica-
tions § of X and F of Y such that

VS eS,f(S)eF | rank(f’s):dimf(S).

e Corollary 4.4 of [Hardt] assumes that f : X — Y is real analytic and C and D are two
locally finite families of subanalytic sets of X and Y and € is a subanalytic open set such
that f’§ is proper. It then says that there exists a stratification (S,F) of f’Q which is
compatible with C and D.

e Famous Hironaka’s desinguralisation theorem says that any compact subanalytic set is the
image of a compact real analytic manifold with same dimension by a real analytic mapping.
We will not use it specifically.

When f : M — R is a Lipschitz subanalytic function we consider the two projections p; :
M xR — M and py : M x R — R. From Hardt’s result we know that there is a stratification
of pa : M x R — R which is compatible with C = graph (f) U (M x R\ graph (f)) and D = R.
From this we deduce that there is a stratification S of graph (f) and a finite number of points
{cl, . cNf} € R such that all S € S satisfies

e either p; is constantly equal to some ¢, along S

e or there exists n such that ps(S) =]¢,, ¢np1[ and rank (p2|§) =1.

Definition 8.7. For such a stratification of graph(f), strata corresponding to the first case will
be called horizontal strata.

Because f is a Lipschitz function the projection p; : M x R — M makes a diffeomorphism
from S to S = p1(S) which is a submanifold of M. The family S = {pl(g),g € S’} is now a

stratification of M . When S is a horizontal stratum, then f |  is constant along S = p1(S). On
the contrary when S is not horizontal f| 5 1s a real analytic function with no critical point on

S = pl(g) .
Whitney’s condition B also has a nice interpretation. It simply says in a local coordinate system
(which allows the local identification of T, M with R? around any point = € M)

((xn)neN e ()Y, lim z, = x) = (VT € T,5C T,M ~R?,

n—oo

Tim (d(f|g ), [T] = d(f] )21T1) -
With the Riemannian structure it can be expressed in terms of gradients. More exactly for
any relatively compact open subset wg of the stratum S, and for € €]0,e,4[, €wg > 0 small
enough, the exponential map exp(z,t) = exp,(t) € M for (z,t) € TM is a diffeomorphism from
{(z,t) € Nwg, |t| < e}, where N, is the normal fiber bundle over wg, to its range T,.. C
{z € M,d(x,wg) < €}, that we call a tubular neighborhood of wg . We refer the reader to [Lee]
where tubular neighborhoods of closed submanifold are introduced in this way and [Lan| for
further details and generalizations with more general pseudo Riemannian structures. Another
presentation using the embedding of M in some R is given in [Hirs]. Such a tubular neigh-
borhood 7.4, C M is an open subset of the fiber bundle g : Nwg — wg and is endowed with
the metric g defined on M . Therefore the tangent bundle 7,7, = T M for x € Tg ¢, has an
orthonomormal decomposition T,M = T) M &+ THEM where T) M = ker(drs) ~ Ny mws -
Forxz € T,sandt € T, M =T,7,, . we define IIgt as the horizontal component of ¢ in this de-
composition. For z € T, ., the function fs(x) = f(msx) is a real analytic function of x € T, .
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Because f is a regular function along a stratum S’ € S its gradient along S’ (with the metric
induced by g) is denoted Vg f. With those notations the previous property can be written

(@a)nen € (8N T )™, Tim 20 =2 €ws) = ( lim M5V f(wa) = Vfs(@a)l = 0) .

Let us summarize our notations:

e wg is a relatively compact open set of the stratum S'.

e T is a tubular neighborhood of wg diffeomorphic to {(z,t) € Nwg, |t| < e}. It will be
convenient to extend the notation to € = 0 with the large inequality and wg = S', namely
Ts,0 =S, which makes sense as S = limsup, o 7o, Where wg, relatively compact in S
is well chosen when ¢ > 0 is small.

e When S’ is a stratum Vg f is the gradient of f along S” and for z € S'NTyg. , U5V f(z) is
the horizontal component of Vg f(z) in the orthogonal decomposition T, M = T, ;/ Tws e ot
Tf%sﬁ'

e Finally in 7, . , which is diffeomorphic to a subset of Nwg , one defines the regular function
fs(x) = f(mwsz) where mg is the natural projection 7g : Nwg — wg .

Figure 13: Picture of the projections mg and IIg when x € 7,5 . N S’.

With the compactness of wg in S, Whitney ’s condition B actually implies the following
uniform convergence result.

Lemma 8.8. Fiz the relatively compact open set wg of the stratum S and let To,g . denote the
tubular neighborhood defined for € > 0 small enough. Then the quantities

max sup |[IsVe f(z) — Vfs(z)]
S GSxeﬁs‘sﬂS’

and
sup |V fs(z) = Vfs(msz)|,

T€Twg, e

tend to 0 as e — 01 .

Proof. Ad absurdum if there is a sequence (2, )nen such that [TIsVe f(x,) — Vfs(xzn)| >n >0
while x,, € T, 1 NS’ then by the compactness of @Wg and the finiteness of S, we can assume

1
‘n
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that S’ is fixed and that lim,,_, x, = x € Wg. The lower bound |UsVg f(x,) — Vfs(z,)| >
n > 0 while lim,,_, o |V fs(xn) — Vfs(z)] =0, Vfs(z) = Vsf(z), then contradicts Whitney’s
condition B.

Finally the last convergence is a consequence of the uniform continuity of V fg which can be
defined on a compact neighborhood of 7, . for € €]0,e5[, €5 > 0 small enough. O

Proposition 8.9. When f is a Lipschitz subanalytic function on M , Hypothesis[1.0] is satified
with c1,...,cn; € R being the values associated with horizontal strata in the stratification of
graph(f) C M x R described above.

Proof. Let g € M \ f_l({cl,...,cNf}). It belongs to a stratum S € S and we can find
a relatively compact open set wg C S such that xp € wg C S. The function fg is a real
analytic-function defined in the tubular open 7, . for € €]0,&,,[ with &5, > 0 small enough.
Fory € Toe e NS, with ' € S, dim S’ = d, we write

Vis(y)-Viy) = MsVw® — (Vis(y) — sV I(y).VFy)

and

[V 1sW)- V) = Vis@o)’| < [[TsVf(y)* =V fs(zo)l?| + My TsV f(y) — Vis(y)l -

We know that |V fs(zo)] > 0 because S cannot be an horizontal stratum. By Lemma
e €]0,e4,[ can be chosen such that the right-hand side is smaller than %\Vfg(xg)\Q for all
S’ € S, such that dim S’ = d and zp € SN S’. We have found a tubular neighborhood U,, of

zo and a coordinate system (z,...,z?) around x( by taking ! = fg(x) such that

1

vs'eS,dimS =d,Vz e U,, NS, amlf(x)_c .
Zo

This neighborhood Uy, can then be reduced to
Upy = {:c = (2%, 2") = (&, 2%, ... 2 |2t —x)| < 8, 2] < 5}

for some § > 0. The set F = Uy, \ (Udim 5'=aS’NUy, ) has measure 0 and V f(z) is well defined for
allz € Uy, \E . By Fubini’s theorem the set of ', [#'| < §, such that {(z*,2'), 2! — z}| < §}NE
has a non zero one dimensional measure, has Lebesgue’s measure 0 and we can write for almost
all 2/, |2'| < 6

1
vml’yl E]'Z'(l) - 57 x(l) + 5[7 f(xl,ac') - f(ylvwl) = /0 (xl - yl)axlf(xl +t(y1 - :Cl)) dt

where the integrand is well defined for almost every ¢ € [0,1] and bounded from below by

Cio (2! —y') when 2! > y'. The continuity of f then implies

1
Ca

V(@' 2), (y',2") € Us, , ot =y < |f(ah 7)) = F(y",2).

O

We will use open coverings of f~*([a, b]) when [a,b]N {c1,...,cn, } =0, made of tubes Ty«
with €, > 0. They will be constructed by induction on the dimensions of the strata. They
will be associated with a family of parameters (e1,...,eq), with £,4 = €dim s - In the induction
process we authorize eqim s = 0 for m < dim S < d, in which case wg = 5 for every stratum S
of dimension dim S > m.
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Definition 8.10. Let a < b belong to R and set Sj,p) = {S€S8,SN f([a,b]) #0}. A
tubular covering of f~1([a,b]) contains two data, a family (g, €1, ...,€q4) € [0, +00[¢T! and for
every S € Sjqp) , a subset ws of S which is either open and relatively compact in S if €gims > 0
or equal to S if eqim s = 0 such that for allm < d

F ()N ( Too e (138)

7;)51 propeess n 72252 ,€

U S) C U
S€S[q4,p),dim S<m S€S8[4,p),dim S<m

m/’

Such a tubular covering is said e-adapted for € €]0,1], if for any S, S’ € Spa ),
sup MsVs f(z) = Vfs(z)| <€, (140)

2€T0 g eqim s M’

and
sup  |Vfs(z) —Vfs(mgz)| <e. (141)
€T e dim 5
Such a covering is clearly an open covering when all the €;’s are positive.
We will sumarize those situations by speaking of a (possibly “an e-adapted”)(possibly “open”)
tubular covering (T .. - Nece .. associated with the parameters (en.....€4).

Figure 14: A schematic example of an open covering: The stratification is on the
left-hand side made of two triangles, the edges and the vertices; the open tubular
covering with positive values for g, €1, €9 is on the right-hand side. The outside of
the two triangles is forgotten or one can compactify by identifying opposite external
edges

A trivial example is given by (eo,€1,...,64) = (0,...,0) and wg = S for all S € Sjay-
When §j, ) contains no stratum of dimension m , any value €, > 0 can be used in the above
definitions. When all the parameters ¢, , 0 < m < d, are positive, this provides an open covering
of f~!([a,b]). Note that when £, = 0 and wg = S for dim S = m, the condition x € T4 ., NS’
actually implies z € S = S’ so that the condition is void for strata S of dimension m .

As a consequence, if (Tos ey s)SeS;,, 15 & (vesp. an e-adapted) tubular covering of f~'([a, b])

associated with the parameters (eq,...,e4), then for any m replacing €,y by 0 for m’ > m,
wg by S if dimS > m, e, by e, €]0,&,] and leaving the other data, wg for dimS < m,
€0s--+,Em—1, unchanged give another (resp. e-adapted) tubular covering.

The following proposition implements the induction which leads to the construction of families
of e-adapted open tubular coverings of f~!([a,b]), especially when [a,b] contains no “critical
value”.
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Proposition 8.11. Assume first [a,b] N {cl,...,cNf} = () where c1,...cn, are values of f
associated with horizontal strata. Then Sjq ) contains no 0-dimensional stratum and there exists
a (resp. an e-adapted) tubular covering associated with (g¢,0,...,0) for any ep > 0.

Assume that there exists a (resp. an e-adapted) tubular covering associated with the parameters
(€05 5Em-1,0,...,0) for 1 < m < d with eg > 0,...,&,_1 > 0, then there exists €9, > 0
and for any S € S, dimS = m, a subset ws C S open and relatively compact S such that
for all e,, €]0,€% ], the family (Tws caims)S€S., associated with (go,...,&m,0,...,0) and wg

unchanged if dim S < m — 1, is another (resp. e-adapted) tubular covering of f=1([a,b]).

Proof. Because S, ) contains no stratum of dimension 0 a tubular covering is given by wg = S
where all S € S|, satisfy dim S > 1 and any value of €9 > 0 makes sense.

Additionally every S € Sj, 4 of dimension 1 satisfies Vg f(x) # 0 for every z € SN f~*([a,b]) and
hence f~1([a,b]) N S is a compact subset of S. We can choose wg open and relatively compact
in S such that wg N f~1([a,b]) is a neighborhood in S of SN f~1([a,b]). This is done for every
S € 8|44 such that dim S = 1. We can then choose £1 > 0 such that e, < 1d,(ws;,ws;) for any
51,82 € S[a ), dim S1 = dim Sy = 1, in order to ensure Ty e N Tog, e = () for S; # S
Assume now that the result holds for a given m, 1 <m < d. For dim S < m, the set Toq e4in 5 15
an open set and Uses,, ,;.dim S<m Tws cam s 15 a0 of K p)m = f7([a,b]) N (Uses,, oy .dim s<m S) -
Consider the compact subset K 5] m41 = fY([a,b])N (Useg[aybhdim s=m+1S5) . It is a a compact
set and 50 18 K{q p)m+1 \ (Usesy, uy,dim S<m Taws,cam s) Which by the definition of the stratification
S can be decomposed into USeSq.4),dim S=m+1 Ks where Kg is a compact subset of S'. We
choose for wg, S € Sjgp), dimS = m + 1, a relatively compact neighborhood of Kg and
then fix €,,11 > 0 small enough such that Esl’gmﬂ N 71,32’5"#1 = () for any S1,955 € N
dim S; = dim Sy = m + 1 like in the case m+1=1.
Following this induction and by assuming that (7.5,5)ses;, .,
associated with (eg,...,em,0,...,0), €0...6m >0, e9n+1 > 0 can be chosen such that

is an e-adapted tubular covering

sup MsVs f(x) = Vis(z)| <e
zeT 0 ns’

WS Em41

and

sup |V fs(x) — Vfs(msz)| <e,
IETvafgn+1

for all S € Spgp), dimS =m +1, and all S" € Sy, 5. This still holds if 521“ is replaced by any
Emt1 €]0,€0, 1], without changing the wg, and this ends the proof. O

Definition 8.12. Assume [a,b] N {c1,...,cn, b = 0 and let (Tog eqnms)ses, ., be a tubular
covering associated with the parameters (q,¢1,...,eq4) € [0,4+00[¢T . The functions I:"(EO ,,,,, ca)

and F,,... c,) are defined on f~1([a,b]) by
Flneole) = min sV (@), (142)
Fieg,..cn)(@) = min |V fs(x)], (143)

2€Twg e 4im 3

where the minima are taken over S,S" € Sjqy) -
On f~Y([a,b]) x f~1([a,b]) the functions @(807,_,%) and Gcy,....c,) are given by

1
Gloenen) = ot [F @@ ()
v e ([0,1]; f 7 ([a, 0])) Jo
Y(0) ==z;v(1) =y

with the same definition for G(Eo,_“’sd) .
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Before proving some results about those functions let us list some simple properties:

e Because S, ) is a finite collections of mesurable sets, the functions F(507~~75d) and Fi., -
are measurable and the functions 0(607___@) and G(q,,....c,) are well defined.

e When ey =...=¢4 =0, the functions F(o,..‘,o) and F{o,... o) are equal to
Fo,..0)(®) = Fo,...0) Z Is(z)|Vsf(z)l,
zeS

which is a lower semicontinuous function on f~1([a,b]) due to Whitney’s condition B and
MIsVs f(z)| < |Vs f(z)| for x € S close enough to S C 95"

e Because f is a Lipschitz function, the function 13’(507,”’511) and F,, . ., are uniformly
bounded by My = 1+ ||V f|lr~ when ¢ < 1 because of |IIsVg f(z)] < |[Vg f(z)] <
lflly1. and (140) . Therefore the functions G, ... .,) and G, . ., are M;-Lipschitz
pseudodistances on f~([a,b]) x f~1([a,b]).

o When (Tos cams)SeS., 18 an e-adapted tubular covering of f~!([a,0]), then

Z ‘F(€o,--~7€d)(‘r) - F(607~~-7€d)(x)’ <e

z€f~1([a,b])

and hence

D Gy (58) = G o) (@9)] < 2 x diam (7 (0, 8)
(z,y)ef~1([a,b])

where diam is the diameter for the metric g.

o Let (Tos cams)ses,, , be a tubular covering of f~'([a,b]) associated with the parameters
(€0y+-+yEm,0,...,0) witheg...e,, > 0,1 <m <d. For any &, €]0,¢,,], one gets another
tubular covering of f~!([a, b]) while keepmg all the other data unchanged and for £/, =0
simply change wg into S when dimS = m. Then the functions H, . ./ o, 0y, With
H=F,F,G,G, are well defined for any el €10,em] and they are decreasing with respect
to e}, , l.e. increase as €}, decays.

Lemma 8.13. In the framework of Definition the function Fy . o(z) = F(O o) (x) is

,,,,,

lower semi-continuous bounded by Mf =14 ||VfllLe and bounded from below by a positive
constant mqp 5 > 0. The function G(O ,,,,, 0(@,y) = Go,...0)(x,y) is a pseudodistance (fullfilling
the symmetry and the triangular inequality) whzch satisfies

Va,y € f_l([aﬂ b]) ) ‘f(.%‘) - f(yﬂ < G(O,...,O) (m,y) < Mfdg(xﬂ y) )
where dg is the geodesic distance between x and y in the metric g .

Proof. We already noticed that Fig . o) = ﬁ'(o _____ 0) is a lower semicontinuous function, bounded
by |Vl . Since f~*([a,b]) contains no horizontal stratum

Flo,...0(z) = Z 1s(z)|Vs f(z)|

SES[a,b]

does not vanish. The achieved minimum m,_; ; on the compact set f~!([a,b]) must be positive.
With the estimate F(o__o)(x) < My for all z € f~!([a,b]), the fact that G(q, o) (z,y) defines
a pseudodistance with the upper bound G, 0)(z,y) < Mydy(z,y) is standard. For the lower

.....
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bound because M-valued real analytic functions are dense in C*([0, 1]; M) , the function Go,....0)
can be defined as

1
Glo,..00(@:9) = [ RoeoGOR @) dr
vy e c¥([0,1]; f~ ([a,0])) Jo
¥(0) =x;v(1) =y

Let v:[0,1] — f~!([a,b]) C M be a real analytic function such that

1
Go..op(@,y) + 1> / Fo..o) (@) ()] dt > Geo....0p (7).

By using the recalled Hardt’s result in [Hardt] about the stratification of real analytic mapping,
now applied to v from [0, 1] with the trivial stratification to M with the stratification S, there
exists a stratification of [0, 1], that is a finite partition into open intervals and points [0, 1] =
UrezI such that for any I € Z there exists S; € S such that v(I) C S;. Hence there exist
NeN,0=t <t <...<ty =1and for any 1 <n < N a stratum S,, € S|4 such that
Y(Jtn-1,tn[) C Sn. We deduce

1 N tn
/0 Fo,..o(®)Y ()] dt = Z/t Vs, f(v()[17' ()] dt
N

> 1 (tn)) = F(W(tn-1))] = |f (2) = f(w)] -
n=1

We have proved for all 7 > 0 the lower bound

Go,..o)(z,y) +n>|f(x) = f(y)l,
which ends the proof. O

Proposition 8.14. Assume that [a,b] N {cl, ... 7cNf} = (. For any ¢ €0, 1| there exist param-

eters (o, ..., ea) €]0,+oo[**! and an e-adapted open tubular covering (Tos e s )SES, y ASSOCI-
ated with the parameters (g, .. .,€q) , such that the function G(.,,... ., defined in Deﬁm’tion

satisfies the uniform estimates:

Vao,y € 7 ([a,0]) (@) = fW)] =€ < Giegen) (@, y) < Mydy(,y) (145)

where My =1+ ||V fllL= and d4 is the geodesic distance on (M, g).
For any €' €]0,1], this tubular covering can be chosen, after taking € > 0 small enough, such
that

VS € Sip), VI(@).Vis(x) — (1 =€)V fs(@)]? forae € Togeqms (146)

and
/ ’ mg a,b mf a,b
VS,S € S[a,b] ,V.T S 7;S7€dimS ns y |st($)| > T s |HSVS/f(1')| > T s (147)
where my qp > 0 was introduced in Lemma[8.13,
Proof. The diameter diam(f~!([a,b])) for the geodesic distance on (M, g) is denoted by
Aqp,s = diam(f~([a,0])).

The proof is made by induction on m, where m is the maximal number such that eg ..., >0,
while playing with the two functions G, ... c,..0,...,0 and G, ... o...0) -
More precisely we will prove that for 0 < m < d, there exists (g, ...,&m) €]0,+oo[™! and
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an m adapted tubular covering (7o cqms)Ses([a,b]) associated with the parameters
(€0,--+,Em,0,...,0) such that

@) = F@) = 55 < Clepronn00)(@:9)

Notice that “m—adap‘ced” is stronger than “c-adapted”.

The statement is clearly true for m = 0 because our assumption says that Sy, contains no

O-dimensional stratum and G/, o,....0) = G(so 0,...,0) does not depend on gy € [0, +-o00[, while the
lower bound G, .. 0)(z,y) > |f(z)— f(y)| was proved in Lemma“ Note additionally that the

.....

tubular covering (Tig.cqim s)S€Sia.s » Tws,0 = S for S € Spgp) is an d(2A7 adapted tubular
covering of f~1([a,b]).
Assume now that we have found (eo, ..., &) €0, +0o[™! and an m—adapted tubular

covering (Tug,caim s )SES|,, Such that

(@) = F@)] = 7 < Clappren00)(@,9)

By Proposition g9 +1 > 0 can be chosen such that for any e,,41 €]0,e9, ] there exists an

m—adapted tubular covering (7o cqim s )S€Say (as)sociated with (e1,...,6m+1,0,...,0),
0

with wg independent of €, 41 > 0. For any &,,41 € [0,¢,,,,] we deduce

3

-G < — X Agpr.
..... Em+170,...,0)(m7y> (Eo,...,€m+1,0,...,0)(x7y)| = d(2Aa7b7f I 1) b, f

sip [Ge,
zyed ™ ab)

Meanwhile we observed that é(507--~75m,707-~70) is the monotonous limit as &,,41 — 0" of é(so,...
in the class of Lipschitz continuous functions on the compact set f~1([a,b]) x f~1([a,b]). Dini’s
convergence theorem then ensures that this convergence is uniform and we can choose ,,11 €
10,9 4] such that

. 5
m,yejs'llllz[a,b]) G eoromsn0,0) (@ Y) = Gieg oo 0,0y (@, )] < A2Bays 1)
Gathering all those inequalities yields
(@) = F0)l = " < Gl 0) (@)
< Glegrem 0,0 (@, Y) + m&l@f
< C~TY(go,“.,emﬂ,0,...,0) (z,y) + m(Aa,b,f +1)
< Glep,omsn 0,..,0) (T, Y) + m(QAa,b,f +1)
< Glegrnemin 00,0) (T, Y) + 2 .

This ends the recurrence. The lower bound in (145) is finally proved when m = d is reached.
For (147]) it suffices to write

\Vfs(x) = Vis(rsz)| <e , |Vs(msz)| = Go,..0)(ms2) > mysap,
|HSVS'f(33) —Vfs(z)| <e,

and then to choose ¢ < Lab

Finally with S, 5" € Sja lelS =d,and x € Tog ey, s » We have

/ / lon2
V(@) MgV f(a) = (1 - %) sV f ()| = % sV f(z))? “"”’i#
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while ||V f]| o < My and
sV f(x) - Vfs(z) <e.

By choosing € > 0 small enough we obtain for all S,5" € S, dimS’ =d, and all z € S’

Vf(x).Vis(z) — (1 —€)|Vis(z)>>0.

8.3.3 Agmon type estimate for Lipschitz subanalytic potential

Proposition says that Hypothesis is satisfied when f is a real analytic function on the
compact Riemannian real analytic manifold M (Hypothesis, where the values c; < ... <cn,
are the values associated with horizontal strata of f.

We now prove that Hypothesis is a consequence of Hypothesis[1.3]so that Theorem [6.9] and
its consequences in Section [7] hold true under Hypothesis

Remember that Hypothesis gathers the results of Proposition and Proposition 2.15
adapted to a general Lipschitz function f. We will first prove the analogous of Proposition [2.15]
in Proposition [8:15 and then deduce in Proposition [8:17] the analogous of Proposition 2.13]

Proposition 8.15. Under Hypothesis and when ¢y < ... < cn, are the values associated with
horizontal strata according to Propositz'on choose a < b such that [a,b] N {cl, ceey cNf} =0.
If limp 0 A\, = 0, the resolvent kernel (Ag ¢-1(ja,p)),n — M) "Nz, y) is well defined and satisfies

_ @) —f)l
h

(Af f-1(lab))h — An) ", y) = O(e )

according to Definition [2.17)

Proof. This result relies on the stratification tools introduced in the previous paragraph. It is
proved in several steps, the first one being a localization in suitable open subsets. Let us fix
zo € f~1([a,b]) with f(z¢) = to and we fix the neighborhood of x¢ in f~!([a,b]) as

Voo = F 7 ([a,0)) 0 7 (Jto — m3to +1)

where 1 > 0 is a small parameter to be fixed at the end of the analysis.
We want to prove that for any € > 0, any h €]0,h.[, Af f-1([q,5])),n — An is invertible and that
for any 7, € L?(f) such that supp 74, C Va, , wi = (Aff-1(ab])h — An) " 1ry, satisfies

£ ()= F(z0)] ~
e wnllworny = OW)lrall-

It will be convenient to call a = t; and b = t5 especially when the arguments gather the three
levels tx, k=10,1,2.

i) Open covering of f~'([a,b]): Because [a,b] N {c1,...,cn,} =0, for any = € f~!([a,b))
there exist a neighborhood U,, of x in M and a smooth function ¢, on U, and a constant C,, > 0
such that

1
Viy).Ves(y) > ol and |V, (y)| < C, forae. yeU,.

Take for ¢, (y) the coordinate function ¢, (y) = y' given in Hypothesis (see also Proposi-
tion. By the compactness of f~1({to,t1,t2}), there exists a finite family (;);cr and constant
% > 0 small enough such that

V§(kVpe,(y)) > 2[kVes, (2)]? > 263 >0 for ae. y € U,
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and for all i € I.
Once this open covering f~1({tx,k = 0,1,2}) C U;esU,, is fixed, we can choose the parameter

1 > 0 such that

-1 _ _nn .
({trk =0.1,2 4] = 2.20) € UieaUs,

Again when 1 > 0 is fixed and the stratification S, is introduced as in Subsection [8.3.2],
Proposition provides us an open covering
(%syEdims)SES[a,b]

such that the associated functions, fs, S € S, and G(,,...c,) satisty

,,,,,

Va,y € [T ([a b)), (@) = F@)l =1 < Glag,en (2,9) < Myd(z,y),
VS € Spap), V(). Vs(z) — (1 - g)|st(x)\2 <0 forae € Togeqms s

VS € Sauy Y2 € Tog zys» |V fs(a)] > 520

We now choose our open covering f~!([a,b]) C Uje 8
o J=S8yUl;
o when j =5 €S, Q= {2 € Togeqms 1f(@) —tu] > 2,k=0,1,2} and ¢; = fs;
e when j=iel,Q;=U,, Nf*{tr,k=0,1,2} +] — 2,20), and ¢; = Ky, .

ii) Choice of a global function ¢: Once the open covering f~!([a,b]) C U;eQ; is fixed we
choose

1

=(1- inf ONFie .« Y (t)| dt.

o(2) = (1-n) <t e / @ttt sl (L () Fleg. . (VDY (1)
v =xg, ¥ =x

Because the integrand is 0 when f(y(¢)) €]ty — n,tx + n[ the integral fo .Jdt can be replaced
by f Jdt where Ty = max {t € [0,1],, f(7(¢)) € [to — n,to + 7]} and

0
Ty = min{t € [0,1], f(3(8)) < f(a) + 1} if f(z) < fla) +n,a=t.

The comparison with G, .. .,)(%, o) then gives

2 3 Gl :0) = 20 2 11(0) = o) = 30
and
Ve e f (@ t), el@) 2 |f() ~ fleo)l - (b at 3. (14

The function ¢ is a Lipschitz function of which the gradient can be estimated almost surely in
any €2, j € J. The triangle inequality for a pseudodistance implies for all z,z" € f~!([a, b])N€Y;

lp(x) — ()] . /1 /
—t— < inf a t Fso‘..ed t t)| dt
Tom = o™ Jy Totnioduonien UG o cn (N O]
¥(0) ==z, v(1) =o'
< inf / Vs (YD (YD (1) dt
v eclo,1]; f (ame)

‘/(0) =z,~v(1) =4a

We used that
1[a,b]\ui=0]tk7n,tk+77[(f(’}/(t)))F(soy--,Ed)(W(t))h/(t”
is
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e 0 and therefore bounded by |Vy;(y(t))] when v(t) € Q; C f~H(Ui_y)tk — 1, tx +n[) when
Jelrl;
e bounded by [V fs(v(t))| [7'(t)|when (t) € Q; with j =S € S ) -
We deduce
Vied, |Ve(x) <(1-—n)|Vex)| forae xze;. (149)

iii) Partition of unity: Let > . ;x7 = 1 in a neighborhood of f~'([a,b]) be a partition
of unity with x; € C5°(£24;1[0,1]) where f~([a,b]) C U;jcs9; is the open covering introduced
in i). Accordingly the function ¢ € W1°(f~1[a,b]) is the one introduced in ii). For any
w € Wa(fo; AT* M), the relations and of Lemmagive

Re Q-1 (faanh(@, €7 w) = > Re Qp p-1 (0 (Gw, € 7 xw) — W[l Vx; @]
jeJ
2 . _112
= Z de,ffl([a,b}),hijH + de,ffl([a,b}),hijH
jeJ
— (@, Vel Px;@) — h2||[Vx;lol? .

With (149) we deduce

2¢ N2 N _12
Re Qs+ (aann@s € 7w) = D [ldp -1 @Il + |7 51 gy s
jeJ

— (=) (@ Ve Px@) — RV l@]*
Now ¢; can be extended to a C*° function away from a neighborhood of supp x; without changing

the expression and using and (1) with w; = e~ (1~ mE X;@ € Wa(f2; AT* M) and ¢ replaced
by (1 —n)p;, we obtain

2
0} s o] = (1= 062, [VesPx)

g, mxi | + |

= Qf—(1-n)p;,f 2 (jab]), 2 (XG@ , X50)
+ (1= )2V F.Ve; —2(1 — 1) [V, + hlyy, + hLE 0, )XW, X;@)

citron ([ Yoot (%) o

Because all the ¢; are C*° functions there exists C' > 0 such that

(L, + Loy )60 xi@))| < C el

We have proved

Re Qf -1(ja)n(w, €7 w) = ZQf—u—n)w (@, x;@) (150)
jeJ
+2(1 = ) {(V£.Ve; — (1= n) [V, )x;@, x;@) (151)
a .
e ([ -/ ) i vz (52 (@) do (152)
f=b n
+ Ry (@)

where the constant C,, > 0 in
|R(@)] < Cyhl|ol®
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depends on 1 > 0 via the construction of the open covering f~!([a,b]) C U;c 8, , the functions
¢; and the partition of unity ZjeJ X? =1.

iv) Local lower bounds: We give a lower bound for every individual j € J for the three terms

(150)) (151)) and (152)). The first one (150)) is obviously non negative according to

2
Fome, 068)| 2 0.

Qr—(1-n)p, XG@, Xj@) = def(lfn)saj (Xj&))H2 + ‘

For the other terms we distinguish according to j € I and j = S € S, ) -
e j € I: In this case by recalling the choice p; = Ky, , we know

ViVp; >2 |V<,0j|2 >K%>>0 forae z€Q;.
This implies
21 =) [V.Vg; = (=) Vo] 2 200 =0) [Visl = (1L =) for ae. w €

where the positive constant (1 — n)x? is uniform w.r.t j € I.
Finally the condition Vf.Vp; > 0 makes sense almost surely along the boundary f~1({a,b}) so
that the integral terms are non negative.

e j =8¢ Sy ¢ Our choice of Q; C {x € M,|f(x) -ty >n,k=0,1,2} implies that the
boundary terms vanish. Finally our choice ¢; = fg in i) implies

ViVe; —(1- g) |Vgoj|2 >0 forae z€Qy,

We deduce

2
M¥.ab

21— n) [V£Ve; — (1= 0) Ve’ <20 -mT IVe,* > 1 -n)—L

2
almost every where in Q; with the positive constant independent (1 — 1) mféi“”’ independent of
] = S e S[a7b] .

v) Gathering all the lower bounds and conclusion:
2
We take v, = (1 — 1) min {/12, %} and summing the previous lower bound w.r.t j € J leads

to
20 ) - Vp o~
Re Qf, 41 (s n(w, €7 w) = AplleFw|®> == (v — Cyh — Ap)||@]* > 5"||w||2

by taking h €]0, h,[ for some small enough h, > 0.
Because A y-1([q,5)),n 18 self-adjoint the inequality

wl?, & =eF

2 v ~
Re (7w, (Af p1(fapm = An)w) = @I = ey w,

valid for all w € D(Ay ¢-1([a,p)),n) for some ¢, , > 0, implies that Aj, belongs to the resolvent set

of Ay p-1(a.b)).h-
When wy, solves (Ay r-1([a,p]),h — An)wh = 71, the same inequality with ¢ = 0 on supp 7, C

I (to — m,to + 1) , gives ,
[rnllllonll > 7"||<7Jh||27

and ||@opl < V%]H’I“h” . By using again we deduce

2 N 2¢ -
o Irall® > llralll@nll > Re Qg g1 (ja,b)y.n(wn » €7 wn) — Anll@n?
n

~ ~ 2 ~ ~
> |ldgmy@nll* + lld7 aonl® = [Veol” @n) — Anllon|* .
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And finally there exists a constant M, > 0 such that

M, - - - ®
Tz Irall® = Nl@nll® + lldésnll® + lld"@n]l* = lle™wnllwerz.a7-ar)

with (z) > [f(z) = f(zo)| = (b—a+3)n.
We conclude by taking > 0, on which all the construction depends, arbitrarily small, the limit
h — 0 being taken for any fixed n > 0. O

Remark 8.16. In this proof, we did not use the global solution ¢ to the inequation |V|? —
|Vf|? < 0 provided in i) because such a solution has no better regularity than the Lipschitz
one. Instead we really introduce the partition of unity in the process of obtaining exponential
decay estimates with all the functions ¢; which are regular enough and allow to use the various
integration tricks of Lemma[2.10, used in particular in order to absorb the singularity of the term
hMLvy+ ﬁ*Vf) .

Proposition 8.17. Under Hypothesis and when ¢; < ... < cn, are the values associated
with horizontal strata according to Proposition choose a < b, a,b ¢ {cl, ceey cNf} and call
U the compact set f~*({c1,...,en, } N[a,b]). All families (An)ns0 € C, (ra)ns0 € L2(f?) and
wi € D(Ay p=1((ap)),n) € Wo(f2; AT*M) such that

(Aff1(jab))h — A)wh =7Th , suppr, CK %I_IEJ An=20,

where K is a fized compact subset of f=1(la,b]), satisfy the estimate

ming cyyk [FC)—F (W)l
R

fle whllw,(py = OQ) [lIrallpa¢ey + tullwnll 2]

wherety =1 4f U #0 andty =0ifU=10.
Proof. The case when U = () is contained in Proposition Let us consider the case when
U # 0. First of all, the positivity of Ay r-1((q,p)),» implies

ld g nwnll® + [|d pwnll® + (C — Re An)lwnl* = Re (wh, (Ag -1 (japyn + C — An)wh)
< lrall lwnll + Cllwnl? -

By taking C' > 2(1 + || f||w1..c) we obtain
lwnllw, 2y = O (Irnllza(rey + lwnllLe(se))

which provides W2 estimates of wy, in any compact subset of f& = f~1(]a, b]).
For € > 0 small enough, consider a cut-off function x. € C*°(M;][0,1]) equal to 1 in K. =
f’l((UkN:f1 [ck —&,¢k +€])NJa,b]) and to 0 in the complement of Ko, . The form y.wy, solves

(Apn = A)((1 = xe)wn) = (1 = xe)rn + Py wh,

where P,_ is a first order differential operator with coefficients supported in K. \ K. and
XeWn € @jkvszl A =1 ([max(ck+e,a),min(cps1—e,b)]),h - Lhe resolvent estimate of Proposition
applied to every Ay r-1(([(max(cy+e,a),min(cprs—e,b))),h then implies

ming ey 1F()—FW)] 10e

lle " wnllwa sz < O ™) [Irnllzacyy + lwonll] 2 gy -

and then we choose € > 0 arbitrarily small before taking the limit h — 0. O
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9 Applications

The spectral version of the stability theorem, Corollary [I.§in the Introduction or Theorem [7.§]
for a more general version, corresponds to what can be expected at the level of Arrhenius law
identifying the exponential scales. It is a straightforward consequence of Theorem But the
construction of global quasimodes for Theorem is actually much more informative. It allows
to compute the subexponential factor, a la Eyring-Kramers, in many situations which lead to
different kind of asymptotic behaviours. As it was discussed in the Introduction, no continuity
with respect to f can be expected in the asymptotic leading term. Nevertheless some robust
integral formulation allow to follow the effect of deformations of f on the spectral quantities
and to explain the emerging discontinuities. Contrary to Theorem and its consequences in
Section [7} we do not have a satisfactory general formulation of this kind of refined stability
property and we prefer to make explicit various examples, corresponding to interesting practical
cases.

9.1 The generic Morse case

In this subsection, we recall the results of [LNV]. Although they were presented in the oriented
case, those results hold in the more general case of non necessarily oriented compact Riemannian
manifolds. The proofs are simply adapted by paying attention to the duality arguments, the
Hodge % operator sending the sections of APT*M to sections of APT*M ® orp; . The important
assumption which was made in [LNV] concerns the simplicity of the critical values of the Morse
function f: the latter function has distinct critical values, which allows in particular to identify
critical points with critical values. In [LNV], the set U of critical points was partitioned into lower
Uy, = upe{o,,,,yd}uﬁ”) , upper Uy = Upe{o’,__,d}l/{[(jp) , and homological Uy = upe{o,,,_yd}uéf) critical
points. This partition actually coincides with the partition of bar endpoints J* = X* U Y* U Z*
in this order. In [LNV], we defined a boundary map 95 : Uty ul(f’) and Uy, Uly C ker .
It is exactly the dual version of the map dg of Appendix defined by dg : X — Y+
and Y*UZ* C kerdp. Actually, in [LNV], we started with the homological point of view before
we realized that working directly in terms of cohomology was more natural for this analysis.
The link with relative cohomology groups of sublevel sets of f, which is detailed at the end
of Appendix can be handled with elementary arguments under the assumptions of [LNV]
(Morse function with distinct critical values). Note that this generic Morse situation is often
used as a simple way to introduce persistent homology (see e.g. [EdHal). Although it is an
obvious bijection under the assumption that the Morse function f has simple critical values, we
use the notations, when it is necessary, z,, , Y, orz, for the critical points associated with values
Ta = f(z,) € X", ya = f(y,) €Y and 24 = f(2,) € Z*. As a comparison with the notations
of Subsection it is not necessary nor useful to distinguish z, = (an,a) € R x A from the
value a, = f(z,) .

Finally note that the result of [LNV] can be recovered while combining Theorem|6.3|of the present
text with the final computations of [LNV]-Section 4 which rely on local WKB approximations
valid locally for any Morse function f.

Here is the main result of [LNV] with the above modified notations.

Theorem 9.1. Assume that f is a Morse function with simple critical values. For any p €
{0,...,d}, there exists ¢ > 0 such that for every h > 0 small enough, the spectrum of A(fzjz)v[,h
satisfies

o(AFhn) N0 ch = o(AF3) N0.e7F],

and the latter set consists in card(J(p)) etgenvalues counted with multiplicity. For every h > 0

small enough, there exists moreover a bijection j : J®) — U(Agcp])\47h) N[0, ch], where the latter
set is counted with multiplicity, such that:

113



1. For every zq in Z®) | the associated eigenvalue is
Jj(za) =0.

2. For every xo in XP) | x, being the lower endpoint of the bar [T, Yal, and hence y, =
dpz, , there exists a homological constant ko € Q* such that

2 h A(y,)  Ap+1(y, )| |det Hess f(z,)

=

o A(Zy) A, |det Hess f(y,)

e 2T (14 0(h),

J(@a) = K

=] ol

|
|
where, for any critical point s of [ with index £ and critical value s = f(s), M (s), ..., Ae(8)

denote the negative eigenvalues of Hess f(s) .

3. And yo in YP) | y, being the upper endpoint of the bar [TasYal, and hence y, = dpz,,
there exists a homological constant ko € Q* such that

. ho 1Ay ) - Ap(y )| |det Hess z, 2 va—wa
J(ya) _ Hii 3 Lo : P\T | f(f )‘l 2% (1+O(h)),
T A (za) - Ap-1(za)| det Hess f(y_)|?
where, for any critical point s of f with index £ and critical value s = f(s), A1(s),..., Ae(8)

denote the negative eigenvalues of Hess f(s) .

Remark 9.2. 1. Theorem[9.1is a refinement of Theorem[1.7 in this generic Morse situation.
It extends Eyring-Kramers asymptotic formulas known in the case p = 0. The boundary
version in f~1([a,b]) corresponding to Theorem is also found in [LNV|, Theorem 4.5].
In both papers, the general strateqy comsists in a recurrence with respect to the number
of critical values, carried out by increasing the interval [a,b]. The setting in [LNV], was
simpler because: a) the critical values were assumed to be simple while here they may be
multiple or very degenerate; b) the subexponential factors of exponentially small quantities
had explicit leading terms derived from the WKB approzimations (this is not possible here).
E| In this section, we will combine Theorem with the local computations of [LNV]-
Section 4 to provide a more general approach.

2. In [LNV], thanks to the Morse assumption, we could compute the subexponential factors
using WKB and Laplace methods.. On the other hand, the exponential factors are given by
global topological quantities: the lengths of the bar code. In the present paper we manage
to compute the logarithmic equivalents of the small eigenvalues without any knowledge of
the exponential factor.

3. The connexion between the local computation around the lower endpoint x, and the upper
one Yo = dpx, is implemented by an application of Stokes’s formula. The boundary opera-
tor @ for chains induces a linear application from Hyp1(f¥=F€, f¥=«=¢) into Hy(f%Te, f*=¢).
Under the generic Morse assumption, these spaces are 1-dimensional with natural bases
given by the stable manifolds of V f . This actually provides the coefficients k., (see [LNV,
Proposition 2.12]). When the critical values correspond to multiple critical points, such a
construction has to be replaced by more general linear algebra (see Subsection .

As shown in [HKN], the homological constants x2 equal 1 when p = 0, and also when p = d
and M is oriented by duality. In the case of oriented surfaces treated in [Lep2], a combination of
these results together with simple duality and chain complex arguments then implies that these
constants equal 1 for any p € {0,1,2}. Nevertheless, contrary to this indication that it could be
true in general, which was moreover our intuition when we wrote [LNV], this is not the case as

LA small confusion occurred in the construction of accurate global quasimodes in [LNV] Section 4.2]: a version of
Proposition is missing and can be easily corrected.
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soon as d > 3 and even when d = 2 in the non-oriented case. The simplest example comes from
Morse theory on the projective plane. It is more generally related to the “open book picture”
exhibited on the front cover of [LauB].

To be more specific, we shall prove the following result.

Proposition 9.3. Let X be a d-dimensional manifold.
1. Ifd=1,2, and X is orientable, then k% =1,
2. The coefficient k2 may be equal to 4 for some well chosen Morse functions on RP? and on
RP3 .
3. Ford > 3 and each integer n , there exists a manifold X,, of dimension d such that k% = n?.

4. Ford >4, for any integer n and any closed manifold X of dimension d , there is a function
fn on X such that k2, takes the value n? .

Proof. The number k, is obtained as follows: consider the sphere S~ (ya) in the unit disc
bundle of the descending manifold from Yy, the stable manifold of Vf. It is homologous to a
multiple, k, of the descending manifold from z,, W~ (z,), with dgzs = yo. But since the
ascending manifold from z, , the unstable manifold of Vf, W¥(z,) has intersection +1 with
W™ (z,), the number £, is the intersection number of S™(y_) and Wt(z,). We work here
under the generic Morse-Smale assumption saying that all the stable and unstable manifolds are
mutually transverse, which ensures the finiteness of k. , within the construction of the Thom-
Smale complex (see [LauB]). In homological terms, if we set zo = f(z,),ya = f(y,), and e >0
small enough, we have the maps a

H.(frete, fo=c)

|o

H**l(fmaJrE? fzaia) - H**l(fyaia fwaia)

|

H*fl(fya-'—aV fwa_f)

Now since H, (fYete, f¥a=¢:7Z) and H,(f*1¢, f¥«=¢: Z) are isomorphic to Z , the R-vector spaces
H.(fvete, fya=¢) and H,(f%>*¢, f®«~¢) have canonical generators (i.e. well defined up to a sign
and not just up to a constant multiple).

But a generator on the left-hand side has its image zero in H,(fY=1¢ f¥«=¢) by assumption.
Therefore this generator has an image in H,_1(f%¢~¢, f¥=~¢) that lies in the image of 9. It is
thus equal to the image by 0 of k, times a generator.

Now consider the Morse function on RP? obtained by perturbing the following Morse-Bott
function:
[zo, 1, T2] — 23

where [zg,71,22] is the class of (zg,z1,72) € S? by the equivalence relation (zg,71,z2) =~
(—zo, —x1, —22). This Morse-Bott function has a point of index 2 at [0,0,1], and a circle of
index 0 at [cos(6), sin(f), 0] for § € [0, 7] . Perturbing this circle yields a pair of critical points of
index 0 and 1, and the Thom-Smale complex is then

0z=2-y,0y=0,0z=0
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represented as

(V)

o

Rs—I<—n

The Barannikov complex (on Q or R) is then

But necessarily ., = 42, hence k2 = 4.

For RP3 | which is orientable, we have the similar function [z, z1, 72, 23] — 23 where 23 +
23,423 + 22 = 1 and we identify (zo, 71,72, 23) and (—x¢, —21, —22, —23). We then have
a maximum z3 = +1 of index 3, and an RP? Morse-Bott critical submanifold, which after
perturbation yields a critical point of index 0, one of index 1 and one of index 2.

The Thom-Smale complex is then

I+

|22

<

xz

S0 again Kk, = £2.
To obtain any squared integer, we can consider the lens space L(n,1) quotient of S°

{(z0,21) € C?| 20> + |21[* = 1} by

(20, 21) =~ (w20, wz1)

where w is a primitive n-th root of unity. The function (zo, z1) — |20/ has two critical circles a
minimum and a maximum. After perturbation we get
t

I\

<

z
and then |kq| =n, since Hy(L(n,1),Z) = Z/nZ,Hy(L(n,1),Z) = 0.
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Now assume there is some function f on the manifold V' with a given bar code By, and
we embed V into a manifold X . Consider the function g.(z) = d(z,V)? + ep(d(x, V)?) f(p(z))
where p is nonnegative, equal to 1 near 0 and vanishes outside a neighbourhood of 0. Then
for € > 0 small enough, the lower part of the bar code of g. coincides with the bar code of f.
As a result if there is a function with some x, = £+n on V', the same holds for X . Consider
the above function f on L(n,1), and normalize it so that the critical points are 0,1/3,2/3,1.
Consider the subset A(n,1) = {x € L(n,1) | 1/4 < f(x) < 3/4}. This is a Lens space with two
punctures, hence embeds in R* as a subset of a compact hypesurface 3, 1: if A(n, 1) is contained
in {x € R* | ¢(z) = 0} and extending v to a proper function having 0 as a regular value, we
set X1 = 171(0). Now we can extend f to a function f on X, 1 and its bar code contains By .
Applying the previous argument, we get a function close to d(z, %, 1)? containg By in its bar
code. Since near infinity, d(z, £, 1)? is close to |z|*, we get a function F on the ball, with F' < ¢
and F' = ¢ near the boundary with arbitrary .. By embedding the ball in any 4- manifold M ,
we get a function on M with K, = £n. Again by embedding, this works on any manifold of
dimension > 4.

O

More generally if for some prime p, the homology mod p has rank different from the rational
homology there must be a y such that p divides kg .

Remark 9.4. 1. The converse does not hold, i.e. we may have ko, # +1 while the homology
has the same rank for all fields. For example if we have a Morse complex containing the

following diagram
4
A
Yy '
1 v,
e
T

the corresponding homology vanishes and the rational Barannikov complez is

z

117



but mod p , we get P

Yo

Y1

x
In both cases the homology vanishes. Note however that if we look at the homology of
sublevels, we can distinguish the two situations : if a < f(x) < f(y1) < ¢ < f(yo) the rank
of the homology H*(f¢, f*) depends on the coefficient field : for k = Q we get 0 while mod

p, we get 2.

2. When several critical values coincide, the numbers ko are replaced by integral matrices. For
example if we have the following bar code

Yo Y1 Y2 Y3

Zo X1 Z2

T3
and if a < x3 < b < xy <c<ys <d, we have the map

H(fyete, foa=e) =2

|o

Hoy oy (fooFe, foom8) = 2P ———= H, 1 (f¥ 75, f727°)

|

Ho_y(fyerte, fra=e) = L

hence we get a matric k € M (4,3,7Z) such that kK @ R is surjective. We can then consider
the singular values of M , and we get three numbers k1, ko, K3 , however these are not the
homological constants that will yield the prefactor of the eigenvalues, since we must first
compose with diagonal matrices depending on the Hessian at each critical point involved

(see Proposition .

9.2 Simple critical values for non Morse functions

We consider here cases where changing the function f from f; to fs leads to explicit changes
of the global quasimodes (gpy’ )) jegw (a,p) and provides accurate formulas, even for the subex-
ponential factor, already known when f; is a generic Morse function. It works especially well
for functions, i.e. for p = 0, and although we are not considering Dirichlet boundary conditions
at f~1({b}) in f?, like it is done in the study of quasi-stationary distributions, this sketches
possible generalizations of the analyses made in [LeNi, [DLLNT1] IDLLN2| LeNell, LeNe2]. Note
however that, though obtaining precise estimates on the low spectrum of the corresponding Wit-
ten Laplacians with Dirichlet boundary conditions is an important step in the studies made in
[LeNi, DLLNTL [DLLN2] LeNell [LeNe2)], these works actually focus on further issues such as the
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exit events or the concentration of the associated quasi-stationary distributions. In particular, in
[DLLNT] are considered rare exit events, which are actually rather related with the low spectrum
of appropriate Witten Laplacians with mixed Dirichlet—Neumann boundary conditions. Simple

cases when p # 0 will also be discussed afterwards.

9.2.1 Degenerate local minima
We consider a reference function f; which is a generic Morse function like in Theorem with

a bar code By, = ([a} 4,bi % aca, . In particular in degree 0, there is one bar [ag?o, +oo[=
[ajgo()), yg 3[ associated with the global minimum a% and the sublevel set ngt)) =M = f", and
there are bars [xgoll,yl k[e Aic, 1 <k < Ky where y( ) is the value of saddle point and xgoll

is the global minimum value of the newly created connected component Q of fy1 : when we

(1)+0 (1)

pass from the sublevel set le " to fy1 B

We take émm < min {yglz gol)c, |x1 (10,){,\ 0<k<k < KO} and we assume that the func-

tion fo satisfies Hypothesis|[1.2]and coincides with f; except around the local minima. The open

set called o
=T

is a connected open neighborhood of xg,)c forall k=0,..., K. The two functions f; and fs are

compared by:

i) fi = f2 in a neighborhood of M \ (L1;*° owz(co)),

i) 1~ falleo < &

Those two assumptions combined with the stability theorem

ot (B(f), B(9)) < [If = gllco

recalled in Appendix ensure that there are exactly Ko + 1 bars [xéol)c, yéoli[ of degree 0 and

length larger that Z—°7 where the saddle points are not changed yél,i = yl k for 1 <k < Kj.
©0) | k< k’} and i),

Additionally and especially because with our choice of {3 < min { |x1 T Tk

the associated connected component remain unchanged as well Qéol)c = Q§O,)€ for 0 < k< Ky. We

drop the index 7 = 1,2 for Q,&O) and y,(:) . Like in the previous Subsection, we use the notation

Figure 15: The function f; is represented by dashed lines and the modification
giving fs by plain lines.

s for the point associated with the critical value s, when it is uniquely defined.
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Proposition 9.5. Under the above assumptz'ons and in particular the comparison i)ii) between
£
f1 and fo, the 6(6_’*?) eigenvalues ofA L. are given by
(1) _ 0
1 Y "2k
B ()] e

1/2 fa(@)—=(°)
7 |det Hess fl(y](gl)) (’ﬂ'h)id/Q S 2
k

x (14 O(h)) (153)

ash — 0 for allk=0,1,..., Ky (it is exactly 0 for k=0).

s@)-o)

With this formula it then suffices to apply the Laplace method for the integral |, Q© A
k

in order to exhibit various asymptotic behaviours as h — 0 of the subexponential factor. We
refer in particular to [AGV] for the case when f is a multidimensional polynomial function.

Proof. When we work with functions, we are actually in the simpler framework of [HKN]| for

the generic Morse function f;. The problem consists in computing the square modulus of the

interaction (7,/1(1)’ dy, hT(52<,0,(~C ):h ) where zb,(gl)’h is a local WKB-approximation of eigenvectors of

Agcl,)L around the point y,(C ) whlle (p( )" is a global quasimode associated with the bar [xgo,l, y,(cl) B

Y —5(h)

solving d s " 5 =0in Q ﬂ fyk with limp_,0 d(h) = 0. The truncation Ty, is a smooth

truncation around the level yk —52 with do > 0 small. By Theorem and Theorem.the same

method holds by replacing the global quasimodes go( ):h by global quasimodes <pé ,)c’hconstructed

in Theorem[6.3] In details we refer more specifically to the consequences stated in Subsectlon@

Moreover we can focus on the bars of length larger that & 5 which are ([xé ,1, y,(C )[) k=0,. . Since
f2() x( )
those quasimodes satisfy dy,, hgoéol)c =0in Q(O N f”k ") they equal /Cl he - =2 where
C,n is the normalization constant
1 1+0(1)
G = Fa(@)=af)) - Fa(@)—al)
9 2(@) -y} d 5 2 (x) Tk d

oo €T e o e
which replaces

1 —d/2 0

o = () /?|det Hess f(z{"))|"/? x (1+ O(h)).
j§$)€72 o dx

Finally it suffices to notice that up to the normalization constant and the change of the length

(0 ) h (0),h

of the bar which brlngs another constant factor, the functions o7 ;™ and ¢, ;" coincide in the

neighorhood of gk ) and the local computation of the interaction is not changed. O

The above formula shows a good stability when f; is changed into f> although such a sta-
bility may not appear when we make an explicit asymptotic expansion of the Laplace inte-
F@)—af)
gral fQ@ e 2" dz. Here is an example in dimension 1, that is for functions defined on
k

=R/(27Z) . The function f; is assumed to have four non degenerate critical points:

o at ggoi = 0 with value xg i = 0 and second derivative 1;

o at géoi = 7 with value acgoi = —1, the global minimum;

()

e at y(l) = 5 with value y; 1 and the second derivative equal to —\; ;

o at y(()li = 7 with value yél) = 2, the global maximum.
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The modified function f, 5 parametrized by § € R, ¢ small, and consists in replacing fi(z) =

“—; + O(23) in a small neighborhood [—¢, ] of gﬂ =0 by

.1'4 + 2(51)2 + 1(,00’()] (6)62
4 )

fa,5(x) =

while fo5 = f1 outside [~2¢,2¢]. Formula (153) then says that the 6(e~ 7 ) non zero eigenvalue
of A;Z)s Sih (for § > 0 and € > 0 small enough) equals

2
hv/ e #
w4+251~2+1(_m’0] (6)82

m(wh)=1/2 [ e 25 dx

x (14 O(n)).

It is equivalent as h — 0 to

-2
hvdle = when § > 0

™

5/4 -2
Ve R when 6 =0,
VT e 2 du
2
ha/A1|6le”
AR s <o,

So the apparent discontinuity in the exponent of h at 6 = 0 is a simple consequence of the dis-
continuity of the Laplace integral. Actually the stability of persistence homology has a stronger
spectral counterpart than what is stated in Theorem It does not concern only the exponen-
tial scales but also allows to study the deformations of the asymptotic subexponential factors
provided that a robust formula can be proved for them. The rest of this section explores different
cases for which we are able to prove such formulas.

9.2.2 Variations

In the previous paragraph we used a good enough knowledge of the global quasimodes <pg])’h =

fa()—mg )

/Crre~— #  indegree p =0, in order to get the explicit change in the asymptotic formulas
when we pass from the Morse function f; with simple critical values to the function fo with
degenerate local minima. Such an analysis can be done in more general degree if we have
explicit enough information on the local forms of quasimodes the global ones gol(f )" and the local

ones @b,(f .k By duality this is obviously true in dimension 1 and we start with this example.
We then consider other possible extensions.

The one dimensional case with degenerate critical values Consider a C> Morse
funlction f; on R such that |0, f1| > ¢ for some positive constant ¢ when z € R\ [-R, R] for
R > 0 large enough. For —a = |a| and b = |b| large enough the bar code By, (a,b) does not
change when a, b are changed, except for the value of the endpoints a,b, while for such a fixed
pair (a,b) it can be viewed as a restricted bar code B (a,b) of a function f; defined on S; . This
solves the compactness problem in order to fit with our general framework. It can be checked

easily that in all such cases the exponentially small eigenvalues of Agcp ) F(a)),n AT close to the
1,01 s01),

ones of A;’Z)R , for p=0,1 and even that the endpoints of the interval f; '([a,b]) can be moved
as long as they do not meet the critical point without changing the final approximate spectral
result (the same will be true for the function f). So let us focus on f;*([a,b]) with —a = |a|

and b = |b] large. The bar code is made of bars [x,ioi, y,(cli[, k=1,..., K with an additional bar:

o [x(()?%, bl if f1|ffl([a7b]) admits an interior global minimum at :L’é(g = f(zé?{) ) sz{ R
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e or [aay(()yli[ if f1|ff1([a,b}) admits an interior global maximum at yéll) = fy), y© €

fi(ja.bl) -

Figure 16: Three different cases for f; between the level a and b, from left-hand
side to right-hand side with an interior global minimum, an interior global maximum
in the interior and none of them. The bar code in [a,b] is represented beside the
y-axis.

Only in the first case, the Witten Laplacian A© Py f (aub)) has a non trivial kernel Ce™ &
1 a,

fi()—vy
Only in the second case, the Witten Laplacian A; )f L ab)h has a non trivial kernel Ce 7 dz .
1,J1 El )
The two cases are exclusive and a third one is when the global minimum value of f; | £ (et 8
1 ’
a and the global maximum value is b. Depending on the cases fi; admits 2K + 1 or 2K distinct
critical values and their set in [a, b] is denoted C.

In order to specify our modified function fo we first choose £y < min {|c — c/|,c # ¢ ,¢,c’ € C}.
The connected open set Q,goi as the connected component of ( fl)y’(vli which contains g](ﬂoi for
1<k<K, with Qéoi = f7*(Ja,b]) if the global minimum gé?i € fr'(Ja,b]) exists. By duality
one defines Qgﬁ 1 as the connected component of (f1), © for 1 <k < K, with Qéli = f~Y(]a,b[)

if the global maximum y € fi (Ja,b]) exists. Then the connected open sets w( ) and wj are
defined by
1/,(0) Lo
wi = QAN Gl =00 N (R,

The function f> satisfies Hypothesis [T.2] and

¢ fi = f2 in a neighborhood of R\ (Wo<k<r (w), ) (,u,(C ))) where wéo) and w(()l) are replaced
by the empty set when they are not defined;
o Ifi—fl <%
Note in particular f;*([a,b]) = f5 ([a,D]).

Owing to the stability theorem

dyor (B(f), B(9)) < [If = glleo

the bars [a:,(goi, y,(cli[ are transformed into bars [1:,(60%, yg%[ of length yg% — xg)% > Z—" while all the

other bars have length smaller thant %0 . After those assumptions the spectral result take a nice
simple form.

Proposition 9.6. For the values a,b and the function fo chosen like above, there are K non
(0) or (1)
Af27f2 ([a b]) h

1+0(1)
h 1f (1) e2 ) dJC) (h71 fw(o) 6_2“:) dx) ,
k

~, _to . .
zero o(e~ ) eigenvalues of which are equal to
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Figure 17: The function f; is represented by the dashed curve, the open sets
w,(cp ) are materialized by the white rectangles along the z-axis and the modifications

leading to fo by the plain curve.

)

Proof. By the usual supersymmetric arguments the non zero eigenvalues of A;) £ (abl) b and
2 ’ ’
1) .
Af27f2,1([a7b])7} are the same in dimension 1 and we thus focus on Af £ ([, OF TOTE precisely

on the non zero singular values of the restricted differential. We follow the general method

which consist in computing the interaction scalar product (1/),(:) dy, hT52g02 )> where w(l) is a

local quasimode for Ay, j in the neighborhood w,(c ) around y whlle c,0§g )isa global quasimode

associated with the bar [méoi,yélg[ solving df’hgol(ﬂ) = 0 in the connected component which

contains w( ) of f”( '=5(h) , with limy,_,0d(h) = 0. We work directly with the function f5 the

global quasimode gok equals

NA
=2

1+46(1) . _ RO s O
Fa(2)—2°) ko
_gf2 Tk
f 0 € D dx
Wy,

By noticing that 0, f2|3w<1) =0, fl‘ aw® <0, and by using Dirichlet boundary conditions on
k k

60.),(;) in degree p =1, we find that w,il) can be chosen as

(1)

1+0 ElSe N2 . 1
(L) e dr in w,(c )
fz(z) yé ,1
f W 22— dx
A direct computation gives
NONNO!
2,k 2,k

<1/)1(C v dpnTs, 0 ()> +

(1) _ ()

Yy " To L

where the factor e~ =~ 7 can be simplified. O
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Remark 9.7. Note that in this proof the result on the generic Morse function fi is not used.
The function f1 was introduced in order to have a simple formulation of the assumptions fulfilled
by fo. The result actually comes from a direct computation when we know well enough the local
forms of the global (%(Co)) and local (w,(cl)) quasimodes. We have explicit form in dimension 1
and the computation is straightforward. It is not the same in the multidimensional case although
Stokes’s formula allows to perform the computation when local approzimations of local and global
quasimodes are well known.

Piecewise affine functions In this paragraph we make more explicit the one dimensional
result when f is a continuous piecewise affine function and discuss the possible extension to the
multidimensional case. Let f be a piecewise affine function on R such that:

e the derivative f’ does not vanish when it is defined;
e there exists R > 0 such that the derivative f’ is a constant on [R, +00) and on (—oo, —R];

e the values f(z) of the points x where f’ is discontinuous are all distinct.

\/

Figure 18: A piecewise affine potential in 1D with distinct and some fake critical
values.

Such a function f can be written as a function fy of the previous paragraph (simply regularize
locally the discontinuous change of slopes in order to get the Morse function f1).
The extension of Proposition to a = —oo and b = +oo says that the 6(1)-eigenvalues of

AA(;?]%& , (and by duality of A}%JL) are given by
1 _, (0

—ay

HIIf (P +0), /(L0 — OH[ (@ +0), | (@ —0)le > 7~ (146(1) , k=1,...,K,

where the finite length bars of By are [xi,o), y,(:)[, k=1,....K; m,(ﬂo) is the local strict minimal

value around the point g,(:)) ; y,(;) is the local maximal value around the point gg) i (x4 0)

and f’(x — 0) denote respectively the right and left derivative and H|[s,t] = f—ft is the harmonic
mean of s,t > 0.
The computation when f is constant on some intervals is also possible with a subexponential

factor behaving like h or h?, depending on the different cases (left to the reader).

Now let f be a piecewise affine function defined on a finite triangulation of R? = Uj<;<;T;
where 7; is a d-dimensional non degenerate simplex with endpoints A?, ..., A¢ and where non
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finite simplices are roughly taken into account by sending the first endpoint to infinity A = oo
(a more precise description is not necessary here). We assume that lim, o f(z) = +00. The
function f is a subanalytic function on R¢ of which the restriction to any ball B(0, R) can be
viewed as the restriction to B(0, R) of a subanalytic function defined on S?. This solves the
compactness problem or the questions about the topology at infinity (alternatively we could
work on the d-dimensional flat torus). The function f has a finite number of horizontal strata
according to the terminology of Definition [8.7], which contain all the critical values and the
possible endpoints of the bar code By. We may consider either Ay ga ) or by approximation
A p-1(jap)),n With —a,b > 0 large enough. According to our analysis in Subsection [8.3} in

particular Proposition Proposition and Proposition the results of Theorem
hold in this case and we know that the exponentially small eigenvalues of A}p }_1([a o).k satisfy

log 2y;+1*"'3
AP () R e

where o belongs to A (a,b)U Agp_l)(a, b).

The question is whether it is possible to give algebraic formulas for the accurate asymptotic
behaviour as this is done easily in the one dimensional case. For such a function f, the Witten
Laplacian Ay j is a matricial Schrodinger operator with a singular potential. Many things are
known on scalar Schrodinger operators with singular potentials (see e.g. [AGHKH|[BGP]), but
little seems to be known for those Witten Laplacians, and especially when we think about
the algebraic topology subtleties. We may also start directly, instead of R?, on a Lipschitz
manifold made of glued simplexes, with a function f which has a constant gradient along every
simplex. The functional analysis of Hodge Laplacian on Lipschitz manifold has been considered
in [GMM, MMMT]. An accurate analysis of the low lying spectrum of such Witten Laplacians
would provide a large family of discrete and easily encoded models, from the point of view of
data and hopefully of results, which could be used as approximations of complicated realistic
situations. It would be interesting to compare with the approach starting from purely discrete
models on graphs as presented in [CdVPY].

Critical submanifolds This case is related with degenerate Witten Laplacians studied
in connection with Bott-Morse inequalities (see e.g. [Bis, [HeSj6]). We consider here simple
examples where we have a critical submanifold instead of a critical point. We start with the
mexican hat function f(r,0) = % - %2 + % in polar coordinates (r,6) in R? with the euclidean
metric dr? + (rdf)?, which admits a non degenerate maximum at r = 0 with f(Og2) = i and a
degenerate minimum at r = 1 with f(1,0) =0.

The bar code of the function f is made of the bar [0,+oc[ in degree 0 and the bar [0, [ in
degree 1. We compute the non zero exponentially small eigenvalue of Agf’ JI)RQ,h with p =1 or 2

by computing the interaction scalar product (1/)52) , d;l,,)ngzgp(ll)> where 1 is a global quasimode

1
4

In this particular example we have explicit forms for 4,051) and w§2):

1-form associated with the bar [0, ;[ and ¢§2) is a local quasimode 2-form around r = 0.

e We take v > 0 smaller than the truncation parameter d5. Then a explicit normalized

(1) o
element of ker(Af’ffl([il’iiy]%h) is given by

(M)

ph&
i

+

-

(1) _ 1 _Z - 2t3

1= rd 241 €
\/ffi“ e~ r=2dr(rdf)

de .

e For the local quasimode wf) defined around r = 0, we can use either a WKB approxi-

) N ,) (6> 0 is small

mation, or by duality the exact normalized element of ker(A (L5
1, 19D,
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enough but bigger than 202) given by equal to

@ _ 1
o 2
\/ff1 e~ dr(rd@)
15

The scalar product <w ,dg h(T52 cpg ))) is then equal to

\/fflé eI g r(rdf \/f s, em—nr=2dr(rdf)

where

ﬁ
1

MR\:

odr A (rdf).

(dr A (rdf), h)(f;Z (r)dr A d9>e*ﬁ ,

db
(dr A (rd0) , b, (r)dr A dO) = +h / %Y — tonn
r=p r

does not depend on the value g > 0 (This is an explicit illustration of Stokes’s formula argument
used in [LNV] when f is a Morse function).
Using the asymptotics of non degenerate Laplace integrals, the non zero exponentially small of
A;?%Q,h, for p = 1,2 equals

1+ 0(h) 1+ 0(h)

y B 2\/§h1/2+0(h3/2) o
wh m(2mh)t/2

x (2mh)%e” 2 = NG e

h

The subexponential factor Cte x 4/ = differs from the asymptotic behaviour Cte x % obtained

when f is a generic Morse function. Actually it is possible to study the transition from the
Morse generic case to this degenerate case by taking fs(r,0) = f(r,0) 4+ 6v(r)cos(f) where
v € C*(]0,400[; [0,1]) equals 1 in a neigborhood of 1, and § € R is chosen small enough. Let us
illustrate this in a larger framework. Note that the above formula is not changed if the metric
dr? 4 r2d6? is replaced by dr? +d6? in a neighborhood of r = 1. This will make the forthcoming
analysis simpler.

We consider a C* function f on the compact Riemannian manifold M with a finite number of
critical values, which are all non degenerate and simple except the critical value fixed to be 0.
We further assume:

e the critical set around the value 0 is a closed orientable submanifold M’ of dimension p;
e there is a tubular neighborhood of M’ which is a product of two Riemannian manifolds
i
M’ x M" with the metric ¢ = ¢’ ® ¢”; a corresponding local coordinate system is written
x=(z',2");
e in the tubular neighborhood M’ x M" the function f is a function of 2/ € M" and has a
unique minimum f(z5) = 0;

e the bar code B contains a unique bar [0, y(p 1) [ of degree p with lower endpoint 0 and
upper endpoint yi D < 400 ; the eigenvalues of the Hessian at the corresponding point
Y7+ axe denoted —Aa(u ), -, ~Xper (U D) and Az D), o Ay D)

e a local unstable (for —Vf) closed cell around the non degenerate critical point ggp"’l)

is denoted ei” D and its boundary in M which is a p-dimensional sphere is denoted by
ae(P-‘rl

e if ¢ is C*° Morse function on M’ with the maximal value 0 and x € C§°(M"; 0, 1]) is equal
to 1 in a neighborhood of z{j and such that f(z”) > ¢ > 0 on supp dyx, the function fs is
defined as f5 = f + dx(a’ )gb( s
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(p+1)

o for the sake of simplicity we work in the energy interval [a, b] with a = —e and b= y;" " ' +¢
where ¢ > 0 is fixed so that the critical values of f in [a,b] are the ones contained in
(VT

Figure 19: Case of a critical submanifold (plain line) and its perturbation (dashed

line): The above example is modelled on the mexican hat function % — % with the

manifold M’ = S with the metric df? and M” ~ R (around r = 1) with the metric
dr?. The function ®() = —1 — cos() is a negative Morse function with maximum

value 0 when 0 = 7.

Proposition 9.8. Under the above assumptions, the boundary of the unstable cell 36(1p+1) 18

homologous to kM’ , for some constant k and relatively to f~¢ .
(p+1)

For 6 > 0 small enough, the bar code By, (a,b) admits the unique bar [0, y; [ of degree p and
length y§p+1) .
The corresponding eigenvalue of A;’; ) f:fl (([’; E)) N equals
_ 20\ 2
BN I (el S ) e

X 1}// .'L',
T D2 NP2 (a2 [, e 2 EREEE gy

Proof. The first statement is due to the fact that the bar [O,yip +1)[ of degre p provides a non

. . . (1) (r+1)
null linear application from the relative homology vector space Hpi1( f?hp+1 +e, fylp“ =), of
which e:(tpﬂ) is a representant, via the boundary map to H,(f%; f~¢), of which the cycle M’

is a representant. Therefore there exists a constant x such that Begp D _ kM s a boundary

relatively to f7°. In particular if w is a regular p-form in ker dy y-1(|—¢ +o0[),1 then

/ w= /—1/ w. (154)
6€§p+1> M’

The fact that [(),ygp +1)[ remains the only bars of degree p and length y%p D for § > 0 small
enough is a consequence of the stability theorem (Note that for § > 0, f5 is a Morse function if
a” — f(2") has a non degenerate minimum at zj .)

Let gogp ) bea global quasimode and w? U be alocal quasimode associated with the bar [0, y§p H)[
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and let us compute the scalar product
+
(W dpy n T )

Because we have a non degenerate critical point at y(p+1) the computations of [LNV]-Section 4.3,
(p+1)
which rely on the WKB approximation for ¢(p 1 around y(p+1) and dy;, h<,0(p =0in f;" v )

fY w' =8 , leads to

(NS}

WFY, dgy 1T, o)) = x (wh)$-

(h>1/2 A1 (y p+1)) ~~>\p+1(g§”“))\1/4
P2 ()

B ; yg;qul)
x/ e olP) x em 7 x (14 O(h)).
6e§p+l)

s

Because d(efTa go(pH )= fy ) we may apply (154) with w = e <p§p+1) and the integral
w+1) can be replaced by & [,,, . Thus it suffices to know ;" in a neighborhood o . A goo
. be repl db v - Thus it suffices to know ¢{” in a neighborhood of M. A good
1

approximation is given by a normalized element of ker(A(p ) which is exponentially
5

f ,f,{l([*e,s],h))
close (in any Sobolev norm) to the p-form constructed by the separation of variables in M’ x M"

1 2! .
e R et g/ (2! By A A dy
o d=sx(@)é) /
(fM, g € R dm)
The final result follows by taking the square. O

When f(2") near zj € M" and ¢(a’), ' € M’ are Morse functions, the above formula
allows again to study the transition between the case when f is a Morse function on M for
d > 0 small and when 0 is a degenerate critical value with critical set M’ for § = 0. We get
(p) or (p+1)

Fouf o (asbl)oh associated with the bar

the following asymptotic behaviour for the eigenvalue of A
0,417

(p+l)

05%6_2 (14+0O(h)) when § > 0,

y§p+1)
Col(wh)~#/2¢=2"5— (1 + O(h)) when § =0.

In general degre p it is possible to have a good information on the local approximations of

the global quasimodes <pl(€p ) either when the critical value is x,(f ) is non degenerate via a WKB

approximation of when we can use some separation of variables. Otherwise it is not clear that
we could get a general robust integral formula for the subexponential factor. Note also that we

used the fact that y(p 1 s a non degenerate critical value when we reduced the computation

of (¢; (p+1) A pTs,0 (p)> to a integral along the explicit cycle 8e(lp+1)

(p+1)

. Again it is not clear that

such a simple argument can be used when is a degenerate critical value without some

other specific assumptions.

9.3 More general Morse functions

We consider in this paragraph a Morse function f which may admit multiple critical values. For
the sake of simplicity, we work in the following situation:

o c<,c,d €{c,... ey, } are the only multiple critical values.
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e All the critical points with critical value ¢ (resp. ), (p), 1 <k <K, (resp. y,(f,)H)

1 < k' < K’) have the index p (resp. p+ 1).

e All the bars of By with the lower (resp. upper) endpoint ¢ (resp. ¢’) have a length larger
or equal to ¢ — ¢. The numbers of such bars of length equal to ¢ — ¢ (the bar is a copy of
[e,c[), is denoted by Ky < min(K, K').

)

A

\/

Figure 20: A simple example in dimension 1 with K =4, Ko = K' = 3.

e We will consider the energy interval [a, b] such that ¢ (resp. ¢’) is the smallest (resp. largest)
critical value in [a, b].

e When ggf), k=1,...,K (resp. y,(fﬂ), k' = 1,...,K’) denote the critical points for
the value ¢ (resp. ¢’) the function Xip) € C™®(M;[0,1]) (resp x,(cpﬂ) E C>(M;[0,1])) is
supported in a neighborhood and equals 1 in a smaller neighborhood of mk (p) (resp. y}ffr )) for

k=1,....,K (resp k' =1,...,K'). Let tl(cp),kzl,...,K, (resp. t(p+1) JE =1,...,K')
be real numbers. For § € R small, we consider

K

=f+4 Z Z t(p+1 (p+1)

k=1 k'=1

Because f is a Morse function we may ,ﬁnd € > 0 small enough such that the homology vector
space H,(fT, f¢75;R) (vesp. Hp11(f€ ¢, f©5;R)) have a basis made of the descending (un-
stable of —V f) manifolds eép) 1 <k < K (resp. el(f,)), 1 < k' < K') restricted to f._. (resp.
fe—e). The boundary of elgp ) (resp e(]?+ )) is a p — 1-dimensional (resp. p-dimensional) sphere
Ge(p) (resp. eyl @) lying in f~1({c — &}) (vesp. in f~1({c —&})).

On the Witten Laplacian side, ker(A( P) L(fe—e,cte]), ,) (resp. ker(A(pH) (¢—e.crte b

approximated with a O(e* #)-distance by @1<k<K (Cw,ip) (resp. 691<k,<K, (C?/)(pH ), where 1/),?’)

(resp. w,(ﬁﬂ)) is a normalized ground state of Agc,)c (resp. A}’j,:r/l)), the Witten Laplacian in de-

gree p (resp. p+ 1) with full Dirichlet boundary conditions in B(@,(cp)7 R\/¢) (resp. B(gg), R\/¢))
for R > 0 chosen large enough. We refer to [Hel| and [HeSj4] and we recall that for the Witten
Laplacian associated with a Morse function f, the local Agmon distance to a critical point s, ¢
solving |V¢|? = |V f|? and satisfying ¢(z) > | f(z)— f(s)|, behaves like the square of the geodesic

distance to s. Additionally, the L? estimate between wkp (resp. vy, (p H)) and its projection onto

))) may be
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(resp. ker N, ] h)) can be completed by a O(e™ 1) error esti-

ker AL (e e erel FoF A (e e e,
mate in any Sobolev norm on the open set fccfg ﬂB(xkp , BE) (resp. fc, : OB( (pﬂ), £%)).

We also have WKB-approximations for all the ’(/),(Cp (resp. ¢ pH)) 1<k< K (resp. 1 <k < K')

in B x(p) B /e) (resp. B ygﬂrl) £/€)) which are valid in W*?-norm.

L 52
By the construction of Theorem [6.3| there is a O(e™ 7 )-orthonormal family of quasimodes <p§€p ) ,

1 < k < p, which are approximated by the TI, )w(p ) and therefore by w,(f ) or

(»)
(A ff~Y(le—e,c+e]),h

their WKB-approximation and which solve dy, hgo(p) =0in f Y ([e—e,c — 51]), vanish in f¢~¢
and satisfy the exponential decay property.

At the level ¢’ the local quasimodes are IT )w,(f,) 1) and are therefore close to

(p+1)
ker(A Fof N[ =,/ +e])

(p+1)
k' .

For a generic choice of the coefficients t(p ) and tk,H) the perturbation fs is a Morse function with
simple critical values as soon as § € R is chosen small enough. Moreover the stability theorem
says that the bars with endpoints ¢ and ¢’ are simply modified by O(§) variations of the endpoints
while all the other bars are not changed owing to our choice of fs. We can even be more specific.
The above parameter € > 0, R being fixed, € small enough, we may take the cut-off function

(p), k=1,...,K, (resp. x,(f,)ﬂ) k' = 1,...,K’) such that the equal 1 in B(xép),2R\/5)
(resp B (yk,H) 2R\f )). Finally 6 > 0 is chosen small enough such that all the critical values
of f5 close to ¢ (resp ¢’) are in [c — &/2,c + €/2] (vesp. [¢ —¢/2,¢ +¢/2]). With this choice
of fs, (e ,(Cp))k 1,...k (resp. (e,(f/H' ))k/zl,m,K’) defines a basis of H,((fs)“", (f5)%;R) (resp.

H, 1 (( f5) ¢ 75)) . The quasimodes w,(f ) , ,(f,) b , and their WKB-approximations are not
changed because we have just changed f by a constant in B(xk , R\/€) (resp. B(y,(ffll), R\/¢)).

Lemma 9.9. In the above framework and for 6 € R small enough the boundary map O :
Hp+1((f5)6/+sa (fé)clfa;R) S @5/:1 Re,(f“) induces a linear map to H,((f5)°=, (f5)¢~%;R) &
@szl Re,(vp) of rank Ko which is written

K
1
0: 61(5+ ) — Zﬂk,k’el(gp) .
k=1

The matriz k does not depend on 6 .

Proof. When § = 0, the boundary map sends Hp+1(fcl+€,fclfs,R) to Hp(fclfg,fc’e;]R) of
which a dual basis (in cohomology) is indexed by the Ky bars [¢,c/[, k = 1,..., K. It suffices
to follow the bars to the lower endpoint to define a linear map to H,(f°*<, f¢;R). For a
general ¢ small enough, fs5 differs from f only by a constant in each ball of radius R\/e around
the critical points x,(f ), y(?ﬂ). Therefore, the gradient vector fields and the Morse models

remain unchanged around these points. The homotopy becomes trivial by replacing locally
the level set f~1({c —e}) (resp. f1({c/ —e})) by f; ' ({c—e}) = f2({c — e — 6t”}) (resp.
[ =€) = U ({C—e=atd V). Hence, (ef)ieqi...xy (tesp. (e )weq,... k) appears
as a canonical basis of H,((f5)°"e, (f5)7%;R) (resp. Hpy1((f5) 1, (f5)°¢;R)) in which the
matrix & of the topological linear map 9 : Hyy1((f5)¢+, (f5)° 5 R) — Hy((f5)°, (f5)°¢;R)
remains unchanged. O

Proposition 9.10. In the above framework with § small enough, the singular values up of

di‘s)(fa) L([a,b)),n Which satisfy limy, o —hlog pn = ¢ — ' +0O(6) are equal to (1+ O(h))x the non
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Figure 21: In dimension 2 we have represented 3 critical points with index 2 at the
value ¢ and 2 critical points with index 1 at the value ¢. The unstable (and stable

manifold for the index 1) of —V f are considered in the level sets f 'f and fote.

The homotopy with respect to d consists simply to move separately up or down, the
disconnected parts of this picture.

zero singular values of the K x K' matrix

h 1/2
() (D(p))—l,QD(p-&-l)
™

where D) (resp. DPTY) ) is the diagonal matriz with entries

M) AV sl

, k=1,...,K,
M1 (@) - Aa(z)[1/4
(p+1)y . (p+1)y|1/4 MGAR))
s |)\1(yk, ) )‘p+1(yk’ )| 7% ., kK=1,...,K.

Mooy ) - Aaly B[/

Proof. Set xl(f?s = fg(g,(f)) =c+ 6t () and y(p+1) Is (yfﬁﬂ)) =+ 6t§5+1), fork=1,...,K

(p+1)
Afa fslc'—e,c'+el,h

local quasunodes Uy (0+1) which is the ground state of the full Dirichlet realization of AE}? ;1) in

(y,(f,)) R+/2) which do not depend on §. The same holds for ker(A;?fS([c_svcﬁLh)) with the

notation z/;l(f ) k= 1,...,p. Hence @ 1. (Cq/J(p ) provides a good approximation in the energy

and k' = K’'. An orthonormal basis of ker( ) is well approximated by the

interval [c — e, c+ €] for fs for the vector space of global quasimodes cp(p ) for fs associated with

the bars [xlgpg,ykpgl [for k =1,..., Ky and [m,(f();,b[ for k = Ko+ 1,...,K. Let us chose the

basis (<,0,(c ();)k 1,k as an orthonormal basis such that ||g0(p) (p) HLz = 6( ), while such a o(1)

(p)R )

estimate also holds in any Sobolev norm in fcj%"‘ NnB (xk 55 . Those global quasimodes are

assumed to solve dy, hgafcp()s =0in f; '([a,c — M?]) for some M > 0 large enough and we assume

Mé§ << §3 << e. We now compute the interaction K’ x K matrix <¢k, . dy, hX52(f5)gok 6} where
Xs, smoothly vanishes in [¢ — d2,0] and equals 1 in [a,c’ — 259 for all k = 1,..., K. Because
df7hgo,(53; =01in f;'([b,¢ — M4)), the local computation around y,(fﬂ) done in [LNV]-Section 4
are the same and they say:

AN ) e
( ;i?+1),df,hT52<p§f’§> i() X x (wh)a™*2
m |>‘p+2(y§5+1)) ~-Ad(y,(5+l))|l/4
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By Stokes’s formula applied with d[efh*‘rs gplf;)s] =01in f;([b,¢ — M3]) we obtain

)=+ (")w M@ A 1M

( (1,7+1) s dypTs (p(:ﬂ) >
TR P2l - Al

™

(p+1)

v

K
s () e
S, 7 h 1 h)).
g [ etels| xe ™ v om)
J= J

)

By approximating cpff g by 1/),(5,) g and its WKB approximation in B (g,(f ), g\@) we have
yiE [ Ee = i [ R o)
es’ e;’

- il'ApH@vp))"'Ad(Ez(gp))ll/4ewgg x (14 O(h))
M (z?) . @)/ :
The error terms actually occur as matricial products on the left-hand side for the approximation
of 1#,(3,’“) and on the right-hand side for gpl(fg )

The interaction matrix <(7,/J,?,7+1) y dgs hX5o ‘plg,)b)lgk/gl(ggkg}( is thus equal to
B /2
diag( + 1+ O(h)) <> D(pﬂ)(tn)(D(p))*ldiag( +140O(h)).
m

Its singular values are thus equal up to a O(h)-relative error to the singular values of

B\ 1/2
(71-) D(p+1)(t,€)(D(p))*1

or equivalently of

™

h 1/2
<) (D(p))—lnD(pH)_

O

Remark 9.11. The result of Propostion[9.10, in a specific case, show that it is possible to get
a matricial robust accurate formula for the exponentially small eigenvalues of Witten Laplacians
for general Morse potentials. This provides another stability property valid for the first term
asymptotics of the subexponential factor, which allows to study the transition from the gemeric
Morse case with simple critical values to the general case. Note that here the power of h in this
subexponential factor is not changed, but discontinuities appear on the constants as it is shown in
the next simple examples. Actually we have considered a simple case where only one multiple bar
[e, [ has to be taken into account. A more general form would consist in following the induction
scheme of Theorem[6.3 and would lead to some complicated linear matricial structure for which
we do not have an elegant presentation at the moment. In the degree p =0, L. Michel in [Mid]
proposed an interpretration in terms of the spectrum of a discrete Laplacian on a finite graph
with vertices given by the local minima and edges given by saddle points. This formulation is
written for a fixed Morse function with possible multiple local minima and saddle points, the
perturbative issue is not really clarified there. In our specific example, the discrete Laplacian
proposed by L. Michel is actually the square

E(D(O))_lmD(l)D(1)7*R*(D(O))—l,* )

s

It would be interesting to find such a general robust formulation, with several multiple critical
values, in degree p > 0.
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Examples:

1. Consider a Morse function f on [s, t] such that min e[ 4 f(z) = f(s) = a, max,¢[s 4 f(z) =
f() = b, with f'(s) > 0 and f'(t) > 0, with two local maxima and two local minima

s<y <o’ <y <a? <, fEP) = J) = ¢ and f@”) = f@)) = .
For the perturbation of f we will consider the cases when (tgl), tél)) = (0,0), (tgo)’ t(o))
{(0,0),(0,-1),(—=1,0)} . The matrix k equals

1 -1
0 1
while the matrices D(® and D™ are given by

F+5,( )

po _ [T e 0 ot 0
©)y-1/4, ﬁ 0 oz21 ’
0 Ar(zy )]

D(l) _ |)\1(gg0))|1/46_% O ) _ (51 0> 67%'
0 Pay/temw ) N0 )

The singular values of the matrix (D(®)~'xD®) are the square roots of the eigenvalues of
the symmetric square matrix

(a%(ﬂ% +33) 04104255) 25

—01@253 a%ﬁ%

Those eigenvalues equal

[(@2(5F + B3) + a33)] £ /I 0‘% (Bf + B3) — a3B3)]* + dafa3f; % e—257°

Depending on the three considered cases, we obtain:

t(lo) — t(20) (0) or

= 0: The 2 exponentially small eigenvalues of Af [5.1] ,(11) have the form C’k%efz% (1+
O(h)), k = 1,2, where the constants C; and Cs clearly depend on the four hessians

at the critical points.

(0) or (1)

t(o) -1 té ) = 0: The 2 exponentially small eigenvalues of A Filsdl,n Are equal to:

h _gc—c
;le@é“)ﬁ”»ﬂy(“)v”e P+ O(h)

h _
—Iu ) )] 2e

(1 + O(h)).
In particular the smallest one depends on the hessians of fs at the only points $(0)
and y(1)

71

t§0> =0, téo) = —1: The 2 exponentially small eigenvalues of A;O[)qot? El ) are equal to:

i P+ IO e
2 (e P+ O(h)
1h

S H (A ) A )] 2)e 2
s

(1+0(h)),

where H (u,v) = 3"” denotes the harmonic mean.

In this case the smallest eigenvalue depends on the Hessians of fs at the points :v( ) ,

ggl) and ggl)
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Figure 22: The three considered cases: (t1,t2) = (0,0) plain line; (¢1,t2) = (—1,0)

move the curve downward with (}), (¢1,t2) = (0,—1) move the curve downward

with (1 1).

The general formula is again a robust formula which allow to follow the dependence on the
parameter § of the asymptotic expressions although those at the end are not continuous
with respect to 6.
2. Consider in R? a function f with a unique local minimum at xgo) = 0 with f(0) = ¢,
such that lim, ,~ f(z) = —oo and surrounded by K’ saddle points, critical points with
index 1, such that f (gél,)) = ¢/, while all the other crtical values are larger than ¢’ with
an index p > 2. For the perturbation we will consider the two cases when tgo) = 0 and
t§1) € {0,—1}. The matrix k is the 1 x K’ matrix (1,1, ..., 1). Thus the smallest

eigenvalue of A;g{ (F5)=2([asb])h * which is the unique exponentially small eigenvalue, equals

h (0)yy11/2 5K’ OIS _gel—c e
2l det(Hessf(zy ') /* > -1 |)‘2(g§€1/))~~k>\d(y,$>)‘1/2 e 2 (14 0O(h)) if6=0,
MO e

B det(Hess f(2\”))|1/2 e 2 (14 0(h)  f5>0.

A2 (y)xa (w172

Similar formulas are obtained for various configurations in [DLLNT] [DLLN2| [LeNe2, [LeMi].
3. A case with symmetries: Consider in R? a Morse function f with a local maximum at
3(12) =0, f(y(lz)) = ¢ surounded by K saddle points at g,(cl) = yg) yk=1...K, f(g,(j)) =
c1, and K local minima at gl(co), k=1....K, f(g,io)) = ¢y, g < ¢1 < ca. We also
assume that lim,_,~ f(2) = 400 and that f has no other critical points. When j € {1,2}
or p € {0,1} are fixed )\j(gép)) = )\;p) do not depend on k = 1,..., K. We study the
eigenvalues of A;’jﬂ)&h, p = 0,1,2 by restricting to the case co <a<c=c1 < =ca <b
for p =2 and to the case a < c = ¢y < ¢ = ¢; < b < ¢y for p=0. By supersymmetry, the
non zero eigenvalues of A;l,ﬂ)@’ ,, are obtained by gathering the ones of A;?D)%Q’ , and A'(f?g@) he

For p=2,cy<a<c=c <c =co <b: The matrix k equals the K x 1 matrix

1
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Figure 23: An example with K = 6. Level curves at the level 1,2, —10 are repre-
sented, the global minimum is denoted by o, the saddle points by <+ and the local
maximum by e.

The smallest eigenvalue of A(]g;—l([wb]) 5 » Which is the only exponentially small one,
then equals:

1
P12 e

h
= (2)yy(1/2 :
71_\det(Hessf(y1 )] K|)\§1)|1/2 (14 0(h)).

For p=0,a<c=cy<c =c; <b<cy: The matrix k is the K x K matrix

1 -1 0 0
0 1 -1
Kr =
.0 ~1
-1 0 0 1
of which the singular values equal |1 — w*|, & = 1,..., K, where w* = %™k for

k=1,...,K. Owing to

BV REAET
o

(DOY~1eDM) = |)\§0))\gﬂ)|1/4

we deduce that the K exponentially small eigenvalues of Ag‘O_}*l([a b)),n A€ equal to

e A2

(0)4,(0)
|)‘1 )‘2 | |/\él)|1/2

1—whPe 271+ 00h), k=1,... K.

This case with p = 0 was considered by Michel in [Mic] for the Witten Laplacian and by Hérau-
Hitrik-Sjostrand in [HHS] for the non-self-adjoint Kramers-Fokker-Planck operator.
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Figure 24: An example with K = 6. Level curves at the level 4, 2,10 are repre-
sented, the local minima are denoted by o, the saddle points by <> and the global
maxima by e.

10 Broadening the scope

Our work provides a general method for analyzing the exponentially small eigenvalues of Witten
Laplacians with a general potential function. However, it does not answer all the questions that
arose along this analysis. Here is a short list of still open questions and of connections with
closely related fields.

a) General C* potential: A general C*°-function on a compact manifold M may have an
infinite number of critical values and bars in its bar code. Nevertheless, for any € > 0, the set
of bars of length larger than ¢ is finite. In order to realize this, take a covering [min f, max f] C
UlNgl [ai,a;i+1], where the a;’s are not critical values and such that 0 < a;4; —a; < ¢ for all
iel,...,N—1. Any bar a® of degree p and length larger than ¢ has at most two endpoints
lying in different intervals [a;, a;+1] and appearing as an element of Z®)(a;, a;,,) for the possible
lower endpoint and an element of Z®*Y (a;, ay 1) for the possible upper endpoint with i # i’ .
Therefore, the set of bars of degree p and length larger than ¢ is bounded by

N.-1
> 42PN (a5, ai40) + 127 (ai, ai4)

i=1

N.—1
= 37 BW(per, ) 4 BEED(fo, £ < oo
i=1
The conjecture stated in the introduction for a general C*° function f has now the following
more precise version: For £ > 0, the (e~ ) eigenvalues of A(fp 3\4 , are given by the AP (h) such

that « is of length larger than e, « € A®) or (a € AP~V and bP) < +00), and

lim —hlog(Aq(h)) = 2(by — aq) -
h—0

Our proof, relying on a recurrence on the number of critical values by following their increasing
(and decreasing) order, is not adapted to the more general case with an infinite number of critical
values. One may think of a different type of induction: Starting from our result for finitely many
critical values, one may increase the number of critical values by perturbing the function such
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that it creates small bars in a given interval [a, b], and then try to obtain spectral and resolvent
estimates for the spectral parameter \ € [0,6(6_275)], which are uniform with respect to the
additional small bars.

b) What about C’-potentials ? The stability of bar codes makes sense in the CY topology while
a finite bar code can be associated with a continuous function which satisfies Hypothesis
The relation between the exponentially small eigenvalues of Ay j; and the bar code of f suggests
that the bottom of the spectrum of Ay j; makes sense only under Hypothesis Is there a
natural self-adjoint operator “Ay;” on M when f is only continuous and for which Theorem@
could be extended ?

c) Applications of the result on p-forms: Over decades, the case of functions has received a
lot of attention with an easy interpretation in terms of Fokker-Planck equation associated with
reversible processes at low temperature and within the modelling e.g. in chemistry as points the
title of this text. Here is an attempt to interpret our spectral results for p-forms. This deserves
more precise studies and we hope that relevant applications will be found. Within the stochastic
approach, the Witten Laplacian is better written as

i —f * *
Ef’h =eh Af,he ho= h2A0’1 + 2h£vf = dO,hdzﬁh + dzf’hdo,ha

considered in the L?-space associated with the invariant measure e~ dz , L2(M, e~ dx; AT*M) ,
and where Ay = dd* + d*d is the usual Hodge Laplacian. There are formulas to express the
semigroups associated with Hodge and Witten Laplacians, in terms of expectations values along
brownian motion: e~ *shy = E(&v) for v € C°(M; AT* M), where & is the flow associated
with a stochastic differential equation of the type dx = X (x4) o dBy — 2V f(x;)dt where B is an
m-~dimensional brownian motion in R™ and X : M x R™ — T'M is a submersion specified by the
metric on M (see in particular [ELJL, Theorem 1.1.2, formula 1.2.5, and Section 2.4]). Due to
the supesymmetric argument, eigenforms of Ay, (resp. Ly ) can be assumed to solve dj pw =0

(resp. d2f R0 =0 with © = eiw) because when d} jw # 0 (vesp. d3; ,w) # 0) then d} ,w (resp
d; f’hw) is another eigenform of Ay j (resp. of Lf ) with degree decreased by 1 and associated

with the same eigenvalue. Let @ be such an eigenform with d* (e%@) =0and Lfp@p = Ap@p, .
By assuming that @ is a p-form and after normalization, Ahe%fb may be identified with a p-cycle

via
/ 77/\(*6¥Ah(:)) :/ n,
M Ca.n

where 0Cg , = 0 is a consequence of d* (e%&) = 0. It would be better to think of Cg 5 as a
courant but let us forget the regularity issues. When f is a Morse function with

f(3317~-~,$p750p+1,-~-,$d) = —<P—(1?1,-~-750p) +<P+(l’p+1v--~7$d)

around a critical point of index p with critical value 0 which is a lower endpoint of a bar of degree
204 (@pp.

p, the leading term of the WKB-approximation says etw=e 2 = dxy A...ANdx, and
Co,n is assymptotically equal to some fixed cycle Cy ¢ supported by the unstable manifold of
—Vf. We may expect such a behaviour in general. The evolution Op(t) = e HFrng, = e*“‘hdzh
says that this cycle is not changed by the dynamics when ¢ << - and disappears when ¢t >> +-

The reverse eigenvalue - %, apbpear as the lifetime of the cycle Cwyh of which an asymptotic form
Cy,0 is expected when the normalization factor Aj, is well chosen. Below is a picture for the
brownian dynamics of a 1-cycle, which shows the generalization of the metastability picture that
we expect.

d) General statement for subexponential factors: Specifying the exponential scales of the

exponentially small eigenvalues of AP 3\/1 ,, associated with the lengths of the bar code of f was
done in Theorem [I.7] and Theorem ‘while the spectral version of the stability was given in
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Figure 25: Metastability of cycles: The bars of degree 1 represented on the left-

hand side, with lengths ¢; < fs, provide the lifetime eu% (resp e%) of the cycle
Cy (resp. C3). After a time larger than the lifetime, C is first deformed into Co
and Cs is then deformed into the grey cycle which is rapidly retracted to the global
minimum.

Corollary [I.8 and Theorem [7.8] Those results are general statements which hold under simple
general assumptions like Hypothesis [[.2] or Hypothesis [I.3] The situation is different when we
want to specify the subexponential factors. In Section [9] the general construction was used in
order to specify the subexponential factors and to show that they were keeping some kind of
stability property, possibly within a finite dimensional matricial writing (see Proposition .
Although the method is clear and heavily relies on Theorem [6.3] and the use of Stokes’ theorem
like in [LNV], we were not able to take into account all the possible configurations in a uniform
and satisfactory presentation. Although the stability of individual subexponential factors cannot
hold, a general robust statement or formula for the determination of the subexponential factors
would be valuable.

e) Piecewise affine functions and discretization via triangulation: In the one dimen-
sional case, a schematic Witten Laplacian for which everything relies on simple linear algebra is
provided by a piecewise affine function f. Eigenforms of degree 0 or 1 are computed by match-
ing exponentials at the discontinuities of the slope of f. It becomes a fully discrete model, in
its coding and in the computation of the eigenforms. The generalization of a piecewise affine
function after a triangulation of R? or T¢ (and for further generalizations, one should consider
a Lipschitz triangulated riemannian manifold like in [GMM]) enters in our general assumption
Hypothesis [[.3] Away from the singularities of f, the Witten Laplacian is nothing but a scalar
operator —A + V(x), where V is a piecewise constant function, while the Hessian of f brings a
measure potential carried by the singularities of f. We are led to consider a specific self-adjoint
extension of —A + V(z) on C§°(Qyeq; AT*M), where €4 is the open domain where f is differ-
entiable with a locally constant gradient. Many things have been done on the scalar Laplacian
plus simple or double layer potentials, or more general interface conditions (see [AGHKH, [BGP]).
Here we work with Hodge-type Laplacians and discriminating with respect to the degree will lead
to different types of interface conditions and we wonder whether cohomology brings additional
restrictions along strata of codimension > 1. It would be interesting to see if such a finitely
coded potential f leads to a completely solvable linear algebra problem like in dimension 1. It
could be an alternative model problem as compared to the case of Morse functions, which could
be useful to understand some non trivial boundary or corner problems.
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f) Infinite or large dimensional problems: After specifying the geometrical problems, espe-
cially concerned with the domain issues for the differential, codifferential, and Witten Laplacian,
all the analysis is carried out along the real axis of values of f, R D f(M). In this projective
perspective, the dimension of M does not count until the computation of the subexponential
factors, which involve the asymptotics of Laplace integrals. This raises the question of the va-
lidity of such an approach for infinite dimensional — or large dimensional — problems, which
have applications in statistical physics, and where the asymptotic behaviour of the dimension is
related with the small parameter h — 01 (see e.g. [HelW| [DiLe], or the recent [BrDi] where the
estimates when h — 0T are even shown to be uniform in the dimension, and references therein).
g) Other boundary conditions for Witten Laplacians: Our results include the case of
Witten Laplacians on bounded domains like f°, provided that one considers Neumann bound-
ary conditions on the upper boundary f~!({b}) and Dirichlet boundary conditions on f~*({a}).
In some applications like in the analysis of quasi-stationary distributions, it is relevant to put
Dirichlet boundary conditions everywhere on 92 when the manifold M is replaced at the be-
ginning by some regular domain (see [LeNil, [DLLNTL [DLLN2| [LeNell LeNe2]). The cohomology
groups H*(f% f%) have to be replaced by H*(f; f@ U ), but additional corner problems at
the intersection 9Q N f~1({a,b}) have to be analyzed carefully.

h) Non reversible dynamics and spectral analysis of non self-adjoint related prob-
lems: The analysis of Witten Laplacians enters in the general scope of the semiclassical analysis
of self-adjoint Schrédinger-type operators. Within the stochastic analysis, several models, moti-
vated by applications where a non reversible drift is considered, lead to non self-adjoint operators
for which a similar analysis can be carried out in the case of functions, p = 0 (see e.g [LeMi]).
An interesting non self-adjoint (and non elliptic) operator which has many connections with
Witten Laplacian is Bismut’s hypoelliptic Laplacian, which is defined in any degree 0 < p < 2d
when we work on X = T*Q with dim @ = d. The asymptotic behaviour of exponentially small
eigenvalues has been studied so far only when p = 0 and Q = R? in [HHS], where Bismut’s
hypoelliptic Laplacian is nothing but the Kramers-Fokker-Planck operator of kinetic theory. For
studying the case of general p-forms on a manifold, a better understanding of boundary condi-
tions for Bismut’s hypoelliptic Laplacians (defined in [Nie]) is necessary. When f : Q — R is the
potential, adapting the analysis of this text would lead to “Dirichlet boundary conditions” on
T;,l( {a})Q and “Neumann boundary conditions” on T;,l( {b})Q for the hypoelliptic Laplacian

acting in 771 (f?), where 7 : T*Q — Q is the fiber projection. Additionally, the non self-adjoint
nature of the problem requires different techniques relying on complex deformations in order to
handle the exponential decay of resolvents and eigenfunctions.

i) Remarks about the subanalytic case: In the subanalytic case and for at least the second
time (a previous time was in [GeNi| for the analysis of Mourre estimates for analytically fibered
operators), the differentiation along regular strata has been used in order to prove estimates.
Instead of considering a non regular solution ¢ to the Hamilton-Jacobi equation |V f|? = |[V¢|?,
we constructed a finite family of regular functions ¢y, k = 1,..., K, |[Vf|> > |V¢r|?, finally
leading to a good enough exponential decay estimate. We were not able to make a direct use
of viscosity solutions, which did not allow to absorb all the singular terms in Agmon’s type
estimates. In a different context, global subanalytic viscosity solutions to Hamilton-Jacobi with
analytic coefficients (which is not the case here) were studied in [Tre]. Is there a better way to
introduce viscosity solutions in our problem 7 In the other way, differentiating along the regular
strata could it be used for constructing subsolutions to Hamilton-Jacobi type equations ?

j) Fukaya conjecture and multidimensional persistence: Determining the homotopy type
of a compact manifold M such that 71 (M) = 0 and the A structure on harmonic forms in-
duced by the pullback of the wedge product, can be attacked via Witten’s deformation. This
was proposed by Fukaya in [Fuk] and more precisely studied via WKB methods a la Helffer-
Sjostrand in [CLM]. Tt consists in considering several Witten’s deformations of the differential
and the Hodge Laplacian, dy,. n = e~ &

fij . .
(hd)e™n , associated with a sequence (fo, f1,..., k)
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such that f;; = f; — fi, 0 < i < j < k, are Morse functions. Although it may not bring
an additional topological information, replacing Morse functions by more general C*> functions
means the understanding of the @—dimensional version of persistence diagrams, bars being
replaced by multidimensional objects. The multidimensional version of persistence homology,
partly motivated by applications in statistical data analysis, is only emerging. We refer again to
[KaSc] for a theoretical presentation of multidimensional persistence.

k) Comparison with the instantonic picture: The instantonic picture makes sense within
Thom-Smale transversality condition, which ensures that any critical point of index p 4+ 1 is
related to some critical points of index p by a finite number of regular integral curves of —V f.
This gives rise to the standard Thom-Smale complex structure. More recently, it has received
an accurate analysis in terms of the analysis of the dynamical system of —2V f perturbed by a
brownian motion in [DaRi] by applying Faure-Sjostrand theory of weighted Sobolev spaces. We
already mentioned that our approach is orthogonal to the instantonic point of view: Instead of
exploring the geometry of the potential landscape M > x — f(x) € R, we considered globally
the sublevel sets f* and their homological properties. We can parallel this with the comparison
between Riemann’s and Lebesgue’s integration theory. This global approach avoids considering
possibly complicated cancellation phenomena in the general method of tunnel effect computa-
tions described in [HeSj2, [HeSj3]. It is a question whether such a global and topological approach
makes sense for other spectral problems related with dynamical systems.

A Abstract Hodge theory

The abstract version of Hodge theory provides spectral results, like (155)) or Corollary below,
which hold in general with weak regularity assumptions. For a proof, we refer for example to
[GMM] Section 2] (see in particular Propositions 2.3 and 2.4, Corollary 2.5, and Theorem 2.8
there).

Proposition A.1. Let (H,| - ||g) be a Hilbert space and let T : D(T) C H — H be a closed
densely defined unbounded linear operator such that

RanT C kerT and D(T)ND(T*) embeds compactly into H ,

where D(T) N D(T*) is equipped with the graph norm

lullpeynery = /Il + ITully + [Tl -

We then have the following properties:
i) The operator (T +T*,D(T)ND(T*)) is self-adjoint with a compact resolvent and satisfies

ker(T'+T*) =kerT Nker T .

In particular, the linear space D(T) N D(T*) is dense in H and T + T* is a self-adjoint
Fredholm operator with index O, that is more precisely

ker T'NkerT* has finite dimension and Ran(T +T*) = (kerT Nker T")l .
it) The operator A := TT* + T*T with domain
D(A) = {ue D(T)ND(T*) s.t. Tu € D(T*) and T*u € D(T)}
is a nonnegative self-adjoint operator with kernel

ker A = kerT NkerT* = ker(T+T17).
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In particular, A has a compact resolvent (since D(A) with its graph norm embeds con-
tinuously into D(T) N D(T™*)) and is the Friedrichs extension associated with the closed
nonnegative quadratic form Q on D(T) N D(T*) defined by

Q(u,v) = (Tu,Tv)g + (T u, T*v) g .
Let us also note the following consequences of Proposition underlining the supersymmet-

ric structure of the operator A defined there : when T is as in the statement of Proposition
the resolvent satisfies for every z € C\ o(A), u € D(T), and ' € D(T*),

(z=A)'Tu =T(E-A) " u and (z—-A)'T"W = T*(z—-A)'d. (155)

Let us prove the first relation, the proof of the second one being similar. Let us then consider
u € D(T) and let us define v = (2 — A)~tu for some z € C\ 6(A). Then v € D(A) and
(z—A)v =u € D(T), which implies Av = T*Tv+TT*v € D(T) and hence, since RanT C kerT',
T*Tv € D(T) . In particular, one has Tv € D(TT*), and hence Tv € D(A), and

(2= A)Tv = 2Tv—TT*Tv = T(z—A)v = Tu andthen Tv = (z —A)" 'Tu,

that is precisely the first relation in (155]).

An easy consequence of (155 is the following: for any eigenvalue A of A and associated eigen-
vector u € D(A), we have Tu € D(A) and T*u € D(A), with

TAu = ATu = ATu and T*Au = AT u = AT u (156)

Note that if in addition A # 0, one element among Tu,T*u is nonzero (since in this case
u ¢ ker A = ker T'Nker T).

Corollary A.2. Assume the hypotheses of Proposition[A 1] and define A := TT*+T*T as there.
The following orthogonal decompositions then hold:

1 1L 1
H = RanT & RanT* @ ker A and, for T=T or T=T", kerT = RanT & ker A.
In particular, the operators T and T have closed ranges and
kerT/RanT ~ kerT”/RanT™ ~ kerA.

Proof. This result is the statement of [GMM], Proposition 2.9] and is an easy consequence of

Proposition First, since Ran(T + T*) = (ker T M ker T*)L = (ker A)1 according to Propo-
sition we deduce the inclusions (since T' and T™* are closed),

RanT + RanT* O (kerA)* = RanT + RanT* D RanT + RanT*.

The linear space RanT + RanT™ is then closed in H and, owing to 72 = 0, this sum is moreover
orthogonal. The spaces RanT and RanT™ are consequently closed and

et L L
H = (kerA)~ @ ker A = RanT & RanT™ & ker A.

Furthermore, the inclusion ker 7’ D RanT @+ ker A is clear, owing again to 72 = 0. To prove
the reverse inclusion, just notice that any v € ker T writes as the sum v = ug + Tu; + T*us,
where ug € ker A, u; € D(T), and ug € D(T*). It follows that T*us € D(T) and TT*us =0,
which implies T*us = 0 (by taking the scalar product with us) and then v = ug + Tu; €
RanT @+ ker A.

Lastly, the relation ker 7* = RanT™ @~ ker A follows by applying the relation ker T = RanT ®+ ker A
with T replaced by T* , which satisfies RanT™* C ker T and T** =T . O
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B Persistent cohomology and bar codes

B.1 A sheaf theoretic presentation

Let f be a C* function on the compact manifold M having finitely many critical values (but we
do not assume f is a Morse function). We shall define its bar code following the sheaf theoretic
presentation of [KaSc].

The following assumption on f which is weaker than Hypothesis allows us to use this
construction in a low regularity setting. We keep the notation of Definition

ft={xeM, f(z)<t} and fﬁt:«[aceM7 fz) <t}.

Hypothesis B.1. The function f : M — R is continuous and there exist finitely many values
min f = ¢; < ... < cn, = max f with the following property: For any n € {1,..., Ny — 1} and
all a < b €]cp, cay1|, S is a deformation retract of f<°. The values C1,...,CN, are called
“critical values” of f .

We shall need the following
Lemma B.2. Assuming Hypothesis the space H*(f°, f*) is finite dimensional.

Proof. It is enough to prove that if ¢ is in some ]c;,¢j11[, then H*(f<!) is finite dimensional.
The general case follows by applying the long exact sequence of the pair (f<°, f<). Now let ¢
be small enough, g a smooth function such that ||g — f|| < e. Then the inclusions

fgt cC g§t+e C f§t+2s
hold true and for € small enough,
fgt—2s C fgt C f§t+26

are homotopy equivalences. Notice that g being smooth and ¢ + € being a regular value for
generic €, the cohomologies H*(g**¢) are finite dimensional, and we have maps

HY(fS672) — 1P (5175) — 1 (f<))

but the composition of the above two arrows must be an isomorphism, and it factors through a
finite dimensional space, therefore H*(f<!) is finite dimensional and we have a uniform bound
for ¢ in Je;, cjya]. O

By using the deformation along the gradient flow away from the “critical values” ci,...,cn, ,
Hypothesis is obviously true when f satisfies Hypothesis [1.2] It is also true for a general
Lipschitz function satisfying Hypothesis [I.6] as mentioned in Subsection [8:3:1} It implies that for
any a,b ¢ {cl, A cNf} , a < b, the relative homology groups (K-vector spaces) H*(f<?, f<%;K)
are finite dimensional and change only when a or b passes a “critical value”, c1,...,cn, -

For the introduction of a persistent sheaf on R, we need to consider all the sublevel sets, and
only at the end, do we restrict our attention to the relative cohomology groups H*(f°, f¢;K)
with a < b, a,b ¢ {cl,...7cNf}.

In order to use standard results of sheaf theory it is better to work with the closed sublevel
set f<t for a general t € R which may be a “critical value”.

For a field K, Kj; denotes the locally constant sheaf on M and we consider a c-soft injective
resolution

0 Kas L0 Ll ceey

c-soft meaning that the restriction morphism between the spaces of sections I'(M; £7) — T'(K; £9)
is surjective for any compact subset K C M and any g € N. A bounded c-soft resolution ending
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with £4mM 3 ( exists because M is a compact manifold.
Such a resolution can be obtained by introducing the canonical injective resolution or the sheaf
of K-valued Alexander-Spanier cochains on M. When K = R or C we can use the de Rham

resolution

0——Kuy —>C°°(M;K)—d>C°°(M;A1T*M)—d>... .

showing that Kj; is quasi-isomorphic to the de Rham complex

O—>C°°(M;K)—d>C°°(M;A1T*M)—d>... .

and the homology groups of Ky, denoted H¢(M;K), are obtained by computing the homology
of the complex L®.

For any locally closed subset (i.e. the intersection of a closed and an open set) A, L4 is c-soft.
When A and B are closed, A C B, the short exact sequence

0 LA LY L% 0
leads to the long exact sequence
w——=H*(B\ A, L*) —— H*(B,L*) —— H*(A,L*) —— H"Y(B\ A, L*) —— - -~
With our choice of L£®, this says

-+——> H*(B\ A,K) —— H*(B,K) —— H*(A,K) *>H§+1(B\A,K) —_—

(157)
when A is a closed subspace of M . We have just summarized Godement’s arguments for Theo-
rem 4.10.1 of [God] defining the long exact sequence associated to a closed subset. For general
values a < b in R, the relative cohomology groups H*(f<, f<¢;K) can be understood in terms
of the cohomology with compact support in {z € M,a < f(z) <b}. Under Hypothesis
H* (fSa*EI, K) ~ H*(f<¢=¢ K) for any ¢,¢’ > 0 small enough, the Mittag-LefHler condition (see
[KaScBook]-chap 1) is satisfied and the cohomology groups of open sublevel sets are given by
the projective limits H*(f*;K) = lim H*(f="%K) ~ H*(f=7%,K) for g9 > 0 small enough .

e—0t

Persistent cohomology is introduced in this way in [KaSc] (we refer the reader to [CaZo][EdHal [LSV]
for other presentations) via the direct image functor Rp. , in the derived category, applied to
the locally constant sheaf KF? on FJT ={(z,t) e M xR, f(z) <t} where p: M xR — (R,~)

is given by p(z,t) = t. The notation (R,~) means that R is endowed with the non-Hausdorff
~-topology for which open (resp. closed) sets are | — oo, t] (resp. [t, +o0o[), t € R. Note that here
we do not need to consider the values +00 because M is compact.

So we set P = Rp,.JKF}r . For a y-open set | — 0o, t[ the set of sections I'(] — oo, t[; P) is quasi-

isomorphic to the de Rham complex
0 ——C>(f4K) —d>C°°(ft;A1T*M) — 4, . ,whenK=RorC,

while the stalk at t € R, P; = hgl I'(] — oo, t'[;P) is quasi-isomorphic to the de Rham complex
>t

of f<t. With the y-topology on R an example of a locally constant sheaf is Kigp[, —00 <a <

b < +oo with

K ifa<e<b<d
Hom(K[a,b[;K[C,d[) = { 0 else

Under Hypothesis the cohomology H*(f<%;K) is finite dimensional and locally constant
on R\ {cl, ...y¢Ny - Therefore the sheaf P is an R-constructible sheaf of K-vector spaces.
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By applying results of Crawley-Boevey in [Cra] (see also Guillermou in [Gui]), Kashiwara and
Schapira show in [KaSc| that

P~ dl%M D K[a(p) b<p+1)[[p], —oo < alP) < bPTYD < 40,

p=0 acAP) o e

As pointed out in [KaSc], and we refer the reader to this text for details, this equivalence has to
be understood as an equivalence of the objects in the bounded derived category.
Because the sheaf is locally constant in R\{cl, o5 CNy } , the endpoints a,, belong to {cl, ey cNf}
and the endpoints b, to {02, . ,cNf,+oo} . The reason why we put the exponent ®+1) for b,
will become clear below. When we allow a, = b, the finite cardinal of A can be augmented
arbitrarily by adding [as, bo[= 0, Ky =0, with b, = aq -

Remember that when F' is a sheaf on the topological space X and Z is locally closed, Fyz is
the sheaf on X characterized by

Fzl,=F ’Z
Fy Xz = 0
and when Z is closed one has the exact sequence
0 Fx\z F Fy 0.

Applied to X = (R,y) and F =P ~ @A Kiq,. ,b.| We obtain
ae

Plto oot~ D Kmax(@a to)bal>
P—oo ~ @D Ka )
]—o00,tol weA b <to [@a,bal
Pa ~ Kmax a,a .
[a.b] aeAjibaSb (max(a,aa),bal

and the obvious graded analogous result holds. From the long exact sequence (157)) written

c— gD (S > H(p—1)(f<a) : Hc(p)(fgt \ f59)

|

H®)(f<t) H®)(f<o) — ...

and because we are working with K-vector spaces we obtain
P(a)P)], ~ ker[HP) (<4 K) — HP (f<*K)] & coker[ HP~V(f<1 K) - HP=D(f<4K)],

or
Pla)?) ~ ker(P[(fLOO[ — PP @ coker(PP Y [~ Pr=by.

[a, 400

Using P[a,+oo[ ~ DaecA,a<ba K[max(aa,a),ba[v we deduce

ker(P[(floo[ — PPy~ ® K[ @ Pt
’ aGA(P),a<a£,p) o Da
(p—1) (p—-1)\
coker(Pp, 1 of = Pa" ) ® Kp® ool

aEA(P_1)7a,(1p71)§a<b,(lp) <40

We obtain

< <
HP (f20\ [54K) ~ 0 K| P ® K| .
acA® a<alP) <p<pPtV ac A1 P V<a<pP <p
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When a, b do not belong to {cl, ceey cNf} , the inequalities in the sums can be replaced by strict
inequalities and

H®(f° fK) ~ ® K| P o K
a€A®) a<aP) <b<pPTV acAP-1) ¢P7Y cqcpP <p

B.2 Trivialized complex

We now establish the relationship with the bar codes used in [LNV] which was inspired by Baran-
nikov’s presentation of Morse theory in [Bar] (see also [LSV]). This is more usually presented
in terms of homology and the presentation in [LNV] was done under the assumption that f is
a Morse C*(M;R), M compact and distinct critical values. With the definitions of [LNV], the
equality dgb = a holds true for two critical values a, b if and only the map

HL (f7F2, f07°) — Ho(f*7, f77°)

vanishes, while
H* (fb+€, fa—i-a) N H* (fb+8, fb—a)

is non-zero. Remember that the above assumption implies dim H, (f*¢, f*~¢) = 1 and is con-

centrated in the degree equal to the index of the unique critical point associated with b. In all

the other cases we set dgb = 0.

Barannikov’s complex under the above assumptions is simply given by on the direct sum ®.ccKec =
@gi:"(‘)M(@cec(ch) with 9@t = o) under the above condition and dgc = 0 otherwise. The

set of the distinct critical values of f is denoted by C and it is graded according to the index of

the associated critical point.

Persistent cohomology is presented in the cohomological setting with H*(f¥, f*) = H*([x,y[, P),
where P = Rp*KF;r and by assumption

dim M ») (p+1)
P= & & K o ,einp], —o00<al <bP™ <400,
p=0 acA® 1% ba
so that
" dim M « (») (p+1)
H*([z,y,P)= & & H([v,y[K o ,ep]), —00<ad’ <bf™/ < +oo.
p=0 qcA® [ac”,ba"" 1

So it is enough to consider the case of P = K[a(p> b(p+1>[[p] and then it is obvious by duality that
631)87 +) aEf ), We thus proved the following statement.

Proposition B.3. If M is a compact manifold, f € C>°(M;R) is a Morse function with disctinct
critical values with the associated Barannikov complex (@gi:r%M@cecm Ke, 0p) and P = Rp*KF? ,

then for all z,y € R\ C there is a duality between the K vector spaces

H* (P) and H, ((@CecKc, 63); K) .
The relative version says that H* [z, y[, P) ~ H*(fY, f*;K) is the dual of H,((®cecnie,yKe, 05); K)
with the natural restriction of Og .

With the general framework of persistent cohomology described above, we are now able to
extend it under the general Hypothesis and we fix the corresponding notations.
The bar code B(f) = ([aa;bal)aca associated with f with a, < by, an € {cl, . 7cNf}, be €

{ca,...,cn,,+o0} and graded according to B®)(f) = ([a((lp), b((fﬂ)[)aeA(p) is the one introduced
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in the previous paragraph. We use the superscript * when we do not want to specify (p) . When
a < b are not “critical values” we write

A*(a,0) = {a€ A" [ag, b5 [Na, b[¢ {0.]a,bl}}
Al(a,b) = {a€A*(a,b), a<al <bit'<b},
a€ A*(a,b) & a<al, <bora<bi™<b,

In order to keep track of the possible multiplicities of the values a, and b, , we set

X*(a,b) = {(o,al),a € A(a,b)}
Y(a,b) = {(,b}), € A (a,b)}
Z*(a,b) = {(o,al),a€ A% (a,b)\ Ai(a,b),a < aq < b}

U{(e,bs), 0 € A Ha,b) \ A5 (a,b),a < b}, <b} ,
X*(a,b) UY*(a,b) U Z*(a,d).

J*(a,b)
We now consider the complex defined on

KT (@d) — PEM TP @) | g2HAI (@) +AT (@D)\AL (b))

p=0
with natural basis (v € X*(a,b),y € Y*(a,b),z € Z*(a,b)) and with the differential dg defined
by

de(p) = y(p+1) if x(p) € X(p) (aa b) 7y(p+1) € y(p-‘rl) (a7 b) yP1 (l‘) =a=p (y) )
dpy® =0 ify® e y(p)(a7 b),
dpz? =0 if 2P € 2P (q,b).

By construction, when —oo < a < b < +00 are not “critical values” of f,

HP(KJ (a7b)7 dp) = P Kz ~ fas) K @ &) K],
2€Z®) (a,b) QGA(p)7a<agp><b<bgp+l) a€A<P*1),agp’1><a<bgp)<b

and the complex (K7 (¢ dg) computes all the relative cohomology groups H*(f°, f*;K).
The sets X*(a,b), Y*(a,b), A’(a,b), play a role when we compute the positive exponentially
small eigenvalues of Witten Laplacians with Dirichlet boundary conditions on f~!({a}) and
Neumann boundary conditions on f~1({b}).

B.3 Stability theorem

The bar code associated with f is given by a family B(f) = ([aa,ba[)aca, now containing
possibly empty sets when a, = by, with the equivalence ([an,ba[)a ~ ([cg,ds[)sep if there
is a bijection between j : {a € A,an <ba} — {B € B,cg <dpg} such that cj) = a, and
dj(a) = b . Following [CEH] they can be represented as a family of points ((aa,ba))aca in
{(z,y) € R x (RU{+00}), = <y}, appearing with multiplicities, and the bottleneck distance
between two general bar codes Bg = ([aq, ba[)aca and Bg = ([cg, ds[)gen , where A and B can
be assumed with the same cardinal when we authorize a, = b, , cg = dg, is given by

dbot(BA,BB) = in_f_ maxmax(|aa — Cj(a)|7 ‘ba — dj(a)D,
j:ALigB acA

with the convention |(+00) — (+00)| = 0. The stability theorem says that for two different
functions f, g on M which satisfy Hypothesis[B.I] the bottleneck distance between the bar codes
B(f) and B(g) associated with f and g satisfies

dyot (B(£), B(9)) < lf = glico -
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It is proved in [KaSc] by using the convolution of sheaves. In the one-dimensional case and for
e > 0 we have K|_. . *K{q 5| = K[g—c p—¢[ (in terms of constructible functions according to [Schl,
simply use 1fq 50 = lia,400] = L[p,4o00[ @0 1[—cc] * 1[g,4o0[ = l{a—e,4+o0[) and this convolution is
nothing but a translation by —e on the real axis. Two R-constructible sheaves on (R,v), F, G
are said e-isomorphic, F ~ G, if there are morphisms i : Ki_eqg*F = Gand j:K_,gxG— F
such that natural morphisms K[_o o) * F' — F' and K[_o. 2.) * G — G are factored via

Ki_ o e1*% i
Kigeoq * F 5 Ki_.q*GLF

Ki—e,e1*J i
K[725,25] * G — K[,E’E} *F—G.

The bottleneck distance is then equal to
dyos (F, G) = inf {s >0,F % G} ,

and coincides with dyot(Ba, Bp) after writing F' ~ ©aeca Ko, [ and G ~ ©pen Kic; 4, -
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