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Abstract

We study an inverse spectral problem for singular AKNS operators based on spectral data asso-
ciated with two distinct values of the effective angular momentum parameter x. Our main focus is
the local inverse problem near the zero potential. For the pairs (k1, k2) = (0, 1), (1,2) and (0, 3), we
establish local uniqueness. For (0,2), we prove that the Fréchet differential of the spectral map at
the origin is injective, while the question whether its range is closed remains open.

1 Introduction

Inverse spectral theory for one-dimensional singular differential operators arises naturally in the analysis of
radially symmetric quantum systems. The classical example is the radial Schrédinger operator, obtained
from the three-dimensional Schrédinger equation after separation of variables in spherical coordinates.
For a real-valued square-integrable potential ¢ € L%(0, 1), the radial equation takes the form

d? (0+1
T;;+%u+q(x)u:)\u, xz€(0,1), £eN. (1.1)

Hy(qQu := —
The regularity condition is u(z) = O(z*!) as  — 0, together with the Dirichlet boundary condition
u(1) = 0. For each angular momentum ¢, this defines a self-adjoint operator on L?(0,1) with discrete,
simple, real spectrum.

The inverse spectral problem consists in determining the potential ¢(x) from its spectral data. A classi-
cal result due to Péschel-Trubowitz [28], Carlson [11], Guillot—Ralston [16] and Zhornitskaya—Serov [38]
asserts that the Dirichlet spectrum together with suitable norming constants forms a real-analytic coor-
dinate system on L?(0,1) for each fixed . Recently, in the context of radial Schrodinger operators with
distinct angular momenta, we proved in [I4] that the potential is uniquely determined by the Dirichlet
spectra corresponding to infinitely many values of ¢ satisfying a Miintz-type condition, and that in a
neighborhood of the zero potential, knowing two spectra (for the pairs (¢1,¢2) = (0,1), (1,2) or (0,3))
already implies uniqueness. These results rely on the explicit structure of the eigenfunctions in terms of
Bessel functions, specifically of the form

Up () = com a:l/QJy(jy7nx) , v=2_~+ % , (1.2)
together with delicate completeness properties of the squared eigenfunctions, following earlier works of
Rundell and Sacks [29].

The aim of the present work is to investigate the analog of this spectral problem for singular radial AKNS
operators. The mathematical model considered here arises from certain physical models, whose derivation
is briefly outlined in the appendix. After separation of variables, one is led to a family of singular radial
AKNS operators parameterized by what we call an effective angular momentum parameter x € Z. We



emphasize that the parameter x does not, in general, correspond to a genuine angular momentum, in
contrast with the Schrédinger case. In the 3D Dirac framework, —x arises as an eigenvalue of the spin—
orbit operator K, whereas in the 2D model it can be interpreted as an effective angular momentum (see
(7.97) in [36] and Appendix A of the present paper).

The associated singular AKNS operator is

0 —1 0 —=
HK(V)Z—HK(M)Z—(1 O)Z’+ K Ow Z+V(@)Z, Z=(Z,Z)". (1.3)

Here the potential matrix V is given by
—q(x) px
v = (0 ) e o). (14)

We impose the following boundary conditions. Let (6;,02) € R?.
e When k=0,

sin 0
Z(O) ~ug, =0, Z(l) ~ug, =0, ug, = <COS€j> . (15)

e When x # 0,
Z(1) ug, =0. (1.6)

The AKNS system enjoys symmetries associated with the Pauli matrices

S U N o)

A direct computation shows that

o1H.(p,q)or = — H_.(—p.q), (1.8)
UQHn(pa q)02 = H*I{(_p? _Q)a (19)
o3H,(p,q)os = — He(p, —q). (1.10)

In particular, if Z solves H(p,q)Z = AZ, then 017, 09Z and o3Z solve the corresponding transformed
systems with the same or opposite spectral parameter according to ([L.8)—(1.10).

In the case p = 0, the oi-symmetry shows that the knowledge of the spectra corresponding to « and
—k (with the same boundary condition 65 = 0) is equivalent, up to a reindexation, to the knowledge
of the two spectra associated with 6, = 0 and 6, = 7/2 for H,. Therefore, provided that the resulting
sequences satisfy the technical interlacing property required in Theorem 1.1 of [3], the potential g is
uniquely determined.

For these reasons, and other technical difﬁcultiesﬂ we restrict ourselves, in the present paper, to the case

k>0and 6, =0.

Tt would actually be interesting to treat the general case, but, except for the case 0 = %, this would indeed be
technically more involved.



In the case kK = 0, we also set §; = 0. As explained in the appendix, 3 = 0 corresponds in the motivating
Dirac radial model to the so-called Zig-Zag condition, while the MIT bag condition corresponds to
Oy = %7 .

The domain of the operator is then defined as follows:
D(Hp) = {Z = (Z1,Z5) € L}(0,1)? : HoZ € L*(0,1)%, Zs(0) =0, Zs(1) = o} . (1.11)
For k > 0, we set
D(H,) = {Z = (Z1,Z5) € L*0,1)? : H.Z € L*(0,1)?, Zy(1) = o} . (1.12)

As shown in [32], this realizes a self-adjoint operator with purely discrete and simple spectrum which can
be written as a doubly infinite sequence

{Aen (P, @)} nez (1.13)

ordered as
e < )\n,72(p7 q) < )\ra,fl(pv q) < AH,O(pa q) < )\n,l(paq) < An,Q(P» q) <o (114)

The labelling is uniquely determined by the asymptotic behavior (see [32], Theorem 3.1):
Nen(pa) = (n+sgn(n) 5 ) m+ C(n)., as |n| > o0, (1.15)

which governs both ends of the sequence. Here the notation a,, = 3, + ¢*(n), n € Z, means that the
sequence (o, — Bn)nez belongs to (2(Z) .

In addition to the eigenvalues, Serier introduced suitable norming constants which, together with the
spectrum, form a complete system of spectral coordinates. More precisely, the combined data (eigenvalues
and norming constants) provide a locally stable parameterization of the potential and yield a Borg—
Levinson type uniqueness result (see [32]).

However, these classical results rely crucially on the availability of norming constants. From the physical
and inverse point of view, such quantities are in general not observable. This naturally leads to a different
and more challenging question: can one determine the potential uniquely from spectral data alone, without
any norming constants?

As in the corresponding inverse problem for the radial Schrodinger operator, the spectral data associated
with a single effective angular momentum are not sufficient to ensure uniqueness. This naturally leads
to combining information from at least two distinct effective angular momenta . More precisely, we
consider the spectra corresponding to two distinct effective angular momenta k1 # k2 and study whether
this purely spectral information, without any norming constants, determines the potential.

We now state our first main result, which gives several cases where two spectra are sufficient to recover
the potential locally near the trivial configuration.

Theorem 1.1 (Local uniqueness for the pairs (0,1), (1,2) and (0,3)). Let (k1,k2) = (0,1), (1,2) or
(0,3). Then the knowledge of the spectra associated with the effective angular momenta k1 and ko uniquely
determines the potential V = (p,q) € L?(0,1) x L?(0,1) in a neighborhood of the zero potential Vo = 0.



The proof of Theorem [1.1| relies on the analysis of the Fréchet differential of the associated spectral map
at the zero potential. We show that this differential is injective with closed range, which yields the desired
local uniqueness result.

We now briefly introduce this spectral map. Let XK,n(p, q) denote the renormalized eigenvalues, implicitly
defined by the asymptotic formula (1.15)) and explicitly given by

Men (D, @) = Aen (P, @) — (n +sgn(n) %) .

We choose two distinct effective angular momenta k1 # k2, which are fixed integers and we consider the
associated spectral map
Surns + L2(0,1) x L*(0,1) — G(Z) x 3(Z),

defined by
Serna@ @) = (Cern.0) 1 Cain (92 0)) 1) - (1.16)
We now state the second main result of this paper, which discusses the injectivity of the Fréchet differential

of the spectral map at the zero potential for three pairs of effective angular momenta.

Theorem 1.2 (Behavior of the differential of the spectral map). Let k1 # ko be two distinct integers
and consider the spectral map

Surms + L*(0,1) x L*(0,1) — (R(Z) x (3(Z).
Then, at the zero potential V =0, the Fréchet differential of S, ., satisfies:
e For (k1,k2) = (0,1), (1,2) or (0,3), the differential is injective and has closed range.
o For (ki,k2) = (0,2), the differential is injective.
The proof of Theorem [1.2]is given in Sections 6-7. The case (0,2) remains open, as we have not been

able to prove that the differential has closed range. Theorem [I.1] then follows from the local injectivity
result stated in Proposition 7.2

In the appendix, we will describe how these questions arise in the analysis of inverse spectral problems
for the radial Dirac operator (with possible addition of an Aharonov—Bohm potential) in dimension two
and three and present some remaining open questions.

2 Eigenvalue analysis in the unperturbed case V' =0

In this section we analyze the spectral problem in the unperturbed case V' = 0, which serves as the
reference configuration for the perturbative and inverse analysis developed later.

When V =0, the AKNS operator reduces to the first-order matrix equation

K
0 -1\, 0 -
Z'(z) + & Z(x) = NZ(x), z € (0,1), (2.1)
1 0 —-— 0
x
with the boundary condition
Z5(0) =0, Z3(1) =0 fork=0, Z3(1) =0, forrx#0. (2.2)



2.1 The case A\ =0

The case A = 0 requires a specific discussion. Setting A = 0 in the unperturbed Dirac equation yields
Z,=—7 2y =—— 5.
1 T 1 2 x 2
Hence the general solutions are
Z1<37) = Cl a)‘ﬁ, Zg(x) = 02 Tz,

For x = 0, the boundary condition Z5(0) = 0 forces Cy = 0. For k > 1, the condition Z € L?(0, 1) near
x = 0 again forces Cy = 0. so that
Cl xk
Z(z) = .
@ =)

The boundary condition at = 1 is satisfied, and therefore 0 is an eigenvalue of H,.(0). The associated
eigenfunction is thus given by

Z,E%(:v) =Cuo <aco > , cr0 >0,

and the normalization condition HZSBHLZ(QUZ =1, yields
Ceo=V2c+1, so that Z,(“))(x) =2k + l(xo ) .

2.2 The case A\ # 0

We now consider the case A # 0, for which the system (2.1)) decouples into two scalar equations for Z;
and Zs:

" 2 K(’% — 1)
Zl(l')‘i‘ A _T Zl(.’l’,‘):O,

1 (2.3)
Z}(@) + (A2 - "(";)> Za(z) = 0.

We set v = k + 5. After the standard substitution Z;(z) = /Zu;(\z), the system reduces to Bessel
equations of orders ¥ — 1 and v. Accordingly, a fundamental system of solutions is given by

A Jo_1(Az -Y,_1(\zx

Z(O)(:U, \) = AL 1(Ax) 7 W(O)(a:,A) = 4 /@ 1(Ax) ) (2.4)
2 —Ju(A\x) 2 Y, (A\z)

where J, and Y, denote the Bessel functions of the first and second kinds (see [21]). We recall that for

z € C\ (—00,0] and any real or complex parameter v, one has

oo LZ k
76 = (5) 2 méi)km (25)

For v ¢ Z, the function Y, is given by E|

2Tor an integer n, the function Y;,(2) is defined by the limit Yy, (2) = limy—n, Yy (2) .



Ju(2) cos(vm) — J_,(2) .

sin(vm)

Y, (2) = (2.6)

We emphasize that for half-integer orders v € § + N, the function /z J,(z) is entire, whereas /z Y, (2)
is generally meromorphic because of its singularity at z = 0.
As x — 0, these functions satisfy the classical asymptotics :

Jy(x)Nﬁ(g)", Y, () ~ — L&) <2) v>0. (2.7)

Hence J, is regular at the origin, whereas Y, is singular. In particular, among the two fundamental
solutions in (2-4), only Z(®)(z, )\) is square-integrable near x = 0 and satisfies the regularity condition.
For each eigenvalue A = A, ,,(0,0) of the unperturbed operator, we define the associated eigenfunction

by
(0)
Z Jo—1(Ae.n(0,0)
Z,L{O’V)L('I) = Cx,n tbr;,n(x) = Cx.n /\n,n(0,0)x 1( ' ( ) ) y (28)
7 Z2,n,n(x) / - Ju(Am,n(Oa 0) x)

where ¢, ,, > 0 is a normalization constant to be specified later. Using the boundary condition at x =1,
we obtain that the eigenvalues of H,(0) are the simple zeros of .J,, , as will be detailed in the paragraph
below.

2.3 Symmetries
In this paragraph we recall the symmetry properties of the unperturbed spectrum for V=0 .

For half-integer orders v = k + % , the entire function z — /z J,(z) is an even function when « is odd,
and an odd function when & is even. This parity property immediately yields the following symmetry for
the nonzero eigenvalues:

Ak,—n(0,0) = — X; (0,0), forn > 1. (2.9)

We recall that the boundary condition leads to the characteristic equation J,(A) = 0. If {j, n}n>1
denotes the sequence of positive zeros of J,, , then the nonzero eigenvalues of H,(0) are

Aitn(0,0) = £jyn,  n=1. (2.10)
Moreover, we have seen that A = 0 is an eigenvalue. Thus the full spectrum is symmetric and ordered as
< = Ju2 <= g1 <0<Ju1 <Ju2 <o, (2.11)

and we assign A = 0 to the index n = 0 in the bi-infinite enumeration {A, ,,(0)}nez -

2.4 Summary and notation

The spectrum of the unperturbed operator H,(0) consists of the simple eigenvalue A, (0) = 0 and of
the nonzero eigenvalues A, 1, (0) = %3, , for n > 1, forming a symmetric bi-infinite sequence indexed
by n € Z (see (2.11))). This enumeration is consistent with the asymptotic formula (1.15) (see [26],10.21

(vi)).



The associated eigenfunctions are given by the regular solutions Z,g%

Z0(@) = VR + 1(”0 ) ,

. For the zero eigenvalue, one has

while for n # 0 they are expressed in terms of Bessel functions.

By symmetry, the eigenfunctions corresponding to A, (0) and A, _,,(0) differ only by a sign in their
oscillatory components. In particular, the normalization constants depend only on |n|, and

Cr,—n = Crm, forn >1.
Accordingly, we index the spectrum by n € Z, with n = 0 corresponding to the zero eigenvalue.

Remark 2.1 (Normalization constants). We will need the asymptotic behavior of these normalization
constants as n — oo (see Section . In fact, the constants c,, can be computed explicitly using
the following standard finite-interval identity (often referred to as a Lommel-type formula, see ([26],
10.22.5)): for any o, p € RT,

1
1
/ z Ju(az)?de = 3 (J#(a)z — Ty 1(a) J,LH(Q)) . (2.12)
0
Applying (2.12) with o = j,, || and p = v, and using J,(j,,|n|) = 0 together with the recurrence

Jy—1(@) + Jyp1(a) = %Jy(a) ;

we obtain
Jo—1un)) = =Jvr1(Jvn|)

and hence

1
) 1 .
/0 le/(.]VJn\z)de = §Jl/+1(.]1/,\n|)2-

Similarly, applying (2.12)) with p = v — 1 yields

2 1

1
. 1 . .
/ x Jufl(]u,|n|x)2 dx = 5 Jufl(]u,\m) = 5 Ju+1(]v,|n\)2 .
0

Substituting these identities into the normalization condition HZ:QZLHLZ(O,UZ =1 (see (2.8)) gives
1
Crhn = ——= -
o v Jv,|n| |Ju+1(,71/,\n\)|

The classical asymptotic expansions for Bessel functions and for their positive zeros j,  (see, e.g., Wat-
son [37]) yield

, asn#0. (2.13)

4% —1
5+
167 (n+v/2 —1/4)

Finally, in the zero-eigenvalue case, we recall that the normalization condition yields

Cﬁ70:\/2,‘<}+1.

O(n™%), n — 0o. (2.14)

i
K,n 5

We conclude this section with the explicit analysis of the special case x = 0. In this case, the computations
are particularly simple and allow us to illustrate the preceding constructions in a fully explicit manner.



2.5 The case kK =0

We now consider the case k = 0, for which v = % and the singular term x/x disappears from the system.
The analysis of this particular case is especially interesting (see Section [3.4)). In this setting, the Dirac

system (2.1) reduces to
2l =NZo, Zy=-\Zy,

and the regular solution, characterized by the condition Y5(0) = 0, is given by

cos(\z) ) .

Z0(z: ) = ( sin(\x)

Imposing the boundary condition at x = 1 yields the characteristic equation sin(A) = 0, so that the
nonzero eigenvalues are explicitly given by

Aon(0,0) =nr, neZ\{0}. (2.15)

For each n € Z, the associated eigenfunction is

Z) (x) = ( cos(nmz) ) , (2.16)

—sin(nmx)
since the L?(0,1)?-norm of this vector-valued function equals 1.

Remark 2.2. Recall that the Bessel functions of order % admit the elementary representations

/2 . /2
Jija(z) = -, Sinz, J_1/2(2) = - 8% (2.17)

3 Spectral map and the linearized problem at V' = 0.

In this section we introduce the spectral map and analyze its linearization at the unperturbed config-
uration V' = 0. This linearized analysis provides the key tool for the local inverse results established
later.

3.1 Differential of )\, ,(p,q) and the spectral map

In this subsection we recall the analytic dependence of the eigenvalues on the AKNS potential V' = (p, q)
and describe their Fréchet differential.

Following Serier [32], Prop. 3.1], for each fixed pair (k,n) € N x Z the map
(p,q) € L*(0,1) x L*(0,1) = A (p, )

is real-analytic. Moreover, if A\, ,,(p, ¢) is a simple eigenvalue of H, (V') with normalized eigenfunction

. Zl,/{,n(w;pa Q) .
Zuntaiped) = (0 D) il = 1.



then the Fréchet differential at (p,q) in the direction (vq,v2) € L%(0,1) x L?(0,1) is given by

1
Dy A (0, q) - (v1,v2) = / (2 Z1 (%50, q) Zo,wn (25 p, q) v1 ()
0 (3.1)

+ (Z2,N,n($;p7 Q)Q - Zl,n,n(x;p7 (1)2) 1}2(1’)) dx .
The relation (3.1) therefore allows us to compute the differential of the spectral map introduced in ([1.16)).

3.2 The linearized problem at V' =0

We now investigate the Fréchet derivative of the spectral map at the unperturbed potential V' = 0, which
leads to the formulation of the linearized inverse problem. Our objective is to determine whether, for two
distinct effective angular momenta k1 # ko, the associated map

V=09 — Aein(:9) s Aon(0:0) ez

is locally injective at V' = 0. Equivalently, the same question can be formulated in terms of the renor-
malized eigenvalues A, ., since the renormalization consists in subtracting an explicit function of n which
is independent of (p,q) and therefore does not affect the Fréchet differential at V' =10.

From the general variation formula (3.1), one obtains

Dl (0,0)-(01,02) = [ (2210 1(0) 280 (&) 01 (0) 4+ [(Z82, @) = (240, (0))7] wa(a) iz, (3.2

0
z") . (x)

2,k,n

where

is the normalized eigenfunction of H,(0) associated with the eigenvalue A,; ,,(0,0).

We begin with the case of nonzero eigenvalues. Using the results of the previous sections and the symmetry
properties of the unperturbed spectrum, we obtain for every n € Z*

1
Dp,g)Aen(0,0) - (v1,v2) = 03,\n| / Ju,ln| @ <:F2 Jl’*l(jv,ln\x) Ju(ju,\nlx) v1(z)
0

. 2 . 2
+ [Ju(]l/,\mx) - V*l(]u,|n|x) :I UQ(x)> dx .
We next consider the zero eigenvalue. Recalling that
Z,g%(x) = Cr0 <x0 > , Cro=V2k+1,
substituting this expression into (3.1)) yields
1
Dp,q)Ae,0(0,0) - (v1,v2) = — (25 + 1)/ 22 vy () de . (3.4)
0

The structure of system (3.3 suggests that the contributions of v; and ve can be separated. We now
formalize this observation by introducing a bounded isomorphism on the target space which exactly
decouples the differential of the spectral map.



3.3 Decoupling of the differential via a continuous isomorphism

We show that, up to a bounded isomorphism on the target space, the differential of the spectral map can
be reduced to a fully decoupled system. This allows us to study independently the contributions of wvq

and vy. We denote this differential by

S = D(p,q)Sk1,x(0,0).

Notation. For each k € {r1,K2} and each n > 1 (with v = £ + 3), we introduce the bounded linear

functionals on L?(0,1)

1
Al‘i,n(vl) = / 2ju,nx Ju—l(jymﬂ?) Jy(j,,ynz) V1 (l’) dx ,
0

1
Bm,n(UQ) = / ju7nm(JV(jV,nx)2 - Jufl(ju,nw)g) ’UQ(-T) dx .
0

In this notation, for n > 1,

D(p,q)An,in(Oa 0) : (1}1, U2) = Ci,n (:FAK,’VL(’Ul) + Bn,n(UQ)) 5

while for the zero mode one has

1
D) Ak,0(0,0) - (v1,v2) = — Ci,o/ 2 vy (z) de Cho=V2k+1.
0

For k € {1, K2}, define
d(v) == (d”v"(v))nez = (D(p,q)Ae.n(0,0) 'U)neZ € *(7), v = (v1,v2),

so that
S(v) = (dy, (v), du, (v)) € £2(Z) x £2(Z) .

Now, for fixed k, define the linear map

U, : 1(Z) — R x £2(N*) x £2(N*)

U (a) o ag a_p — Gn G—pn + ap
T e2, T\ 2¢2 >17\ 2¢2 >1) ]
®,0 KN nz K,n nz

by

(3.5)

(3.6)

where N* := {1,2,3,...} denotes the set of positive integers. Using (2.14), we see that (cxn)nez i8
uniformly bounded above and below, so U, is a bounded isomorphism. Applying U, to d.(v) and using

the formulas above yields the exact decoupling

Uy (de(v)) = (— /01 2Ry, (An,n(vl))nzl’ (an(v2))n21> :

10

(3.7)



Finally, set U := U,,, X U,,, which is a bounded isomorphism on ¢?(Z) x ¢*(Z) . Then

U0 $)(v1,v2) = (M(v2), Ay (01); Bryea(v2)) (3.8)

1 1
M(vg) = <—/ 2y, —/ x2“2v2> e R?,
0 0
and

Ay s (01) = (A a0zt Asan@0)iz1) s Brysa (02) = (Buy a0zt s (Beyn(v2))uz1)

In particular, U o S is block diagonal: v; only enters A, ,, whereas vy only enters (M, B, x,) -

where

3.4 Reformulation of the injectivity problem

We now reformulate the injectivity of the Fréchet differential of the spectral map Sy, «, at (p,q) = (0,0).
By definition, injectivity amounts to characterizing all perturbations (v1,v2) such that

S(’Ul,vg) = 0, S = D(p’q)s,gh,@2 (0,0) .

Since U is a bounded isomorphism on the target space, this condition is equivalent to
(U o S)(vy,v2) =0.
Using the block diagonal structure , the kernel condition reduces to the decoupled system
Ak (v1) =0, M(vg) =0, By, ki, (v2) =0. (3.9

This decoupling also reflects the choice of boundary conditions, which is encoded in the structure of the
eigenfunctions. Thus, the study of the kernel separates into two independent problems: one involving
only the component v;, governed by A, .,, and one involving only the component vs, governed by

(M, By o) -

For a fixed effective angular momentum &, the above conditions reduce to

1
Apn(0) =0, n>1, Bunlva)=0, n>1, / vy (2) dz = 0. (3.10)
0

As an illustration, consider the simple case k = 0. Using the explicit expressions of the Bessel functions
of order :I:% , one obtains

xJ_12(nmz) Jyjo(na) = L sin(2nra), z(Jyj2(nmx)? — J_y j2(nmz)®) = — cos(2nmz) .

Hence (3.10) becomes
1
/ sin(2nmx) v (z) dx =0, n>1,
0

and . )
/ cos(2nmx) va(z)dx =0, n>1, / va(x)dz =0.
0 0

These relations show that v; is even and vy is odd with respect to z = 4 . Conversely, if v is even and

2
v is odd with respect to x = % , then all the above integrals vanish. Hence these parity conditions are

necessary and sufficient for S(vy,v2) = 0 in the case x = 0.

11



4 Kneser—-Sommerfeld—Type Expansions

The classical Kneser-Sommerfeld identity provides a series expansion over the zeros j,, of J,. Its
correct form, first given by Buchholz [9] and later clarified by Hayashi [17] and Martin [23], differs from
the formula stated by Watson, which omits an essential integral term. The valid expansion played
a central role in our previous analysis of the radial Schrédinger operator:

Sy (Gun®) Jy(junX) Tz z z) — z z
;(zﬁ—jﬁ,n) TR = 17,0 @) [ () YelX2) = Yo (2) L (X2)] (41)

for0<ax <X <1.
In the present AKNS setting, the linearized system ([3.3]) involves both squared and mixed Bessel products.
The relevant combinations are, with v = Kk + % ,

Ju(jl/,nx)z ) JV*l(jV,nx)z and Jufl(ju,nx) Ju(ju,nx) .
However, the last two expressions fall outside the framework of the classical Kneser—-Sommerfeld expan-
sion, which treats only diagonal products of the form J, (2], n)Jy (Xjvn) -

To handle the AKNS structure, we therefore require modified Kneser—Sommerfeld—type identities. In
what follows, we now state three additional identities of the same type. For simplicity, we assume that
v € RT\N, although the formulas extend to arbitrary complex values of v

Proposition 4.1. Let v € Ry \N, 2 # 0, z # jun and 0 < z < X < 1. The following Kneser-
Sommerfeld—type identities hold:

Jv—l(jvmx) Ju—l(ju,nX) v

N RIS A (42)
2 Jj( §Je1(@2) (Ju(2) Yot (X2) = Vo) Ty (X2)
e RPTITIL
+ %() Jo-1(22) (Jo(2) Yo (X 2) = Yo(2) Ju(X2)) ,
oG X) Do Gon®) 1 s
== ) dvn [Gea)]” 2 (4.4)
+ ﬁ To(@2) (J,(2) Yoo (X2) = Vi (2) Juo1(X2)) -

Proof. We follow, step by step, the contour-integral argument of Watson for the Kneser-Sommerfeld
formula (see [37]), in the corrected form later clarified by Buchholz, Hayashi and Martin. We first give

the proof of (4.2).

3Here we use the definition of Y;,(z) recalled above.
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Let z € C with, for instance, #z > 0 and z # j,, for all n > 1. Following Watson’s approach, we

introduce, for w € C and fixed 0 < X < 1, the auxiliary function
Wy (w,X) := J,(w)Y,—1(Xw) — Y, (w) Jy—1(Xw).
Using the small-w asymptotics of J, and Y, (see (2.7)), one readily obtains

2XV—1

W, (w, X) = + 0(1), w—0.

Recall the Hankel functions
HV(w) = J,(w) +iY,(w), H? (w) = J,(w) —iY,(w).

A short computation gives the equivalent representation

1
Wolw, X) = = o | H (w) H?, (Xw) — HP (w) HY, (Xw)]

(4.5)

Finally, from the large-w asymptotics ([21], (5.11.4)-(5.11.5)), valid for |argw| <7 — 4§, 6 € (0,7),

/2 . vr _m 2 : vr_
H]El)(w) ~ e el(w—T—Z) , Hz(/2)(w) ~ e e—z(w—T—z ,
Tw TWw

we obtain, for |w| large with Rw > 0,

o(1=X)|Sw|

W, (w, X)| S , 0<X<1.

|w]

We consider the contour integral

7 f W, (w, X) w J,—1(zw) dw
B,M,e = 3
CB,M,e w? — 22 Jl/(w)

where Cp ¢ is the rectangle in the half-plane Rw > 0, with vertices

v+ )7

+iB,  EB+ Mr

(4.9)

(4.10)

(4.11)

for B > 0 and M € N large enough, indented at the origin with a half-circle of radius ¢ > 0 in the

half-plane w > 0:

13



Sw

iB 1B+ Mm + W

CB,M,e
I
i€ \
€

—i(e) J Rw

—iB —iB + Mr + 24T

Using again the small-w asymptotics of J, and Y, (see (2.7))), one readily obtains

Wy (w, X) wdy,—1(zw 4y .
wz(—zQ) J, (171(1) - _7rz2w(xX) '+0), w—0. (4.12)

Using the parity identities
HY (~w) = e "™ HD (), HP(~w)=e™HF (w),

which hold for all w on the imaginary axis, we observe that W, (w, X) is an odd function of w on this
axis. Furthermore, the map
w Jy_1(zw)

Jy(w)
is even in w. Thus, the contribution from the vertical union of the intervals [—iB, —ie] U [ie, i B] cancels
out.

w —

Let us set
W, (w, X) w J,—1 (zw)

w) =
fw) w? — 22 Jy(w)
Using (4.12), the contribution of the integral over the small circle centered at the origin and of radius e
(traversed in the counterclockwise direction) converges, in the limit ¢ — 0, to

(4.13)

4iv b
— (@X) L (4.14)
Using Bessel asymptotics ([21], (5.11.6))
2 o 5 4
_ _vr _m <7-— .
Jy(w) — [cos(w 5 4) + ( ] )] , Jargw| <7 —=96, |w| = 400, (4.15)

with ¢ € (0,7), we deduce that no Bessel zero j,, lies on the vertical segments and that on the three
other sides,

(4.16)

222 Jy(w)

‘ HEY (w) HY, (Xw) = HY (w) B, (Xw) w ], (zw)
w

14



Since by the assumption in the proposition z < X, the integrand decays like |w|~2 on these sides. Letting
B, M — o0, all these contributions vanish. Therefore, by the residue theorem, letting B, M — oo in (4.11)

and € — 0, we obtain
A4
= (xX)"~! = 2mi ZRes(f) ) (4.17)

22
where the sum runs over the poles inside the contour, namely

w=2z and w=j,n, n>1.

a. Residue at w = j, 5, : the integrand has a simple pole, giving

_1(X7 i B ; Y. (i
Res (f): Jy 1( ju,n)]u,n Jy 1(37.71/,n) l/(ju,n>.

_ : (4.18)
W=Jv,n (22 - Js,n) Jll/(jl/ﬂl)

We use the identity
Y, (] ) _ Yu(ju,n)Jz/z(ju,n) — JV(jV,n)YVI(jV,n)
14 v,n JL (jy7n) )

and the Wronskian formula ([21], (5.9.2))
T ()Y (2) = T, ()Y (2) = —

to obtain

YI/ ju,n - T -
( ) T Jvn Jrlz(ju,n)

Substituting this into (4.18) gives
_z Jufl(Xju,n) Jufl(xju,n)

B = T 2 G (4.19)

b. Residue at w = z : a direct computation shows:

ng(f) = ﬁ(z) Jufl(l‘z) [JV(Z) Yufl(XZ) - Yu<z) Jufl(XZ)] . (420)

Summing the residues (4.19) and (4.20) and invoking (4.17) yields precisely the identity (4.2).

To prove the identity (4.3]), we introduce a new auxiliary function

Wy (w, X) := J,(w) Y, (Xw) = Y, (w) J,(Xw), (4.21)

and we consider the contour integral

Wy (w, X) J,—1(zw)
I M. 274 dw ,
CB,M,e w? — 22 ‘]V(w)

(4.22)

where Cp ar, is the same rectangle as above, indented at the origin with a half-circle of radius € > 0.
We conclude in exactly the same way.
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Similarly, to prove the identity (4.4]), we use again the auxiliary function (4.5) and consider the contour

integral

Wy (w, X) Jy(zw)
I =
B,M,e }éB,M,f w2 =2 J,(w) dw,

where Cp u ¢ is the same contour as before. The proof then follows analogously.

The following result is readily obtained:

Corollary 4.2. Let v € RT\N, and z € (0,1]. Then, for all z ¢ {0,j,n}n>1,

Z T Jy—1(Jyn®) Jo(Jyn®) R (1 - 22%)
. . . 2
n>1 (22 - Jg,n)Jv,n [JLI/(JV,n)] 422

T ELE [7,(2) (Jo_1(22) Yy (22) + Y1 (22) J, (22))
—2Y,(2) Jy—1(zx) J,(zx)] .

Proof. The result follows by adding (4.3) and (4.4) with x = X and multiplying by 3.

5 Application of the Kneser—Sommerfeld representation

5.1 Preliminaries

We have seen that for a fixed effective angular momentum « the linearized condition
D p,g)Ak,n(0,0) - (v1,02) =0, foralln € Z,

is equivalent to the relations (see (3.10))

1
/ xJy_1(Gonx) Jy(Junz) v1(z)dr =0, n>1,
0

and .
/ X [Ju(ju,nx)z - Ju—l(ju,nx)ﬂ 1}2(1') dr = Oa n 2 17
0

with the additional constraint

1
/ 22 vy (x)dr = 0.
0

(4.23)

O

(4.24)

(5.3)

Let us first examine the conditions (5.2)-(5.3). We use the classical Kneser-Sommerfeld expansion (4.1

and the relation (4.2)) with x = X . We multiply (5.2) by
1
} } 2
(Z2 - ]g,n) [le/(]l/,n)]
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with z ¢ {0, ju.n}rn>1. Summing over n, and using 2v — 1 = 2k, we obtain for such z,

-= 22"y (z) da + m/o x(Jl,(zaj) [J,(2)Y, (z2) — Y, (2) ], (22)]
— Juo1(z2) [J(2)Y—1(2x) — Yl,(z)Jl,,l(zx)Dvg(x) de=0. (5.4)

Since 2v — 1 = 2k, the first integral in (5.4) vanishes thanks to the constraint (5.3). Hence we obtain the
simplified identity:

/0 2((22) [ (Yo (22) — Yo (2) s )]
— Jy_1(z2) [T (2)Y,—1(zx) — Y,,(Z)Jy,l(zx)])vg(x) de =0, (5.5)

which can be rewritten for z ¢ {0, j, n}n>1 as

Ju(z) /01 :E(J,,(zx)Y,,(zx) — Jl,,l(zx)Yy,l(zx))vg(:c) dx

1 (5.6)
- Yu(z)/ :U(Jl,(zx)2 - V_l(zx)2>v2(m) dx =0.
0
By continuity with respect to z, the identity (5.6) extends to z € C*.
In the same way, using Corollary we obtain from (5.1), for z ¢ {0, ju n}tn>1
1 1
/ (1 - 22%) vy (2) do + ——— / (22) (J,,(z) [Jy1(z2)Y, (22) + Yy (22) ], (22)]
0 2J,(2) Jo (5.7)

- ZYV(Z)JV_l(zx)Ju(zx))vl (r)dr=0.

Thus, using the large-w asymptotics for Bessel functions (4.15) together with the asymptotics for Y, (w)

(see [21], (5.11.7)),

2 VT i 6‘g |
v — T i ( ) ) <— ’ ? .

we deduce using the Riemann-Lebesgue lemma, that the integral in (5.7)) is o(1) as z — 400 away from
the points j, ,, . Consequently,

/0 (1—22*) vy (z)dz =0. (5.9)

As a consequence, for all z ¢ {0, 5, }n>1, We obtain

Ju(2) / z(Jy—1(22)Y, (22) + Y, _1(22)J, (22) ) v1 (2) da
0 (5.10)

+ YV(Z)/O x(=2J,—1(z22)Jy (z2))v1(2) do =0,
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and this identity extends to all z € C*.

Now, we use the vector functions introduced by Serier:

q’n,l(w) T
Bele) = <<I>H,2<x>> E3
2) = V(@) _ 7z (Joa(0)Yo (@) + Jp(2)Y, -1 (2)
Uy 2() 2 \ (@)Y, -1(z) = Ju(2)Y,(2) ’

with v = k + % With this notation, the previous computations can be summarized in the following
proposition.

8
S
Sl
—~ DN
8

\.;thl
|l
NRG)
L&
~—

B R
==
v

U, (

Proposition 5.1. Let (v1,v2) satisfy the linearized spectral conditions (5.1)—(5.2) together with the con-
straint (5.3). Then the following statements hold.

1. The function vi satisfies
1
/ (1—22*)vy(z)der =0. (5.11)
0

Moreover, for all z € C*,
1
/ [J0(2) Ui (22) + Y, (2) Py (22)] vi () dz = 0. (5.12)
0
2. For all z € C*, the function vy satisfies

/O [, (2) Wn(22) + Yo(2) Broa(z0)] va(a) do = 0. (5.13)

5.2 A first injectivity result

We have seen in the previous subsection that the linearization condition implies the integral constraint

1
1
/ (1—22*)vy(2)dz =0, V=H+§, (5.14)
0
while the presence of the zero eigenvalue imposes (see (3.10))
1
/ 2 L uy(x)dr =0. (5.15)
0

Our first injectivity result for the Fréchet differential in the AKNS setting is based on the classical
Miintz—Szész theorem [24] 25 [34].

Theorem 5.2. Let (vi,v2) € L?(0,1)? be a real-valued vector function satisfying the AKNS linearized

constraints (5.14)~(5.15)) for an infinite increasing sequence {kx}r>1 C N*, with vy, 1= ky + 5. Assume

moreover that
o0

1
>l
=1 "F
Then (v1,v2) = (0,0) almost everywhere in (0,1) .
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Proof. From the identity
1
/ (1—22*%) v (z)dz =0, (5.16)
0

/Olvl(a:)dxzo.

Substituting this back into (5.16)), we obtain the moment identities

we let k — oo and we get

1
/ 2k vy (z)dr =0, forall k > 1.
0

Since
= 1
S Lo,
k=1 "k
the classical Miintz-Szasz theorem applies to the family {z?*};>; on (0,1) and implies that
v1 =0 almost everywhere on (0,1).

The argument for vy is identical, using the constraint (5.15). Hence (v1,v2) = (0,0) a.e., which completes
the proof. ]

5.3 Transformation operators and Green’s identity

We recall the definition of the transformation operators introduced in the work of Serier. Such operators
first appeared in the seminal paper of Guillot and Ralston [I6] in connection with the inverse spectral
problem for the radial Schrédinger operator (the case k = 1). They were later extended to general integer
x by Rundell and Sacks [29], and subsequently refined in [31].

In the AKNS setting, Serier constructed similar operators adapted to the first-order matrix structure. A
key difference with the Schrodinger case is that the inverse operators have a more favorable structure.

Throughout this subsection we use the vector-valued functions ¢, and ¥, introduced in the previous
section, and we keep the notation

o= () o= (o)

The next lemma is taken from [32] and will be essential for analyzing the inverse problem in the AKNS
setting. First, let us give some notatio

Notation 5.1. For alln € N, let U,, and V,, be defined by

n

xon ] and V,(z)= l xO

4We adopt the same notation as that introduced by Serier [32].

Un(z) =

] z €10,1].
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Lemma 5.3. For each k € N, define the operator

SnJrl : LQ(Ov 1)2 — L2(0’ 1)2a SnJrl[ aq] = (Sn,l[p]’ SH,Q[q]) )
where
Suabl) = plo) 225+ 02 [ B, Salalle) = ate) 200+ 02> [ A

We also set Sy :=1d. The operators {S;}r>0 satisfy:

(i) The adjoint is given by
S:-;-l[f, gl = (SZ,l[f]» :2[9}) )
with

Sealfl(@) = f(z) = % /OI £ f(t) dt, % olgl(@) = g(x) — % /0 125+ g(t) dt .

(ii) The family {S.} is commuting:

SySm = SmSk Vk,meN.
(iii) Each S, is bounded on L?(0,1)%.
(iv) With N1 :=ker S; ,, one has

Nyt1 = Vect(Uak, Vars1) -
(v) Sk1 is an isomorphism from L?(0,1)% onto N, with inverse
Aw1lf, 9] = (Sk2lf], Skalgl) -
(vi) The functions ®, and ¥, satisfy the reduction relations

(I)n+1 = _S:Jrl[cbn] s \Ijn+1 = _S;:Jrl[\:[lﬁ] :

We will also need the following complementary result which is analogous to Lemma 3.4 in [29].

Lemma 5.4. Let k > 0 and let f,g € L?(0,1). Then:

1. If g = Sk 1[f], then in the sense of distributions on (0,1),

g(g'ﬁ_l)( ) 4k + 2 f(QR)( ) + f(2n+1)<x). (5_17)

2. If g = Sk 2[f], then in the sense of distributions on (0,1),

4k + 2

(2m+2)
g (z) = .

ZETE prt) gy 4 @R (g) (5.18)
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Proof. We adapt the argument of [29] for the first identity (5.17). Starting from

1
g(z) = f(z) =226+ 1) :E2"‘/ 872"*1]”(5) ds, (5.19)

a single differentiation yields

2(2k + 1)

1
g (z) = f'(x) — 42k + 1) 2271 / 57251 f(s)ds + f(z). (5.20)

x

To eliminate the integral term, consider

2 ET9) — 2.

which gives
2kg(z) —xg'(x) = — (26 + 2) f(z) — zf'(x).

Differentiating once more,
(26— 1)g'(z) — 2g"(2) = (26 + 3)f'(z) —xf"(2),
and by iterating this procedure k times one obtains
2k — k) g® (@) = 2™V (@) = —(2k + £ +2) [ (2) — 2 fET (@)

Setting k£ = 2« and dividing by z yields exactly (5.17)). The proof of (5.18)) is entirely analogous. O

We now consider the composite operator T, obtained by composing the index-reduction operators
S1,-..,5k, which carries Bessel kernels to trigonometric ones.

Lemma 5.5. For every k € N, define
11,.i = (71)K+IS,€SK_1 e Sl 5 TO = 750 .
Write T, [p,q] = (T}[p], T?[q]) . Then:

(i) T, is bounded and injective, and for all p,q and all A € C,

[ e (M0 ar= [ (O0) mipaoar

)
[wn- ()= [ (Cni) manaoa

(i) The adjoint T satisfies

000 =T (BN @) w120 Yo

and

ker T; = éNk .
k=1
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(iii) T, defines an isomorphism from L*(0,1)* onto (P;_, Nk)J', with inverse
B.[f.gl = (T[], (T;)[g)) -

Remark 5.6. Taking, for instance, (p,q) = (p,0) in Lemma (z), we obtain that, for every p and every
AeC,

/ B2 (M) plt) dt = / " in(20) T () (1) di
0 0

We now apply Lemma i). Using the classical identity
Yy(e) = (1) I (2),

Proposition [5.1] can be rewritten in the following equivalent form: for all z € C*,

/ [J,,(z) cos(2zx) T v ](x) + (=1)" 1T, (2) sin(2zz) T} [Ul](x)] dx =0,
01 (5.21)
/O [f J,(2) sin(222) T2[vs] () + (—1)"+1J_, (2) cos(222) Tg[vg}(z)} dz =0.

For later use, we recall the explicit formulas for Bessel functions of half-integer order together with the
associated polynomials introduced in [6, 10.1.19-20]. When « = 0,1,2,... and z € C, one has the
classical representations

Jm_%(z) = % (PK(%) sinz — Qu-1(2) cosz) , (5.22)
1@ =(1)" % (Pm(é) cosz + Qu1(3) Sinz>. (5.23)

The polynomials P,; and Q,, each of degree k, are generated by the three-term recurrences
Poi1(t) = 26+ 1)t Py(t) — Po1 (1), k>1, (5.24)
Qr+1(t) = 26 +3)1Qx(t) — Qu-1(t), K20, (5.25)
with initial values

R(t)=1, Pt)=t, Q_1(t)=0, Qot)=1.

Observe that P, and @), inherit the parity of x: they are even functions when « is even and odd functions
when & is odd.

For illustration, the lowest half-integer orders give

[2 . /2
J%(z)f -, sinz, J_%(z)f —, 08 % (5.26)

— sin z) . (5.27)

The next pair is
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Using the recurrence relation, the first few polynomials are

Py(t) =1, Q-1(t) =0,
Pl(t):ta Qo(t):17
2 (5.28)
Py(t) =3t" =1, Qu(t) = 3t,
Ps(t) = 15t° — 6t , Qo(t) = 15t — 1.
Gathering the previous identities, we arrive at the following statement.
Proposition 5.7. Assume that for k € N,
D(p,q)AK,TL(Oa 0) : ('Ul, ’UQ) =0, foralln € Z.
Then, for every z € C and every integer k > 0, one obtains the following identity: for all z € C*,
1
/ [(Pﬁ(g) sin(2(27 — 1)) + Qu_1(2) cos((2x — 1))) ! [vl](x)} dz = 0,
0
(5.29)

1
/0 [(P,{(%) cos(2(2z — 1)) — Qu—1(2) sin(z(2z — 1))) Tf[vg](x)} dx = 0.

Proof. The identity follows directly from (5.21) together with the half-integer representations ([5.22)-
(5.23)), after rewriting the products of Bessel functions using elementary trigonometric relations. O

We now introduce the sequence of polynomials { A (t)}xen, defined recursively by

Al =1,  A@)=1-,
and, for all Kk > 1,

Apt1(t) = 26+ 1) AL(t) + gA,{,l(t) .
Remark 5.8. The first polynomials of the sequence beyond A are explicitly given by

As(t) =22 =3t +3, As(t) =12+ 32 - Bt 415,

The second equation of the system (5.29)) coincides with the equation already studied in [14, Proposi-
tion 5.1]|ﬂ We may therefore directly invoke [14] Theorem 6.6]. The first equation of the system (5.29)
can be handled in the same way, by closely following the proof of [I4, Theorem 6.6]. We therefore obtain

the following result, where D = L

Theorem 5.9. Let (v1,v2) € L?(0,1)%. Assume that, for some k € N,
D) A0 (0,0) - (v1,v2) = 0, for alln € Z.
Then, in the sense of distributions, the functions
Ac(D)[Tilvs]], €12},
1

are even for j =1 and odd for j = 2 with respect to the midpoint v = 3.
5In the case ¢ = —m, where m is a constant interpreted as a mass, the AKNS system is closely related to a scalar
Schrodinger equation (see [3, Eq. (1.4)] and Appendix A (Open problems) of the present paper). Consequently, the analysis

reduces to a second-order Schrédinger-type problem already studied in [14].
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6 Kernel of the Fréchet differential

6.1 Injectivity of the differential for the pair (xi,ks) = (0,1)

In this subsection, we assume that the perturbation (v, vs) satisfies the linearized spectral condition
D,y Ak,n(0,0) - (v1,v2) =0, n ez,

for both effective angular momenta k =0 and k = 1.

For k = 0, we already know that v; is even and wvs is odd about z = % We now apply Theorem with
r = 1, which yields that A;(D)[TY[v,]] is even for j = 1 and odd for j = 2, with respect to the same
midpoint.

We begin with the simpler case j = 2. A straightforward computation yields

241(D) [T210a]) @) = 241(D) [Soalel] (2) = —ohe) + (2= 2) ot — (0 —2) [ 20 ar. o)

€ T

Setting y(z) := vj(z) and evaluating (6.1)) at = = %, we obtain y(
compute

1) =0, since v is odd. We further

G(z) := D*A(D)[T{[vs]] (z)
= A1(D)[D?(So,2[va])] ()
= A1(D)[2y +y/](x) (6.2)
1 2 1
= —4'@) + (1 )y @ + (5 + 5 )vl).
where we have used Lemma (2) in the third line. Recalling that G is odd, the identity
Gz)+G(l—2)=0,

holds for all x € (0,1). Since y is even, this identity implies that y satisfies a linear second-order
differential equation on (0, 1), together with the conditions

1\ _ 11y _

y(z) =0, ¥(3)=0.
By the Cauchy—Lipschitz theorem, we conclude that y = 0. Therefore v, = y = 0, so vy is constant.
Since vs is odd with respect to x = % , this constant must vanish, and thus v, =0.

We now examine the case j = 1. Using Lemma (1), a straightforward computation yields

1 2 1
G(z) = DA(D)[T )] (z) = — 1 (2) + (1 - ;)vi(az) + (5 + ﬁ)vl(x). (6.3)
The function G is odd. Writing G(z) + G(1 — z) = 0 and using the fact that vy is even, we infer that vy

satisfies the following second—order linear ordinary differential equation on (0,1):

vif(x)—l—(%—1ix)vi(x)—(%4—%4—%4—@)111(1‘):0, z € (0,1). (6.4)

We now assume that there exists a solution v of (6.4) which is even with respect to the midpoint z = %,
and we impose the normalization conditions

n(@)=1. h()=o.
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Using MATHEMATICA, we obtain the explicit closed-form expression

2¢% —2x 41 1/1 1

In particular, v; blows up like % as x — 01 and therefore does not belong to L?(0,1). It follows that
one must have vy (%) =0, and the Cauchy—Lipschitz theorem then implies that v; = 0 on (0, 1).

Combining the conclusions of the two cases j = 1 and j = 2, we obtain that
(v1,v2) = (0,0).

Hence the kernel of the Fréchet differential of the spectral map at the zero potential is trivial for the pair
of effective angular momenta (x4, k2) = (0,1). We have therefore proved the following result.

Theorem 6.1 (Injectivity for the pair (0,1)). For (k1,ke2) = (0,1), the Fréchet differential of the spectral
map
Dy S0,1(0,0) : L*(0,1) x L*(0,1) — (3 (Z) x (3(Z)

15 one to one.

6.2 Injectivity of the differential for the pair (ki,k2) = (0,2)

Throughout this subsection, we assume that the perturbation (vy,vs) fulfills the linearized spectral con-
straint
D (p,9) k0 (0,0) - (v1,v2) =0, nez,
simultaneously for the effective angular momenta x = 0 and kK = 2.
1

For x = 0, as before, vy is even and v is odd with respect to the midpoint » = 5 .

Let us now examine the case kK = 2. According to Theorem and setting w; := sz [v;], 7 =1,2, we
have
Az(D) [w;] isevenif j=1,and oddif j =2. (6.6)

Here Ay(t) = 31> — 3t + 3 and D = L .

We begin by studying the case j = 2. We introduce the following notation. Set f = Sy [ve] , so that
wy = — S1.2[f]. Differentiating four times and applying Lemma(?) with k = 1, we obtain
(a) 6 ¢(3) -
As(D)| f¥(x) + Ef (x) | 1is odd. (6.7)

On the other hand, since f = Sp 2 [v2], a second application of Lemma [5.4(2), now with x = 0, yields

£(2) = 2 () + (). (63)
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Setting y(x) := v} (x) (which is even), we obtain after simplification
6(e) = 142(D) (100 + £79) )
8 4 8
—9@+ (2-0) 0w + (12- 2= 5) )

v (6.9)
+ %_% N(LE)-i— %_’_%_’_% ’(1~)
z 3)Y 2 s )Y
96 144 96
A G e ity KACOR

Because asserts that As(D)[ws] is odd, and differentiation four times does not alter odd parity, we
conclude that G(z) is itself odd. Writing G(z) + G(1 — z) = 0 and using the fact that y is even, we see
that y satisfies a linear differential equation of order 4. We denote by

x
v (2) = / or (6.10)
1/2
the unique odd primitive of y(z). An immediate computation gives the following expression:
1 1
Vo (T va(t
wo () = T[va)(x) = — S1.2[So,2[v2]] () = —va(x) — 42 / th ) dt 4122 / th ) ar. (6.11)

Applying the differential operator 4A45(D) = D? — 6D + 12 to wa(z), we obtain

445(D) ] () = — () + (6 - 2 Juo) + (124 2 — 2 )un()
+ (24 — 482) / ”j;” dt (6.12)

1
+ (722 — 2162 + 1442°) / “’i—ff) dt.
x

Evaluating this expression at = = % and using that v, is odd, we obtain
142(D) uws] () = — o4 (8) — 1005 (3) — 120a(2) = ~10y(3) . (6.13)
Since 4A(D) [ws] () is odd, we therefore conclude that y(1) = 0.

Proceeding in the same way, we compute

D2 4(D) [un] () = — o8 (@) + (6= =)ol (@) + (—12+ 5 = 5 )ut(a)
+ (—%6 + % + %)vé(m) + (—2%8 f—f)vg(az) (6.14)

1
+ (—432 + 864) / ”if) dt.

x
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Recalling that y(z) = vj(x) is even and y(1) = 0, we evaluate at « = % and obtain
40420 ] (3) =~ () ~ 1007 (3) + 520/ () + 2362(2) = 104/ (3)

Since 4 D?A5(D)[ws](z) is also an odd function, we conclude, as above, that y”(3) = 0.

In conclusion, y satisfies a fourth—order linear differential equation with the initial conditions
y(z) =0, Y =0 v'(z)=0. V() =0. (6.15)

The Cauchy-Lipschitz theorem then implies that y = 0. Since y = v} and vy is odd, this in turn forces
v =0.

We now turn to the analysis in the case j = 1. In this case, A2(D) [w1] is an even function.

We introduce

Ly, -
wi (@) = =11 [Soa [01]] (@) = —va(2) - 4/ # dt + 12x2/ # dt.

x

A direct computation yields

DADw)(e) =~ o) + (5 - 2 )t @) + (5 - 5 —3)ui@)
n (3 LA 2—;)1}1(90) +36(22 — 1) /1 ”;@ dt .

3
T T @

The function DAy (D)[w,] is odd with respect to « = 1. Moreover, in the case k = 0, we recall that v;

is even. Evaluating (6.16) at 2 = 1, we have v{(3) = 1153)(%) = 0, and the integral term vanishes since
22 — 1 = 0. Therefore,

5
64v1(5) — 51}’1’(%) =0. (6.17)
Now, following the usual convention, we introduce

f = 5071[’01] y so that wp = — 51,1[]0] .

After differentiating three times Ay (D) [wq] and invoking Lemma [5.4] (1) with x = 1, we arrive at
6
Ay (D) ( @)+ = f(2)(x)> is odd. (6.18)
x

On the other hand, because f = Sp1[v1], a second application of Lemma (1), now with k = 0, yields

Fla) = % i (z) + (). (6.19)

Setting

X

G(x) = 445(D) (f<3><x> e <x>) ,
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a straightforward simplification yields the following differential expression:

@) =@ + (5 6)ol @) + (o — = +12)of )

24 96y , 96 144 96\ ,
@+ (G + )@

We therefore recover exactly the same odd function G(z) as in the previous case with vy even.

Writing G(z) + G(1 — z) = 0, we get :

24 24 9% 96 \ ,
+ <_SC?’ - m + ; + ”>U1 (.’L’) (620)
9% 96 1 44 96 96 ()
¥ (1-z)* 22 (1-2)2 22 (1-2)2 vy

Indicial roots and determination of the solution. Using MATHEMATICA, we compute the indicial
equation of (6.20) at the singular point = 0. This yields

8(p—4)(p=3)(p—1)(p+1)=0,

so that the indicial roots are
pe{-1,1,3, 4}.

We now look for the solution of (6.20) satisfying the normalization condition

Since v; is even with respect to x = % , we have

and, from (6.17)), it follows that
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By the Cauchy—Lipschitz theorem, these conditions uniquely determine a solution on (0, 1). Using MATH-
EMATICA, we obtain the following explicit expression:

v(x)—§—£— b 15 + 2 6.21
B T3 8 T 8(1—2) 8(2-3z+322)  12(2— 3z + 3222 (6.21)

This solution exhibits a non-integrable blow—up at the boundary. In particular,

v1 ¢ L*(0,1).
We deduce that one must impose
1\ _
vi(z) =
It then follows that all derivatives of vy at x = % up to order three vanish. By uniqueness of the Cauchy

problem, this implies that
vy =0 on (0,1).
Thus, we have established the following injectivity result in the case (0, 2):

Theorem 6.2 (Injectivity for the pair (0,2)). For (k1,k2) = (0,2), the Fréchet differential of the spectral
map
Dy S0,2(0,0) : L?(0,1) x L*(0,1) — (3(Z) x (3(Z)

18 injective.

6.3 Injectivity of the differential for the pair (ki ko) = (1,2)

Throughout this subsection, we assume that (v, ve) € L?(0,1)? satisfies the linearized spectral condition
D p,9) A0 (0,0) - (v1,v2) =0, n e Z,

for both effective angular momenta x = 1 and k = 2.

Applying Theorem with k = 1 and & = 2, we obtain that A,(D)[T[v;]] is even for j = 1 and odd

for j = 2, with respect to z = 3.

We first consider the case j = 2 with k = 1. Set f = Sp2[v2]. A direct computation gives

241(D)[T7[v2]] (z) = 241(D) [So 2[v2]] (x) = 241 (D)[f](z) = —f'(z) + 2f (x) . (6.22)

Decomposing f into its even and odd parts,

f=Tfe+tfo: (6.23)
where f. is even and f, is odd with respect to xz = % , we immediately obtain
1 !
- 6.24
fo=5 0 (6:24)

since the function —f/ + 2f. is even and odd and therefore
1 !/
f=gtet o (6.:25)
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We now exploit the case xk = 2. We define

o= Sialfl = o) - 6s* [ L an

so that g = —T#[vo]. By assumption, Az(D)[T#[v2]] is odd in the sense of distributions, where

_ 142 _ 3
A straightforward computation yields

4A5(D)lgl(z) = f"(x) + 6(% - 1)f’(w) + (g ~ 3—x6 + 12)f(:c) —362(1 —z)(1 - 2x)/ ft(t)

x

Since 4A5(D)]g] is odd with respect to z = 1, evaluating (6.26) at z = 1

5 yields
1"(3) +61'(3) —12f(3) = 0.
Using the decomposition f = %fé + fo,, where f, is odd, we obtain
P =o. (6.27)
Similarly, differentiating twice yields

D*(442(D)lg)) () = ' (x) + 6(% —1) £ @) + (12 ?;—G)f”(x)
H(F e (- 2w

3

(6.28)
0]
Evaluating the identity (6.28) at = = 1 yields
O3 =8 10(2) =0. (629
Finally, a similar computation yields
1
G(x) == D* (442(D)[g)) (2) = F O (@) + 6(= = 1) /O (a)
(6.30)
36 12 72 36 12
_ 22 22 r@) 12027 L 22 )
+(12 T xQ)f (m)+(x +9:2+x3)f (@)
Replacing f = 1 f, + f,, we get
Gla) = 3 1 (@) + (2 —2) 10 (@)
27° x °
12 6 6 6
_ (2L ) f0) IR W C 6.31
(ac +x2)f° (x)+(12+x2+x3)f° (@) ( )

7236 12
7236 12y
+ (S +5+5)1P@.
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We now use the symmetry condition G(x)+ G(1 —x) = 0. This yields the following differential equation:

0= @) +3(2 - )79 @)

1—-2z

12 6 12 6
(2L = (5)

(x 21 +(1—96)2>f° ) (6.32)
+6(i+i— S )1 @) |

2 23 (1—-2x)2 (1—x)3/°° *

72 36 12 72 36 12

i T Wt (3)
+(x +x2+x3+1—x+(1—:E)2+(1—x)3)f° (z).

Finally, introducing
y(@) = £ (x),

we are led to a fourth—order differential equation satisfied by y. The function y is even with respect to
T = % , and the previous identities imply

y®(3) =0, k=0,1,2,3.

The Cauchy-Lipschitz theorem then yields that y = 0. Consequently, f, must be an odd polynomial of
degree at most two, hence it necessarily takes the form

fol@)=a(z—1). (6.33)

Using once more the relation f = 5 f) + f,, we deduce

f(x)z%—f—a(x—%):ax. (6.34)

Since f = Sp2[v2], We recover vy by applying the left inverse S ; given in Lemma (V), namely

1M@%ﬂm@ﬂ@47@ﬁ.

A direct computation yields
va(z) =0. (6.35)

Let us now examine the case j = 1. By Theorem applied with x = 1 and k = 2, we know that
A (D)[T}uv1]] is even. Set f = Sp1[v1]. As in the case j = 2, the analysis of the case k = 1 yields

F=forg il (6.30)

(As before, f, denotes the odd part of f with respect to = = % , and f. its even part.) We now exploit

the case k = 2. We define .
2 [ ()
t3

g:=511[f] = f(z) — 6z dt,

T
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so that g = —T3 [v1]. By assumption, DAy(D)[T3[v1]] is odd in the sense of distributions. A straight-
forward computation yields

4D A(D)la)(@) = £ (@) +6(+ ~1)77@) + (12 ) iy + (2 B piw)
+72(1 - 22 )/: & (050
Since 4D A5(D)[g] is odd with respect to z = 1, evaluating at x = 1 gives
F(3) = 48£3(3) - (6.38)
Similarly, differentiating twice yields
H(r) := 4D A>(D)[g)(x) = £ (@) +6(5 1) s )
n (12 _ %6 _ g)fw)(x) (6.39)

Replacing f = f. + 3 f, in H(z) and using the relation f, = 1 f., we can express H entirely in terms of
fo- A straightforward computation yields

H() = 10 + (5~ 4) 1@ - (2 + 2) 0 @)

T
1212

+ (24+ S+ E)fé’(w) + (% + % + %)fé(x)'

We now use the symmetry condition H(z)+ H(1—x) = 0. This yields the following differential equation:

0=2 @)+ (0~ ) i)

24 24 12 12
N Bt T e Bt T B )
(:17 +1—z+x2+(1—z)2)f° ()

(6.40)

N (2 N 12 12 12 )f”(x) (6.41)
22 23 (1—-x)2 (1—x)3/7°
(144+144+72+ 24, >f,()
—_—t et =t ———t+ =+ — x).
1—z 22 (1—-z)2 238 (Q1—-2x)3/"°
Finally, introducing y(z) = f/(z), we are led to a fourth-order differential equation satisfied by y:
6 6
L PRE )
0= (m) (a: 1-— m)y (@)
24 12 12 N,
( +1—x x2+(1—x)2)y (@)
1o TSN (6.42)
+( +x3_ lfx)2_(1fx)3)y(x)
n (144 144 72 n 72 n % n 24 ) (@)
Tz (1-2)2 22 (1-x)3 yie)-
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A direct computation shows that the roots of the indicial equation are —2, 0, 2, and 3.

The function y is even with respect to z = % From the previous computations, if we normalize by
choosing f}(3) =1, then

y(z) =1, () =0. y(3)=48. () =0.
Using MATHEMATICA, the unique solution is given by

ylx)=—-1+ ﬁ + é . (6.43)

We recall that y = f. Since f; is odd, we obtain

1 1 1
fo(x)——ﬂﬂ‘m—E-Fi,

and, since f! = 2fj, there exists a real constant C such that

We thus obtain,
f(@) = fe(x) + folz) = —2® — %ln(l —z)— (@) + —— - —+C. (6.44)

This leads to a contradiction, since f = Sp1[v1] must belong to L?(0,1), whereas the function (6.44) is
not square integrable near x = 0 and = = 1. Consequently, the initial condition must satisfy

fo(3) =0.

By the Cauchy-Lipschitz Theorem, the corresponding solution of the differential equation then satisfies
y = 0. Hence f, is a constant, which must be zero since f, is odd. Therefore f itself is a constant
function.

Since f = Sp,1[v1], we recover vy by applying the left inverse Sg , given in Lemma (V), namely

x2

vi(@) = S551A(@) = f(2) - = / Cif()dt.

A direct computation yields
vi(z) =0. (6.45)
Thus, we have established the following injectivity result in the case (1, 2):

Theorem 6.3 (Injectivity for the pair (1,2)). For (k1,ke2) = (1,2), the Fréchet differential of the spectral
map
Dp,)S1,2(0,0) : L*(0,1) x L*(0,1) — (3(Z) x (3(Z)

s one to one.
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6.4 Injectivity of the differential for the pair (x1,x2) = (0,3)

Throughout this subsection, we consider (vy,vs) € L?(0,1)? satisfying the linearized spectral constraint
D(Pv‘])AHa"(O’ 0) ' ('Ul, ’1}2) = 07 n e Z7

simultaneously for the two effective angular momenta x = 0 and x = 3.

In the case x = 0, one has, as in the previous section, that vy is even and vy is odd with respect to the

midpoint z = % .

We now turn to the case k = 3. According to Theorem and setting w; := T3j [vj], 7 = 1,2, we have
A3(D) [w;] isevenif j =1, and odd if j =2, (6.46)

where

As(t)= -2+ 32 - Lry+15, D=4,

We first analyze the case j = 2. The relevant transformation operator can be written explicitly. For
x € (0,1), one has

T2[vs)(z) = va(z) — 6a / 1 th’f) dt + 4823 / 1 ”i—ff) dt — 602° / 1 ”ig) dt . (6.47)

Moreover, introducing the differential operator D = % and the polynomial
As(t)=—1t>+ 302 — Bt +15,  sothat  8A3(D)=—D*+12D> — 60D + 120,
we obtain the following explicit identity

F(x) = 845(D)[T5[v2]] (x)

B _ g I _ 216 _ 126\ ,
=—vy () + (12 . )v2 (x) + ( 60 + ~ 2 )Uz(x)
1080 1728 624 Lug(t)
120 - — + — — — 360(1 — 2 dt
+ ( : 2 x3 )vg(:v) + 360( gc)/m t2 (6.48)

1
+288(202° — 3022 + 122 — 1) / ”iy) dt

x

1
t
—36002* (22" — 52 + 4a — 1) / ”‘ig L ar.

Evaluating (6.48)) at « = % , we use that the left-hand side is odd with respect to %, hence it vanishes at

T = % Since v9 is also odd, one has
1\ _ i1y
v2(3) =0, v (3) =0,

Thus,
o9 () = ~18205(4)
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We now compute the second derivative of F(z) = 8A43(D)[T§[v2]](x). Differentiating (6.48) twice, we
obtain

F'(2) = — o (2) + (12 - ) (@) + (60 + 2—:16 - %)vf) ()

1080 1206 156
+(120- ==+ =2 - 2 ) (@)

36(60a% — 21022 + 1242 —9) , . 1440(122% — 2622 + 122 — 1) (6.49)
+ 24 Vol o va(x)

1 (%) (t)

o dt.

+17280(2z — 1) /1 vigf) dt — 7200(202® — 302® 4 12z — 1) /
z P
Evaluating at z = % and using the oddness of F' and v, all nonlocal terms vanish and we obtain
0= 460805 (L) + 1208 (1) — v$? (1) .
We now differentiate twice. This yields

@y — (0 _ 18y () @ AW
F®(z) = — o (m)—|—<12 x)vQ (z) + ( 60 + x2)u2 (z)

1080 864 168\ (4

2160 5400 288 72
+ %) (@)

i
(5 o
(5
(5

12060 9360 1728 720\ (6.50)
S e i)
44640 19440 1728 720 172800 86400
5 F)”é(x) + ( A 8 )Uz(x)

1
t
+ 432000 (1 — 22) / ”1(6 ) at.

since F is odd with respect to 2 = 1 one has F(4)( ) = 0, and the nonlocal term

3 2
vanishes. Moreover, since v, is also odd with respect to = 1, we have vy(3) = ( ) = v£4)(%) =

2 2
v§6)(%) = 0. Therefore,

Evaluating at = =

0=—u5” (1) + 156057 (1) — 18432057 (1) + 147456 vy (L) .
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Differentiating twice (6.50) and collecting terms, we obtain

PO =+ (2 D))+ (20 )

1080 432 348\ (6
+(120- =54 Ty 4 T ) @)
2160 3240 3312 1260\ (5
+( 3 4 ) é)(:c)
8640 10080 5184 720N (1)
(gt B ) o
2880 4320 12096 9360\ (s)
+( * 5 + 6 )1)2 (@)
17280 43200 51840 30240
+( x® 26z )vé/(x)
17280 43200 51840 302407
+ (= + o+ T ).

Let G(z) = F(©(x). Since F is odd with respect to z = 3, the same holds for G, and therefore
Gz)+G(l—=x)=0, z € (0,1).

Using that vy is also odd and applying the reduction obtained above, we can rewrite the symmetry
identity G(z) + G(1 — 2) = 0 as a linear ODE for

W = Vj.
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This yields the following eighth—order symmetry equation:

—2w® (z)

18 18
_[22__= 1,,®
(3: 1—3:>w (@)

+

~120 +216( + 5 ! )- 18(i2 + 1)2)>w(6)(x)

080 1080 432 432 3 M8\
1—2z 22 (1-2)2 22 (1-2x)3

_|_

2160 2160 3240 3240 3312 3312 1260 1260
_ }i w™ (z)

( 1—35 x? 1-22 285 (1-z3 2@ (-

_|_

5640 8640 10080 10080 584 S84 70120\ o)
(1—2x)? x3 (1-2)3 x4 1—x)* 25 (1-2)°

+

2880 2880 + 4320 + 4320 12096 12096 + 9360 9360 w'(z)
(1—2)3 x4 (1—x)4 x® (1—x)5 a8 (1—x)8

+

17280 17280 43200 43200 51840 51840 30240 30240 (@)
(1—x2)4 xd (I1—x)5 b (1—x)8 x’ (1—-2)7

n 17280 17280 43200 43200 51840 51840 30240 30240 w(z) =0
5 (1—=x)5 6 (1—m)° x’ (I—a)T a® (1—a)® o

The indicial roots at x = 0 are

re{7,6,531,-1} U {-1+iv23}.

From the previous analysis, solutions of this ODE are uniquely determined by the single parameter v} (%)
For instance, imposing the normalization

w(z) =v(3) =1

gives us a solution w = vy of (6.52) satisfying the differential constraints at = = 3,

v () =-132,  ofV(3)=3024,  w{”(}) =3052224,
which follow from the symmetry relations derived above.

To gain further insight into the behaviour of solutions, we performed a numerical integration of equation
using MATHEMATICA. Starting from the normalization v2(2) = 1 together with the differential
constralnts above, the resulting functions w(z) = vh(z) and ve(x) are displayed in Figure
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w(x)=v2'(x) v2(x)
40
0.10

30
0.05F,
10 X
.0
L L L L L L L X
0.2 0.4 0.6 0.8 .0 _0.05
-10

-0.10-

-20

Figure 1: Numerical solutions w(z) = vh(z) (left) and ve(x) (right), computed with Mathematica.

The qualitative behaviour of w is consistent with the structure of the indicial roots. In particular,
the complex pair —1 4 4v/23 produces oscillatory components in the local behaviour near the singular
endpoints.

On the other hand, when k = 3, the previous analysis (see (3.10)) yields the additional constraint

1
/ va(z)a®dr =0.
0

However, using the numerical solution corresponding to the normalization v’z( ) =1, we obtain

1
2
1
/ v () 28 dar ~ 1.6 x 1071,
0

which is clearly non—zero. This leads to a numerical contradiction. Consequently, one must have

02( )—0

By the Cauchy-Lipschitz theorem applied to equation (6.52)), this implies that w = 0. Since vy is odd
with respect to x = % , it follows that vo = 0.

We now turn to the case j = 1. The analysis is completely analogous to the case j = 2. Since v; and
A3(D)[T$[v1]] are even with respect to z = 3, the successive symmetry identities at z = 4 determine all
higher even derivatives of v1 from the two parameters v1(3) and v/ (%), while all odd derlvatlves vanish

at z = % . Namely,
oV (1) = 1207 (L) + 4608 v, (1) .
o\ (1) = 156 01" (1) — 1843207 (1) + 147456 v, (1) .

Then, proceeding exactly as in the case j = 2, one obtains the same eighth—order symmetry equation

as above, with w replaced by v;. Hence, once the two parameters v1(3) and v{ (3) are fixed, all higher
derivatives at = 1 are uniquely determined, and the Cauchy-Lipschitz theorem yields a unique local

2
even solution.

We therefore introduce the two fundamental even solutions corresponding to the initial data

u: o (vi(3)01(3) =(L0),  wv: (u(z)(3)=(01).
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Any even solution of the symmetry equation is then a linear combination
vi=au+ fv.

To understand the behaviour of these solutions near z = 0, we performed a numerical Frobenius analysis
using MATHEMATICA. Starting from the two independent even solutions (u,v), we integrate the eighth—
order equation numerically on (0,1).

We have previously seen that any local solution near z = 0 is expected to have an expansion of the form
vy (x) =27t (A + Bcos(v23logz) + C'sin(v23 log a:)) + O(x).
For the pair (u,v), MATHEMATICA produces the numerical triples

(Ay, By, Cy) = (0.700136, —0.0937512, —0.0416037) ,

(A, By, Cy,) = (0.00529329, 0.00201729, —0.00117865) .

To test whether a linear combination of these solutions could cancel the leading singular behaviour, we
solve numerically

a(AuaBuvc’u) +/B(Avanch) = (anao) :

The computation yields only the trivial solution « = § = 0. Consequently, the only solution which is
L? at both endpoints # = 0 and x = 1 is the trivial one. This numerical analysis leads to the following
theorem.

Theorem 6.4 (Injectivity for the pair (0, 3)). For (k1,k2) = (0,3), the Fréchet differential of the spectral
map
Dy S0,3(0,0) = L?(0,1) x L*(0,1) — (3(Z) x (3(Z)

15 one to one.

7 Closed range of the linearized spectral map

In this section, we study the Fréchet differential of the spectral map at the zero potential and prove
that its range is closed when ko — k1 is odd. For the corresponding radial Schrédinger problem, the
closed-range property was established by Carlson-Shubin and Shubin-Christ see, e.g., [10, [33].

7.1 Preliminaries

Let
S = D (p,q)Sk1 k2 (0,0).

We briefly recall the notation introduced earlier. For each k € {x1,k2} and n > 1 (with v =k + 3), we
introduce the linear functionals

1
A,{7n('l}1) = / 2ju,nx Jllfl(jy,nx) Jy(jy;n,x) U1 (l’) d(]}' y
0

1
Bn,n(UZ) = ‘/0 ju,nx(Jl/(ju,nl')z - Jufl(ju,nx)Q) ’02(55) dm?
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which define bounded linear functionals on L?(0,1).

Using Lemma [5.5] and Remark [5.6] these linear forms admit the following transformation—operator rep-
resentations: for n > 1,

Apn(1) = —% /0 By (o) 01 (2) do (7.1)
= _%/o sin(2jjy,n2) T, (v1)(z) d (7.2)
BN,N(UQ) = %/0 (I)N,Q(ju,nx) UQ(LE) dZE (73)
= 2 1 cos(24y nz) T2 (v2)(z) dz
=2 [ eo2ina) T ) @) o (74)

As shown in Section there exists a bounded isomorphism
U : 3(Z) x 12(Z) — R? x £2(N*)? x (2(N*)?
such that U o S is block diagonal:
(U 0 8)(vy,v3) = (M(vg), Ay ks (V1) Bmm(vz)) ,

where

Ay ry (V1) = ( Ay n(V1))n>1, (Aﬁzyn(vl))nzl) )
Bm,m (UZ) = ( Bnl,n(v2))n21» (an,n(UQ))nzl) )

1 1
M(vg) = (/ 2y, 7/ x2“2’u2> .
0 0

Since U/ is an isomorphism, the range of S is closed if and only if the range of U o S is closed. The
closed-range property thus reduces to the independent analysis of M, A,., ., and By, ., -

(
(

7.2 Strategy of the proof

We now outline the strategy used to prove the closed-range property. For simplicity, we present the
argument in the model case (k1, k2) = (0,1), the general case is identical.

We approximate the operator A, ., by replacing the Bessel zeros j, , with their leading asymptotics,
namely

Jim~nm (k=0), jg’nw(n—&-%)w (k=1).
This leads to a Fourier—type model operator whose kernels involve pure sine functions with frequencies
2n7 and 2(n+%)7r . We show that this model operator is injective with closed range, hence semi—Fredholm.

The difference between the original operator and the Fourier model operator is compact. The proof of
this fact is identical to the one given in Appendix B of [14], and we therefore omit the details. Since the
semi-Fredholm property is stable under compact perturbations, it follows that A, ., has closed range.

Applying the same argument to the family (B ,)n>1 shows that the block operator (M, By, ,) also has
closed range, and this proves that the differential S has closed range.
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7.3 Trigonometric model

Using the sine representation (7.2)), we introduce a Fourier—type model operator corresponding to (k1, k2) =
(0,1):

AR @) = (Ao @1)nz1 s (A1 (01)az1)

where

™

1
Ag (1) = g/ sin(2nmax) vy () dz,
0

/L,n(vl) = —2/0 Sin((?n + l)mv) (5’071[01])(17) dx .

™

Similarly, using the cosine representation (7.4]), we define

B (v2) = ((Eo,n(vz))n21 ; (El,n(v2))n21) ,

with

~ 9 i
By n(v2) = ;/ cos(2nmx) v () dx ,
0

s

El,n(vg) = z/o cos((2n + 1)71'37) (50,1[1}2])(l‘) dx .

From now on, we focus on Aéi and, for simplicity, we write v instead of v;. Using the trigonometric
form above, we consider

o ~ ~
A0y rey = D o @) + D 1AL (0)
n>1 n>1
The first term corresponds to the classical sine Fourier coefficients

gom(v) = z/0 sin(2nmx) v(z) dx .

™

Since sin(2nmx) is odd with respect to z = % , only the odd part of v contributes. By Parseval’s identity,

~ ~ P
> Ao @)> = [Aon(veaa)” = = [voadlIF2(0,1) »
n>1

n>1

where voqa(z) := 3 (v(x) — v(1 — z)) denotes the odd part of v with respect to z = 3.

The second term involves the shifted sine basis and the transform S ;:

D) =2 /0 sin((2n + 1)) (So.[v])(z) dz .

™
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Since sin((2n + 1)7z) is even with respect to z = 1, only the even part of So1[v] contributes. Including
the mode n = 0, Parseval’s identity yields

~ 2
D 1A = IS0 [ evenl T o1 »

n>0

where
(So.1[V])even() = 5 ((Soa[v])) (@) + (Soa[v])(1 — 2)) .
If we start the sum at n = 1, we subtract the contribution of the mode sin(7xz), namely

A1) = 25 [((SoaleDevens sin(ma) sz |-

Let P denote the orthogonal projection onto the subspace L2 . (0,1) (with respect to x = %) Then

(SO,l[U])cvcn - PSO,l[U] .

Therefore, starting the sum at n = 1, Parseval’s identity yields

~ 2 2 . 2
> AL = = 10S0,1[V]))evenll72(0,1) — = |(PSo.1[v], sin(ma)) 20,1y -

n>1

We may rewrite the scalar product using the adjoint of P.Sy :
(PSo[v], sin(mz)) 2001y = (v, (PSo,1)" sin(7x)) 12(0,1) -

Hence 5 9
~ . 2
> A1 (@) = S 11(So.1[v))evenl|72(0.1) — = (v, (PSo,1)* sin(m)) 2(0,1)|

Y
n>1

Combining both contributions, we obtain

2

0 * . 2
A0 ey rm e = =5 (Nl 0.1y + N(So.t[oDevenll3zc0.0) = | (05 (PSo0)” sin(me)) o)

In order to exploit this identity, we focus on the even component of Sy 1 [v] and introduce the corresponding
projected transform.

We recall that the integral operator Sy ; is defined by

(Soto]) () = () — 2/ @ i,  ze(1), (7.5)

and we define
T:=PoSy;: L2,(0,1) — L?

even even

0,1).
Lemma 7.1 (A bounded left inverse for 7). Define the operator L : L% ., (0,1) — L2 .,(0,1) by

even

1 T
(Lg)(x) = g(x) — 35()/0 (1 —2t)g(t) dt, 0<z<l. (7.6)

1—2x

Then:
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1. L is a left inverse of T := P o Sy on L2,(0,1), i.e.

even
LTv=v, YvelL?,/(0,1). (7.7)

2
even

”LgHLz(O,l) <5 ”g”Lz(O,l)? Vg € Lgven(()? 1)

2. The operator L is bounded on L3, (0,1). More precisely,

Proof. Step 1: derivation of the formula. By density, we may assume without loss of generality that
v € C1([0,1]). We recall that v is even and set g := Tv = PSp 1[v]. Using the definition of Sy together
with the symmetry v(1 — z) = v(z), one obtains for z € (0,1)

1 T
ote) = o)~ [ ar [0 ar

v(z)  v(z) , 1—2z
P T

Differentiating gives

hence
(1 —2)v'(z) + (1 - 22)v(x) = 2(1 — 2)g¢'(x), ie. (z(1 = 2)v(z)) = 2(1 — 2)d (2).

Integrating from 0 to x and performing one integration by parts yields

2(1 = 2)o(z) = 2(1 — 2)g(x) — /Omu — 2t) gt dt,
that is,

—(11)/x(1—2t)g(t)dt, 0<z<l.
z(l—2x) Jy

Since ¢ is even with respect to %, the right-hand side is also even, hence v is even as well. This is precisely
the formula defining the left inverse L.

2

Z.en(0,1). Since Lg is even with respect to %, it suffices to work on (0, 3):

Step 2: boundedness on L
||L9||2L2(0,1) = 2||Lg||2L2(0,1/2)-
For 0 <z < %,

(Lg)(x) = g(x) —

Using |1 — 2t/ < 1 and 1 —z > 1, we obtain

1 xT
; /0 (1—26) g(t) dt.

z(l—z

|(Lg)(x)] < |g(x)] + i/om lg(t)| dt.

By Hardy’s inequality on (0, %),

1/2 1 x 2 1/2
/ ( / |g<t>|dt) w4 [ gt
0 z Jo 0

1 Lgllz20,1/2) < 9llz20,1/2) + 4ll9llL2(0,1/2) = 5ll9llz2(0,1/2)-
Therefore ||Lg||12(0,1) < 5/l9ll12(0,1), and L is bounded on L2, (0, 1). O

hence
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We now show that the two nonnegative contributions in the right—hand side of the following identity
already control the full L?-norm of v:

0 2
AL ez ey = =5 (IvoaallZagoy + (S0 Deven ooy = [0, whr20ml?) s (78)

w2
where
w = (PSp1)*sin(rx) € L*(0,1).

We first prove that
[vl172(0,1) S IlvodallZzgo,1y + (S0 [o])evenlZ2(0,1) - (7.9)
Since v = vVoqq + Veven, We have
(S0,1[])even = (P 0 50,1)v = (P ©.50,1)Veven + (P 0 S0.1)Vodd -
We recall that T = P o Sy on LZ,,(0,1). Then

TUcvcn = (P o SO,l)vcvcn = (SO,l[v])cvcn - (P o SO,l)vodd .

Since L is a bounded left inverse of T on L2, (0,1), we obtain

Veven = L((SO,I[U])even - (P o SO,I)Uodd) y

and therefore, since P o Sy is bounded on L?(0,1),

Jeevenllzzo1) < € (IS0t [Devenllz20.1) + voaallzzon) ) -
Squaring and adding the odd part yields (7.9). Combining (7.8) and (7.9) yields
0
lel3200) S 146 IEE <) + 1(0:0) 20 -
Equivalently,
lhezon S [[(A @whra0n)|-
In particular, the augmented operator

A= (AP, (- w)peon) = L2(0,1) — (F2(N*) x 2(N*)) x R

is injective and has closed range. Since (-, w) is a rank—one operator, A is a finite-rank extension of .A(()?%.

Hence Agg is semi-Fredholm: its kernel is at most one-dimensional and its range is closed. This follows,
for instance, from [8|, Proposition 11.4].

Now, we recall below the following local injectivity result, which is a direct consequence of the mean
value theorem and the open mapping theorem (see, for instance, [I], Theorem 2.5.10).

Proposition 7.2 (Local injectivity). Let X and Y be Banach spaces, and let
S:UCcX —Y

be a C' map defined on an open neighborhood U of a point xo € X. Assume that the Fréchet differential
d,S : X — Y is injective and has closed range. Then there exists a neighborhood V- C U of xy such that
S is injective on V.
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Theorem [I.1]is a direct consequence of Proposition Theorems and and the closedness of
the range of S.

Remark 7.3 (Other effective angular momenta). The case (k1,k2) = (0,2) is more delicate. Indeed,
the asymptotics of the corresponding Bessel zeros do not produce the half—integer phase shift that yields
the interlaced frequencies appearing in the case (0,1). As a consequence, the associated trigonometric
system is no longer complete: one only obtains a partial family (either sine or cosine), rather than a
full sine—cosine system. In particular, the argument based on the coercive identity for the trigonometric
model cannot be applied directly, since the missing family prevents a direct control of the whole L?>—norm.
A refined analysis is then required to recover closed range in this case.

A Physical interpretation of the model: from radial Dirac oper-
ators to AKNS systems

The AKNS system appears in many models in Physics. We have selected below two models where the
results established in the main text are relevant. This also suggests the consideration of many other
questions.

A.1 Dirac in 3D

Following [36] (see also [2] and [32]), we recall that the MIT realization of the Dirac operator on L2 (B, C*)
(B is the unit ball of R3) with a radial matrix potential

V(x) = (7256[(7‘)[4 + ¢sc(r)5 + Zﬁa . er¢am(r) ; (Ala)

where

— 12 0 L 0 g; o
ﬁ_<0 —I2 ) ,(11—((71_ 0 ) ’a_(a17a27a3)a (Alb)

0 1 0 —i 10
01:<10>’U2:<i 0),03:<0_1), (A.1c)

the o; are the Pauli matrices,
er :=x/r, (A.1d)

and ¢, ,¢sc and ¢, are radial potentials with a physical interpretation.

Although the case ¢ is interesting (one can find in [36] the analysis of the Coulomb case), we are
concerned in this article with the case when ¢.; = 0, and use in the main text the notation ¢, = p and
®am = q . Notice that, when ¢.; is not 0, it is known from [22] (see also the discussion in the introduction
in [3]) that the inverse problem is ill posed for the AKNS system already when x = 0. Theorem 4.14 in
[36] states that the Dirac operator

Dy :=Dg+V, (A.2a)
with (m being the mass)
Do =Y a;Da, + fm (A.2D)
i
is unitary equivalent to the direct sum of the so-called "partial wave" Dirac operators iy «;
+o00 J
& D D hmw
=53 mi=—i  k;=k(+3)



where, in the basis {®, .. @, .} (see (4.110)-(4.116) in [36]), hi, ., is the operator Hy, with a
suitable boundary condition at r = 1.

Notice that in this decomposition we only meet (up to unitary equivalence) the Dirac operators H, on
L?(0,1) for k € Z\ {0} . Here Z \ {0} is interpreted as the eigenvalues of some selfadjoint operator K on
L?(S?,C*%), where S? is the two dimensional unit sphere in R®. We emphasize that « is not the angular
momentum as sometimes wrongly written (for example in [3]).

Notice also that in the Subsection 4.6.6 in [36] only the case in (0, +00) is considered but this does not

change the "tangential" decomposition of L?(S5?, C*).
Hence we have to analyze more carefully the possible boundary conditions by coming back to the problem
for the unit ball in R®. According to [4], the generalized MIT condition in a domain € is given by
= %()\e — AsB)(a-v)p on 092,
with
AN\ = 4.
Notice that the standard MIT model corresponds with A\, =0, Ay = £2.

In the case of the ball and for the standard case, we get
¢ =—if(a-e.)pon S?.

Using Lemma 4.13 in [36], the operators 8 and « - e, respect the decomposition and, with respect to the
basis {®), .., ®,, .}, are represented by the 2 x 2 matrices

Bm,;r;, =03 and (—ic-e,) = —ioy.
The boundary condition consequently reads

() =a(ff )t forr=1,
or

fFO)+ @ =o.

This corresponds in the AKNS notation to 3 = 7.
Let us consider now the general MIT condition. We get

1<0 Ae — Ag

(erafi)T:i Aet+Xe O )(er,f)T,fOrrl,

which reads 1

f+(1) = 5()\6 - )\s)f_(l) .
If we take A\s and \. of opposite sign and take A\, — 400, we get at the limit
f~(1)=0,

which corresponds in the AKNS formalism to #2 = 0. This limit is analyzed in [4] and this justifies to
consider this limiting case also called Zig-Zag model.

More directly, this model is analyzed in [I8] who refers to [30]. Other properties for the radial Dirac
operator are considered in [5], [15].
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A.2 Dirac in 2D with Aharonov-Bohm potential

It is natural to consider the same problem in dimension 2. Here we refer to another section in [36] or to
[4]. Here we naturally get an AKNS family with x € £ + Z. In this case, the Dirac operator is a 2 x 2
system. The free Dirac operator reads

Do = 01Dy, + 02D, ,

“(72)
p q

as it appears in the AKNS system.

The description of the decomposition in the radial case is simpler than in the 3D case and we have just
to consider the polar coordinates. This is precisely described in Thaller’s book ([36], Subsection 7.3.3)
but we have to explain two points which are not present there. First, since we are interested in the case
of the disk, we have to describe what would be the boundary condition. This is for example discussed for
general domains with C? boundary in 7] (see also references therein), the simplest conditions becoming
simply (Zig-Zag model):

and we can add a potential in the form

(Yv1)jo0 =0,
or
(7”2)\39 =0,

where v denotes the trace operator.
In the reduction using the decomposition in [36] we get the boundary condition Y2(0) = 0. Other
conditions could be discussed. According to Lemma 2.3 in [7], the general condition reads

1 —sinn

(Yv2)j00 = t(s)(vv2)ja0 -

cosn
(where, for s € 09, t(s) = t1(s) + ita(s), (t1(s),t2(s) is the tangent vector to 9 at s, see p.2, line -3
in [7]). In Theorem 1.1 in [7], it is assumed that (see Remark 2) cosn # 0 for having a regular self-
adjoint problem with compact resolvent. Nevertheless in the Zig-Zag case, one can also define a natural
selfadjoint extension. 0 seems to belong to the essential spectrum. The results are described in the recent
paper [13] which refers to a paper by K. Schmidt [30]. The corresponding family of the AKNS operators
is indexed by k = £(1/2,3/2,--- ,) with boundary condition at » =1 given by 63 = 0.

Unfortunately, we do not know how to treat this problem when the s are not in Z.

As already observed in [36], one can perform the same decomposition in the case when the magnetic

potential A4(r)es (with eg = L(—x2,21)) corresponds to a radial magnetic field B(r). The decomposition

T

leads simply to replace in the definition of the AKNS system d% — % by d% — 2 4 Ay(r) (see Formula
(7.103) in [36]).

We want to consider Ay(r) = <. The formal part of the decomposition still works but the regularity
assumption done in [36] is not satisfied since the corresponding magnetic field is 2rady where §p denotes
the Dirac measure at the origin. As usual we can reduce the analysis to « € [0,1). The case a = 0 being
the previously discussed case without magnetic potential, it remains to consider « € (0,1). Hence we
have to define the domain of this magnetic Dirac operator in this so called Aharonov-Bohm situation.
This is fortunately discussed in the literature (|27, 35]). The authors classify in the case of R? all the
possible selfadjoint extensions of the minimal realization starting from C§°(R? \ {0}; C?). As described
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in [35], we choose the condition corresponding to the parameter ¢ = 0 and (taking also account of the
boundary condition, which is not present in Tamura’s paper [35]) the domain is

D(Dg,v) = {u = (u1,u2) € L*(Q)2, Dou € L*(Q)?, lim |x|1_°‘6_i9u2(x) =0, (yu2)sn = 0}.

|z]|—0

In the case of the unit disk Q = B!, we get the AKNS system in (0,1) with » replaced by k, = K + .
When o = % we get a sequence of integers in Z for which the analysis of the main text is relevant.
A.3 Open problems

Notice that more generally, it is interesting to consider the AKNS systems without to assume that  is
an integer and with any boundary condition at the origin (for the relevant ) and at r = 1.

In view of the application to the two-dimensional Dirac operator, we note in particular that Theorem [5.2
remains valid even when the parameter ki is not assumed to be an integer. It could also be interesting
to look at the case with a mass m # 0. At the level of the AKNS system this seems to correspond to the
study of a model where the variation of ¢.; is considered and the other potentials are 0. In this direction,
we refer to [20], where an Ambarzumian-type theorem is established for Dirac operators. This result
provides a uniqueness statement at the unperturbed point, showing that the vanishing of the potential
@e1 18 uniquely determined by the corresponding spectral data.

Finally, in light of [3], it is natural to investigate the corresponding Schrédinger problems with Robin
boundary conditions. This stems from the structural link between Dirac and Schrodinger frameworks:
in the Dirac setting introduced in [3], when the scalar potential ¢s. = 0, the system reduces to a
second-order Schrodinger (Bessel-type) equation, and the boundary conditions naturally translate into
Robin-type conditions for the associated Schrodinger operator.
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