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Abstract

We study the question of stability of the global and partial anisotropic Calderón in-
verse problems for the class of Painlevé-Liouville Riemannian manifolds, that is compact
n-dimensional manifolds with boundary (M, g), where M = [0, 1] × K , K is any smooth
closed connected orientable manifold of dimension n− 1 endowed with a Riemannian metric
gK , and g = α4g0 is any conformal deformation of the product metric g0 = dx2 + gK on M
which is compatible with the Painlevé block-separability of the Laplace-Beltrami operator
∆g0 . Given a pair of Painlevé-Liouville Riemannian manifolds (M, g) and (M, g̃) satisfying
the technical hypothesis 1.1, denoting the corresponding Dirichlet-to-Neumann maps by Λg

and Λg̃, and assuming that ∥Λg −Λg̃∥B(H1/2(∂M),H−1/2(∂M)) = ϵ, we show a logarithmic sta-
bility result for the global anisotropic Calderón problem in Theorem 1.1 which says that there
exists constants C and 0 < θ < 1 such that ∥α− α̃∥C0,r(M) ≤ C

(
ln 1

ϵ

)−θ for some 0 < r < 1.
Similar results are obtained in Theorem 1.2 for the partial anisotropic Calderón problem,
corresponding to the case where the data are measured on only one connected component of
the boundary. We emphasize the fact that even though we require the compatibility of the
conformal factor α with the block-separability of the the Laplace-Beltrami operator ∆g0 in
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our hypotheses, our transversal manifolds (K, gK) are closed manifolds with no restriction
on the injectivity of the geodesic ray transform. In particular, the transversal manifold could
be the round sphere which is the classical counterexample to injectivity of the geodesic ray
transform. This implies that the powerful Complex Geometrical Optics techniques of [19, 20]
cannot be applied in our setting.
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Contents

1 Introduction

The anisotropic Calderón problem is an important classical inverse problem which consists in
recovering, up to some natural gauge equivalences, the metric of a compact Riemannian mani-
fold with boundary (M, g) from the knowledge of the Dirichlet-to-Neumann (DN) map for the
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Laplace-Beltrami operator −∆g at some fixed frequency lying outside the Dirichlet spectrum
(see [37, 38] for a general presentation of this classical problem).

The question of stability, namely whether one can quantify in a stable way the error in the
solution of the inverse problem assuming that the DN map is only known up to an error term
measured in an appropriate norm, is one of significant complexity due to the fundamentally
ill-posed nature of the Calderón inverse problem (see for instance [2, 5, 6, 31]). In this paper, we
consider question of stability for a special class of Riemannian manifolds which are of geometric
interest and for which the powerful methods based on the reconstruction of the metric via com-
plex geometric optics solutions and limiting Carleman weights are not directly applicable. We
now proceed to define this class of manifolds - that we will call Painlevé-Liouville Riemannian
manifolds - and state our main results.

Let M denote an n-dimensional smooth compact orientable product manifold with boundary,
of the form

M = [0, 1]×K , (1.1)

where K is a smooth closed connected orientable manifold of dimension n−1. The two connected
components of the boundary of M will be denoted by Γ0 and Γ1,

∂M = Γ0 ⊔ Γ1 , Γ0 = {0} ×K , Γ1 = {1} ×K ,

and will be identified with K. The points of M will be written as (x, ω), with x and ω being
referred to respectively as the radial and angular variables on M . We endow M with a product
Riemannian metric

g0 = dx2 + gK , (1.2)

with x ∈ [0, 1] and gK being a Riemannian metric on K and we introduce a conformal rescaling
g of g0 given by

g = α4(x, ω)g0 . (1.3)

It is a classical result that the boundary value problem{
−∆gu = 0 on M

u = f on ∂M
(1.4)

has a unique solution u ∈ H1(M) given boundary data f ∈ H1/2(M). When f is smooth, the
DN map associated to the boundary value problem (1.4) is then defined by

Λgf = ∂νu |∂M , (1.5)

where ν = (νi) denotes the unit outer normal to the boundary ∂M . In the general case in which
f ∈ H1/2(M), the DN map is defined in a weak sense as a map from H1/2(∂M) to H−1/2(∂M)
by

⟨Λgf |h⟩ =
∫
M
g(∇u,∇v) dvolg , ∀f, h ∈ H1/2(∂M), (1.6)
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where u is the unique solution of (1.4), v is any element of H1(M) s.t. v|∂Ω = h, and ⟨·|·⟩ is the
standard L2 duality pairing between H1/2(∂M) and H−1/2(∂M). One shows that the DN map
Λg is an elliptic pseudo-differential operator Λg of order 1 that is selfadjoint on L2(∂M). The
DN map associated to the metric g0 is defined similarly and will be denoted by Λg0 .

An observation that will play a key role in our analysis is that the boundary value problem
(1.4) is equivalent upon setting

v = αn−2u , ψ = αn−2|∂Mf , (1.7)

to the boundary value problem for a corresponding Schrödinger operator on (M, g0), given by{
(−∆g0 + q)v = 0, on M,

v = ψ, on ∂M,
(1.8)

where

q =
∆g0α

n−2

αn−2
.

This follows from the well-known fact that the positive Laplace-Beltrami operators −∆g0 and
−∆g are related by the identity :

−∆g = α−(n+2)(−∆g0 + q)αn−2 , q =
∆g0α

n−2

αn−2
.

Associated to (1.8), we can thus define similarly the DN map Λg0,q as the operator from H
1
2 (∂M)

onto H− 1
2 (∂M) by

Λg0,qψ = ∂νv|∂M .

We observe that the anisotropic Calderón problems for the DN map Λg and Λg0,q are essentially
equivalent, a fact that will be used crucially in this paper.

We shall be likewise interested in the partial DN maps corresponding to the cases in which
the Dirichlet data f are supported in only one of the connected components Γ0 or Γ1 of ∂M and
the normal derivative of the solution u of (1.4) is also only measured on one of the boundary
components. These will be denoted by Λg,Γi,Γj : H1/2(K) → H−1/2(K), defined for f smooth
with suppf ⊆ Γi by

Λg,Γi,Γjf = ∂νu |Γj ,

with a definition in the weak sense similar to (1.6) when f ∈ H1/2(K). Finally, we will also
consider the DN maps Λg0,q,Γi,Γj associated to the boundary value problem (1.8) for the corre-
sponding Schrödinger operator.

In this paper, we shall consider the stability problem for two metrics g, g̃ of the form (1.3)
under the hypothesis of equality of the angular metrics, that is

gK = g̃K .
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Our task will be thus to obtain stability estimates on the conformal factor α, assuming that for
some 0 < ϵ < 1

∥Λg − Λg̃∥B(H1/2(∂M),H−1/2(∂M)) = ϵ , (1.9)

or one of the weaker conditions

∥Λg,Γi,Γi − Λg̃,Γi,Γi∥B(H1/2(Γi),H−1/2(Γi))
= ϵ , i ∈ {0, 1} . (1.10)

Precisely, under the assumption (1.9) (resp. (1.10)) corresponding to a global (resp. partial)
Calderón problem, we aim to prove an estimate of the form

∥α− α̃∥L∞(M) ≤ Cf(ϵ), (1.11)

for a function f satisfying lim
ϵ→0

f(ϵ) = 0.

In order to obtain (and quantify) such stability estimates, we impose the following conditions.

Hypothesis 1.1. i) gK = g̃K .
ii) There exists a contant c > 0 such that α, α̃ ≥ c on M .
iii) There exist constants 0 < r < 1 and B > 0 for which we have α, α̃ ∈ C2,r(M) and
∥α∥C2,r , ∥α̃∥C2,r ≤ B.
iv) There exist ϕ1 = Φ1(x), ϕ2 = Φ2(ω) (resp. ϕ̃1 = Φ̃1(x), ϕ̃2 = Φ̃2(ω)) such that

q =
∆g0α

n−2

αn−2
= ϕ1(x) + ϕ2(ω), q̃ =

∆g0α̃
n−2

α̃n−2
= ϕ̃1(x) + ϕ̃2(ω). (1.12)

Let us make some remarks on the contents of Hypothesis 1.1. The assumption i) is made to
simplify the analysis and obtain better stability estimates of logarithmic type (see below). In a
companion paper [18], we study the general case of warped products manifolds whose warping
function α = α(x) and angular metric gK are both allowed to vary. The assumptions ii) and
iii) are classical and reflect the fact that the Calderón problem is ill-posed. This means that the
inverse of the map g 7→ Λg is not continuous unless the metric g (here the conformal factor α) lies
in a compact set [2]. Moreover the modulus of continuity is generally, at best, logarithmic [31, 28].
The assumption iv) is the most important and more restrictive one. Roughly speaking, (1.12)
means that the conformal factor α4 is compatible with the Painlevé type block separability of
the metric (1.3). As a consequence, the DN maps Λg,Λg̃ will be "diagonalizable" on well chosen
Hilbert bases (Yk)k≥0 and (Ỹk)k≥0, a fact that will be crucially used in our analysis. We refer to
[14] for more informations on Painlevé block separability in full generality and to section 2 for the
simple instance of block separability used in this paper. Finally, we will show in Appendix A that
we can easily construct a large class of conformal factors α satisfying all the above assumptions.

Remarks 1.1. 1. Under assumptions ii), iii) and iv), it is clear that there exists a constant
A = A(g0, c, B) such that ϕ1, ϕ2 satisfy the assumptions :

ϕ1 ∈ C0,r([0, 1]), ϕ2 ∈ C0,r(K), ∥ϕ1∥∞, ∥ϕ2∥∞ ≤ A. (1.13)
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2. The functions ϕ1, ϕ2 aren’t unique in the block separability property (1.12) since for any
constant c, we could replace ϕ1 by ϕ1 + c and ϕ2 by ϕ2 − c. Using this gauge, we will assume
from the very beginning that

ϕ1(j) = ϕ̃1(j), (1.14)

for j = 0 or j = 1 This assumption will simplify slightly the forthcoming analysis.

Motivated by the above hypotheses, we define the class of Painlevé-Liouville Riemannian
manifolds as follows:

Definition 1.1. We say that (M, g) is a Painlevé-Liouville Riemannian manifold if

M = [0, 1]×K , g = α4(x, ω)g0 , g0 = dx2 + gK ,

where we have α > c for some positive constant c and where

∆g0α
n−2

αn−2
= ϕ1(x) + ϕ2(ω) . (1.15)

In Appendix A, we address the important question of the existence of a solution α > 0
of the elliptic equation (1.15), a question that is crucially relevant to the actual existence of
Painlevé-Liouville Riemannian manifolds.

Our main stability result for the corresponding global Calderón problem can now be stated
as follows.

Theorem 1.1. Let (M, g) and (M, g̃) be two Painlevé-Liouville Riemannian manifolds as in
(1.3) satisfying the hypotheses 1.1. Assume that (1.9) holds. Then
i) [Hölder stability at the boundary ∂M ] There exists a constant C = C(g0, c, B) > 0 such
that for all j = 0, 1, k = 0, 1, 2, there exists 0 < θk ≤ 1 :

∥α(j, .)− α̃(j, .)∥Ck
E(Γj)

≤ Cϵθk , (1.16)

where the notation CkE(Γj) means that the tangential and normal derivatives at Γj are included
in the definition of the Ck norm.

ii) [Logarithmic stability within M ] There exists a constant C = C(g0, c, B) and 0 < θ < 1
such that :

∥α− α̃∥C0,r(M) ≤ C

(
ln

1

ϵ

)−θ
. (1.17)

We note that the first Hölder stability result at the boundary is an easy consequence of the
classical boundary determination results obtained (in the convenient form for us) by Kang and
Yun in [26]. The second logarithmic stability result within the manifold M is the new part in
this theorem.

We also obtain stability results for the partial Calderón problem where the measurements
are made either on Γ0 or Γ1. Roughly speaking, assuming that the measures are made on Γ1,
we obtain logarithmic stability estimates on any regions that do not contain a neighbourhood of
the inaccessible part Γ0. Precisely, we prove :
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Theorem 1.2. Let (M, g) and (M, g̃) be two metrics as in (1.3) satisfying the hypotheses 1.1.
Assume that (1.10) holds at Γj , j = 0 or 1 and additionally that there exist constants D > 0 and
0 < ν < 1 with ∣∣∣∣∫ 1

0
(ϕ1(x)− ϕ̃1(x))dx

∣∣∣∣ ≤ Dϵν . (1.18)

Then
1. [Hölder stability at the boundary Γj] There exists a constant C = C(g0, c, B,D) > 0 such
that for all k = 0, 1, 2, there exists 0 < θk ≤ 1 :

∥α(j, .)− α̃(j, .)∥Ck
E(Γj)

≤ Cϵθk , (1.19)

where the notation CkE(Γj) means that the tangential and normal derivatives at Γj are included
in the definition of the Ck norm.

2. [Logarithmic stability within M ] Assume that the measures are made on Γ1. For any
0 < τ < 1, define Mτ = [τ, 1] × K. Then there exists constants Cτ = C(g0, c, B,D, τ) and
0 < θτ < 1 such that :

∥α− α̃∥C0,r(Mτ ) ≤ Cτ

(
ln

1

ϵ

)−θτ
, (1.20)

where Cτ ≲ τ−2 and

θτ =
2(1− r)

n

θ τ

2− τ
.

Symmetric results hold when the measures are made on Γ0.

Remarks 1.2. 1. The assumption (1.18) can be re-expressed as a condition on the scalar cur-
vatures Scalg, Scalg̃. More precisely, it is well known that

q =
n− 2

4(n− 1)

(
α4Scalg − Scalg0

)
.

From this, (1.18) can be shown to be equivalent to the condition :∣∣∣∣∫ 1

0
[α4Scalg − α̃4Scalg̃]dx

∣∣∣∣ ≤ Dϵν . (1.21)

Moreover, we emphasize the fact that the additional assumption (1.18) in the previous partial
stability theorem is a consequence of the assumption (1.9) used in the global stability theorem.

2. In the estimate (1.20), we can allow τ to depend on ϵ in such a way that τ(ϵ) → 0. We extend
this way (and in the limit ϵ → 0) our stability estimates to bigger and bigger regions Mτ(ϵ) that
still all avoid the inaccessible part Γ0 at the price of weakening the stability rate. For instance,
we get with the choice

τ(ε) =
1√

ln ln(1/ε)
.
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Then
∥α− α̃∥C0,r(Mτ(ε))

≲ ln ln(1/ε) exp
(
−(1− r)θ

n

√
ln ln(1/ε)

)
, ε→ 0.

Thus we obtain a stability rate which is stronger than the global log–log estimates available for
Calderón-type inverse problems with partial data (see, e.g., Caro–Dos Santos Ferreira–Ruiz [8]).

Let us now compare our results with the existing litterature. First, assume that (K, gK) =
(Sn−1, dω2) is the (n−1)-dimensional sphere equipped with the round metric. Setting β(x, ω) =
α(x, ω)e

x
2 and introducing the new coordinate r = e−x, the Riemannian manifold (M, g) can be

expressed as :
M = [e−1, 1]× Sn−1 , g = β4(r, ω)[dr2 + r2dω2],

and can thus be viewed as a conformal deformation of a n-dimensional annulus equipped with the
euclidean metric. For such models that correspond to the classical Calderón problem for isotropic
conductivities, Alessandrini was the first to obtain logarithmic stability estimates in [2]. This
result was later improved in several directions for instance by Novikov [33] for the stability
of the Gelfand-Calderón problem (i.e. the Calderón problem for a Schrödinger equation), by
Alessandrini and Gaburro who obtained stability estimates for anisotropic conductivities having a
certain form (but still depending on a scalar function) in [3] and studied the corresponding partial
Calderon problem in [4] and finally, by Heck and Wang, and Caro, Dos Santos Ferreira and Ruiz,
who studied the stability of the partial Calderón problem for isotropic conductivities in [24] and
[8] respectively. In the three latter references, only log log-type stability estimates were obtained
for the partial Calderón problem, except for situations in which the inaccessible part of the
boundary is either a plane or part of a sphere. In that case, log-type stability estimates exist. Our
logarithmic stability results extend thus these classical results to the class of Painlevé-Liouville
Riemannian manifolds for both the global and partial Calderón problems where the conductivity
α satisfies (1.12). Note however that in the latter case, we only obtain logarithmic stability
estimates on Painlevé-Liouville Riemannian manifolds from which we remove an arbitrary small
neighbourhood of the inacessible part of the boundary.

Second, closer to our models are the so-called admissible manifolds introduced in [19, 20]
which are Riemannian manifolds (M, g) such that

M ⊂⊂ R× L, g = c(x, ω)[dx2 + gL], (1.22)

where c > 0 is a positive function with no restriction and the transversal manifold (L, gL) is a
(n − 1)-dimensional compact Riemannian manifold with boundary such that the geodesic ray
transform is injective 1. As shown in [19], models satisfying (1.22) - which are called Con-
formally Transversally Anisotropic anifolds (CTA) in [20] - are the most general Riemannian
manifolds for which Complex Geometrical Optics (CGO) solutions can be contructed - through
the existence of limiting Carleman weights - and used to study uniqueness and stability in the

1Examples of such Riemannian manifolds are : (a) simple manifolds of any dimension [35], (b) negatively
curved manifolds with strictly convex boundary [23], (c) manifolds of dimension ≥ 3 that have strictly convex
boundary and are globally foliated by strictly convex hypersurfaces [39, 34].
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anisotropic Calderón problem. Relevant for this paper are the log log-type stability estimates
for the conformal factor c that have been obtained by Caro and Salo in [10].

Our model differ from admissible manifolds with respect to three important points :

• Our transversal manifolds (K, gK) are closed manifolds with no restriction on the injectivity
of the geodesic ray transform. In particular, the transversal manifold could be the round
sphere which is the classical counterexample to injectivity of the geodesic ray transform. In
consequence, the classical CGO techniques that amount ultimately to inverting a geodesic
ray transform cannot be used in our setting. However, our Painlevé-Liouville manifolds are
CTA manifolds satisfying (1.22) and thus limiting Carleman weights exist on them. We
will use these classical Carleman estimates in the version given in [27] to prove our stability
estimates in the partial Calderón problem.

• However, our conformal factors α satisfy the separability condition (1.12) and so, are much
more restricted than the conformal factors c allowed in admissible geometries. They depend
essentially on the two (almost) arbitrary functions ϕ1(x) and ϕ2(ω). This will be shown
rigorously in Appendix A.

• The boundaries of our manifolds (M, g) have two connected components that are compat-
ible with separation of variables in opposition to the general connected boundaries used
in admissible geometries. The resulting possibility to diagonalize the DN map on a well
chosen Hilbert basis of eigenfunctions is at the heart of our analysis. We refer to Section
2 for this point.

Despite these differences between admissible and Painlevé-Liouville manifolds which make
difficult the comparison, we observe that our results improve the log log-type stability estimate
obtained in [10] to log-type stability estimates in cases where the CGO techniques cannot be
applied.

Let us finish this introduction with the outline of this paper. First, in Section 2, we use the
particular geometry of Painlevé-Liouville manifolds (that are conformal to a product metric) in
order to express the DN map Λg in terms of the DN map Λg0,q. Thanks to the separability
condition (1.12), the latter can be diagonalized onto a Hilbert basis (Yk)k≥0 corresponding to
a choice of normalized eigenfunctions of the Schrödinger operator −∆gK + ϕ2 where −∆gK is
the Laplace-Beltrami operator for the transversal manifolds (K, gK). We are thus led to study
1-dimensional DN maps associated to the Schrödinger equations

−v′′ + ϕ1(x)v = −µ2kv, x ∈ [0, 1], (1.23)

parametrized by the eigenvalues (µ2k)k≥0 of −∆gK + ϕ2. More precisely, using the fact that the
boundary can be identified with two copies of K, we prove that the reduced DN map onto each
subspace spanned by (Yk) is a multiplication operator by a 2× 2 matrix given by

(Λg0,q)|⟨Yk⟩ =

(
−M(−µ2k) − 1

∆(−µ2k)
− 1

∆(−µ2k)
−N(−µ2k)

)
,
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where M,N and ∆ are the Weyl-Titchmarsh and characteristic functions associated to (1.23)
respectively. This will allow us to use powerful tools from 1-dimensional inverse spectral theory.
Second, in Section 3, we use the classical boundary determination results from [26] to prove
the Hölder stability at the boundary stated in Theorems 1.1 and 1.2. From this result and the
separability condition (1.12), we can then easily deduce that there exists 0 < θ < 1 such that :

∥ϕ2 − ϕ̃2∥∞ ≤ Cϵθ, ∀k ≥ 0, |µ2k − µ̃2k| ≤ Cϵθ.

Third, in Section 4, we first prove some preliminary results on the Weyl-Titchmarsh functions
M,N and the characteristic function ∆. In particular, using our main hypotheses (1.9), we are
able to prove that

∀k ≥ 0, |M(−µ2k)− M̃(−µ̃2k)| ≤ Cϵθ, |∆(−µ2k)− ∆̃(−µ̃2k)| ≤ Cϵθ (1.24)

Then, we start from the identity∫ 1

0
[ϕ1 − ϕ̃1 + µ2k − µ̃2k]c0(x, µk)s̃0(x, µ̃k)dx

=M(−µ2k)∆(−µ2k)∆̃(−µ̃2k)
(
Ñ(−µ̃2k)−N(µ2k)

)
+

∆̃(−µ̃2k)−∆(−µ2k)
∆(−µ2k)

,

that comes essentially from the Schrödinger equation. Here, c0, s0 are solutions of (1.23) with
cos and sin type boundary conditions at 0. Next, using the classical transformation operators
associated to (1.23) (see for instance [32]) and the previous estimates (1.24), we can prove
(following Gendron [22] with additional technical work) that there exists a Lipschitz invertible
operator R : L2(0, 2) −→ L2(0, 2) such that

∀k ≥ 0,

∣∣∣∣∫ 2

0
e−2µkxR[ϕ1 − ϕ̃1](x)dx

∣∣∣∣ ≤ Cϵθ. (1.25)

This is equivalent to a moment problem and we can use the same method as [16, 17, 22] to prove
that

∥ϕ1 − ϕ̃1∥2 ≤ C

(
ln(

1

ϵ
)

)−θ
.

Note that the well-known ill-posedness of classical moment problems is the origin for the loss
of stability (from Hölder to logarithmic) within the manifold. As a conclusion, putting all the
previous results together, we have proved at this stage that

∥q − q̃∥2 ≤ C

(
ln(

1

ϵ
)

)−θ
.

Finally, using the particular form of the potentials q, q̃, we can prove that lnα− ln α̃ satisfies an
elliptic PDE whose inhomogenous term is given by q − q̃. Using a standard existence result for
elliptic PDE and a trick given in [9], we can prove our main inner stability estimate

∥α− α̃∥L∞(M) ≤ C

(
ln(

1

ϵ
)

)−θ
.
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In Section 5, we study the stability problem for the partial Calderón problem where the
measurements are made only on Γ0 or Γ1. The strategy is the same as before, but we need
to impose the extra condition (1.18) in order to obtain logarithmic stability estimates for ∥q −
q̃∥L2(M). At last, the logarithmic stability estimate for ∥α − α̃∥L∞(Mτ )∥ is a consequence of
the classical Carleman estimates that hold on general CTA manifolds. Note that the Dirichlet
and Neumann data are measured on the same connected components Γ0 or Γ1 in this result. If
the Dirichlet and Neumann data would be measured on different (and thus disjoint) connected
components, then there is no uniqueness in the partial Calderón problem as shown in [11, 12, 13].

Finally, we finish this paper by Appendix A containing a description of the class of conformal
factors α satisfying Hypothesis 1.1 and Appendix B in which we prove the Carleman estimates
we use in the stability estimate for the partial Calderón problem.

2 The Dirichlet-to-Neumann map

In this section, we exploit the separation of variables for the boundary value problems (1.4)
and (1.8) to compute the DN map Λg. Our hypothesis that the conformal factor α4(x, ω) is
compatible with the Painlevé-type block separability of the metric (1.3) is equivalent to the
potential q in (1.8) satisfying the block-separability condition

q(x, ω) = ϕ1(x) + ϕ2(ω) ,

so that the Schrödinger equation in (1.8) reads

(−∂2x + ϕ1(x)−∆K + ϕ2(ω))v = 0 , (2.1)

where −∆K denotes the positive Laplace-Beltrami operator on (K, gK). We denote the normal-
ized eigenfunctions of the angular operator −∆K+ϕ2(ω) by Yk(ω) , k ≥ 0 , and the corresponding
eigenvalues by µ2k, so that

(−∆K + ϕ2)Yk = µ2kYk .

The eigenfunctions
(
Yk(ω)

)
k≥0

form a Hilbert basis of L2(K, dvolgK ) and we therefore seek v in
the form

v(x, ω) =
∑
k≥0

vk(x)Yk(ω) . (2.2)

Substituting (2.2) into (2.1) and expanding the boundary data ψ in (1.8) on the connected
components {x = 0} and {x = 1} of ∂M in the basis

(
Yk(ω)

)
k≥0

as

ψ|x=0(ω) =: ψ0(ω) =
∑
k≥0

ψ0,k Yk(ω) , ψ|x=1(ω) =: ψ1(ω) =
∑
k≥0

ψ1,k Yk(ω) ,

we obtain the sequence of radial boundary value problems given for k ≥ 0 and x ∈ [0, 1] by{
−vk ′′(x) + ϕ1(x)vk(x) = −µ2kvk(x) ,
vk(0) = ψ0,k , vk(1) = ψ1,k .

(2.3)
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We now consider fundamental systems of solutions {c0(x, z), s0(x, z)} and {c1(x, z), s1(x, z)} of
the ODE

−v′′(x) + ϕ1(x)v(x) = z v(x) , z ∈ C , (2.4)

defined respectively by the Cauchy conditions

c0(0, z) = 1 , c′0(0, z) = 0 , s0(0, z) = 0 , s′0(0, z) = 1 , (2.5)

and
c1(1, z) = 1 , c′1(1, z) = 0 , s1(1, z) = 0 , s′1(1, z) = 1 . (2.6)

The characteristic function ∆(z) and the Weyl-Titchmarsh functions M(z), N(z) corresponding
to the o.d.e. (2.4) with Dirichlet boundary conditions v(0) = 0, v(1) = 0 are then defined in
terms of the Wronskians of the elements of the fundamental sets by

∆(z) =W (s0, s1)(z) ,

and
M(z) = −W (c0, s1)(z)

∆(z)
= −c0(1, z)

s0(1, z)
, N(z) = −W (c1, s0)(z)

∆(z)
=
c1(0, z)

s1(0, z)
.

We expand in the basis
(
Yk(ω)

)
k≥0

the DN map Λg0,q for the boundary value problem (1.8) as

Λg0,q

(
ψ0

ψ1

)
=
∑
k≥0

(
Λkg0,q

(
ψ0,k

ψ1,k

))
Yk , (2.7)

where

Λkg0,q

(
ψ0,k

ψ1,k

)
=

(
−v′k(0)
v′k(1)

)
. (2.8)

The coefficients (2.8) may now be expressed in terms of the characteristic function ∆ and Weyl-
Titchmarsh functions M,N evaluated at −µ2k (where the µ2k are the eigenvalues of the angular
operator −∆K + ϕ2(ω)) by a straightforward calculation using (2.7) and the Cauchy conditions
(2.5), (2.6), giving

Λkg0,q

(
ψ0,k

ψ1,k

)
=

(
−M(−µ2k) − 1

∆(−µ2k)
− 1

∆(−µ2k)
−N(−µ2k)

)(
ψ0,k

ψ1,k

)
. (2.9)

Note that the diagonal components −M(−µ2k) and −N(−µ2k) of the matrix (2.9) are respec-
tively the eigenvalues of the partial DN maps Λg0,q,Γ0,Γ0 and Λg0,q,Γ1,Γ1 . We will use this simple
observation together with min-max characterization in Section 4

Our final step is to compute the DN map Λg for our original boundary value problem (1.4)
for the Laplacian ∆g in terms of the DN map Λg0,q for the boundary value problem (1.8), whose
expression we have just obtained in (2.7) and (2.8). Letting

f |x=0(ω) =: f0(ω) , f |x=1(ω) =: f1(ω) ,
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we have

Λg

(
f0(ω)
f1(ω)

)
=

(
−α−2(0, ω) ∂xu(0, ω)
α−2(1, ω) ∂xu(1, ω)

)
. (2.10)

From (1.7) we have u = α2−nv, so that using (2.8) we obtain

Λg

(
f0(ω)
f1(ω)

)
=

(
−(2− n)α−3(0, ω) ∂xα(0, ω)f0(ω)− α−n(0, ω) ∂xv(0, ω)
(2− n)α−3(1, ω) ∂xα(1, ω)f1(ω) + α−n(1, ω) ∂xv(1, ω)

)
. (2.11)

Letting

B1 =

(
−(2− n)α−3(0, ω) ∂xα(0, ω) 0

0 (2− n)α−3(1, ω) ∂xα(1, ω)

)
, (2.12)

and

B2 =

(
α−n(0, ω) 0

0 α−n(1, ω)

)
, (2.13)

this gives

Λg

(
f0(ω)
f1(ω)

)
= B1

(
f0(ω)
f1(ω)

)
+B2 Λg0,q

(
ψ0(ω)
ψ1(ω)

)
. (2.14)

Therefore, we have proved using (1.7):

Lemma 2.1.

Λg

(
f0(ω)
f1(ω)

)
= B1

(
f0(ω)
f1(ω)

)
+B2 Λg0,q

(
αn−2(0, ω)f0(ω)
αn−2(0, ω)f1(ω)

)
, (2.15)

where Λg0,q is the 2× 2 matrix multiplication operator given by the Fourier expansion (2.7) and
(2.9), and where B1 and B2 are the 2 × 2 matrix multiplication operators given by (2.12) and
(2.13) respectively.

3 Boundary determination results and applications to angular
stability estimates

In this section, we prove the Hölder stability at the boundary stated in Theorems 1.1 and 1.2 as
well as some consequences.

Under the assumptions i), ii) and iii) of Hypothesis 1.1 and the main assumption (1.9) or
resp. (1.10), we obtain as a direct application of [26] (Thm 1.3)

∥α4(j, ω)gK − α̃4(j, ω)g̃K∥Ck
E(Γj)

≤ Cϵθk , (3.1)

where j ∈ {0, 1}, k ∈ {0, 1, 2}, θk = 2−lk for a given large enough integer l ∈ N and C =
C(K, gK , c, B) is a constant. Recall here that the notation CkE(Γj) means that the tangential
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and normal derivatives at Γj are included in the definition of the Ck norm. Since gK is a fixed
Riemannian metric, we obtain directly from (3.1) :

∥α(j, ω)− α̃(j, ω)∥Ck
E(K) ≤ Cϵθk , k = 0, 1, 2, (3.2)

which is essentially (1.16) and (1.19). As a first corollary, we obtain :

Corollary 3.1. Under the assumption (1.9) (resp. (1.10)), we have :

∥Λg0,q − Λg0,q̃∥B(H1/2(∂M),H−1/2(∂M)) ≤ Cϵθ1 ,

(resp. ∥Λg0,q,Γj ,Γj − Λg0,q̃,Γj ,Γj∥B(H1/2(Γj),H−1/2(Γj))
≤ Cϵθ1).

Proof. This is a direct consequence of Lemma 2.1, (1.9) or (1.10) and (3.2). Indeed, from Lemma
2.1, we first have(

Λg0,q − Λg0,q̃
)
ψ = B−1

2 Λg
( ψ

αn−2

)
−B−1

2 B1

( ψ

αn−2

)
− B̃2

−1
Λg̃
( ψ

α̃n−2

)
+ B̃2

−1
B̃1

( ψ

α̃n−2

)
,

which we rewrite as(
Λg0,q − Λg0,q̃

)
ψ =

(
B−1

2 − B̃2
−1)

Λg
( ψ

αn−2

)
+ B̃2

−1
Λg
( ψ

αn−2
− ψ

α̃n−2

)
+ B̃2

−1(
Λg − Λg̃

)( ψ

α̃n−2

)
+ B̃2

−1
B̃1

( ψ

α̃n−2
− ψ

αn−2

)
+
(
B̃2

−1
B̃1 −B−1

2 B1

)( ψ

αn−2

)
,

from which it follows using the definitions (2.12), (2.13) of B1 and B2, (1.9) or (1.10) and the
boundary determination estimate (3.2) that there exist positive constants C and θ1 such that

∥
(
Λg0,q − Λg0,q̃

)
ψ∥L2(K) ≤C ∥B−1

2 − B̃2
−1∥L∞(K) · ∥

ψ

αn−2
∥H1(K) + C ∥

( 1

αn−2
− 1

α̃n−2

)
ψ∥H1(K)

+ Cϵ ∥ ψ

α̃n−2
∥H1(K) + ∥B̃2

−1
B̃1 −B−1

2 B1∥L∞(K) · ∥
ψ

αn−2
∥L2(K) ,

and thus
∥
(
Λg0,q − Λg0,q̃

)
ψ∥L2(K) ≤ Cϵθ1∥ψ∥H1(K) . (3.3)

Let us now obtain some other consequences of these well-known boundary determination
results. Recalling first that

q =
∆g0α

n−2

αn−2
,

a straightforward consequence of (3.2) is

∥q(j, .)− q̃(j, .)∥L∞(K) ≤ Cϵθ2 , j = 0, 1. (3.4)
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Second, using the separability condition (1.12), we get :

∥ϕ1(j)− ϕ̃1(j) + ϕ2 − ϕ̃2∥L∞(K) ≤ Cϵθ2 , j = 0, 1.

But recall from Remark 1.1, 2. that we can choose ϕ1(j) = ϕ̃1(j) for j = 0 or j = 1. Hence we
obtain directly Hölder stability for the function ϕ2, i.e. :

∥ϕ2 − ϕ̃2∥L∞(K) ≤ Cϵθ2 . (3.5)

Finally, we obtain the following important corollary that will be used constantly in the next
sections :

Corollary 3.2. There exists a constant C > 0 depending only on K, gK , c, B and a constant
0 < θ < 1

2 such that
∀k ≥ 0, |µ2k − µ̃2k| ≤ Cϵθ.

In particular,

∀k ≥ 0, |µk − µ̃k| ≤ C
ϵθ

µk + µ̃k
.

Proof. Note first that we can write

−∆g0 + ϕ̃2 = −∆g0 + ϕ2 + V, V = ϕ̃2 − ϕ2,

where, according to (3.5)
∥V ∥∞ ≤ Cϵθ2 .

Thus, setting θ = θ2, the result follows directly from the minmax characterization of the eigen-
values µ2k, µ̃

2
k given for instance in [36], Corollary 4.1.

4 The radial stability estimates in the global Calderón problem

4.1 Preliminary results

In the next two sections, we will repeatedly use the Marchenko representations of the solutions
sj , cj , j = 0, 1 of (2.4). Following [32], p.9, we have for instance for all µ ∈ R:

s0(x,−µ2) =
sinh(µx)

µ
+

∫ x

0
H0(x, t)

sinh(µt)

µ
dt, (4.1)

c0(x,−µ2) = cosh(µx) +

∫ x

0
P0(x, t) cosh(µt)dt, (4.2)

and corresponding formulae for s1, c1. Moreover, using (1.1), Gendron [22], p.30, has shown that
there exists a constant CA > 0 depending only on A such that the kernels H0 and P0 satisfy

∥H0∥∞ + ∥∂xH0∥∞ + ∥∂tH0∥∞ ≤ CA, ∥P0∥∞ + ∥∂xP0∥∞ + ∥∂tP0∥∞ ≤ CA. (4.3)
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We will exploit these formulae to prove several technical results. First, we introduce a no-
tation. For a function f = f(x, k) defined on [0, 1] × N and a positive sequence (uk)k≥0, we
write

f(x, k) = OA(uk) ⇐⇒ ∃CA > 0 | ∀x ∈ [0, 1], ∀k ≥ 0, |f(x, k)| ≤ CAuk.

Lemma 4.1. Using the above notation, the asymptotics of the characteristic function ∆ are
given by :

∆(−µ2k) =
sinh(µk)

µk
+OA

(
eµk

µ2k

)
.

Even more precisely, we have

∆(−µ2k) =
sinh(µk)

µk
+

(
1

2

∫ 1

0
ϕ1(x)dx

)
cosh(µk)

µ2k
+OA

(
eµk

µ3k

)
.

Proof. Using (4.1) and integrating by parts, we obtain

s0(x,−µ2k) =
sinh(µkx)

µk
+
H0(x, 1) cosh(µk)−H0(x, 0)

µ2k

− 1

µ2k

∫ x

0
∂tH0(x, t) cosh(µkt) dt , (4.4)

which implies using the estimates (4.3) that

∆(−µ2k) =
sinh(µk)

µk
+OA(

eµk

µ2k
) .

Now, recall from [21] (Theorem 1.2.3, p. 22) that

H0(x, x) =
1

2

∫ x

0
ϕ1(t)dt , H0(x, 0) = 0 , (4.5)

so that

∆(−µ2k) = s0(1,−µk2) =
sinh(µk)

µk
+

(
1

2

∫ 1

0
ϕ1(t)dt

)
coshµk
µ2k

− 1

µ2k

∫ 1

0
∂tH0(1, t) cosh(µkt) dt .

Using (4.3), it follows that

∆(−µ2k) =
sinh(µk)

µk
++

(
1

2

∫ 1

0
ϕ1(t)dt

)
coshµk
µ2k

+OA

(
sinh(µk)

µ3k

)
,

as claimed.
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We proceed with a result on the asymptotics of the Weyl-Titchmarsh functions M,N .

Lemma 4.2. For all µ ∈ R+, we have

−M(−µ2),−N(−µ2) = µ+OA

(
1

µ

)
.

Proof. Using (4.1), (4.2), (4.5) and an integration by parts, we obtain

s0(x,−µ2) =
sinh(µx)

µ
+

(
1

2µ2

∫ x

0
ϕ1(t)dt

)
coshµ+OA

(eµ
µ3
)
,

c0(x,−µ2) = cosh(µx) +

(
1

2µ

∫ x

0
ϕ1(t)dt

)
sinhµ+OA

(eµ
µ2
)
,

from which it follows that

−M(−µ2) = c0(1,−µ2)
s0(1,−µ2)

=

coshµ

(
1 + 1

2µ

( ∫ 1
0 ϕ1(t)dt

)
tanhµ+OA(

1
µ2
)

)
sinhµ
µ

(
1 + 1

2µ

( ∫ 1
0 ϕ1(t)dt

)
cothµ+OA(

1
µ2
)

) ,

which gives in turn

= µ
(
1 +O

(
e−2µ

))(
1 +

1

2µ

∫ 1

0
ϕ1(t)dt(1 +O(e−2µ)) +OA(

1

µ2
)

)
×
(
1− 1

2µ

∫ 1

0
ϕ1(t)dt(1 +O(e−2µ)) +OA(

1

µ2
)

)
.

Carrying out the multiplication in this last expression, we see that the terms involving 1
2µ

∫ 1
0 ϕ1(t)dt

cancel out, leaving

−M(−µ2) = µ+OA(
1

µ
) +O(µe−2µ) = µ+OA(

1

µ
),

as claimed.

We end this subsection with a result on the monotony of the Weyl-Titchmarsh and charac-
teristic functions.

Lemma 4.3. We have:

i) The Weyl-Titchmarsh functions λ 7→M(λ) and λ 7→ N(λ) are increasing for λ ∈ R−.

ii) ∃λ0 ∈ R− depending only on A and (K, gK) such that the characteristic function λ 7→ ∆(λ)
is decreasing ∀λ ∈ (−∞, λ0).
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Proof. We first prove i). From (2.3) and (2.4), we obtain, ∀λ1, λ2 ∈ R−,

W (s0(x, λ1), s0(x, λ2))
′ = (λ1 − λ2)s0(x, λ1)s0(x, λ2) ,

which implies upon integration

s0(1, λ1)s
′
0(1, λ2)− s′0(1, λ1)s0(1, λ2) = (λ1 − λ2)

∫ 1

0
s0(x, λ1)s0(x, λ2) dx . (4.6)

Using Proposition 4.4 in [22], we have

s0(1, λ1)s
′
0(1, λ2)− s′0(1, λ1)s0(1, λ2) = ∆(λ1)∆(λ2)

[
−N(λ2) +N(λ1)

]
,

so that (4.6) is equivalent to

N(λ1)−N(λ2)

λ1 − λ2
=

1

∆(λ1)∆(λ2)

∫ 1

0
s0(x, λ1)s0(x, λ2) dx .

Taking the limit λ1 → λ2 = λ, we obtain

dN

dλ
(λ) =

1

∆2(λ)

∫ 1

0
s20(x, λ) dx ≥ 0 , ∀λ ∈ R− .

The argument is similar for M(λ).
Next we proceed with the proof of ii). We start again from (2.3) and (2.4) to obtain, ∀λ1, λ2 ∈
R−,

W (s0(x, λ1), s1(x, λ2))
′ = (λ1 − λ2)s0(x, λ1)s1(x, λ2) .

We integrate from 0 to 1 and use again Proposition 4.4 in [22] to obtain

∆(λ1)−∆(λ2)

λ1 − λ2
=

∫ 1

0
s0(x, λ1)s1(x, λ2) dx .

Taking the limit λ1 → λ2 = λ, we obtain

d∆

dλ
(λ) =

∫ 1

0
s0(x, λ)s1(x, λ) dx . (4.7)

The analysis of the sign of the right-hand side of (4.7) is a bit more involved than that of
the corresponding term part i) of the lemma. Recalling the Marchenko representations of the
solutions s0, s1 of (2.4), given for µ ∈ R+ by

s0(x,−µ2) =
sinh(µx)

µ
+

∫ x

0
H0(x, t)

sinh(µt)

µ
dt ,

s1(x,−µ2) =− sinh(µ(1− x))

µ
+

∫ 1

x
H1(x, t)

sinh(µ(1− t))

µ
dt ,
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we can split the right-hand side of (4.7) into a sum of four terms as follows:∫ 1

0
s0(x, λ)s1(x, λ) dx = I1 + I2 + I3 + I4 ,

where

I1 =−
∫ 1

0

sinh(µx) sinh(µ(1− x))

µ2
dx ,

I2 =−
∫ 1

0

∫ x

0

sinh(µt) sinh(µ(1− x))H0(x, t)

µ2
dt dx ,

I3 =

∫ 1

0

∫ 1

x

sinh(µx) sinh(µ(1− t))H1(x, t)

µ2
dt dx ,

I4 =

∫ 1

0

∫ x

0

∫ 1

x

sinh(µt) sinh(µ(1− s))H0(x, t)H1(x, s)

µ2
ds dt dx .

We now estimate each of these terms in turn. For I1, the result is very easy to obtain; we have

I1 = −coshµ

2µ2
+

sinhµ

2µ3
= − eµ

2µ2
(
1 +O(

1

µ
)
)
. (4.8)

For the remaining terms, we shall use standard identities satisfied by the hyperbolic functions
and the fact that there exists a positive constant CA such that |H0,1(x, t)| ≤ CA for 0 ≤ x, t ≤ 1.
For I2, this gives

|I2| ≤
CA
2µ2

∣∣∣∣∫ 1

0

∫ x

0

[
cosh(µ(t− x+ 1)) + cosh(µ(t+ x− 1))

]
dt dx

∣∣∣∣
≤ CA

2µ3

∣∣∣∣∫ 1

0

[
sinhµ+ sinh(µ(2x− 1))

]
dt dx

∣∣∣∣ ,
which gives

|I2| ≤ CA
eµ

2µ3
. (4.9)

Likewise, a similar calculation for I3 gives

|I3| ≤ CA
eµ

µ3
. (4.10)

Finally, we shall estimate I4 by splitting this quantity into a sum of two terms which we will treat
separately, We first write using the standard hyperbolic identities and the change of variables
v = t− s, u = t+ s,

I4 = I4,1 + I4,2 ,
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where

I4,1 =
1

2µ2

∫ 1

0

∫ x

0

∫ t−x

t−1
H0(x, t)H1(x, t− v) cosh(µ(v + 1))dv dt dx ,

I4,2 =− 1

2µ2

∫ 1

0

∫ x

0

∫ t+1

t+x
H0(x, t)H1(x, u− t) cosh(µ(u− 1))du dt dx .

By applying Fubini on I4,1, we obtain

I4,1 =
1

2µ2

∫ 0

−1
cosh(µ(v + 1))

(∫ 1

0

∫ 1+v

x+v
H0(x, t)H1(x, t− v)dt dx

)
dv ,

which implies

|I4,1| ≤
CA
2µ3

sinhµ .

For I4,2 we apply Fubini twice to obtain

I4,2 =− 1

2µ2

∫ 1

0

(∫ u

0

∫ u−x

0
H0(x, t)H1(x, u− t)dt dx

)
cosh(µ(u− 1))du

− 1

2µ2

∫ 2

1

(∫ 1

u−1

∫ u−x

0
H0(x, t)H1(x, u− t)dt dx

)
cosh(µ(u− 1))du ,

which implies in turn that

|I4,2| ≤
CA
2µ3

sinhµ .

Combining the estimates we just obtained for I4,1 and I4,2, we conclude that

|I4| ≤ CA
eµ

µ3
. (4.11)

Finally, putting together the estimates (4.8), (4.9), (4.10), (4.11) we derived for I1, I2, I3, I4, we
obtain

d∆(−µ2)
d(−µ2)

= − eµ

2µ2
(
1 +OA(

1

µ
)
)
,

which implies that ∃µ∗(A) | ∀µ ≥ µ∗, we have

d∆(−µ2)
d(−µ2)

≤ 0 , (4.12)

which proves ii)

Corollary 4.1. We have:

(i) The maps µ ∈ R+ → −M(−µ2) and µ ∈ R+ → −N(−µ2) are increasing.

(ii) ∃µ∗ ∈ R depending only on A and (K, gK) such that the map µ 7→ 1
∆(−µ2) is increasing

∀µ ∈ [−µ∗,∞).

Proof. The claims i) and ii) follow immediately from i) and ii) in Lemma 4.3 by the change of
variables λ = −µ2, which implies that d

dλ = −2µ d
dµ .
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4.2 The fundamental estimates for the radial stability

Lemma 4.4. There exists a constant CA depending only on A,K, gK such that ∀ k ≥ 0 we have:∣∣∣M(−µ2k)− M̃(−µ̃2k)
∣∣∣ < CA ϵ

1
2 , |N(−µ2k)− Ñ(−µ̃2k)| < CA ϵ

1
2 . (4.13)

Proof. We shall only give the proof of the statement for the Weyl-Titchmarsh function M , the
argument being similar for N . We begin by considering the case for which the values of µk are
large, where we have the asymptotics

−M(−µ2) = µ+OA

(
1

µ

)
,

and similar asymptotics for M̃ . We therefore obtain using Corollary 3.2∣∣∣M(−µ2k)− M̃(−µ̃2k)
∣∣∣ = ∣∣∣∣µk − µ̃k +OA

(
1

µk
+

1

µ̃k

)∣∣∣∣ ≤ Ceθ

µk + µ̃k
+ CA

(
1

µk
+

1

µ̃k

)
≤ CA
µk

.

We now use the Weyl law
µk = cn−1k

1
n−1 +O(1), (4.14)

from which we deduce that there exists a constant c0 depending only on K, gK such that

∀k ≥ 0, cn−1k
1

n−1 − c0 ≤ µk ≤ cn−1k
1

n−1 + c0. (4.15)

We conclude that we can choose k1 = k1(ϵ) ≥
(
c0+ϵ−a

cn−1

)n−1
with 0 < a < 1 such that

µk ≥ ϵ−a, ∀k ≥ k1(ϵ)

and thus ∣∣∣M(−µ2k)− M̃(−µ̃2k)
∣∣∣ ≤ CAϵ

a ∀k ≥ k1(ϵ). (4.16)

Next we consider the case for which the values of µk are small, which we treat using a min-max
argument. Indeed, recall that the sequence −M(−µ2k) of upper diagonal components of the
matrix (2.9) gives the eigenvalues of the partial DN map Λ0 := Λg0,q,Γ0,Γ0 , which is self-adjoint
on L2(K, dvolgK ). Since the function µk 7→ −M(−µ2k) is increasing according to Lemma 4.1, we
can therefore use the min-max characterization :

−M(−µ2k) = min
ψ1,...,ψk

max
ψ∈span {ψ1,...,ψk}

(
ψ,Λ0ψ

)
L2(K,dvolgK )

∥ψ∥2
L2(K,dvolgK )

.

From this it follows from our main hypothesis (1.9) that

−M(−µ2k) ≤ max
ψ∈span {Ỹ1...Ỹk}

(
ψ, Λ̃0ψ

)
L2(K,dvolgK )

+
(
ψ, (Λ0 − Λ̃0)ψ

)
L2(K,dvolgK )

∥ψ∥2
L2(K,dvolgK )

≤− M̃(−µ̃2k) + ϵ max
ψ∈span {Ỹ1...Ỹk}

∥ψ∥H1(K,dvolgK )

∥ψ∥L2(K,dvolgK )

≤− M̃(−µ̃2k) + ϵ(1 + µ2k)
1
2 .
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By symmetry, we obtain therefore∣∣∣M(−µ2k)− M̃(−µ̃2k)
∣∣∣ ≤ ϵ(1 + µ2k)

1
2 , ∀k ≥ 0 . (4.17)

From (4.15) and our choice of k1(ϵ), we now get from (4.17)∣∣∣M(−µ2k)− M̃(−µ̃2k)
∣∣∣ ≤ ϵ1−a , ∀k ≤ k1(ϵ). (4.18)

Putting (4.16) and (4.18) together, we obtain∣∣∣M(−µ2k)− M̃(−µ̃2k)
∣∣∣ ≤ CA(ϵ

1−a + ϵa) , ∀k ≥ 0 ,

for a constant CA depending only on A,K, gK . This gives the claim (4.13) upon setting a =
1/2.

Lemma 4.5. There exist constants k0 = k0(A), 0 < δ < 1
2 and CA > 0 depending only on

A,K, gK such that ∀ k ≥ k0 we have:∣∣∣∣∣ 1

∆(−µ2k)
− 1

∆̃(−µ̃2k)

∣∣∣∣∣ < CA ϵ
1−δ .

Proof. We begin by considering the case for which the values of µk are large, for which we have
the asymptotics

∆(−µ2) = sinhµ

µ

(
1 +OA(

1

µ
)

)
.

This gives using Corollary 3.2∣∣∣∣∣ 1

∆(−µ2k)
− 1

∆̃(−µ̃2k)

∣∣∣∣∣ ≤
∣∣∣∣ µk
sinhµk

− µ̃k
sinh µ̃k

∣∣∣∣+ CA

∣∣∣∣ 1

sinhµ
− 1

sinh µ̃k

∣∣∣∣
≤ |µk − µ̃k|

sinhµk
+ µ̃k

∣∣∣∣sinh µ̃k − sinhµk
sinhµk sinh µ̃k

∣∣∣∣+ CA
sinhµk

≤ C eθ

µk sinhµk
+ 2µ̃k

∣∣∣∣∣cosh
(
(µ̃k + µk)/2

)
sinh

(
(µ̃k − µk)/2

)
sinhµk sinh µ̃k

∣∣∣∣∣+ CA
sinhµk

≤ C eθ

µk sinhµk
+

C eθ

sinhµk
+

CA
sinhµk

≤ CA
eµk

.

Using the Weyl law (4.14) and the same argument as in the previous lemma, it follows that there

exists k2 = k2(ϵ) ≥
(
a ln ϵ+c0
cn−1

)n−1
such that ∀ k ≥ k2, we have, for 0 < a < 1,∣∣∣∣∣ 1

∆(−µ2k)
− 1

∆̃(−µ̃2k)

∣∣∣∣∣ ≤ CAϵ
a . (4.19)
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We now move on to the case for which the values of µk are small, which we treat again using a
min-max argument. Indeed, recall that the sequence of off-diagonal components −1/∆(−µ2k) of
the matrix (2.9) gives the eigenvalues of the partial DN map Λ0 := Λg0,q,Γ0,Γ1 , which is self-adjoint
on L2(K, dvolgK ). Moreover, the map µk 7→ − 1

∆(−µ2k)
is increasing for all k ≥ k0 according to

Corollary 4.1. Applying a min-max argument similar to the one used in the proof of Lemma 4.4,
we obtain that for all k ≥ k0 = k0(A)∣∣∣∣∣ 1

∆(−µ2k)
− 1

∆̃(−µ̃2k)

∣∣∣∣∣ ≤ Cϵµk .

It follows then that for all k such that k0 ≤ k ≤ k2 (which is equivalent to having µk ≤ −CA ln ϵ
for a constant CA depending only on A,K, gK), we have∣∣∣∣∣ 1

∆(−µ2k)
− 1

∆̃(−µ̃2k)

∣∣∣∣∣ ≤ CA(−ϵ ln ϵ) . (4.20)

Putting together (4.19) and (4.20), we obtain for all k ≥ k0 :∣∣∣∣∣ 1

∆(−µ2k)
− 1

∆̃(−µ̃2k)

∣∣∣∣∣ ≤ CA(−ϵ ln ϵ+ ϵa) ,

which gives our claim upon setting a = 1− δ.

4.3 Reduction to a moment problem

We start from the identity

Lemma 4.6. For all k ≥ 0, we have :∫ 1

0
[ϕ̃1(x)− ϕ1(x) + µ̃2k − µ2k]c0(x, µk)s̃0(x, µ̃k)dx

= ∆̃(−µ̃2k)

(
1

∆(−µ2k)
− 1

∆̃(−µ̃2k)

)
+M(−µ2k)∆(−µ2k)∆̃(−µ̃2k)

(
Ñ(−µ̃2k)−N(µ2k)

)
.

Proof. This is an easy adaptation of the calculus given in [22], Proposition 4.4 and Lemma
4.5.
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This identity can be conveniently rewritten as∫ 1

0
[ϕ̃1(x)− ϕ1(x)]c0(x, µk)s̃0(x, µk)dx = ∆̃(−µ̃2k)

(
1

∆(−µ2k)
− 1

∆̃(−µ̃2k)

)
+M(−µ2k)∆(−µ2k)∆̃(−µ̃2k)

(
Ñ(−µ̃2k)−N(µ2k)

)
+ (µ2k − µ̃2k)

∫ 1

0
c0(x, µk)s̃0(x, µk)dx,

+

∫ 1

0
[ϕ̃1(x)− ϕ1(x)]c0(x, µk)(s̃0(x, µk)− s̃0(x, µ̃k))dx.

(4.21)

Next, using the Marchenko representations (4.1)-(4.2) and following the work of Gendron [22],
p. 32, there exists a bounded operator R : L2(0, 1) −→ L2(0, 1) such that the l.h.s of (4.21) can
be rewritten as :∫ 1

0
[ϕ̃1(x)− ϕ1(x)]c0(x, µk)s̃0(x, µk)dx =

1

µk

∫ 1

0
sinh(2µkx)R[ϕ̃1 − ϕ1](x)dx. (4.22)

Now, multiplying (4.22) by 2µke
−2µk and following the calculations of Gendron [22], p.33, we

obtain

I := 2µke
−2µk

∫ 1

0
[ϕ̃1(x)− ϕ1(x)]c0(x, µk)s̃0(x, µk)dx

=

∫ +∞

0
e−2µkx

[
R[ϕ̃1 − ϕ1](1− x)1[0,1](x)−R[ϕ̃1 − ϕ1](x− 1)1[1,2](x)

]
dx,

that is the l.h.s. multiplied by 2µke
−2µk takes the form of a simple Laplace transform. At this

stage, we have proved that for all k ≥ 0

I = 2µke
−2µk

{
∆̃(−µ̃2k)

(
1

∆(−µ2k)
− 1

∆̃(−µ̃2k)

)
+M(−µ2k)∆(−µ2k)∆̃(−µ̃2k)

(
Ñ(−µ̃2k)−N(µ2k)

)
+ (µ2k − µ̃2k)

∫ 1

0
c0(x, µk)s̃0(x, µk)dx

+

∫ 1

0
[ϕ̃1(x)− ϕ1(x)]c0(x, µk)(s̃0(x, µk)− s̃0(x, µ̃k))dx.

}
,

= I1 + I2 + I3 + I4.

(4.23)

In order to estimate the terms I1+ I2+ I3 in this expression, we recall using Lemmas 4.1 and
4.2 and the Marchenko representations (4.1)-(4.2) of the solutions s0, c0 that for all k ≥ 0 and
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for all x ∈ [0, 1] : ∣∣M(−µ2k)
∣∣ ≤ CAµk ,

∣∣∆(−µ2k)
∣∣ ≤ CA

eµk

µk
, (4.24)

∣∣s̃0(x,−µ̃2k)∣∣ ≤ CA
eµ̃k

µ̃k
,
∣∣c0(x,−µ2k)∣∣ ≤ CAe

µk . (4.25)

Recalling next from Corollary 3.2 that

|µk − µ̃k| ≤ C
ϵθ

µk
≤ C

ϵθ

µ1
,

µ̃k
µk

≤ 1 +
Cϵθ

µk
≤ 1 +

Cϵθ

µ1
, ∀k ≥ 1,

we get :

|I1 + I2 + I3| ≤ CA

{ ∣∣∣Ñ(−µ̃2k)−N(−µ2k)
∣∣∣+ e−µk

∣∣∣∣∣ 1

∆(−µ2k)
− 1

∆̃(−µ̃2k)

∣∣∣∣∣
+
∣∣µ2k − µ̃2k

∣∣ } .
At last, using Lemmas 4.4 and 4.5 and Corollary 3.2 again, we conclude that there exists a
constant CA > 0 depending only on A,K, gK , c, B such that for all k ≥ k0(A), we have

|I1 + I2 + I3| ≤ CA

{√
ϵ+ ϵ1−δ + eθ

}
≤ 2 CAe

θ,

for ϵ small enough.
In order to estimate the fourth term in the above identity, we need the following lemma

Lemma 4.7. We have:
s̃0(x,−µ̃2k) = s̃0(x,−µ2k) +OA

(
ϵθ
eµk

µk

)
.

Proof. Recall that we have the Marchenko representation (4.1) for s̃0(x,−µ2k) given by

s̃0(x,−µ̃2k) =
sinh(µ̃kx)

µ̃k
+

∫ x

0
H̃0(x, t)

sinh(µ̃kt)

µ̃k
dt , (4.26)

where
∣∣∣H̃0(x, t)

∣∣∣ ≤ CA for 0 ≤ x, t ≤ 1. Using Corollary 3.2, we can write

µ̃k = µk + rk , |rk| ≤ Cϵθ .

It follows using the addition formula for hyperbolic sines that we have for all x ∈ [0, 1] and all
k ≥ 0

sinh(µ̃kx)

µ̃k
=

sinh(µkx)

µk
+O

(
ϵθ
eµk

µk

)
.

This entails the result using (4.26) and the above uniform bound on H̃0(x, t).
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Using Remark 1.1 and (4.25), we obtain as an immediate corollary

Corollary 4.2. We have:

I4 = 2µke
−2µk

∫ 1

0
[ϕ̃1(x)− ϕ1(x)]s0(x,−µ2k)(s̃0(x,−µ̃2k)− s̃0(x,−µ2k)) dx = OA

(
ϵθ
)
.

Putting everything together, we obtain for all k ≥ k0(A)

|I| ≤ CAe
θ , (4.27)

which is precisely the moment problem stated in the Introduction.

4.4 Solution of the moment problem and stability estimates for the radial
equation

Let us set
g(x) = R[ϕ̃1 − ϕ1](1− x)1[0,1](x)−R[ϕ̃1 − ϕ1](x− 1)1[1,2](x).

The change of variable t = e−x transforms (4.27) into :∣∣∣∣∫ 1

0
t2µk−1g(− ln t)dt

∣∣∣∣ ≤ CAϵ
θ, ∀k ≥ k0.

Let us now set γ = 2µk0 − 1 and

h(t) = tγg(− ln t), λk = 2µk+k0 − 1− γ, ∀k ≥ 0.

Thus we obtain the classical Hausdorff moment problem :∣∣∣∣∫ 1

0
tλkh(− ln t)dt

∣∣∣∣ ≤ CAϵ
θ, ∀k ≥ 0, (4.28)

for a sequence of moments
0 = λ0 ≤ λ1 ≤ · · · ≤ λk → +∞,

and a function h ∈ L2(0, 1) with support in [e−2, 1].
This situation was already faced in our previous papers [16, 17] for a model corresponding

to a warped balls or in Gendron [22] in the case of warped products with transversal manifolds
(K, gK) = (Sn−1, dω2) being the round sphere. Combining for instance the results in [22],
section 4.4.1, which is closer to our model and the results in [16], section 4.5. in which general
transversal manifolds are studied, we can show that there exist constants CA > 0 depending only
A,K, gK , c, B and 0 < θ < 1 such that

∥h∥L2(0,1) ≤ CA

(
ln

(
1

ϵ

))−θ
. (4.29)

26



Since h = h1 + h2 where supp h1 = [e−1, 1] and supp h2 = [e−2, e−1], we deduce from (4.29)
(following the lines given in [22]) that

∥R[ϕ1 − ϕ̃1]∥L2(0,1) ≤ CA

(
ln

(
1

ϵ

))−θ
. (4.30)

At last, it was shown in Gendron [22], Section 4.4.2., that the operator R is invertible with an
inverse bounded by ∥R−1∥ ≤ CA. So we conclude from (4.31) that

∥ϕ1 − ϕ̃1∥L2(0,1) ≤ CA

(
ln

(
1

ϵ

))−θ
. (4.31)

5 Radial stability estimates for the partial DN map Λg,Γ1,Γ1

In this section, we are now only considering the partial stability problem for the case of Dirichlet
data supported on Γ1 and Neumann data measured on Γ1, that is

∥Λg̃,Γ1,Γ1 − Λg,Γ1,Γ1∥B(H1/2(K),H−1/2(K)) ≤ ϵ . (5.1)

The case where the Dirichlet and Neumann data are measured on Γ0 can be treated similarly.
Recall that we are furthermore assuming in this section that for a given ν > 0∣∣∣∣∫ 1

0
[ϕ̃1(x)− ϕ1(x)] dx

∣∣∣∣ ≤ Cϵν , (5.2)

which can be thought of as smallness constraint on the integral of the difference of the radial
components of the conformal factors α and α̃.

Under the hypothesis (5.1), the Hölder stability results at the boundary of Theorem 1.2 follow
directly from the results given in Section 3. In particular, we recall from (3.5) and Corollary 3.2
that there exists a constant C > 0 depending only on K, gK , c, B and a constant 0 < θ < 1

2 such
that

∥ϕ2 − ϕ̃2∥L∞(K) ≤ Cϵθ .

and
|µ2k − µ̃2k| ≤ C ϵθ , ∀ k ≥ 0 .

Let us now prove the logarithmic stability result within the manifold given in Theorem 1.2.
We start with an identity proved in [22], Lemma 5.3. For all k ≥ 0, we have :∫ 1

0
[ϕ̃1(x)− ϕ1(x)]s0(x,−µ2k)s̃0(x,−µ̃2k) dx =

[
Ñ(−µ̃2k)−N(−µ2k)

]
∆(−µ2k)∆̃(−µ̃2k)

+(µ2k − µ̃2k)

∫ 1

0
s0(x,−µ2k)(s̃0(x,−µ̃2k) dx , (5.3)
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We rewrite this identity in the convenient form∫ 1

0
[ϕ̃1(x)− ϕ1(x)]s0(x,−µ2k)s̃0(x,−µ2k) dx

=
[
Ñ(−µ̃2k)−N(−µ2k)

]
∆(−µ2k)∆̃(−µ̃2k)

+ (µ2k − µ̃2k)

∫ 1

0
s0(x,−µ2k)(s̃0(x,−µ̃2k) dx , (5.4)

+

∫ 1

0
[ϕ̃1(x)− ϕ1(x)]s0(x,−µ2k)(s̃0(x,−µ2k)− s̃0(x,−µ̃2k)) dx.

Using Proposition 5.4 in [22], we know that there exists an operator D : L2(0, 1) → L2(0, 1)
such that the l.h.s. of (5.4) can be written as

∀k ≥ 1,

∫ 1

0
[ϕ̃1(x)− ϕ1(x)]s0(x,−µ2k)s̃0(x,−µ2k) dx =

1

µ2k

∫ 1

0
cosh(2µkx)D[ϕ̃1 − ϕ1](x) dx

− 1

µ2k

∫ 1

0
[ϕ̃1(x)− ϕ1(x)] dx . (5.5)

We thus get from (5.4) and (5.5) for all k ≥ 1

1

µ2k

∫ 1

0
cosh(2µkx)D[ϕ̃1 − ϕ1](x) dx =

[
Ñ(−µ̃2k)−N(−µ2k)

]
∆(−µ2k)∆̃(−µ̃2k)

+(µ2k − µ̃2k)

∫ 1

0
s0(x,−µ2k)(s̃0(x,−µ̃2k) dx , (5.6)

+

∫ 1

0
[ϕ̃1(x)− ϕ1(x)]s0(x,−µ2k)(s̃0(x,−µ2k)− s̃0(x,−µ̃2k)) dx.

+
1

µ2k

∫ 1

0
[ϕ̃1(x)− ϕ1(x)] dx .

Up to multiplying this identity by 2µ2ke
−2µk and letting

R[ϕ̃1 − ϕ1](x) := D[ϕ̃1 − ϕ1](1− x)1[0,1](x) +D[ϕ̃1 − ϕ1](x− 1)1[1,2](x) ,

we may rewrite the left-hand side of (5.6) as∫ ∞

0
e−2µkxR[ϕ̃1 − ϕ1](x) dx .
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Eventually, we have obtained the identity for all k ≥ 1 :∫ ∞

0
e−2µkxR[ϕ̃1 − ϕ1](x) dx = 2µ2ke

−2µk

{[
Ñ(−µ̃2k)−N(−µ2k)

]
∆(−µ2k)∆̃(−µ̃2k)

+(µ2k − µ̃2k)

∫ 1

0
s0(x,−µ2k)(s̃0(x,−µ̃2k) dx ,

+

∫ 1

0
[ϕ̃1(x)− ϕ1(x)]s0(x,−µ2k)(s̃0(x,−µ2k)− s̃0(x,−µ̃2k)) dx,

+
1

µ2k

∫ 1

0
[ϕ̃1(x)− ϕ1(x)] dx .

}
. (5.7)

= I1 + I2 + I3 + I4.

As in Section 4.3, we use Lemmas 4.1, 4.2 and 4.4, Corollaries 3.2 and 4.2 and (4.27) to estimate
the terms I1 + I2 + I3. Precisely, we show that there exists a constant CA > 0 depending only
A,K, gK , c, B such that

|I1 + I2 + I3| ≤ CA(
√
ϵ+ ϵθ) ≤ CAϵ

θ. (5.8)

Now, using the hypothesis (5.2) and (4.25), we easily estimate the term I4 by

|I4| ≤ CAϵ
ν . (5.9)

Putting (5.8) and (5.9) together, we obtain

|I| =
∣∣∣∣∫ ∞

0
e−2µkxR[ϕ̃1 − ϕ1](x) dx

∣∣∣∣ ≤ CAϵ
θ , ∀k ≥ 1. (5.10)

We thus face once again the same kind of moment problems as in Section 4.4. Using the
same strategy used in [16, 17, 22] and using that R is invertible with a bounded inverse satisfying
∥R−1∥ ≤ CA, we can show from (5.10) that

∥ϕ1 − ϕ̃1∥L2(0,1) ≤ CA

(
ln

(
1

ϵ

))−θ
, (5.11)

for a constant CA > 0 depending only on A,K, gK , c, B and a constant 0 < θ < 1.

6 Stability estimates for the conformal factors

Our goal in this section is to translate the stability estimates we have obtained on the difference
q − q̃ of the potentials in terms of the difference α− α̃ of the potentials.

Recall first that

q − q̃ = α−(n−2)∆g0α
n−2 − α̃−(n−2)∆g0α̃

n−2

= ϕ1(x)− ϕ̃1(x) + ϕ2(ω)− ϕ̃2(ω) .
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From (4.31) or (5.11), we see that

∥q − q̃∥L2(M) ≤ CA

(
ln

(
1

ϵ

))−θ
. (6.12)

Following the strategy used in [10], p. 20-21, we need a simple calculation

Lemma 6.1. We have

αn−2α̃n−2(q − q̃) = α̃n−2∆g0α
n−2 − αn−2∆g0α̃

n−2

=
1√
|g0|

∂xj
[
αn−2α̃n−2gjk0

√
|g0|∂xk(lnαn−2 − ln α̃n−2)

]
.

Proof. We have

1√
|g0|

∂xj
[
αn−2α̃n−2gjk0

√
|g0|∂xk(lnαn−2 − ln α̃n−2)

]
=

1√
|g0|

∂xj
(
α̃n−2gjk0

√
|g0|∂xkαn−2

)
− 1√

|g0|
∂xj
(
αn−2gjk0

√
|g0|∂xk α̃n−2

)
= α̃n−2∆g0α

n−2 − αn−2∆g0α̃
n−2 − (∂xj α̃

n−2)gjk0 (∂xkα
n−2) + (∂xjα

n−2)gjk0 (∂xk α̃
n−2)

= α̃n−2∆g0α
n−2 − αn−2∆g0α̃

n−2 .

We shall use the following convenient consequence of this result:

Lemma 6.2. Let
g1 = (αα̃)g0 , v := (n− 2) ln

α

α̃
.

We have
∆g1v =

q − q̃

(αα̃)2
. (6.13)

Proof. Letting
g1 = βg0 .

we have
(g1)

−1 =
1

β
(g0)

−1 , |g1| = βn |g0| ,

and therefore
∆g1 =

1

β
n
2

√
|g0|

∂xj
(
β

n
2
−1gjk0

√
|g0|∂xk

)
.

The conclusion follows by letting β = (αα̃)2 in the preceding equation and applying Lemma 6.1.
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We first exploit Lemma 6.2 to obtain the following stability estimate on the difference of
the conformal factors α and α̃ for the global Calderón problem. Our proof follows closely the
argument used in [10].

Proposition 6.1. There exist positive constants C and θ′ such that

∥α− α̃∥C0,r(M) ≤ Ceθ
′
.

Proof. We first apply the standard elliptic existence and regularity theorems to the pde (6.13)
to obtain

∥lnα− ln α̃∥H1(M) ≤ C

(
∥ q − q̃

(αα̃)2
∥H−1(M) + ∥lnα− ln α̃∥H1/2(∂M)

)
,

for some positive constant C, from which we deduce that

∥lnα− ln α̃∥H1(M) ≤ C
(
∥q − q̃∥L2(M) + ∥lnα− ln α̃∥H1(∂M)

)
. (6.14)

Using (6.12), Theorem 1.1, (1.16), it is immediate the r.h.s. of (6.14) is bounded by

∥q − q̃∥L2(M) + ∥lnα− ln α̃∥H1(∂M) ≤ C

(
ln

(
1

ϵ

))−θ
. (6.15)

We finish the proof using a trick due to Caro, Garcia and Ruiz [9]. Observe first that

∀f ∈ L∞(M), |f(x)|
n

1−r ≤ ∥f∥
n

1−r
−2

L∞(M)|f(x)|
2, 0 < r < 1. (6.16)

Thus we get from (6.14)-(6.16) and Hypothesis 1.1 that

∥lnα− ln α̃∥
W

1, n
1−r (M)

≤ C∥lnα− ln α̃∥
(1−r)2

n

H1(M)
≤ C

(
ln

(
1

ϵ

))−θ′

. (6.17)

At last, we use Morrey embeddings to prove that (6.17) implies

∥lnα− ln α̃∥C0,r(M) ≤
(
ln

(
1

ϵ

))−θ′

, (6.18)

which entails our main result (1.17).

Let us finally exploit Lemma 6.2 to derive a stability estimate for the difference of the con-
formal factors α and α̃ for the partial Calderón problem where the measures are made on Γ1.
We are able to obtain stability estimates in an interior region away from (but arbitrarily close
to) the boundary Γ0.

For any τ ∈ (0, 1), we set
Mτ := [τ, 1]×K.

As a consequence of standard Carleman estimates (recalled in Appendix B), we first obtain a
localized logarithmic stability estimate on Mτ .
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Proposition 6.2 (Localized logarithmic stability). Fix r ∈ (0, 1). Then, for any τ ∈ (0, 1),
there exists a constant Cτ > 0 such that

∥α− α̃∥C0,r(Mτ ) ≤ Cτ | ln(1/ε)|−θτ , (6.19)

where the exponent θτ > 0 depends explicitly on the distance τ to the boundary Γ0 and is given
by

θτ =
2(1− r)

n

θ τ

2− τ
.

Moreover, Cτ can be chosen so that Cτ ≲ τ−2.

Proof. Combining Lemma 6.2 with Theorem B.1 in Appendix B, we obtain

∥ lnα− ln α̃∥H1(Mτ ) ≤ Cτ

(
e(1−τ)/h

(∥∥ q−q̃
(αα̃)2

∥∥
L2(M)

+ ∥ lnα− ln α̃∥H1(Γ1) + ∥∂ν(lnα− ln α̃)∥L2(Γ1)

)
+ e−τ/(2h) ∥ lnα− ln α̃∥H1(M)

)
, ∀ 0 < h < h0.

(6.20)

Using (6.12), Theorem 1.2 (estimate (1.19)), and recalling that the conformal factors α and α̃
satisfies Hypothesis 1.1, it follows that

∥ lnα− ln α̃∥H1(Mτ ) ≤ Cτ

(
e(1−τ)/h

∣∣ln 1
ε

∣∣−θ + e−τ/(2h)
)
, ∀0 < h < h0.. (6.21)

Here Cτ > 0 depends only on τ and on the geometry of M ; moreover, as shown in Appendix B,
one can choose Cτ ≲ τ−2. Optimizing with respect to the semiclassical parameter h is achieved
by balancing the two terms in (6.21), which leads to the choice

h =
1− τ/2

θ ln | ln(1/ε)|
.

With this choice, we obtain the logarithmic stability estimate

∥ lnα− ln α̃∥H1(Mτ ) ≤ Cτ | ln(1/ε)|−κ, κ =
θτ

2− τ
. (6.22)

We conclude the proof by adapting the device introduced by Caro, García and Ruiz [9] to the
present localized setting keeping track of the dependence on τ of our Hölder exponent. Let
0 < r < 1 and set

p :=
n

1− r
> n.

We recall that for any f ∈ L∞(Mτ ),

|f(x)|p ≤ ∥f∥p−2
L∞(Mτ )

|f(x)|2, x ∈Mτ . (6.23)
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The pointwise bound (6.23) implies, after integration over Mτ ,

∥f∥Lp(Mτ ) ≤ ∥f∥
1− 2

p

L∞(Mτ )
∥f∥

2
p

L2(Mτ )
.

Applying this inequality to f = ∇(lnα − ln α̃), and using the fact that the admissibility of the
conformal factors (Hypothesis 1.1) provides a uniform L∞ bound on the gradient, we obtain

∥∇(lnα− ln α̃)∥Lp(Mτ ) ≤ C ∥∇(lnα− ln α̃)∥
2
p

L2(Mτ )
.

Finally, combining this estimate with the analogous bound for lnα− ln α̃ itself yields

∥ lnα− ln α̃∥W 1,p(Mτ ) ≤ Cτ ∥ lnα− ln α̃∥
2
p

H1(Mτ )
, (6.24)

Combining (6.24) with the logarithmic stability estimate (6.22), we infer that

∥ lnα− ln α̃∥W 1,p(Mτ ) ≤ Cτ | ln(1/ε)|−
2κ
p . (6.25)

Finally, since p > n, Morrey’s embedding yields

W 1,p(Mτ ) ↪→ C0,r(Mτ ).

As a consequence, we obtain the localized Hölder stability estimate

∥ lnα− ln α̃∥C0,r(Mτ ) ≤ Cτ | ln(1/ε)|−θτ , (6.26)

where the exponent θτ > 0 depends explicitly on the distance τ to the boundary Γ0 and is given
by

θτ =
2κ

p
=

2(1− r)

n

θ τ

2− τ
.

Whence the result stated in the proposition.

As an immediate consequence of Proposition 6.2, we obtain the following corollary. It shows
that, by letting the localization parameter τ = τ(ε) tend to 0 sufficiently slowly, one still obtains
a stability rate which is stronger than the global log–log estimates available for Calderón-type
inverse problems with partial data (see, e.g., Caro–Dos Santos Ferreira–Ruiz [8]).

Corollary 6.1 (Improved stability away from the forbidden boundary). Let r ∈ (0, 1) be fixed
and set

τ(ε) =
1√

ln ln(1/ε)
.

Then, as ε→ 0,

∥α− α̃∥C0,r(Mτ(ε))
≲ ln ln(1/ε) exp

(
−(1− r)θ

n

√
ln ln(1/ε)

)
.
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Remark 6.1. The stability estimate on Mτ(ϵ) obtained in Corollary 6.1 exhibits an intermediate
behavior between logarithmic and log–log stability. On the one hand, it is strictly stronger than
any log–log type estimate: for every κ > 0,

ln ln(1/ε) exp
(
−(1− r)θ

n

√
ln ln(1/ε)

)
= o

(
(ln ln(1/ε))−κ

)
, ε→ 0.

On the other hand, it remains weaker than a genuine logarithmic stability, since for any α > 0,

ln ln(1/ε) exp
(
−(1− r)θ

n

√
ln ln(1/ε)

)
≫ (ln(1/ε))−α, ε→ 0.

More generally, Proposition 6.2 allows for a flexible choice of the localization parameter τ =
τ(ε) → 0. For instance, for any integer k ≥ 3, taking

τ(ε) =
1

lnk(1/ε)
, ln1 = ln, lnj+1 = ln ◦ lnj ,

yields the estimate

∥ lnα− ln α̃∥C0,r(Mτ(ε))
≲
(
lnk(1/ε)

)2
exp
(
− (1− r)θ

n

ln ln(1/ε)

lnk(1/ε)

)
, ε→ 0.

Such bounds are strictly stronger than the rate of Corollary 6.1, while still remaining weaker
than any fixed negative power of ln(1/ε). Moreover, there is no optimal choice of τ(ε) under
the constraint τ(ε) → 0: by letting τ(ε) tend to zero arbitrarily slowly, one can obtain stability
rates arbitrarily close to logarithmic, at the price of localizing farther away from the forbidden
boundary Γ0.

A On the existence of Painlevé-Liouville Riemannian manifolds

A question that is crucial to the existence of Painlevé-Liouville Riemannian manifolds is that
of the existence of positive solutions to an appropriately chosen boundary-value problem for the
elliptic pde (1.15) governing the conformal factor α. This is addressed in the following:

Proposition A.1. Suppose that ϕ1 + ϕ2 ∈ Ck−2(M) with k ≥ 2, ϕ1 + ϕ2 > 0 on M , η ∈
Hk− 1

2 (∂M) and η > 0 on ∂M . Then the boundary-value problem{
−∆g0w + (ϕ1 + ϕ2)w = 0 on M

w = η on ∂M
(A.27)

has a solution w ∈ Hk(M). In particular if k = 2 + n
2 , then w ∈ C2(M) and if k = 2 + r + n

2 ,
then w ∈ C2,r(M).
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Proof. Let η ∈ Hk(M) be such that η|∂M = η and let v = w − η. Then, letting

f = ∆g0η − (ϕ1 + ϕ2)η ,

The boundary-value problem (A.27) becomes{
−∆g0v + (ϕ1 + ϕ2)v = f on M

v = 0 on ∂M
(A.28)

Our positivity hypothesis ϕ1 + ϕ2 > 0 implies that 0 /∈ σ(−∆g0 + (ϕ1 + ϕ2)), so that (A.28)
admits a unique solution given by

v = (−∆g0v + (ϕ1 + ϕ2))
−1f ,

where (−∆g0v + (ϕ1 + ϕ2))
−1 : Hs(M) → Hs+2(M). Our hypothesis ϕ1 + ϕ2 ∈ Ck−2(M) then

implies that f ∈ Hk−2(M), which combined with η ∈ Hk− 1
2 (∂M) gives that v ∈ Hk(M) and

therefore that w ∈ Hk(M). Using the Sobolev embeddings

Hk(M) ⊂ Cp,r(M) , p+ r = k − n

2
,

we see that we obtain a solution w ∈ C2(M) if k = 2 + n
2 and w ∈ C2,r(M) if k = 2 + r + n

2 .
Finally, using the strong maximum principle for elliptic operators on compact manifolds with
boundary ([1], & 8), we know that w = αn−2 is strictly positive on M .

B Conditional stability estimates

In this section, we prove a conditional stability estimate on the cylinder M = [0, 1]×K, endowed
with a smooth Riemannian metric

g1 = c4 g0,

where g0 = dx2 + gK and c is a positive conformal factor. The manifold (M, g1) is a conformally
transversally anisotropic (CTA) manifold in the sense of Dos Santos Ferreira, Kenig, Salo and
Uhlmann [19]. In particular, CTA manifolds admit limiting Carleman weights, which play a
crucial role in the derivation of Carleman estimates. In the present setting, a convenient choice
of limiting Carleman weight is

φ(x) = x,

where x ∈ [0, 1] denotes the radial coordinate on the cylinder M = [0, 1]×K. We denote

Γ0 := {0} ×K, Γ1 := {1} ×K,

and, for any fixed τ ∈ (0, 1),
Mτ := [τ, 1]×K.

We introduce the elliptic operator
P := −∆g1 .
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Theorem B.1 (Conditional stability on the cylinder). Let τ ∈ (0, 1) be fixed. Then there exist
constants Cτ > 0 and h0 > 0, depending only on τ and on the geometry of M , such that for all
0 < h < h0 and for all u ∈ H2(M),

∥u∥H1(Mτ ) ≤ Cτ

(
e(1−τ)/h

(
∥Pu∥L2(M) + ∥u∥H1(Γ1) + ∥∂νu∥L2(Γ1)

)
+ e−τ/(2h) ∥u∥H1(M)

)
.

(B.29)

Here ν denotes the outward unit normal vector field on ∂M with respect to the metric g1. More-
over, the constant Cτ can be chosen such that Cτ ≲ τ−2.

Proof. The proof is relatively classical. It follows the strategy described in Isakov [25, p. 54] and
in Theorem 2.3 of Bourgeois [7], adapted to the cylindrical geometry, and relies on the boundary
Carleman estimates of Kenig-Salo [27, Proposition 4.2] and Li-Lü [29, Corollary 1.2].

Step 1: Reduction to homogeneous Cauchy data on Γ1. We first reduce the problem to
the case of homogeneous Cauchy data on Γ1.

By standard elliptic theory on the cylinder, one can perform this reduction by means of a lifting
argument for elliptic boundary value problems; see, for instance, Lions–Magenes [30]. More
precisely, there exists a function u∗ ∈ H2(M) depending only on the boundary data such that

u∗
∣∣
Γ1

= u
∣∣
Γ1
, ∂νu

∗∣∣
Γ1

= ∂νu
∣∣
Γ1
,

and
∥u∗∥H2(M) ≤ C

(
∥u∥H1(Γ1) + ∥∂νu∥L2(Γ1)

)
. (B.30)

Hence, replacing u by u − u∗, we may assume without loss of generality that u and its normal
derivative ∂νu vanish on Γ1.

Step 2: Cutoff near the inaccessible boundary Γ0. We choose a cutoff function χ ∈
C∞([0, 1]) such that

χ ≡ 1 on [ τ2 , 1], χ ≡ 0 in a neighborhood of x = 0, supp(χ′) ⊂ [ τ4 ,
τ
2 ].

We then set
v := χu, U := eφ/h v,

where φ(x) = x. In particular, since χ ≡ 1 on Mτ , we have v = u on Mτ . Moreover, by
construction, U ∈ H2(M) ∩H1

0 (M).

Step 3: Carleman estimates. We first recall the boundary Carleman estimate of Kenig-
Salo [27, Proposition 4.2] and Li-Lü [29, Corollary 1.2]. Let (M, g1) be an admissible manifold
and let φ be a limiting Carleman weight. Then there exist constants C > 0 and h0 > 0 such
that, for all 0 < h < h0 , δ > 0 and all U ∈ H2(M) ∩H1

0 (M), one has

h2
(
∥U∥2L2(M) + ∥h∇g1U∥2L2(M)

)
+ δh3∥∂νU∥2L2({∂νφ≤−δ}) + h4∥∂νU∥2L2({−δ<∂νφ<h/3})

≤ C
(
∥eφ/h(h2P )(e−φ/hU)∥2L2(M) + h3∥∂νU∥2L2({∂νφ≥h/3})

)
. (B.31)
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We now apply (B.31) to the function U = eφ/hv constructed above, with the linear weight
φ(x) = x. Since g1 = c4g0 with c > 0, we have

∂νφ = − c−2 on Γ0, ∂νφ = c−2 on Γ1,

where ν denotes the outward unit normal vector field on ∂M with respect to the metric g1. As
a consequence, for sufficiently small h, we obtain the Carleman estimate

h2∥U∥2H1
scl(M) ≤ C

(
∥eφ/h(h2P )(e−φ/hU)∥2L2(M) + h3∥∂νU∥2L2(Γ1)

)
, (B.32)

where ∥U∥2
H1

scl(M)
:= ∥U∥2L2(M) + ∥h∇U∥2L2(M).

In our situation, u and ∂νu vanish on Γ1, and the cutoff is chosen so that v = χu = u in a
neighborhood of Γ1. Hence U = eφ/hv also satisfies ∂νU |Γ1 = 0, so that the boundary term on
Γ1 in (B.32) vanishes. Dividing (B.32) by h2, taking square roots, and using that χ ≡ 1 on Mτ ,
we arrive at

∥eφ/hu∥H1
scl(Mτ ) ≤ ∥eφ/hχu∥H1

scl(M) ≤ C h ∥eφ/hP (χu)∥L2(M). (B.33)

Step 4: Weight comparison on Mτ . We start by lower bounding the left-hand side of (B.33).
Since φ(x) = x and Mτ = [τ, 1]×K, we have φ ≥ τ on Mτ , hence eφ/h ≥ eτ/h on Mτ . Moreover,

h∇g1

(
eφ/hu

)
= eφ/h

(
h∇g1u+ (∇g1φ)u

)
.

Thus, we obtain

∥eφ/hu∥H1
scl(Mτ ) ≥ c eτ/h ∥u∥H1

scl(Mτ ) ≥ c h eτ/h ∥u∥H1(Mτ ), (B.34)

for some constant c > 0 depending only on ∥∇g1φ∥L∞(M).

Step 5: Commutator decomposition. We now estimate the right-hand side of (B.33). Using
the identity

P (χu) = χPu+ [P, χ]u,

we obtain, by the triangle inequality,

∥eφ/hP (χu)∥L2(M) ≤ ∥eφ/hχPu∥L2(M) + ∥eφ/h[P, χ]u∥L2(M). (B.35)

Since χ ≤ 1, we have

∥eφ/hχPu∥L2(M) ≤ ∥eφ/hPu∥L2(M) ≤ e1/h ∥Pu∥L2(M). (B.36)

Moreover, [P, χ] is a first–order differential operator supported in

Sτ := supp(χ′)×K ⊂ [ τ4 ,
τ
2 ]×K.
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Since φ(x) = x ≤ τ
2 on Sτ , we have

∥eφ/h[P, χ]u∥L2(M) ≤ eτ/(2h)∥[P, χ]u∥L2(Sτ ). (B.37)

Moreover, there exists a constant Cτ > 0 (depending only on P and on the cutoff χ) such that

∥[P, χτ ]u∥L2(Sτ ) ≤ Cτ ∥u∥H1(Sτ ). (B.38)

For a standard cutoff varying on a length scale τ , one has Cτ ≲ τ−2. Combining (B.37)–(B.38)
yields

∥eφ/h[P, χ]u∥L2(M) ≤ Cτ e
τ/(2h) ∥u∥H1(Sτ ).

Using the above estimates and (B.36), together with (B.35), we obtain

∥eφ/hP (χu)∥L2(M) ≲ e1/h ∥Pu∥L2(M) + Cτ e
τ/(2h) ∥u∥H1(Sτ ). (B.39)

Step 6: Conclusion. Combining the lower bound (B.34) with the upper bound (B.39), we
obtain

h eτ/h ∥u∥H1(Mτ ) ≤ Cτ h
(
e1/h ∥Pu∥L2(M) + eτ/(2h) ∥u∥H1(Sτ )

)
.

Dividing both sides by h eτ/h, this yields

∥u∥H1(Mτ ) ≤ Cτ

(
e(1−τ)/h ∥Pu∥L2(M) + e−τ/(2h) ∥u∥H1(Sτ )

)
. (B.40)

This concludes the proof.
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