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Abstract

We study the question of stability of the global and partial anisotropic Calder6én in-
verse problems for the class of Painlevé-Liouville Riemannian manifolds, that is compact
n-dimensional manifolds with boundary (M, g), where M = [0,1] x K, K is any smooth
closed connected orientable manifold of dimension n — 1 endowed with a Riemannian metric
gk, and g = agg is any conformal deformation of the product metric gg = dz? + gx on M
which is compatible with the Painlevé block-separability of the Laplace-Beltrami operator
Agy,. Given a pair of Painlevé-Liouville Riemannian manifolds (M, g) and (M, §) satisfying
the technical hypothesis @, denoting the corresponding Dirichlet-to-Neumann maps by A,
and Ag, and assuming that [|[Ay — Agllgmr/2on), m-1/2(00m)) = € We show a logarithmic sta-
bility result for the global anisotropic Calderén problem in Theorem [I.I]which says that there
exists constants C' and 0 < 6 < 1 such that || — &|co.r(ar) < C (In %)76 for some 0 < r < 1.
Similar results are obtained in Theorem for the partial anisotropic Calderén problem,
corresponding to the case where the data are measured on only one connected component of
the boundary. We emphasize the fact that even though we require the compatibility of the
conformal factor o with the block-separability of the the Laplace-Beltrami operator Ay in
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our hypotheses, our transversal manifolds (K, gx) are closed manifolds with no restriction
on the injectivity of the geodesic ray transform. In particular, the transversal manifold could
be the round sphere which is the classical counterexample to injectivity of the geodesic ray
transform. This implies that the powerful Complex Geometrical Optics techniques of [19] 20]
cannot be applied in our setting.
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1 Introduction

The anisotropic Calderén problem is an important classical inverse problem which consists in
recovering, up to some natural gauge equivalences, the metric of a compact Riemannian mani-
fold with boundary (M, g) from the knowledge of the Dirichlet-to-Neumann (DN) map for the



Laplace-Beltrami operator —A, at some fixed frequency lying outside the Dirichlet spectrum
(see |37, [38] for a general presentation of this classical problem).

The question of stability, namely whether one can quantify in a stable way the error in the
solution of the inverse problem assuming that the DN map is only known up to an error term
measured in an appropriate norm, is one of significant complexity due to the fundamentally
ill-posed nature of the Calderon inverse problem (see for instance [2, 5] 6l [31]). In this paper, we
consider question of stability for a special class of Riemannian manifolds which are of geometric
interest and for which the powerful methods based on the reconstruction of the metric via com-
plex geometric optics solutions and limiting Carleman weights are not directly applicable. We
now proceed to define this class of manifolds - that we will call Painlevé-Liouville Riemannian
manifolds - and state our main results.

Let M denote an n-dimensional smooth compact orientable product manifold with boundary,
of the form

M=1[0,1] x K, (1.1)

where K is a smooth closed connected orientable manifold of dimension n—1. The two connected
components of the boundary of M will be denoted by I'y and I'q,

oM =TyUTy, FOZ{O}XK, Flz{l}XK,

and will be identified with K. The points of M will be written as (z,w), with z and w being
referred to respectively as the radial and angular variables on M. We endow M with a product
Riemannian metric

go = d=* + grc (1.2)

with z € [0, 1] and gx being a Riemannian metric on K and we introduce a conformal rescaling
g of gg given by
g=a'(z,w)go- (1.3)

It is a classical result that the boundary value problem

{—Agu =0 onM (1.4)

u=f ondM

has a unique solution u € H'(M) given boundary data f € HY2(M). When f is smooth, the
DN map associated to the boundary value problem (1.4]) is then defined by

Agf = Jyu |8M s (1.5)

where v = (v%) denotes the unit outer normal to the boundary M. In the general case in which
f € HY2(M), the DN map is defined in a weak sense as a map from H/2(OM) to H='/2(0M)
by

(Ayflh) = /M o(Vu, Vo) dvol,, Vf,h e HY2(0M), (1.6)



where u is the unique solution of (L.4)), v is any element of H'(M) s.t. vjgq = h, and (:|-) is the
standard L? duality pairing between H/2(M) and H~/2(9M). One shows that the DN map
A, is an elliptic pseudo-differential operator A, of order 1 that is selfadjoint on L*(9M). The
DN map associated to the metric gg is defined similarly and will be denoted by Ag,.

An observation that will play a key role in our analysis is that the boundary value problem

(1.4) is equivalent upon setting
v=a""2u, =a"ouf, (1.7)

to the boundary value problem for a corresponding Schréodinger operator on (M, go), given by

—Ag + =0, M,
( go q)'l) on (18)
v=1, ondM,
where )
B Agya™™
- an—2

This follows from the well-known fact that the positive Laplace-Beltrami operators —A,, and
—A, are related by the identity :

B B A an72
_Ag:a (n+2)(_Ag0+q)an 27 q:ii)ni_2

Associated to ((1.8)), we can thus define similarly the DN map Ay , as the operator from H > (OM)
onto H™2 (OM) by
Ago,qw = Oyv‘aM.

We observe that the anisotropic Calderén problems for the DN map A4 and Ay, 4 are essentially
equivalent, a fact that will be used crucially in this paper.

We shall be likewise interested in the partial DN maps corresponding to the cases in which
the Dirichlet data f are supported in only one of the connected components I'g or I'y of M and
the normal derivative of the solution u of is also only measured on one of the boundary
components. These will be denoted by Ay, r; : H'Y?(K) — H Y?(K), defined for f smooth
with suppf C I'; by

Agr,r;f=0u|r;,

with a definition in the weak sense similar to when f € HY?(K). Finally, we will also
consider the DN maps Ay, 41, r; associated to the boundary value problem for the corre-
sponding Schrodinger operator.

In this paper, we shall consider the stability problem for two metrics g, g of the form
under the hypothesis of equality of the angular metrics, that is

Ik = JK -



Our task will be thus to obtain stability estimates on the conformal factor «, assuming that for
some 0 <e<1

[Ag — Agll e rzonny, m-1/2000)) = €5 (1.9)

or one of the weaker conditions

||A97F17Fi - A!?,Fi,ri”B(H1/2(Fi),H*1/2(Fi)) =e, i€{0,1}. (1.10)

Precisely, under the assumption (1.9)) (resp. (1.10)) corresponding to a global (resp. partial)
Calderon problem, we aim to prove an estimate of the form

o = @l oo (ary < Cfe), (1.11)

for a function f satisfying lin(l) f(e) =0.
€—>

In order to obtain (and quantify) such stability estimates, we impose the following conditions.

Hypothesis 1.1. i) gx = gk

it) There exists a contant ¢ > 0 such that o, & > ¢ on M.

iii) There exist constants 0 < r < 1 and B > 0 for which we have a,& € C*"(M) and
ol car. allcer < B. S

iv) There exist ¢p1 = 1(x), p2 = Pa(w) (resp. ¢1 = P1(x), P2 = Pa(w)) such that

n—2 A =2 ~ ~
0= 20" @)+ haw), T= 22T 5 @)+ daw). (1.12)

dn—2

Let us make some remarks on the contents of Hypothesis . The assumption ) is made to
simplify the analysis and obtain better stability estimates of logarithmic type (see below). In a
companion paper [18], we study the general case of warped products manifolds whose warping
function o« = a(x) and angular metric g are both allowed to vary. The assumptions i) and
ii1) are classical and reflect the fact that the Calderén problem is ill-posed. This means that the
inverse of the map g — A, is not continuous unless the metric g (here the conformal factor «) lies
in a compact set [2]. Moreover the modulus of continuity is generally, at best, logarithmic [31, 28].
The assumption iv) is the most important and more restrictive one. Roughly speaking, (|1.12)
means that the conformal factor a* is compatible with the Painlevé type block separability of
the metric . As a consequence, the DN maps Ay, A will be "diagonalizable" on well chosen
Hilbert bases (Y )r>0 and (Yj)g>0, a fact that will be crucially used in our analysis. We refer to
[14] for more informations on Painlevé block separability in full generality and to section for the
simple instance of block separability used in this paper. Finally, we will show in Appendix [A]that
we can easily construct a large class of conformal factors « satisfying all the above assumptions.

Remarks 1.1. 1. Under assumptions ii), iii) and ), it is clear that there exists a constant
A = A(go, ¢, B) such that ¢1,po satisfy the assumptions :

¢ € CO7([0,1]), g2 € CO(K), |o1lloc, lP2]loc < A (1.13)



2. The functions ¢1, ¢ aren’t unique in the block separability property (1.12|) since for any
constant c, we could replace ¢1 by ¢1 + ¢ and p2 by ¢p2 — c. Using this gauge, we will assume
from the very beginning that

$1(5) = d1(4), (1.14)
for 3 =0 or j =1 This assumption will simplify slightly the forthcoming analysis.

Motivated by the above hypotheses, we define the class of Painlevé-Liouville Riemannian
manifolds as follows:

Definition 1.1. We say that (M, g) is a Painlevé-Liouville Riemannian manifold if
M:[Oal]XKa g:a4(:l;,w)go, 90:d1'2+gK7
where we have a > ¢ for some positive constant ¢ and where

n—2
Agoax
Oéan

= ¢1(z) + p2(w) . (1.15)

In Appendix [A] we address the important question of the existence of a solution a > 0
of the elliptic equation , a question that is crucially relevant to the actual existence of
Painlevé-Liouville Riemannian manifolds.

Our main stability result for the corresponding global Calderén problem can now be stated
as follows.

Theorem 1.1. Let (M,g) and (M,g) be two Painlevé-Liouville Riemannian manifolds as in
(1.3) satisfying the hypotheses . Assume that holds. Then

i) [Holder stability at the boundary OM | There exists a constant C = C(go,c, B) > 0 such
that for all j = 0,1, k =0,1,2, there exists 0 < 0 <1 :

||Oé(j, ) - 6‘(]7 )HCIISJ(FJ) < Cegkv (116)

where the notation C’E(Fj) means that the tangential and normal derivatives at I'; are included
in the definition of the C* norm.

ii) [Logarithmic stability within M| There exists a constant C = C(go, ¢, B) and 0 < § < 1
such that :

i 1\’
o = allgo.rary < C <ln e> . (1.17)

We note that the first Holder stability result at the boundary is an easy consequence of the
classical boundary determination results obtained (in the convenient form for us) by Kang and
Yun in [26]. The second logarithmic stability result within the manifold M is the new part in
this theorem.

We also obtain stability results for the partial Calderén problem where the measurements
are made either on I'g or I'y. Roughly speaking, assuming that the measures are made on I'y,
we obtain logarithmic stability estimates on any regions that do not contain a neighbourhood of
the inaccessible part I'g. Precisely, we prove :



Theorem 1.2. Let (M, g) and (M, g) be two metrics as in (1.3|) satisfying the hypotheses .
Assume that (1.10) holds at I'j, j =0 or 1 and additionally that there exist constants D > 0 and
0<v<1 with

1
/O (61(x) — d1(x))dz| < De". (1.18)

Then
1. [Hélder stability at the boundary I';] There exists a constant C = C(go, ¢, B, D) > 0 such
that for all k =0,1,2, there exists 0 < 0 <1 :

la, ) = @G, lleg ;) < Ce™, (1.19)

where the notation C%(T;) means that the tangential and normal derivatives at T'; are included
in the definition of the C* norm.

2. [Logarithmic stability within M| Assume that the measures are made on I'y. For any
0 < 7 <1, define My = [r,1] x K. Then there exists constants Cr = C(go,c, B, D,T) and
0 <6, <1 such that :

€

-0,
a—a|lcoriany < Cr ln1 , 1.20
(M)

where C; <772 and
20—r) 07
n  2-7

0, =
Symmetric results hold when the measures are made on I'y.

Remarks 1.2. 1. The assumption (1.18]) can be re-expressed as a condition on the scalar cur-
vatures Scalg, Scalg. More precisely, it is well known that
n—2

m (a456al9 — SCCLZQO) .

q =
From this, (1.18) can be shown to be equivalent to the condition :

1
/ [a*Scaly, — a*Scalgldz| < De". (1.21)
0

Moreover, we emphasize the fact that the additional assumption (1.18|) in the previous partial
stability theorem is a consequence of the assumption (1.9)) used in the global stability theorem.

2. In the estimate ([1.20), we can allow T to depend on € in such a way that T(e) — 0. We extend
this way (and in the limit € — 0) our stability estimates to bigger and bigger regions M () that
still all avoid the inaccessible part 'y at the price of weakening the stability rate. For instance,

we get with the choice
1

V/InIn(1/e)

7

T(e) =



Then
1—
| = allcor(ar, ) S Inln(l/e) exp (_(nT)H VIn ln(l/a)), e — 0.

Thus we obtain a stability rate which is stronger than the global log—log estimates available for
Calderdn-type inverse problems with partial data (see, e.g., Caro-Dos Santos Ferreira—Ruiz [§]).

Let us now compare our results with the existing litterature. First, assume that (K, gx) =
(S"~1, dw?) is the (n — 1)-dimensional sphere equipped with the round metric. Setting 3(x,w) =
a(z, w)e% and introducing the new coordinate r = e~*, the Riemannian manifold (M, g) can be

expressed as :
M=1[e11] xS, g=pr,w)dr? + r’dw?],

and can thus be viewed as a conformal deformation of a n-dimensional annulus equipped with the
euclidean metric. For such models that correspond to the classical Calderén problem for isotropic
conductivities, Alessandrini was the first to obtain logarithmic stability estimates in [2]. This
result was later improved in several directions for instance by Novikov [33] for the stability
of the Gelfand-Calderon problem (i.e. the Calderén problem for a Schrodinger equation), by
Alessandrini and Gaburro who obtained stability estimates for anisotropic conductivities having a
certain form (but still depending on a scalar function) in [3] and studied the corresponding partial
Calderon problem in [4] and finally, by Heck and Wang, and Caro, Dos Santos Ferreira and Ruiz,
who studied the stability of the partial Calderén problem for isotropic conductivities in [24] and
[8] respectively. In the three latter references, only log log-type stability estimates were obtained
for the partial Calderén problem, except for situations in which the inaccessible part of the
boundary is either a plane or part of a sphere. In that case, log-type stability estimates exist. Our
logarithmic stability results extend thus these classical results to the class of Painlevé-Liouville
Riemannian manifolds for both the global and partial Calderén problems where the conductivity
« satisfies . Note however that in the latter case, we only obtain logarithmic stability
estimates on Painlevé-Liouville Riemannian manifolds from which we remove an arbitrary small
neighbourhood of the inacessible part of the boundary.

Second, closer to our models are the so-called admissible manifolds introduced in [19, 20]
which are Riemannian manifolds (M, g) such that

McCRxL, g=c(z,w)[ds*+ g1, (1.22)

where ¢ > 0 is a positive function with no restriction and the transversal manifold (L, gr) is a
(n — 1)-dimensional compact Riemannian manifold with boundary such that the geodesic ray
transform is injective H As shown in [19], models satisfying - which are called Con-
formally Transversally Anisotropic anifolds (CTA) in [20] - are the most general Riemannian
manifolds for which Complex Geometrical Optics (CGO) solutions can be contructed - through
the existence of limiting Carleman weights - and used to study uniqueness and stability in the

'"Examples of such Riemannian manifolds are : (a) simple manifolds of any dimension [35], (b) negatively
curved manifolds with strictly convex boundary [23], (c¢) manifolds of dimension > 3 that have strictly convex
boundary and are globally foliated by strictly convex hypersurfaces |39 [34].



anisotropic Calderén problem. Relevant for this paper are the log log-type stability estimates
for the conformal factor ¢ that have been obtained by Caro and Salo in [10].
Our model differ from admissible manifolds with respect to three important points :

e Our transversal manifolds (K, g ) are closed manifolds with no restriction on the injectivity
of the geodesic ray transform. In particular, the transversal manifold could be the round
sphere which is the classical counterexample to injectivity of the geodesic ray transform. In
consequence, the classical CGO techniques that amount ultimately to inverting a geodesic
ray transform cannot be used in our setting. However, our Painlevé-Liouville manifolds are
CTA manifolds satisfying and thus limiting Carleman weights exist on them. We
will use these classical Carleman estimates in the version given in [27] to prove our stability
estimates in the partial Calderén problem.

e However, our conformal factors « satisfy the separability condition and so, are much
more restricted than the conformal factors c allowed in admissible geometries. They depend
essentially on the two (almost) arbitrary functions ¢;(x) and ¢2(w). This will be shown
rigorously in Appendix [A]

e The boundaries of our manifolds (M, g) have two connected components that are compat-
ible with separation of variables in opposition to the general connected boundaries used
in admissible geometries. The resulting possibility to diagonalize the DN map on a well
chosen Hilbert basis of eigenfunctions is at the heart of our analysis. We refer to Section
2] for this point.

Despite these differences between admissible and Painlevé-Liouville manifolds which make
difficult the comparison, we observe that our results improve the log log-type stability estimate
obtained in [I0] to log-type stability estimates in cases where the CGO techniques cannot be
applied.

Let us finish this introduction with the outline of this paper. First, in Section [2| we use the
particular geometry of Painlevé-Liouville manifolds (that are conformal to a product metric) in
order to express the DN map A, in terms of the DN map Ay ,. Thanks to the separability
condition , the latter can be diagonalized onto a Hilbert basis (Yj)g>o corresponding to
a choice of normalized eigenfunctions of the Schrodinger operator —Ag, + ¢2 where —A, is
the Laplace-Beltrami operator for the transversal manifolds (K, gx). We are thus led to study
1-dimensional DN maps associated to the Schrodinger equations

—v" 4 ¢1(x)v = —piv, x€[0,1], (1.23)

parametrized by the eigenvalues (u3)g>0 of —Ag, + ¢2. More precisely, using the fact that the
boundary can be identified with two copies of K, we prove that the reduced DN map onto each
subspace spanned by (Y%) is a multiplication operator by a 2 x 2 matrix given by

RV p——
(Ago,q)|(Yk):< 1 —N((—%)) :
A(=n}) Hie

9



where M, N and A are the Weyl-Titchmarsh and characteristic functions associated to
respectively. This will allow us to use powerful tools from 1-dimensional inverse spectral theory.
Second, in Section , we use the classical boundary determination results from [26] to prove
the Holder stability at the boundary stated in Theorems [I.1] and [I.2] From this result and the
separability condition , we can then easily deduce that there exists 0 < 6 < 1 such that :

2 — dalloo < C¥, VE>0, |uf —fiz] < C.

Third, in Section [4] we first prove some preliminary results on the Weyl-Titchmarsh functions
M, N and the characteristic function A. In particular, using our main hypotheses (1.9)), we are
able to prove that

Vk >0, |[M(=pi) = M(=i)| < C,  |A(=pf) = A(=pi7)| < O’ (1.24)
Then, we start from the identity

1 ~
/0 (61— 1+ 122 — B2)coe. ) Fo (&, i) da

o
= M)At A ) (V) = Nh) + S I,

that comes essentially from the Schrodinger equation. Here, ¢y, sg are solutions of with
cos and sin type boundary conditions at 0. Next, using the classical transformation operators
associated to (see for instance [32]) and the previous estimates (1.24), we can prove
(following Gendron [22] with additional technical work) that there exists a Lipschitz invertible
operator R : L?(0,2) — L?(0,2) such that

vk >0,

/2 e M Ry — d1](z)dx| < CE. (1.25)
0

This is equivalent to a moment problem and we can use the same method as [16] [17], 22] to prove
that

- 1 -0
[¢1—¢1l2 <C <ln(€)> .

Note that the well-known ill-posedness of classical moment problems is the origin for the loss
of stability (from Hélder to logarithmic) within the manifold. As a conclusion, putting all the
previous results together, we have proved at this stage that

1 —0
=il <€ (D)
Finally, using the particular form of the potentials ¢, ¢, we can prove that In o — In & satisfies an

elliptic PDE whose inhomogenous term is given by ¢ — ¢. Using a standard existence result for
elliptic PDE and a trick given in [9], we can prove our main inner stability estimate

1 —6
o=l <€ (D)

10



In Section [§] we study the stability problem for the partial Calderén problem where the
measurements are made only on I'g or I';. The strategy is the same as before, but we need
to impose the extra condition in order to obtain logarithmic stability estimates for ||¢ —
qllz2(ar). At last, the logarithmic stability estimate for [|a — &| e (sl is @ consequence of
the classical Carleman estimates that hold on general CTA manifolds. Note that the Dirichlet
and Neumann data are measured on the same connected components I'g or I'7 in this result. If
the Dirichlet and Neumann data would be measured on different (and thus disjoint) connected
components, then there is no uniqueness in the partial Calderén problem as shown in [111, 12} [13].

Finally, we finish this paper by Appendix [A] containing a description of the class of conformal
factors « satisfying Hypothesis and Appendix [B]in which we prove the Carleman estimates
we use in the stability estimate for the partial Calderén problem.

2 The Dirichlet-to-Neumann map

In this section, we exploit the separation of variables for the boundary value problems ([1.4)
and to compute the DN map A,. Our hypothesis that the conformal factor at(z,w) is
compatible with the Painlevé-type block separability of the metric is equivalent to the
potential ¢ in satisfying the block-separability condition

q(z,w) = ¢1(x) + P2(w) ,
so that the Schrédinger equation in ([1.8]) reads
(=07 + ¢1(x) — A + ¢a(w))v =0, (2.1)

where —A g denotes the positive Laplace-Beltrami operator on (K, gx). We denote the normal-
ized eigenfunctions of the angular operator —A g +¢a(w) by Yi(w), k > 0, and the corresponding
eigenvalues by ,u%, so that

(—Ak + ¢2)Yi = i Y

form a Hilbert basis of L?(K, dvoly, ) and we therefore seek v in

v(z,w) = Z v (2)Yi(w) . (2.2)

k>0

Substituting (2.2]) into (2.1)) and expanding the boundary data % in (1.8) on the connected
components {z = 0} and {z = 1} of M in the basis (Vj(w))

The eigenfunctions (Vj(w))
the form

k>0

k>0 89

Yle=o(w) =: Yo(w) = Z%,k Yi(w), ¢|p=1(w)=:¢1(w) = Z%,k Yi(w),

k>0 k>0

we obtain the sequence of radial boundary value problems given for k > 0 and = € [0,1] by

{—vk”(x) + o1(z)ve(a) = —pgvr(z), (2.3)

vE(0) =Yor, vk(l) =v1k.

11



We now consider fundamental systems of solutions {cy(z, z), so(z, 2)} and {ci(z, 2), s1(x, z)} of
the ODE

—v"(x) + ¢1(z)v(z) = zv(x), 2€C, (2.4)
defined respectively by the Cauchy conditions
c0(0,2) =1, ¢((0,2) =0, s0(0,2) =0, 53(0,2) =1, (2.5)
and
c1(1,2) =1, (1,2) =0, s1(1,2) =0, s1(1,2) =1. (2.6)

The characteristic function A(z) and the Weyl-Titchmarsh functions M (z), N(z) corresponding
to the o.d.e. (2.4) with Dirichlet boundary conditions v(0) = 0,v(1) = 0 are then defined in
terms of the Wronskians of the elements of the fundamental sets by

A(z) =W (so,s1)(2),

and
W(Co,sl)(Z) _ _60(172) (Z) _ _W(Cl,SO)(Z) _ 01(07 Z)
A(z) so(1,2)’ A(z) 51(0,2)

We expand in the basis (Yk (w)) the DN map Ay, 4 for the boundary value problem (1.8 as

k>0
Yo\ k(%o
AQqu (wl) - kz>0 (Ago,q <w17k> )Yk‘a (27)

where

() ().

The coefficients (2.8) may now be expressed in terms of the characteristic function A and Weyl-
Titchmarsh functions M, N evaluated at —uz (where the ,ui are the eigenvalues of the angular
operator —Ag + ¢a(w)) by a straightforward calculation using (2.7) and the Cauchy conditions

(2.5, (2.6), giving
_ 2 __ 1
Ak (wo,k) _ M( ; Mk) A(fuiz) (on,k) ) (2'9)
90,4 7/’1,19 A —N(—Mk) ¢1,k¢

Note that the diagonal components —M(—pu2) and —N(—pu3) of the matrix (2.9) are respec-
tively the eigenvalues of the partial DN maps Ay 41,1, and Ag, o, r,- We will use this simple
observation together with min-max characterization in Section [4]

Our final step is to compute the DN map A, for our original boundary value problem
for the Laplacian Ay in terms of the DN map A, , for the boundary value problem , whose
expression we have just obtained in and . Letting

fla=o(w) =t fo(w),  fla=1(w) =: f1(w),

12



we have

fow)\  [—a%(0,w) O,u(0,w)
(fl(w)> < 2(1,w) Opu(l,w > : (2.10)
From we have © = o> v, so that using we obtain
fow))  [(—(2- n)a"3(0,w) Oza(0,w) fo(w) — a™™(0,w) O,v(0,w)
<f1 (w)> < (2= n)a3(1,w) pa(l,w) fi(w) + @~ (1,w) Dpv(1,w) ) : (2.11)
Letting ;
(=2 —=n)a?(0,w) O,a(0,w) 0
b= ( 0 (2 - n)a~3(1,w) (9xoz(1,w)> ) (2.12)
and
~_ (a7(0,w) 0
By = ( 0 a”(l,w)) , (2.13)
this gives
fow)\ _ fo(w) Yo(w)
Ay (fl(w)> =B <f1(w)> + Ba Ay, g (¢1(W)) . (2.14)
Therefore, we have proved using :
Lemma 2.1.
fo(w) fo(w) ~2(0,w) fo(w)
<f1(W)> <f (w)) + Ba Ay, g < n—2 (0, )fl(w)> ) (2.15)

where Ay 4 is the 2 x 2 matriz multiplication operator given by the Fourier expansion (2.7) and
ED, and where By and By are the 2 X 2 matriz multiplication operators given by (2.12)) and

2.13|) respectively.

3 Boundary determination results and applications to angular
stability estimates

In this section, we prove the Holder stability at the boundary stated in Theorems [I.1 and [1.2] as
well as some consequences.

Under the assumptions i),4i) and #i) of Hypothesis and the main assumption or
resp. (1.10]), we obtain as a direct application of [26] (Thm 1.3)

Ha4(j,(4))g[{ - d4(j7 )gKHCk r;) < Ceek (31)

where j € {0,1}, k € {0,1,2}, 6, = 27'¥ for a given large enough integer I € N and C =
C(K,gx,c, B) is a constant. Recall here that the notation C%(T';) means that the tangential
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and normal derivatives at I'; are included in the definition of the C* norm. Since gx is a fixed
Riemannian metric, we obtain directly from (3.1)) :

e, w) — @ w)llon ) < ceé¥%, k=0,1,2, (3.2)
which is essentially (1.16) and (1.19)). As a first corollary, we obtain :
Corollary 3.1. Under the assumption (1.9) (resp. (1.10))), we have :
0
1Ag0.a = Agodllseer2on), 12000y < C€™

0
(vesp. HA907‘Z7Fj7Fj - Ago,fin,Fj||B(H1/2(Fj),H—1/2(I‘j)) < Ce™).

Proof. This is a direct consequence of Lemma , (1.9) or (1.10]) and (3.2)). Indeed, from Lemma
we first have

. Y - (0 = (0 s =15 Y
(Agmq - Ago,d)q/’ = B, 1A9(W) — By 1Bl(an72) — By AQ(W) + B2 Bl(dnﬁ) )
which we rewrite as
R Y 5 —1 Y Y 5 —1 Y
(Ago,q - Ago,d)¢ :(32 t— By )Ag(an_z) + B Ag(an_g - dn—Q) + B (Ag - Aﬁ) (dn—Q)
FB Bty - )+ (BB BB ().

from which it follows using the definitions (2.12), (2.13]) of By and Bs, (1.9) or (1.10) and the

boundary determination estimate (3.2) that there exist positive constants C' and 6; such that

_ ~ —1 P 1 1
1(Agoq — Ago.d)¥llrexy SC By = Byl poore) - HW”Hl(K) +C H(an_g - W)@b”Hl(K)

Y s —15 - Y
+ el == lla) + B2 Bi— By "Bl e (i) - =2 )

and thus
1(Ago.g — Ngo.d) ¥l L2y < CE 9] iy - (3.3)
]

Let us now obtain some other consequences of these well-known boundary determination
results. Recalling first that

Agoan—Q
q= T2
a straightforward consequence of ([3.2)) is
la(d,.) — @0, M) < Ce?, j=0,1. (3.4)
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Second, using the separability condition (1.12)), we get :
161(7) = $1(5) + b2 — P2l oo (i) < Ce, j =0, 1.

But recall from Remark 2. that we can choose ¢1(j) = ¢1(j) for j = 0 or j = 1. Hence we
obtain directly Holder stability for the function ¢o, i.e. :

[p2 — ol Lo (i) < Ce®. (3.5)

Finally, we obtain the following important corollary that will be used constantly in the next
sections :

Corollary 3.2. There exists a constant C > 0 depending only on K, gx,c, B and a constant
0<b< % such that
VE>0, |pf— [z < Ce.

In particular,

ef

Vk >0, |uk—jx <C —.
Hi + Hk

Proof. Note first that we can write
—Dgy+ =Dy + 24V, V=g,

where, according to (3.5))
[V ]loo < Ce®.

Thus, setting 8 = 0, the result follows directly from the minmax characterization of the eigen-
values 2, i2 given for instance in [36], Corollary 4.1.
O

4 The radial stability estimates in the global Calder6n problem

4.1 Preliminary results

In the next two sections, we will repeatedly use the Marchenko representations of the solutions
sj,cj, j=0,1of (2.4). Following [32], p.9, we have for instance for all ;1 € R:

o, _ sinh(uz) * . sinh(ut)
sofa, =) = T +/0 (e, ), (@1)
co(x, —p?) = cosh(uz) + /Ox Py(z,t) cosh(ut)dt, (4.2)

and corresponding formulae for s1, ;. Moreover, using (1.1]), Gendron [22], p.30, has shown that
there exists a constant C'4 > 0 depending only on A such that the kernels Hy and Py satisfy

[Holloo + 10z Holloo + [[0:Holloo < Ca, | Polloc + 102 Polloc + 10t Polloc < Ca- (4.3)
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We will exploit these formulae to prove several technical results. First, we introduce a no-
tation. For a function f = f(z,k) defined on [0,1] x N and a positive sequence (uy)r>0, we
write

flz, k) =04(ug) <= 3C4>0|Vxe€[0,1],Vk >0, |f(x, k)| < Cauy.
Lemma 4.1. Using the above notation, the asymptotics of the characteristic function A are

given by :
sinh () etk
A —,u2 =—— 404 | —5].
(k) ik 2

Even more precisely, we have
sinh (py cosh etk
A(—p) = H2bm) </¢1 dx) (1) oA( )
HE Mk Hk;
Proof. Using (4.1) and integrating by parts, we obtain

sinh(ugx) Ho(a: 1)cosh(uk) Hy(z,0)

30('7;7 _/*LZ) = Lk ,U
k
1 x
- = 8tH()(l‘ t) cosh(ugt) dt, (4.4)
Hi

which implies using the estimates (4.3)) that

sinh(u) etk
A=) = ——" + 04(—).
() = = 10,5
Now, recall from [2I] (Theorem 1.2.3, p. 22) that
1 xX
—5 | arwie, o0 o0, (4.5)
0

so that

sinh(u cosh
A1) = soll —py?) = Sle) ( / ol ) Ltk
—2/ O¢Ho(1,t) cosh(uyt) dt .
M Jo

Using (4.3)), it follows that

inh 1t h inh
A(—pi2) = sinh () ++(2/0 gbl(t)dt) coiﬂ,uk: +OA<SlnMgﬂk)>’

HE k k

as claimed. O
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We proceed with a result on the asymptotics of the Weyl-Titchmarsh functions M, N.

Lemma 4.2. For all p € R™, we have
1
—M@w%—wvw%=u+oAQ).

Proof. Using (4.1]), (4.2), (4.5) and an integration by parts, we obtain
sinh(ux

1 z H
so(z, —p?) = ,u) + <2F52/0 ¢>1(t)dt> cosh 1 + OA(%) ,

1 [* H
co(z, —p?) = cosh(uz) + (/ o1 (t)dt) sinh p + OA(%) ,
21 Jo 1%
from which it follows that

_M(—MQ) _ co(1, —p?) _ Coshﬂ( zi(fo P1(t dt) tanhM—FOA(MlQ))
) . ’
so(1, —p?) smhu( zi(fo ¢1(t)dt) cothu+0A(12))

I

which gives in turn
5 1 [t 9 1
=1+ 00 ) (14 o [ i + 06 ) +0a(1))
<1_/ 61(1)dt(1+ O ))+0A(M12)>.

Carrying out the multiplication in this last expression, we see that the terms involving i fol o1(t)dt
cancel out, leaving

SM (1) = o+ Oal2) + Oue™) = i+ 04(2)

as claimed. 0

We end this subsection with a result on the monotony of the Weyl-Titchmarsh and charac-
teristic functions.

Lemma 4.3. We have:
i) The Weyl-Titchmarsh functions X\ — M (X) and X\ — N(\) are increasing for A € R™.

ii) 3o € R~ depending only on A and (K, gi) such that the characteristic function A — A(\)
is decreasing V) € (—00, Ao).

17



Proof. We first prove i). From (2.3 and (2.4), we obtain, VA1, Ao € R™,
W (so(x, A1), so(x, A2)) = (A1 — A2)so(@, A1)so(z, Az) ,

which implies upon integration

1
80(1, )\1)86(1, )\2) — 86(1, )\1)80(1, /\2) = ()\1 — /\2) / 80(33, Al)S()(Q?, )\2) dz . (4.6)
0
Using Proposition 4.4 in [22], we have
s0(1,A1)56(1, A2) = 55(1, A)s0(1, A2) = A(M)AN2) [ = N(A2) + N (1)),
so that (4.6) is equivalent to

N(A1) — N(Ag) 1 1
)1‘1 — A - A(M)A(A2) /0 so(z, A1)so(; Az) daz.

Taking the limit Ay — Ao = A, we obtain

dN 1

1
—(\) = 2 > R™.
o A)/0 2@ N de >0, Ve

A2(

The argument is similar for M ().
Next we proceed with the proof of ii). We start again from (2.3]) and (2.4) to obtain, ¥ A1, A2 €
R™,

W(S()(l‘, )\1)7 81(1‘, )‘2))/ - (/\1 - )‘2)80(1}7 )‘1)81('7;7 )‘2) :

We integrate from 0 to 1 and use again Proposition 4.4 in [22] to obtain

AM) —AR) !
)1\1_)\22—/0 so(x, A1)s1(x, A2) dz .

Taking the limit A\; — Ao = A, we obtain

1
Cflﬁ()\):/o so(x, N)s1(z, \) dx . (4.7)

The analysis of the sign of the right-hand side of (4.7) is a bit more involved than that of
the corresponding term part i) of the lemma. Recalling the Marchenko representations of the
solutions sg, s1 of (2.4), given for u € R by

sinh(pz sinh(ut
i 2 /H o,
h(p h(
51(2s—pi2) = — sinh(p(1 — ) /Hlxtsm w(l — ))d

18



we can split the right-hand side of (4.7) into a sum of four terms as follows:

1
/ so(z, N)s1(z, N)de =11 + Is + I3 + 14,
0

where

= /01 sinh(px) sinh(p(1 — x))dx,

2
1
1 T . .
h(pt) sinh(u(l — x))Ho(x, t
e [ [ S S D),
0o Jo H
L :/1 /1 sinh(pz) sinh(ugl —t))Hq(z,1t) dtdz
0 Jz H
I :/1 /x /1 sinh(pt) sinh(p(1 f;))Ho(ac,t)Hl(m, s) ds dt dc
0o Jo Ja K
We now estimate each of these terms in turn. For I, the result is very easy to obtain; we have
coshp  sinhp et 1
L= - L roly. 18
1 2'“2 + 2#3 2,[12( + (N)) ( )

For the remaining terms, we shall use standard identities satisfied by the hyperbolic functions
and the fact that there exists a positive constant Cy such that |Ho1(z,t)| < Cx for 0 < z,t < 1.
For I, this gives

1 rzx
|Io] SQC—‘L; / / [cosh(p(t — 2 + 1)) + cosh(u(t + x — 1))] dt dw
#=1Jo Jo
< Ca /1 [sinh g + sinh(u(22 — 1))] dt d

which gives
Ll <Cal (4.9)
[I2] < A .
Likewise, a similar calculation for I3 gives
eH
3| < Ca— . (4.10)
7
Finally, we shall estimate I by splitting this quantity into a sum of two terms which we will treat
separately, We first write using the standard hyperbolic identities and the change of variables

v=t—s,u=t+s,
Iy =141+ I4p,
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where

= 2u2 / / HO x,t)Hy(x,t — v) cosh(p(v + 1))dv dt dx,

7

t+1
/ / Ho(z,t)Hy(x,u —t) cosh(u(u — 1))dudt dx .

By applying Fubini on I4,1, we obtam

1 0 1 1+v
Iy = 5.2 / cosh(p(v + 1))</ Ho(z,t)Hy(x,t —v)dt dx> dv,
K 0 Jz

—1 +v
which implies

C
|I41] < 2—@ sinh 1 .
7

For 142 we apply Fubini twice to obtain

1 U U—T
Iyo = — 212/ (/ / Ho(z,t)Hi(x,u — t)dt d:r> cosh(u(u —1))du
K= Jo 0 Jo

2 1 u—x
- i2 (/ / Hoy(z,t)Hy(x,u —t)dt dx) cosh(u(u —1))du,
2p= )y u—1J0

which implies in turn that

C
|I42| < 27/; sinh /1 .
U

Combining the estimates we just obtained for I4; and I 2, we conclude that

eH
14| < CAE- (4.11)
Finally, putting together the estimates (4.8]), (4.9), (4.10), (4.11) we derived for Iy, I5, I3, I4, we
obtain A () .
— e 1
PR S A — + OA
d(—u2) 22 22! (u))
which implies that 3u*(A) |V > p*, we have
dA(—p%)
=) <o, (4.12)
d(—p?)
which proves i) O

Corollary 4.1. We have:
(i) The maps pp € RT — —M(—p?) and p € RT — —N(—u?) are increasing.

i) Ip* € R depending only on A and (K, grx) such that the map p — o is increasing
A(—p?)

V€ [—p*, 00).
Proof. The claims i) and i) follow immediately from ¢) and i) in Lemma [4.3| by the change of
variables A = — 2, which implies that d>\ = 2;;%. O
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4.2 The fundamental estimates for the radial stability
Lemma 4.4. There ezists a constant C 4 depending only on A, K, gi such that ¥V k > 0 we have:
- 1 o 1
M(—pf) = M(=i})| < Caez, |N(—pi) = N(=fij)| < Caez. (4.13)

Proof. We shall only give the proof of the statement for the Weyl-Titchmarsh function M, the
argument being similar for N. We begin by considering the case for which the values of u; are
large, where we have the asymptotics

—M(=p?) = p+0a (i) ,

and similar asymptotics for M. We therefore obtain using Corollary

- _ 1 1 Cef 11 C
M(_N%)_M(_Nz)‘zﬂk—ﬂk—i‘OA(+~>‘§ = +CA<+~>§A-
e Mk Me + [k He Mk M
We now use the Weyl law
1
M = Cn_lkﬁ + O(l), (4.14)

from which we deduce that there exists a constant ¢y depending only on K, gx such that
1 1
Vk >0, cpo1kn T —cog < up < cp_1k™1 4+ cg. (4.15)

_a\n—1
We conclude that we can choose k; = ki(e) > (m> with 0 < a < 1 such that

Cn—1
pe =€ Yk > ki(e)

and thus .
M (=) = M(=i})| < Cac® Yk 2 kae). (4.16)

Next we consider the case for which the values of pj are small, which we treat using a min-max
argument. Indeed, recall that the sequence —M (—,uz) of upper diagonal components of the
matrix gives the eigenvalues of the partial DN map Ag := Ay, 41,1, Which is self-adjoint
on L?(K,dvoly, ). Since the function uy — —M (—p3) is increasing according to Lemma we
can therefore use the min-max characterization :

9 . (¢7 A(ﬂ/’) L2(K,dvolg,, )
—M(—pz) = min max 5
Ut vespan {nwn} [PI172(k avor, )

From this it follows from our main hypothesis (1.9)) that

W, At o+ (10, (Ao = Ag)yp vo
M) < max ( ) r2 (k. o) ( ) 125 loge)

" tpespan {¥1...Y},} HwH%Q(K,dvong)

- =
<—M(—f)+€e  max [0l o o

espan {Y1...Y;} Hd}HLZ(K,dvong)

~ ~ 1
< — M(—fi) + (1 + pi3)? .
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By symmetry, we obtain therefore

M (=) = B(=)| < e+ )5, k20, (4.17)
From (4.15)) and our choice of ki (€), we now get from (4.17))
M (=p) = M=) < €70,V < Rae). (4.18)

Putting (4.16)) and (4.18)) together, we obtain

M (1) = N(=7if)| < Cale ™" +¢%), ¥R =0,

for a constant C'y4 depending only on A, K, gx. This gives the claim (4.13) upon setting a =
1/2. O

Lemma 4.5. There exist constants ko = ko(A), 0 < § < % and C'y > 0 depending only on
A, K, gi such that ¥V k > ko we have:

1 1

‘M—u%) )

Proof. We begin by considering the case for which the values of py, are large, for which we have
the asymptotics

< C'Ael_(s.

sinh 1
A(-p?) = 2 <1+0A(>>-
1t Iz
This gives using Corollary
1 1 [k 3 1 1
A(=p3)  A(—f3)| ~ |sinhpg  sinhjiy Alsinhp sinh fig
e sinh fig — sinh gy, Ca
~ sinh py sinh py, sinh fig sinh g
ce _|cosh (A + pox)/2) sinh ((Ar — px)/2) | | Ca
~ g sinh g sinh p sinh fig, sinh pu
Ce? Ce? Cy
< - + = + -
pisinh g sinh g sinh py
=
— eMk

Using the Weyl law (4.14)) and the same argument as in the previous lemma, it follows that there
n—1
exists ko = ka(€) > (m> such that Vk > ko, we have, for 0 < a < 1,

Cn—1

1 1

A(=p3)  A(-f2)

< Opec. (4.19)
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We now move on to the case for which the values of uj are small, which we treat again using a
min-max argument. Indeed, recall that the sequence of off-diagonal components —1/A(—p2) of
the matrix gives the eigenvalues of the partial DN map Ag := Ay, 41, 1, , Which is self-adjoint
on L*(K, dvolg, ). Moreover, the map py, — —m is increasing for all k > ko according to

Corollary [£.1] Applying a min-max argument similar to the one used in the proof of Lemma [£.4]
we obtain that for all k > ko = ko(A)

1
A(—12)  A(-f2)

< Cepy .

It follows then that for all k such that kg < k < ko (which is equivalent to having pr < —Cylne
for a constant Cy depending only on A, K, gk ), we have

11
A(—pi)  A(—f2)

< Ca(—e€lne). (4.20)

Putting together (4.19) and (4.20]), we obtain for all k& > kg :

1 1

'A(—ui) A(=ji})

< Ca(—€lne+€),

which gives our claim upon setting a = 1 — 6. O

4.3 Reduction to a moment problem

We start from the identity

Lemma 4.6. For all k > 0, we have :

1
/0 61(2) — b1 () + 2 — 2o i) o e

— A(-) (A(_lu%) - A(_lﬂ%)> M)A ) AR (N ()~ N ().

Proof. This is an easy adaptation of the calculus given in [22], Proposition 4.4 and Lemma
4.5. O
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This identity can be conveniently rewritten as

—13) A=)
+ M (=) A () A=) (N(=i) = N(ud))

1
| @) - ex@ente pw)sote o = A i)(ml "3 )
0

1
+ (uk — ﬂ%)/o co(x, p)30(z, pr)dx,

1
+ /0 161(2) — d1(@)]eo e, 1) (Bolzs ) — Fo(a fir))de
(4.21)

Next, using the Marchenko representations (4.1))-(4.2)) and following the work of Gendron [22],
p. 32, there exists a bounded operator R : L?(0,1) — L?(0,1) such that the L.h.s of (#.21)) can
be rewritten as :

1 1
/ [61(2) — 61 ()]0 )30 (s ) da = — / Sinh(22) Rl — dn)(2)de.  (4.22)
0 Mk Jo

Now, multiplying (4.22)) by 2ure ?** and following the calculations of Gendron [22], p.33, we
obtain

1 ~
I:= 2uk€2“k/0 [¢1(2) — é1(x)]co(, pr)So(@, px)dz
+o0 ~ N
— /0 e~ 24 [RIdy — da)(1 — 2)Lpo. () — Rldr — dn(x — D)Ly ()] de,

that is the Lh.s. multiplied by 2ure~2** takes the form of a simple Laplace transform. At this
stage, we have proved that for all £ > 0

Y PO 1 1
I= 2pupe {A(—M%) <A(—uz) B A(_gz)>
+ M=) A~ A(=7iR) (N(~) = N(u}))

1
+(ui—ﬂi)/ﬂ col@, )o@, iy, da (4.23)

1
+/ (61 (2) — ¢1(2)]co(, ) (Bo(z, i) — 50($,ﬂk))d$-},
0
= L+ 1+ 13+ 14

In order to estimate the terms I; + Is 4 I3 in this expression, we recall using Lemmas and
and the Marchenko representations (4.1)-(4.2) of the solutions sg,co that for all £ > 0 and
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for all x € [0,1] :

e/‘bk
|M (=) < Caprs  JA(=pR)] < Ca (4.24)
~ ~2 e 2 M
|50($7 _'Uk)} < CAEa |CO(1‘»—Mk)‘ < Caelt. (4.25)
Recalling next from Corollary [3.2] that
0 0 ~ C 0 C 0
e — ] <= <0, PR ZC <y B k>,
Mk H1 i 275 K1
we get :
1 1

e+ 1o 1] < Caf [N () - M=) +

+ |ui — i }

At last, using Lemmas [£.4] and and Corollary [3.2] again, we conclude that there exists a
constant Cy > 0 depending only on A, K, gk, ¢, B such that for all k& > ko(A), we have

I+ I+ I3| < OA{\E+ 0+ ea} <2 Cue,

for € small enough.
In order to estimate the fourth term in the above identity, we need the following lemma

Lemma 4.7. We have:
pr

Proof. Recall that we have the Marchenko representation (4.1)) for 3o(x, —u2) given by

So(z, —fiy) = So(z, —pp) + Oale

inh(ji v inh(jit
ol — i) = SUIT) | / Ay, ) S, gy (4.26)
K 0 M

where ‘f[o(x,t)‘ < Cy for 0 < zx,t < 1. Using Corollary we can write

fir = pu + i, || < CE°

It follows using the addition formula for hyperbolic sines that we have for all x € [0, 1] and all
k>0

sinh(fixz) _ sinh(ugz) N 0(69 ﬁ) '

ik Mk Mk
This entails the result using (4.26) and the above uniform bound on Hy(z,t). O
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Using Remark and (4.25)), we obtain as an immediate corollary

Corollary 4.2. We have:

Iy = 2qupe /Ol[cﬁl(w) — ¢1(@)]so(@, —i) (Bo(x, —fiF) — So(x, —pi)) dz = Oa(”) .
Putting everything together, we obtain for all k > ky(A)
1] < Cae?, (4.27)
which is precisely the moment problem stated in the Introduction.
4.4 Solution of the moment problem and stability estimates for the radial
equation

Let us set . B
g(w) = R[p1 — d1](1 — 2)1 gy (z) — R[p1 — d1](x — 1)1 g(2).
The change of variable ¢ = e™* transforms (4.27) into :

1
/ e lg(—Int)dt| < Caé’,  Vk > k.
0

Let us now set v = 2, — 1 and
h(t) =t"g(=Int), Ap=2prqr, —1—7,Yk >0.

Thus we obtain the classical Hausdorff moment problem :

1
/ t’\kh(—lnt)dt’ < CO4é, VE>0, (4.28)
0

for a sequence of moments
0:)\0§)\1§'-'§)\k—>—|—00,

and a function h € L?(0,1) with support in [e~2,1].

This situation was already faced in our previous papers [16] [I7] for a model corresponding
to a warped balls or in Gendron [22] in the case of warped products with transversal manifolds
(K,gx) = (S"1,dw?) being the round sphere. Combining for instance the results in [22],
section 4.4.1, which is closer to our model and the results in [I6], section 4.5. in which general
transversal manifolds are studied, we can show that there exist constants C'4 > 0 depending only
A, K,gk,c, B and 0 < 6 < 1 such that

-0
1
1Al 20,1) < Ca <ln <E>> : (4.29)
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Since h = hy + hg where supp hy = [e7!,1] and supp he = [e~2,e7 1], we deduce from (4.29)
(following the lines given in [22]) that

IRigs — dillos) < Ca im (1>)9. (.30

€

At last, it was shown in Gendron [22], Section 4.4.2., that the operator R is invertible with an
inverse bounded by ||[R7Y|| < C4. So we conclude from (4.31)) that

- 1\ ¢
[é1 = d1llz20,1) < Ca <1n <>> : (4.31)

€

5 Radial stability estimates for the partial DN map A, r, r,

In this section, we are now only considering the partial stability problem for the case of Dirichlet
data supported on I'; and Neumann data measured on I'{, that is

[1Ag,0y, 0y = Agru 0l B2y, m-120k0)) S €- (5.1)

The case where the Dirichlet and Neumann data are measured on I'g can be treated similarly.
Recall that we are furthermore assuming in this section that for a given v > 0

1
/O 61(2) — du(a)] d| < Ce (5.2)

which can be thought of as smallness constraint on the integral of the difference of the radial
components of the conformal factors o and .

Under the hypothesis , the Holder stability results at the boundary of T heorem follow
directly from the results given in Section . In particular, we recall from and Corollary
that there exists a constant C' > 0 depending only on K, g, ¢, B and a constant 0 < 6 < % such
that

|2 — €52||Loo(K) < cé .

and
i — izl <C€, VEk>0.

Let us now prove the logarithmic stability result within the manifold given in Theorem
We start with an identity proved in [22], Lemma 5.3. For all £ > 0, we have :
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We rewrite this identity in the convenient form

/ [61(2) — ba(@solar, ol ) d
= [N(=73) = N(~3)] A(~2)A(~iz)
=i | " solr, —) Gol, ~7i2) d (5.4)
[ 61— @l ) ol ) ol i)

Using Proposition 5.4 in [22], we know that there exists an operator D : L%(0,1) — L?(0,1)
such that the Lh.s. of (5.4) can be written as

1 1
k> 1, /0 B1(2) — é1.(2)]s0(@, —2)0(x, —pi2) dz :ul;% /0 cosh(2pz) D[t — () da

! /0 Bi@) - @, (55)

i
We thus get from (5.4]) and (5.5)) for all & > 1

1
o [ cosh(@ma) DIy — 61)(a) do = [N (=) — N (-] AC-d) A~
M Jo

1
2 - ) /0 o, —122) (o, —i2) e, (5.6)

1
+ /0 61(2) — bu(@)]so(ar, —22) (Rolz, —pd) — Fo(e, —7i3) d.

+ [0 - onol o
Up to multiplying this identity by 2/@6*2*% and letting

R[$1 — ¢1](x) := D1 — ¢1](1 — 2)1g11(z) + D[d1 — d1](z — 1)1 9(2),
we may rewrite the left-hand side of as

/0 - e 2T RIpy — py](z) dax .
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Eventually, we have obtained the identity for all £ > 1 :
/O e TRy — ¢n](x) dr = 2puje { [N(=fif) = N(—p) ] A(—p) A(— i)
1
(- ) /0 S0 —1) (ol ) .
1 ~
" / [B1(2) — 61250 (z, —2) Golw, —p) — Fo(w, —i2)) da,

1 ~
+:2 /0 [¢1<x>¢1<x>]dx.}. (5.7)

k
=1L+ + I3+ 14

As in Section we use Lemmas and Corollaries and and (4.27)) to estimate

the terms I + Is 4+ I3. Precisely, we show that there exists a constant C'4 > 0 depending only
A, K, gxk,c, B such that
I + I 4 I3| < Ca(Ve+ %) < Cué. (5.8)

Now, using the hypothesis ((5.2) and (4.25)), we easily estimate the term I, by
[14] < Cae”. (5.9)
Putting (5.8) and (5.9) together, we obtain

HE <Cué®, VE>1. (5.10)

/0 e R(G, — ¢i)(a) da

We thus face once again the same kind of moment problems as in Section Using the
same strategy used in [16, 17, 22| and using that R is invertible with a bounded inverse satisfying
| R < Ca, we can show from (5.10] that

-0
lé1 = b1llz2(0,1) < Ca <1D C)) ; (5.11)

for a constant C'4 > 0 depending only on A, K, g, c, B and a constant 0 < 6 < 1.

6 Stability estimates for the conformal factors

Our goal in this section is to translate the stability estimates we have obtained on the difference
q — ¢ of the potentials in terms of the difference o — & of the potentials.
Recall first that
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From (4.31)) or (5.11]), we see that

lg — qll L2 <CA< <1>>_0 (6.12)

Following the strategy used in [I0], p. 20-21, we need a simple calculation

Lemma 6.1. We have

an—Q&n—Z( 2 QA an— 2

q _ (']*) — d’l’b—?AgOan
1
— 7813[ n=2an—2 J’“\/LTw k(Ina"™ In&"_Z)].

V190l

Proof. We have
a2 0 a7 - )
0
1

= 0, (6" 28" Tgol0ean _il Oy (281 Tgol0 3"~

= 0" Aga" 2 — a2 A G — (D, a" D)7 (000" 2) + (050" ) gdl (9,06 72)

_ ~n—2 n—2 n—2 ~n—2
=a" "Aya" T —a" T A QT

O
We shall use the following convenient consequence of this result:
Lemma 6.2. Let o
g1 = (ad)go, v:= (n—2)1n5.
We have _
q9—q
Agl’U = W . (613)
Proof. Letting
91 = Bgo

we have

(g1)"" = ;<go>—1, g1l = 8" lgol

and therefore

Agl_ %\/7 (QIJk\/|906k)

The conclusion follows by letting 3 = (a@)? in the preceding equation and applying Lemma
D

30



We first exploit Lemma, to obtain the following stability estimate on the difference of
the conformal factors a and & for the global Calderén problem. Our proof follows closely the
argument used in [10].

Proposition 6.1. There exist positive constants C and 0’ such that
~ 9’
oo = @llco.rary < Ce” .

Proof. We first apply the standard elliptic existence and regularity theorems to the pde (6.13])
to obtain

- q—q _
[Ina —Inél| gy < C<|’W||H1(M) +[Ina—In a”H1/2(8M)) ;

for some positive constant C, from which we deduce that
e —Indl g < Cllg - L2 + o — ln&HHl(aM)) : (6.14)

Using (6.12)), Theorem (1.16)), it is immediate the r.h.s. of (6.14) is bounded by

i i 1\\ "’
lg = dll2(ary + [ — &l groary < C (ln <>> ) (6.15)

€

We finish the proof using a trick due to Caro, Garcia and Ruiz [9]. Observe first that

Vie LX), |f(@)T < |fl L anl i@ 0<r<1. (6.16)

Thus we get from (6.14)-(6.16)) and Hypothesis that

(1—r)2 1 -0
|Iln o — ID&HWL%(M) <Cllna - ln&HHl?M) <C <ln <6>> . (6.17)

At last, we use Morrey embeddings to prove that (6.17)) implies

1\) ?
[Ina —Inéallcoran < <ln <e>> ) (6.18)

which entails our main result ((1.17)). O

Let us finally exploit Lemma to derive a stability estimate for the difference of the con-
formal factors v and & for the partial Calderén problem where the measures are made on I'y.
We are able to obtain stability estimates in an interior region away from (but arbitrarily close
to) the boundary I'y.

For any 7 € (0,1), we set

M; =11 x K.

As a consequence of standard Carleman estimates (recalled in Appendix , we first obtain a
localized logarithmic stability estimate on M.
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Proposition 6.2 (Localized logarithmic stability). Fiz r € (0,1). Then, for any 7 € (0,1),
there exists a constant C; > 0 such that

lov — @l cor(ar,) < Cr |In(1/e)|7%, (6.19)

where the exponent 0 > 0 depends explicitly on the distance T to the boundary Iy and is given

by
20—r) Ot

0, = .
n 2—7

Moreover, Cr can be chosen so that Cr. < 1772,

Proof. Combining Lemma [6.2] with Theorem in Appendix [B] we obtain

Ima =l < Cr(e (|| 2

+ [ na — @] gy + |9y (na — 1na)HL2(F1)) (6.20)
+e /M | Ina - lnd||H1(M)), V0 <h < h.

Using (6.12)), Theorem (estimate (1.19))), and recalling that the conformal factors o and &
satisfies Hypothesis it follows that

o —Ind| g, < Cr (6(177)/}‘ et e’T/(%)), Y0 < h < ho.. (6.21)

Here C; > 0 depends only on 7 and on the geometry of M; moreover, as shown in Appendix
one can choose C; < 772, Optimizing with respect to the semiclassical parameter h is achieved
by balancing the two terms in (6.21]), which leads to the choice

b 1—71/2
~ 0 1In|In(1/e)|
With this choice, we obtain the logarithmic stability estimate

B ot
27

[Ina—Ind|gia,) < Crln(l/e)]™7, K (6.22)
We conclude the proof by adapting the device introduced by Caro, Garcia and Ruiz [9] to the
present localized setting keeping track of the dependence on 7 of our Hélder exponent. Let

0 <7 <1 and set
n

pi= > Mn.

1—7r
We recall that for any f € L>®(M;),

F@P < A2, 1f@P @€ M, (6.23)
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The pointwise bound ([6.23)) implies, after integration over M,

1-2 2
p

1 lirony < WAy 17 Eaar
Applying this inequality to f = V(Ina — In &), and using the fact that the admissibility of the
conformal factors (Hypothesis provides a uniform L% bound on the gradient, we obtain

2

[V(Ina —Ina)|rar,) < ClIV(Ina - 11154)”/?:2(1\/[7)'

Finally, combining this estimate with the analogous bound for In o — In & itself yields

2

I —dllwisns,) < Crllna—Wallf ., (6.24)
Combining with the logarithmic stability estimate , we infer that
e —na|yiean) < Cr|ln(1/e) 7. (6.25)
Finally, since p > n, Morrey’s embedding yields
WP (M) — OO (M,).
As a consequence, we obtain the localized Holder stability estimate
IIne—néfgoras,y < Cr|In(1/e) "%, (6.26)

where the exponent 6, > 0 depends explicitly on the distance 7 to the boundary I'y and is given
by

9 _2£_2(1—r) 0T
Top n  2-71

Whence the result stated in the proposition. O

As an immediate consequence of Proposition [6.2] we obtain the following corollary. It shows
that, by letting the localization parameter 7 = 7(¢) tend to 0 sufficiently slowly, one still obtains
a stability rate which is stronger than the global log-log estimates available for Calderén-type
inverse problems with partial data (see, e.g., Caro—Dos Santos Ferreira—Ruiz [§]).

Corollary 6.1 (Improved stability away from the forbidden boundary). Let r € (0,1) be fized

and set
1

) = V/In In(1/e)

Then, as e — 0,

- 1—r)8
oo = &l corar, ) S InIn(1/e) exp (_(n) VIn 1n(1/5)>.
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Remark 6.1. The stability estimate on M, obtained in Corollary ezhibits an intermediate
behavior between logarithmic and log—log stability. On the one hand, it is strictly stronger than
any log-log type estimate: for every k > 0,

In In(1/e) exp(—(lnr)e In ln(l/e)) =0 ((In In(1/g))™"), e—0.

On the other hand, it remains weaker than a genuine logarithmic stability, since for any a > 0,
(1 — T‘)9 —o
In In(1/e) exp(—i VIn ln(l/e)) > (In(1/e))™¢, e —0.
n

More generally, Proposition [6.3 allows for a flexible choice of the localization parameter T =
7(e) — 0. For instance, for any integer k > 3, taking

1

T(e) = M7

ln1 = ln, lnj+1 =1Ino lnj,

yields the estimate

e — 0.

(1—=7)0 In ln(l/E))

R 2
o —Inafcora,.) S (nk(1/¢)) eXp(_ n Ing(1/e)

Such bounds are strictly stronger than the rate of Corollary while still remaining weaker
than any fized negative power of In(1/e). Moreover, there is no optimal choice of T(g) under
the constraint () — 0: by letting 7(e) tend to zero arbitrarily slowly, one can obtain stability
rates arbitrarily close to logarithmic, at the price of localizing farther away from the forbidden
boundary I'y.

A On the existence of Painlevé-Liouville Riemannian manifolds

A question that is crucial to the existence of Painlevé-Liouville Riemannian manifolds is that
of the existence of positive solutions to an appropriately chosen boundary-value problem for the
elliptic pde ([1.15)) governing the conformal factor .. This is addressed in the following;:

Proposition A.1. Suppose that ¢1 + ¢o € CF2(M) with k > 2, ¢1 + ¢2 > 0 on M, n €
Hk_%(aM) andn >0 on OM. Then the boundary-value problem

(A.27)

—Agw+ (1 +p2)w=0 on M
w=mn ondM

has a solution w € H*(M). In particular if k = 2 + 5, then w € C*(M) and if k =2+ 17+ 5
then w € C?"(M).
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Proof. Let 7 € H*(M) be such that 7|gas = n and let v = w — 7. Then, letting

f= Dol = (&1 + ¢2)7,
The boundary-value problem (|A.27)) becomes

{—Agov +(¢1+d2)v=f onM (A.28)
v=0 on oM

Our positivity hypothesis ¢1 + ¢ > 0 implies that 0 ¢ o(=Ag + (¢1 + ¢2)), so that (A.28)
admits a unique solution given by

v=(=Agv+ (¢1+¢2))7 ' f,

where (—Agv + (1 + ¢2)) ™t : H¥(M) — HT2(M). Our hypothesis ¢; + ¢2 € C*2(M) then
implies that f € H*~2(M), which combined with 5 € Hk'_%(OM) gives that v € H¥(M) and
therefore that w € H*(M). Using the Sobolev embeddings

Hk(M) C Cp’T(M), p+r :k_g’
we see that we obtain a solution w € C*(M) if k =2+ % and w € C*"(M) if k =2+ + 2.
Finally, using the strong maximum principle for elliptic operators on compact manifolds with
boundary ([1], & 8), we know that w = ™2 is strictly positive on M. O

B Conditional stability estimates

In this section, we prove a conditional stability estimate on the cylinder M = [0, 1] x K, endowed
with a smooth Riemannian metric

g1 = ! 90,
where go = do? + gx and c is a positive conformal factor. The manifold (M, g1) is a conformally
transversally anisotropic (CTA) manifold in the sense of Dos Santos Ferreira, Kenig, Salo and
Uhlmann [I9]. In particular, CTA manifolds admit limiting Carleman weights, which play a
crucial role in the derivation of Carleman estimates. In the present setting, a convenient choice
of limiting Carleman weight is

p(r) =,
where x € [0, 1] denotes the radial coordinate on the cylinder M = [0,1] x K. We denote

FO = {O}XK, I = {1}XK,

and, for any fixed 7 € (0,1),
M; :=[r,1] x K.

We introduce the elliptic operator
P:=-A,.
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Theorem B.1 (Conditional stability on the cylinder). Let 7 € (0,1) be fized. Then there exist
constants Cr > 0 and hg > 0, depending only on T and on the geometry of M, such that for all
0 < h < hg and for all uw € H*(M),

lullr oty < Cr (A2 (1Pullaany + Nl ey + N0l ary) + €@ i an))-
(B.29)

Here v denotes the outward unit normal vector field on OM with respect to the metric g1. More-
over, the constant C can be chosen such that C; < 772.

Proof. The proof is relatively classical. It follows the strategy described in Isakov [25] p. 54| and
in Theorem 2.3 of Bourgeois [7], adapted to the cylindrical geometry, and relies on the boundary
Carleman estimates of Kenig-Salo [27, Proposition 4.2] and Li-Lii [29, Corollary 1.2].

Step 1: Reduction to homogeneous Cauchy data on I';. We first reduce the problem to
the case of homogeneous Cauchy data on I'y.

By standard elliptic theory on the cylinder, one can perform this reduction by means of a lifting
argument for elliptic boundary value problems; see, for instance, Lions—-Magenes [30]. More
precisely, there exists a function u* € H?(M) depending only on the boundary data such that
* _ * _
u }rl = U|F17 Oyu ‘rl = a’/u‘rl’
and

I larzqan < € (Il + 19l 2,y ). (B.30)

Hence, replacing u by u — u*, we may assume without loss of generality that u and its normal
derivative d,u vanish on I'y.

Step 2: Cutoff near the inaccessible boundary I'y. We choose a cutoff function x €
C*°([0,1]) such that

x=1 on[3,1], X =0 in a neighborhood of z = 0, supp(x’) C [, ZI-

We then set
V=X U, U= e?/My,

where ¢(z) = z. In particular, since x = 1 on M,, we have v = uw on M,. Moreover, by
construction, U € H*(M) N HY(M).

Step 3: Carleman estimates. We first recall the boundary Carleman estimate of Kenig-
Salo |27, Proposition 4.2] and Li-Lii [29, Corollary 1.2]. Let (M, g1) be an admissible manifold
and let ¢ be a limiting Carleman weight. Then there exist constants C' > 0 and hg > 0 such
that, for all 0 < h < hg , d > 0 and all U € H*(M) N HE (M), one has

B (101320r) + 10V, Ul2) )
+ 61210, U N 2 g, 1) + R IO U2 (—5<a,0<n/ap
< C(Hewh(hQP)(e_‘p/hU)||%2(M) + thavU||%2({au<p2h/3})>- (B.31)
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We now apply (B-31) to the function U = e¥/hv constructed above, with the linear weight
¢(z) = z. Since g1 = ctgy with ¢ > 0, we have

Opp = — ¢2 onTy, Opp = ¢? onTy,

where v denotes the outward unit normal vector field on OM with respect to the metric g;. As
a consequence, for sufficiently small A, we obtain the Carleman estimate

h2||U||?{Sld(M) < C(Hew/h(hQP)(e_th)”%2(M) +h3||8VUH%2([‘1))7 (B.32)

where HUH?{SId(M) = HUH%Q(M) + HhVUH%%M)'

In our situation, v and J,u vanish on I'y, and the cutoff is chosen so that v = yu = u in a
neighborhood of T';. Hence U = e#/"v also satisfies 9,U|r, = 0, so that the boundary term on
I'y in (B.32)) vanishes. Dividing by h?, taking square roots, and using that y = 1 on M,,
we arrive at

I allms ary < el any < €l POc) 2un. (B.33)

Step 4: Weight comparison on M,. We start by lower bounding the left-hand side of (B.33)).
Since ¢(x) = 2 and M, = [r,1] x K, we have ¢ > 7 on M,, hence e?/" > ¢7/* on M. Moreover,

thl(e¢/hu) = e#/h (hVgu+ (Vg 9) u).
Thus, we obtain
e ull g ary = ™™ lulgr ey = che™™ fullmar), (B.34)

for some constant ¢ > 0 depending only on [V, @[ zoo(ar)-

Step 5: Commutator decomposition. We now estimate the right-hand side of (B.33)). Using
the identity
P(xu) = x Pu+ [P, x]u,

we obtain, by the triangle inequality,
e/ P(xu) | c2any < 1€ x Pull p2ary + 1€/ [P, X]ull 2y (B.35)
Since x < 1, we have
le?/y Pul| 2y < HEW}LPUHL?(M) < et/ | Pull 22 (ar)- (B.36)
Moreover, [P, x| is a first-order differential operator supported in

Sy :=supp(x’) x K C [§, §] x K.



Since p(z) =z < § on S;, we have
e/ [P, xJull L2 ary < €7 PPN P, Xl 2(s, - (B.37)
Moreover, there exists a constant C» > 0 (depending only on P and on the cutoff x) such that
I[P, xrlullL2(s,) < Cr [lullm1s,)- (B.38)

For a standard cutoff varying on a length scale 7, one has C, < 772. Combining (B.37)(B.38)
yields
12 [P, x]ull r2qary < Cr €™/ @M J|ull s,

Using the above estimates and -, together with -, we obtaln

e POxu) | 2ary S €' |1 Pull g2qary + Cr e C ] (B.39)

Step 6: Conclusion. Combining the lower bound (B.34)) with the upper bound (B.39)), we
obtain
her/h HUHHl(MT) < Crh (el/h HPUHB(M) + ™/ HUHHl )) .

Dividing both sides by h e™/h, this yields
bl ar,y < Cr (€= [ Pull2qan + €@ fullngs,)) (B.40)

This concludes the proof. ]
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