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ABSTRACT. The problem of characterizing sequences of real numbers that arise as spec-
tra of Dirichlet-to-Neumann (DtN) maps for elliptic operators has attracted considerable
attention over the past fifty years. In this article, we address this question in the simple
setting of DtN maps associated with a rotation-invariant elliptic operator div(yV-) in
the ball in Euclidean space. We show that the spectrum of such a DtN operator can be
expressed as a universal term, determined solely by the boundary values of the conduc-
tivity -, plus a sequence of Hausdorff moments of an integrable function, which we call
the Born approximation of v. We also show that this object is locally determined from
the boundary by the corresponding values of the conductivity, a property that implies a
local uniqueness result for the Calderén Problem in this setting. We also give a stabil-
ity result: the functional mapping the Born approximation to its conductivity is Holder
stable in suitable Sobolev spaces. Finally, in order to refine the characterization of the
Born approximation, we analyze its regularity properties and their dependence on the
conductivity.

1. INTRODUCTION

Let @ ¢ R% d > 2, be a smooth bounded domain and v € C(Q) a conductivity, i.e.
a real-valued continuous function that is bounded below by a strictly positive constant:
v(z) > ¢ > 0 for all x € Q. The Dirichlet-to-Neumann map on 9 associated to 7 is the
operator A, that acts on functions f € C*>(0f2) as

(1.1) Ay f = (v0uu)lag,

where v is the outward normal unit vector field on 912, 0, = v -V and wu is the solution to
the conductivity equation

div(yVu) =0, in Q C R?

(12) u=f, on 0.

The operator A is an unbounded and positive self-adjoint operator on L?(9f2) with domain
H'(090).

Understanding the structure of the class of all DtN maps A, as 7 varies in some class of
admissible conductivities is a challenging problem that has multiple implications in various
fields: deriving fine properties of their spectrum is a central problem in spectral geometry
[CGGS24|, and the problem of recovering v from the knowledge of A, is known as the
Calderon inverse problem [FSU25.

In this article, we will present strong structural properties of the set of DtN maps in the
presence of rotational symmetry. We will assume that Q = B? is the unit ball in Euclidean
1
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space, and we will be interested in conductivities v that are invariant under the action of
rotations, that is radial conductivities.

All Dirichlet-to-Neumann operators arising from radial conductivities in C(B¢) have the
same invariant subspaces, namely, the spaces of spherical harmonics of some fixed degree
k € No := NU {0}. Recall that these are:

Nk.d = {P|sa-1 : P homogeneous, harmonic polynomial of degree k on Rd}.
Therefore, denoting for k£ € Ny
Mlsya = e[y 1dg,
one has that A is completely determined by its spectrum
Spec(A,) = {\x[7] : k€ No}.
In other words, characterizing radial DtN maps amounts to characterizing their spectra.

Since constants are always solutions to (1.2), one always has Ag[y] = 0. Also, if 7 is
identically 1 in B?, one has \;[y] = k, for all k € Ny. In general, we will show that the rest
of the eigenvalues of a radial DtN map have a very rigid structure: they can be expressed
in terms of moments of radial functions. For g € L'(B?) define

1 2%
(1.3) orlg] == ’Sd_lf/]l%d g(z)|z|*" du, k € No,
where |[S%~!| denotes the measure of the unit sphere. The following holds.

Theorem 1. Letd > 2, and let v € Wé’g(Bd) L with d/2 < p < oo be a conductivity. Then
there exists a function v® € Wf’(li(IB%d,R) C CY(B9\ {0}) such that

a

1 1
(1.4) Ae[Y] = Ylga-1k — an’ﬂgdfl + §O'k[A’}/B], VE e N,
and
(1.5) VPlga-1 = lga-1, 3,7 [sa-1 = Duylga-r.

In addition, vB is uniquely determined from A, since (1.4) and (1.5) imply that 75 is
characterized by any of the following equivalent conditions.

i) (Solution to a moment problem) +B is the unique solution in L. (B?) to

Ne+1[7] d—2
By _ k+117 ._
(1.6) orlv°] = S TSRk k € Ny, vy =g

ii) (Fourier transform representation) The Fourier transform of 4B is given by

—

] 00 _1\k—1 2k—2
0 = /Bd e (w) do = m kzl k;!r((k:lzr d/2) (’?) Al

where the series above is absolutely convergent.

1Throughout this article, the subscript rad added to some function space over B¢ will mean that we are
considering the subspace of its radial elements.
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The identities (1.4) and (1.7) were already obtained in a formal sense in [BCMM24]. Since
A~ is radial, one can check that the terms o1,[A~®] are actually the Hausdorff moments
of a function h, € L([0,1]):

1
o[ AP] = /0 hOtd, ke N

Sequences of Hausdorff moments have been completely characterized by Hausdorff [Hau23|
(see also [Wid41, Chapter 3|); therefore Theorem 1 provides a partial characterization of
the set of radial DtN maps. Condition (1.4) is strictly necessary in order to characterize
the spectrum of radial DtN maps: the set of functions 7B obtained as 7 varies among

2,00

conductivities in W>5°(B) is strictly contained in Wfazcli (B?). This follows from the work

of Remling [Rem03| on 1-d inverse spectral theory (see Remark 3.1).

The function v® appearing in Theorem 1 is called the Born approzimation of . It is a
purely spectral object, in the sense that it is completely determined by Spec(A,) as (1.7)
shows. However, it is local in the sense that, in any annular neighborhood of the boundary
OB, it is uniquely determined by the values of the conductivity in that same neighborhood.

We define the annulus

(1.8) Ug:={zeR?: s<|z| <1}, 0<s<l.

Theorem 2. Let d > 2 and v1,7: € Wi’g(Bd) with d/2 < p < 0o be two conductivities.
Let 0 < s < 1. Then

Structural results for the spectra of DtN maps corresponding to general, smooth, non-radial
conductivities can be obtained by a detailed analysis of (pseudodifferential or Berezin)
symbols of DtN maps; see, for instance, [LSA21, Roz78| for the two-dimensional case or
[PEUVB24| for the ball in Euclidean space. However, if 71, v2 are two smooth conductivities
that satisfy vi|u, = 72|y, for some s € (0,1) it is known that A, — A,, is a pseudo-
differential operator whose symbol —defined modulo smoothing operators—is zero (in the
radial context, this implies that A\g[v1] — A\k[y2] = O(k~>°) as k — o0). Therefore, these
approaches are unable to determine how the interior behavior of v affects the spectrum.
In contrast, we observe that Theorem 1 provides a non-trivial description of the spectrum,
even in the case where the conductivity ~ is constant in a neighborhood of the boundary
OB, In fact, a straightforward consequence of Theorems 1 and 2 is the following.

Corollary 3. Let d > 2, d/2 < p < o0, and s € (0,1). For any two conductivities
V1,72 € W2’p(Bd) and any ko € N, the following are equivalent.

rad
i) nlv, = r2lu.-
it) There exists C > 0 such that

(1.9) e[l = Aehell < O™, VEk > ko.

In particular, for every conductivity v € WQa’g(IBd),

T

Vv, =g = My = ]ga1k + O(s), k — oo.
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This result extends [DKN21, Theorem 1.4] to d > 2 and less regular conductivities in
the Euclidean setting. Due to its local nature, this result is stronger than particularizing
to the radial case the standard uniqueness results for the Calderén problem. We also
notice that the proof of the corollary and the previous theorems does not involve the
standard approach based on Complex Geometrical Optics solutions of the equation (1.2).
An analogous result for the case of DtN maps associated to radial Schrédinger operators
is given in Theorem 3.12.

Theorem 2 has a quantitative counterpart, as we now show. Define for N > 0, K > 0 and
1 < p < oo the set G consisting of those conductivities v € Wi’g (B?) that satisfy

(1.10) K <y@) <K, B [l < V.

The Born approximation 72 determines a conductivity v € Gf. ,, € W21(B?) in a Holder
continuous way.

Theorem 4. Letd > 2,d/2 < p < oo, K > 1. There exist Ny > 0 such that, for N > Ny,
the following assertions hold:
i) For all 0 < s < 1 there exist 0 < 6 < 1 and Cn g.aps > 0 such that, for every
Y1,v2 € gf(?N satisfying H'yf’ — ’yzBHWQJ(Bd) < 6, one has
-1

D
B B —
[y1 = 72”W2»1(U5) < CONKdp,s H% 72 Hﬁﬁz,i(%) :

i) For all 1 < q < p, there exist 0 < 0 <1, 0 < a <1 and Cn Kk,dpq > 0 such that for
every yi,v2 € gf{,N satisfying Hy? — WQBHWZJ(W) < 6 one has

[0}
[y1 = 72||W2,q(13d) < ON.K.dpg H'YF - ’72BHW211(IB‘1) :

The stability estimate i) shows that the Hélder modulus of continuity of the map 2 ~ v
only depends on p in the annuli U;. This local estimate can be extended to the global
estimate ii) on B? if one allows the Holder modulus of continuity to depend on N, K, p, d.
By interpolation, one can also get the norm W?2¢(B¢) in the LHS of the estimate i) paying
the price of a worse Holder modulus of continuity in the RHS.

Theorem 4 shows that v can be determined by v in a Hélder stable way, which is not the
case for the problem of recovering a radial v from Spec(A,): this problem is ill-posed (no
continuity unless the conductivities lie in a compact set [Ale88, AC08, FKR14| and the
modulus of continuity is generally, at best, logarithmic [Man01]). Therefore, this shows
that the ill-posedness of reconstructing a radial v from Spec(A,) is due to the linear step
of solving the moment problem (1.4) or (1.6) to reconstruct ¥® (the moment problem is,
indeed, a notoriously ill-posed problem).

This shows that the existence of the Born approximation proved in Theorem 1 provides a
decomposition of the process of reconstructing « from A, in two steps:

e The first step (obtaining v® from A,) is linear and amounts to solving the moment
problem (1.6).

e The second step (obtaining v from ¥®) is non-linear but enjoys good stability and
locality properties, as Theorem 4 shows.
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In other words, the existence of the Born approximation and this decomposition provide a
stable factorization of the Calderén problem in the radial case.

It is possible to infer more precise information on the regularity of the Born approximation.
In general, it is always a continuous function on B¢\ {0} that can be eventually singular at
the origin. The nature of this singularity is related to the existence of eigenvalues and/or
resonances for a certain 1-d Schrédinger operator defined in terms of «, as will be shown
in Section 3.

Theorem 5. Let d > 2 and let v € Wi’g(Bd) with d/2 < p < oo be a conductivity. If
vg := (d — 2)/2, the following assertions hold.

i) If d > 2, there exists a finite set of real numbers 0 < k1 < -+ < Ky < vg, J € Ny,

ossibly empty) and constants cyg € R, ¢1,--- ,cy > 0 such that
p Y pry y C1, )
J
B/, _ B G
v (m) - ’Yreg(x) — Co log ’.T| + Z; ’l‘|2”j ’
‘]:

where 8, € C(B4) N Wh4(B4) N W21 (BY).

reg

i) If d = 2 then ~B € C(B2) N W21 (B2).

rad

iii) 7B|Bd\{0} e W2P(B9\ {0}) and for everym > 2 and 0 < s < 1 one has 4B € C™(U,)

loc

if and only if v € C"™(Us).

One can compute the Born approximation of a conductivity explicitly in some special cases,
see Section 3.5; some of these explicit examples are shown in Fig. 1 and Fig. 2. These are
chosen to illustrate that v® can have a logarithmic singularity when d = 3 (Fig. 1), and
to illustrate the continuity of the Born approximation (Fig. 2) when d = 2 (and d = 3 in
some special cases).

The notion of Born approximation used in this work was introduced in [BCMM22] and
[BCMM24]| as a formal object satisfying (1.6) or (1.7), in the context of the Calderon
Problem. This problem goes back to Calderén [Cal80],2 who considered it during the fifties,
and has been the subject of intense research in the last forty years, partly because of its
applications to medical imaging techniques, such as Electrical Impedance Tomography. We
refer the reader to the recent book [F'SU25| in order to obtain a wider perspective on this
problem, as well as an up-to-date guide to the vast literature on the subject.

By analogy with scattering problems, the name Born approximation is motivated by the
fact that v is a linearization of the Calderén inverse problem, as (1.6) shows that ~B
depends linearly on the spectrum. In fact, as explained in [CMMSM26], as a consequence
of Theorem 1 one can show that 4P satisfies the identity

(1.11) Ay = AUy (7).

where W : v — A, and d¥; denotes the Fréchet differential of ¥ at the constant conduc-
tivity v = 1 (see also [DMMN24] for the case of DtN maps associated with Schrodinger
operators). As far as we know, this is the first time in the literature that (1.11) has been

2This reference has been reprinted in [Cal06].
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FIGURE 1. Plot of the radial profile of v4,, (blue) and 7(]?%” (orange)
defined in Section 3.5 for d = 3, © = 1, v = 0. One can observe the
presence of a logarithmic singularity in the Born approximation induced by
a resonance at zero.

shown to have an exact solution. This is, in fact, a long standing open question in the field
of numerical approaches to the Calderén problem; see [CMMSM26| and [HS10| for more
details.

The approach based on the Born approximation has also been successfully applied in the
radial case to the Schrodinger operator version of the Calderon problem (the so-called
Gelf’and-Calderén problem) at zero energy [DMMN24]|, and at fixed energy [MMSM25],
and has been formulated in more general settings in [MM24]. In particular, analogous
results to Theorems 1-4 can be found in [DMMN24, MMSM25| for the respective problems.
Linearization at other conductivities besides the constant conductivities and existence of
the corresponding Born approximation has been addressed in [CMMSM26|, as well as
some partial results for the non-radial case in two dimensions. We remark that, using the
reconstruction algorithms in [DMMN24], one could transform Corollary 3 into an explicit
reconstruction algorithm to determine ~ from A,.

The proofs of the previous theorems use the notion of A-amplitude introduced by Simon
in [Sim99| in the context of inverse spectral theory for half-line Schrédinger operators.
This notion of A-amplitude, further developed in [GS00, RS00], is also a fundamental tool
in [DMMN24, MMSM25|. In particular, to prove Theorem 4 we use stability results for
the problem of reconstructing a Schrédinger potential from its A-amplitude developed in
[DMMN24, Section 5]. The connection between the A-amplitude and 4 is not superficial:
it has been shown in [MM24] that the A-amplitude is a Born approximation for the inverse
problem of reconstructing a Schrédinger potential from its Weyl-Titchmarsh function. The

A-amplitude also plays an important role in the closely related problem of studying spectra
of DtN maps in warped-product manifolds with boundary, see [DKN20, DKN21, DKN24|.

Structure of the article. Theorem 1, Theorem 2, Corollary 3 and Theorem 5 are proved
in Section 2, whereas Theorem 4 is proved in Section 4. Section 3 contains a detailed
analysis of the structure of singularities of the Born approximation, both in the Schréodinger
operator and conductivity cases, that are used in the proofs of Theorem 1 and Theorem 5;
these results are of independent interest.
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FIGURE 2. Plots of the radial profiles of 4, (blue) and 75#V (orange)
defined in Section 3.5.
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2. EXISTENCE OF THE BORN APPROXIMATION
2.1. The Born approximation for DtN maps of Schrédinger operators.
It is well-known that, provided v has enough regularity, the study of A, can be reduced
to that of a DtN map associated with a certain Schrédinger operator. If V € LP(B? R)
with p > d/2 is such that zero is not a Dirichlet eigenvalue of —A +V on L?(BY), then for
every f € HY/2(S%* 1), the problem

—A = B¢
(2.1) { v+ Vo 0, on B¢,

’U|Sd71 == f,
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admits a unique solution v € H'(B%). The DtN map is defined by the identity A‘S/ f=
Oyv|ga-1, where v is the solution of (2.1). If the regularity of V or f is not enough to define
A‘S/ f, one uses the standard weak definition:

<gv A?/f>H1/2(Sd—l)XH—I/Q(Sdfl) = /Bd (V’LL ' V’U + VUU) diU,
where v solves (2.1) and u is any H'(B?) function with trace g.

If v € W*P(BY, Ry) with p > d/2 is a conductivity and u solves (1.2), then v = \/qu
satisfies (2.1) with boundary datum /7 f, where

._M P (R
(2.2) V.= Ve € LP(B*, R).

Moreover, if V arises in this way from a conductivity, then zero is not a Dirichlet eigenvalue
of ~A + V on L?*(B?), and one can check that the following identity holds

(2.3 AT = A2 ) 4 g @,

From this identity, it is clear that the Calderén problem for conductivities is equivalent to
the one with Schrodinger operators, provided « and 9,7 are known at the boundary S¢ 1.

As was the case with conductivities, if V' € L? , (B, R), then A% is a self-adjoint unbounded
operator on L?(S%!) that is invariant by rotations (since the equation (2.1) is). Therefore,
it is diagonalizable in the basis of spherical harmonics. We denote:

A%’Y)k,d - A%[V] Idsﬁk’d, Vk € Np.

Let 1 € L>=(B?) be the conductivity that is identically 1 in BY. When = 1, the associated
potential is V' = 0 and hence A§ = Ay and A\}[0] = \¢[1] = k for every k € No.

The following result improves the conclusion of [DMMN24, Theorem 1] when the potential
arises from a conductivity via identity (2.2). For shortness, define

1fllao = / |f(@)lla]*~*(1 ~log|al)* dz < o0, @ >0,d>2.
) ]Bd

Proposition 2.1. Let d > 2 and let v € Wri{g(IBd) with d/2 < p < 0o be a conductivity.
Let V' be given by (2.2) and A by (2.3). ThenV € LP (B%R) and there exists a unique
VB e Ll (B4 R) such that

(2.4) or[VB] =N [V] =k,  forall k € Ny.
In addition:
i) If d > 2, there exists a finite (possibly empty) set of real numbers 0 < K1 < --- < Ky <

vg with J € Ny and some constants ag € R, a1,...,a5 <0 such that
B B
(25) 14 ( ) ereg +Z |x’2n3+2’

where Vreg satisfies H

eng <oof07’alla>1.

it) If d =2 then HVBHQQ < 0o for all a > 1.
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i11) VB|B(1\{0} e LI (BY\ {0}). In fact, VB —V is continuous on B2\ {0} and vanishes
on OB, Also, V € C™(Us) iff VB € C™(Uy), for all m € Ny and for all 0 < s < 1.

iv) VB ¢ LY(BY).

Following [DMMNZ24|, we say that VB is the Born approximation of the potential V.

Proposition 2.1 is proved in Section 3.4. It relies on a fine analysis of the singularities of

the Born approximation and constitutes an important ingredient of the proof of Theorem 1

presented below.

2.2. The Born approximation for A,.

The proof of Theorem 1 follows from Proposition 2.1 and the following technical properties
of radial functions.

Lemma 2.2. Let d > 2. The following assertions hold:

i) If u € Wéé(Bd) then u € CY(BI\ {0}). Moreover, if u = ug(] - |), the following
quantities are well-defined

1
(2.6) a(u) :=up(l), b(u) == §8Tu0(1),
and satisfy [a(u)| < C ||ully2igay, [b(w)] < Clully 21y for some C > 0.

i) lim,_q+ 7% Yug(r) = lim,_g+ 74 1uf)(r) = 0.

iii) For all u € W2} (B%)

rad
(2.7) oo[Au] = 2b(u),
(2.8) or[Au] = 2b(u) — 2ka(u) + 2k(2k + d — 2)op_1[ul, Vk e N.
w) For all u € L ,(BY)
B o | 4L S
(2.9) u(¢) = 74?2 ; TG T d72) <2> k(2k 4+ d — 2)op_1[u).

Proof. Statement i) is immediate using that d,uo(r) and 0%ug(r) belong to L!(e, 1) for all
€ > 0. The boundedness of the trace functionals a and b follows from the standard trace
theorem with exponent p = 1.

To prove ii) we first show that, if v € era’é (B%) and v = vo(|-]), then lim, _,o+ r¢ug(r) = 0.
Notice that, if f(r) := r¢~lvg(r), one has
F'(r) = 71 (r) + (d = Dvo(r)r? =2,

Then f' € L'([0,1]), since Vo € L'(B?) and Hardy’s inequality for v implies f/r =
vor?=2 € L'([0,1]). This proves f(r) is absolute continuous on [0, 1]. Since f/r € L([0,1]),
one concludes that lim, o+ 74 vg(r) = 0.

Since u € Wfa’cll(]Rd), we have that u € era’é(lﬂ%d) and, using that D?u € L'(B?), that
oru € wht

o d(IB%d), so applying the previous argument proves ii).
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We now prove iii). By integration by parts:
1 1
(2.10) or|Au] = / 8, (r 100 () )2 dr = Byug(1) — gk/ Bro (r)r 242 .
0 0

where we have used that the boundary term lim,_,o+ r2*+4=1y/ () vanishes for all & € Ny
by ii). Assume now k € N. A further integration by parts gives:

1
ox[Au] = Brug(1) — 2kug(1) + 2k(2k + d — 2) / wo(r)r2R =3 gy
0

= 8ru0(1) — 2ku0(1) + 2]{7(2k +d— 2)0k,1[u],

where the boundary term lim,_,q+ r2*~D+dy4(r) vanishes for all k € N by ii). Thus, for
any u € Wad(IB%d) we have
Uk[Au] = 87~UO(1) — Qkuo(l) + 2]{7(2]€ +d— 2)0k_1[u],

which proves (2.8). The previous derivation also holds with £ = 0, in which case one
obtains og[Au] = d,ug(1) directly from(2.10). This concludes the proof of iii).

Formula (2.9) follows from [BCMM22, Equation 1.20], which states that, for all u €

L%ad(Bd)a
(=D* iq
2.11 e Y et —
(2.11) () = 2 Zw s (1) ot
and straightforward algebraic properties of the gamma function. O

Define the following operator acting on L1, ,(B?).
21 D= [ [ s e za®, = il
x

One readily checks that Ty f € C1(B? \ {0}) is radial, T} f|ca—1 = 0, and that —AT,f = f
a.e. in B

Lemma 2.3. Let f € L. ((BY) and u := Ty(f).

i) If f € Lrad(IBd) for some 1 < p < oo, then u € WrQP(Bd>
it) If f satisfies for some o > 1 that

o= [, V@l ~(1 = og e do < .

then u € C(BY), Vu € L4BY), and D*u € L'(BY).

Proof. i) Since —Au = f, f € LP(B?) and u vanishes on S ! u € W?2P(B?) by the
standard Calderén-Zygmund estimates for the Laplacian.

ii) Denote by F' and fo, respectively, the radial profiles of u = Ty(f) and f. By (2.12) we

have
|F'(r) / fo(s)|s?tds < - /!fo )|s ds.
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Then, for all @ > 1, using that (1 —logr) < (1 —log s) for s < r, we have the estimate
1 v callfllq
F! < - - 1—1 g < —— = B
OIS o | ool —logs)*ds < - t0de

where cq := [S%"!|~!. This implies that F(0) is well defined and finite, since, under our
hypothesis on «,

1 Lo  callflla
O < [ [F'(r)]dr < | —S"—dr=[ ——dt<
”—A'(MT—ATOA%W”“A L+t

The integrability of F” in [0, 1] implies that F' is continuous on [0, 1], and hence, u € C(B9).
Since o > 1 then ad > 1 and one finds that the gradient satisfies

d—1 ¢11d
V|| daga < ST /1 |F' ()| 3?1 dr < /l Mdr < 00
Le(B9) = 0 ~ Jo r(1—1logr)de

One can similarly bound the Hessian, using F”(r) = —(d — 1)r~LF'(r) — fo(r),
102 u(@)] < [F"(J2])| + 2 F'(J2)ll=| 7 < (d+ DIF(J))]|2] 71 + [ f(=)].

and,

HDZUHLl(Bd) <(d+1) /Bd |F'(|2])| |2~ da + 1£1 1 gay
d-3

1
i
< _ .
SVl | oy O+ s

The first integral converges since a > 1, and, by hypothesis, ||f||1ga) < oo; therefore
HD “HLl < oo as we wanted to prove. ]

Proof of Theorem 1. Let V be given by (2.2) and restrict the operator identity (2.3) to
functions in £y, ¢4 to obtain

(2.13) ﬁﬁﬂ—kzaé)QWﬂ+Mw—aWW% vk € N,

where the notation in (2.6) has been used. On the other hand, since y € W, a’g(lﬂ%d) we have

V e LP (B R). Therefore, Proposition 2.1 applies and there exists V® € L} ,(B% R) such
that
MV]—k=0,[VE], VEkeN,.
Inserting this in (2.13) yields
(2.14) M) = a(V)k = b(y) +a(y)or[VB],  VEk € N.
We now choose 42 so that Ay® = 2a(y)VB. In order to do so, define
(2.15) 7P (@) = a(y) = 2a(7) Ty(V?),
where T was defined in (2.12). Then ~B € C1(B?\ {0}).
By Proposition 2.1, VB = Vsﬁlg—H/rEg where HV}Eng < oo for all @ > 1, and either Vs?ng =

0,ifd=20or VB e L4

sing rad

(B?) for every 1 < q < d/sy, with sy, = 2max;—o,_ j{1,k;+1} <
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d when d > 3. Therefore, by Lemma 2.3, one gets that 42 € Wfa’cll(Bd). Also, v solves
the Poisson problem

(2.16) AP =2a(MVP, a(y®) = a(v).

This proves (1.4) by direct substitution in (2.14).

To prove (1.5), it remains to show that b(y) = b(y2). Evaluating (2.14) in k = 0 and using
that \o[y] = 0, we get that b(y) = a(y)oo[VE]. Using that AyB = 2a(y)VE and (2.7), we

obtain )
b(7) = a(y)ao[V?] = S00[A7"] = b(v").
Hence the identities (1.4) and (1.5) hold. This proves that the Born approximation exists.

Applying (2.8) to v® and inserting the identity (1.5) gives

1

5ak[mB] = b(y) — ka(y) + k(2k +d — 2)or_1[y®], Vk €N.
Combining this identity with (1.4) we deduce that

M =kQ2k+d—-2)or_1[¥®], VkEN,

or, equivalently, that 7B is a solution of the moment problem (1.6). This problem has
uniqueness of solutions in LI ;(BY), as the reconstruction formula (2.9) implies (in fact,
from [DMMN24, Lemma 6.2] it follows that uniqueness holds even for compactly supported,
radial distributions). Identity (1.7) follows directly from Lemma 2.2 iv). O

2.3. Proof of the local uniqueness results.

Proof of Theorem 2. Assume first that 7{3 = 'yQB on Us. Then, in particular (1.5) implies

(2.17) ’71|§d71 = VQ‘SdA, 8y’}/1|Sd71 = 8y’}/2|Sd71.
Also, we get VB = VB on U by (2.16), which implies V4 = V5 on Us by [DMMN24,
Theorem 2|. Then, if u := /71 — \/72, in Us we have by (2.2) and (2.17) that
—Au+Vu=0 on U,
u|§d—1 == O, 3yu|gd71 == 0,
where V := V] = V5 on Us. Since V € LP(Uy) with p > g, by unique continuation, we
deduce that u = 0 on Ug and therefore vv; = v9 on Us.

If we now assume ;3 = 75 on Us, then (2.2) implies V3 = V5 on Uy, and hence one gets
VE =V on U by [DMMN24, Theorem 2|. Finally, (2.16) and (2.17) (which again holds
by (1.5)) imply that 7P = 42 on U, by unique continuation. O

Before proving Corollary 3, we need to prove a local uniqueness result for the Hausdorff
Moment Problem.

Lemma 2.4. For F € L}, ((BY), s € (0,1), and ko € N, the following holds:

rad

Fly,=0 < 3C >0, |ox[F]|<Cs*, k> k.
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Proof. If Fly, = 0 it is straightforward to verify that |ox[F]| < Cs?! for all & > 0. It
remains to check the other implication. If F = f(|-|) one has ox[F] = L(F)(k + d/2)

where
> —t\,—22t I —t/2y ,—=t
:/ fle e dt:2/ fle7%)e *"dt,
0 0

and there exists Cs > 0 such that

2| log s|
(2.18) / fle /) e~ dt
0

< L))+ Cs |1 Fll oy e 208, 2> dj2.

Define
G(Z — e z2|logs/ t/2 =zt gt

By hypothesis, |ox[F]| < Cs?* for k > ko, which implies that
eChtdlloss! | p(F) (k4 d/2)| < Cs™?,  Vk > k.
Hence, in view of (2.18), G satisfies
G(k+d/2)] < Cs™+ Cs |Fllpigay Yk > ko.

Thus, G is an entire function that satisfies supyey |G(k + d/2)| < C for some C' > 0 and

2|log s|
’G(Z)’ < (/ |f(€_t/2)’dt> 62\10g3|(Rez)+'
0

One can apply a theorem of Duffin and Schaeffer [Boa54, Theorem 10.5.1] to conclude that
M > 0 exists such that |G(z)| < M when z > 0. This implies that

2|log s|
/ fle e 2t dt = O(e=#2IToesly, Z — 00.
0

Using the local injectivity of the Laplace transform, see [Sim99, Lemma A.2.1], we infer
that f(e=%/?) = 0 for a.e. t € (0,2|logs|), hence f(r) = 0 for a.e. r € (s,1), and the
conclusion follows. O

Proof of Corollary 3. This result is a straightforward consequence of Theorem 1, Theo-
rem 2 and Lemma 2.4. To see that two conductivities satisfying (1.9) must necessarily
coincide on Uy, start by noticing that (1.4) and (1.9) imply that "}’1|Sd 1 = Y2|ga—1 and
Ov7ilga-1 = (9,,72\Sd e Lemma 2.4 ensures then that (Avy2)|y, = (AYS)|y.; therefore, by
(1.5), w := 4P — 48 solves Aw = 0 on Us with w|ga-1 = dyw|ga—1 = 0. This implies
w|y, = 0; the result follows now from Theorem 2. 0

Proof of Theorem 5. By (2.15) we have that 4% = a(y) — 2a(y)Ty(V®). Using this, the
case ii) (d = 2) and the regularity of 'yE;g in i) ( > 3) are immediate by Proposition 2.1
and Lemma 2.3 ii).

To finish the proof of i) notice that Ty(| - |72¢72) = % for all 0 < k < vg, and
Ty(|-]72) = —(d—2)'log|z|, d > 3. This yields using Proposition 2.1 i) the representation

indZSWitth:—ajmforjzl,...,l Since a; < 0 for all j > 1, then ¢; > 0
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for all j > 1. Finally iii) follows immediately from Proposition 2.1 iii) using that v and N4l
are, respectively, solutions of the elliptic equations Ay® = 2a(7)V® and Ay=Vyy O

3. THE BORN APPROXIMATION AT THE ORIGIN: SINGULARITY AND RESONANCES

3.1. Weyl-Titchmarsh functions and DtN maps. Write
d—2

Vg = ——
d 9 ;

In the presence of radial symmetry, it is possible to express A% in terms of the Dirichlet-
to-Neumann map of a one-dimensional Schrédinger operator on the half-line, as we now
show. We start by considering the one-dimensional boundary value problem

- + Qu, = —2%v,, in Ry,
v, € L*(R,).

Cs ={z € C:Re(z) > 0}.

(3.1)

When the potential @ belongs to L'(Ry), it is known that there exists Bg > 0 such
that problem (3.1) has a unique solution when z € C4 \ [0, 8g]. One then defines the
Weyl-Titchmarsh function of Q as:

When Q € L*(R), it has been shown in Simon’s seminal paper [Sim99] that there exists
a function Ag € LIIOC(R+), called the A-amplitude of @), such that

mo(—2%) = —=z —/ et Ag(t) dt for all z such that Re(z) > zq,
0

where zg = @ > 0. As a matter of fact, it is proved in [MM24] that the A-amplitude
coincides with the notion of the Born approximation for the inverse problem of recovering
a potential from its Weyl-Titchmarsh function.

The connection of m¢ with the radial Dirichlet-to-Neumann map A‘S/ defined in Section 2.1
is as follows. Given a potential V € LP (B? R), with p > d/2 such that zero is not a

rad
Dirichlet eigenvalue of —A + V', and a spherical harmonic Y, € $j 4, then the unique

solution u € H'(B?) of
(~-A+V)u =0, inB9
U‘Sd& = Y%,
can be written in the form
w(@) = |z~ vk, (= log [z|)Yi(z/|2]),

where, for all k € Ny, vk, € L*(R;) solves the boundary value problem (3.1) with
potential @ = Qv given by any of the following equivalent identities: if V' = gy (] - |) then

(32) Qu(t):=eqv(e™), teRy, and  qv(r) =r?Qv(—logr), r € (0,1].
Then, a direct computation shows that mg, determines the spectrum of A%, by the relation

(3.3) NV =-mo, (—(k+va)?) —vg Yk eN,.
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In [DMMN24, Theorem 1] it was proved that there exists a ky > 0 such that

(3.4) or[VE = X [V] -k, VkeNo, k> ky,
where VB is defined in terms of the A-amplitude as
(3.5) VB(2) = |z[?Ag, (~log|z]), = eB\{0}.

In addition, it is also proved in [DMMN24, Theorem 1] that | - [?*VB € L}(B9).

The main objective in this section is to refine these results when V arises from a conduc-
tivity, in order to prove Proposition 2.1. The important formula (3.5) which connects the
Born approximation VB to the A-amplitude of the potential Qy will allow us to extract
precise information on the singularities of VB at 0 from certain asymptotic properties of

Aoy

Remark 3.1. The work of Remling [Rem03] implies that not all locally integrable functions
can be A-amplitudes of Schrodinger operators. This implies, together with identities (2.16)
and (3.5), that non-trivial necessary conditions are required to characterize the subset of

Lrlad(IB%d;]R) formed by the Born approximations 72 corresponding to conductivities in

Wrza’g(IB%d). This means that Theorem 1 provides a partial, but not total, characterization

of the set of rotation-invariant DtN maps.

3.2. Asymptotics of A-amplitudes. In this section, we review the main results from
[RS00] that will be needed in the sequel.

Let Q € L'(R4,R) be such that

(3.6) / Q()](1 + 1) dt < oo.
0
We define the 1-d Schrodinger operator Hg, acting on L?(Ry) by
d2
(3.7) Hqu(t) := <dt2 + Q(t)> u(t), t e Ry,

with its domain (corresponding to Dirichlet boundary condition at 0)
D(Hg) ={u€ L*(Ry) : u€ ACoc(Ry), Hou € L*(Ry), u(0) = 0},

where @ is determined by (3.2). Note that the operator (Hg, D(Hg)) is self-adjoint on
L(Ry).

We now summarize well-known facts, see [RS00] and [Mar86]|. Under the previous assump-
tion, for every z € C there exists a unique solution (¢, 2) of (3.1) such that

(3.8) Y(t,z) =e P(1+o0(1), t—+o.
These solutions are known as Jost solutions (they are usually defined using the variable
2 = iz), and F(z) := (0, z2) is the Jost function associated to Q. In addition, both

functions F' and (¢, ) are analytic in C,. Notice that the zeros of F' at C occur at the
points z such that —z? is a Dirichlet eigenvalue of Hg.

We will later show that, under suitable assumptions on @), the operator Hg has no eigen-

values in [0,00). In addition, it always has a finite number of negative eigenvalues —H?,
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where j = 1,...,J, with J € Ny and 0 < ky < --- < k1 (see [RS00]). Recall that the
Jost function associated to @ satisfies F'(x;) = 0 for all j € J. It will also be relevant if
the Jost function vanishes at z = 0. In fact, as in [RS00|, we will say that Hg has a zero
resonance iff F(0) = 0.

Let £ > 0. Define the weighted L}(R;) space with norm
[e.9]
ey = [ @0+

Theorem 3.2 ([RS00, Theorem 1.3]). Let £ >3, Q € L} (R) and (K;j)}]:l as above. Then,

there exist some constants (a;)?_y, and a function g € L} ,(Ry) such that

Jj=0’
J
(3.9) Ag(t) =g(t) + a0+ Z aje%”j.
j=1
The constant ag vanishes if Hg has no zero resonances, and one always has a1, ...,ay <0.
As a consequence,
o
(3.10) mo(—22) = —z — /0 e 2 Ao (t) dt,

for all z such that Re(z) > k1 if the point spectrum of Hg is non-empty, Re(z) > 0 if it is
empty, and Re(z) > 0 if, in addition, there are no zero resonances.

Proof. The identity (3.9) is a direct consequence of [RS00, Theorem 1.3]. The constants
satisfy aq,...,ay < 0 as follows from [RS00, Remark 3, p. 321]. The fact that (3.10)
holds for all Re(z) > k1 follows by the analyticity of both sides of the identity in {z € C:
Re(z) > k1}. In the case of empty point spectrum, the same holds in {z € C : Re(z) > 0}.
Further, if there are no zero resonances, then Ag(t) belongs to L*(R.) and both sides of
(3.10) are continuous in {z € C: Re(z) > 0}, so they must be equal. O

3.3. Singularities of the Born approximation. We will now describe how the results
of the previous section translate into results on the Born approximation for radial Dirichlet-
to-Neumann maps A‘S/. The following Lemma shows, in particular, that as soon as p > d/2
and V € LP (B? R) we have that Qy satisfies (3.6).

rad

Lemma 3.3. Let p > d/2 and o > 0. Then, there exists a constant C(a,p,d) > 0 such
that, for every V € L (BY), the potential Qv given by (3.2) satisfies

1QV L ®,y < Clo,p, d) |V 1o may -
1-1/
In particular, C(0,p,d) = (;p;_ld) "
Proof. Let 1/p+1/q =1 and ¢4 := [S*" 1|71, Then

1Qvllzye.) = /R Qv+ dt = ¢4 /B V(@)(1+ [Hoglal) ol dz
+

1/q
< CallVllzogo) (/Bd(l + | log |1)222|72~ dx> ,
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and the second integral is finite for all &« > 0 and 1 < ¢ < d/(d —2), which implies p > d/2.
Computing explicitly the integral when o = 0 yields the first inequality. U

As a consequence of this result and Theorem 3.2 we obtain the following description of the
singularity at the origin of the Born approximation. Recall from previous sections that

(3.11) fllga = / |f(x)||x|2_d(1 —log |z|)* dx < o0, a>0,d>2.
b Bd
Theorem 3.4. Let d > 2,V € LY (B, R) with p > d/2, and (k;)7_, such that ( K371
is the point spectrum of Hgq,,, as above. There exist some constants ag € R, aq,...,a5 <0,
such that
B
14 ( ) reg ‘ |2 +Z |l.’2n]+2’

where V}E’g is a radial function satisfying H

reng < o0 for all o > 0.
In particular, ag = 0 if Hg,, has no zero resonance.

Proof. Let Qv be given by (3.2). Then @ € L}(Ry) for all ¢ > 1, by Lemma 3.3. Therefore
it satisfies the conditions to apply Theorem 3.2. Thus

J
Agy(t) = g(t) + a0 + Y _ aze®™,
i=1

for some constants (aj)jzo. Here g € L}(Ry) for all £ > 0. The constant ag = 0 if Hg,

has no zero resonances. Thus, the statement for VP follows directly using (3.5), with
V(@) = [2|?g(~log |]). O
Theorem 3.4 has interesting consequences. In the first place, it shows that VB can be a
very singular object: one can always find smooth radial potentials V' such that Hg,, has
an eigenvalue k1 as large as desired (for example, a smooth potential with large negative
values). On the other hand, if one imposes conditions on the potentials that bound the
value of k1, then the Born approximation can be an integrable function. We will examine
this in the following section.

Remark 3.5. If V € LP (B%R), p > d/2 and V(z) > 0 a.e. on B?, then Hp, has no
<
d,x

oo for all a > 0, which is stronger than VB € L1(B%).

Remark 3.6. Theorem 3.4 can be improved to take into account the complex resonances
of Hg,,, which will add oscillatory terms to the asymptotic expansion. If one assumes that
for some —oo < § < 0 the potential satisfies [, |V (2)||2z|>"4"° dz < oo, (which always
holds if V' € Lp(IBSd) with p > d/2) then, for a fixed § < ¢’ < oo,

cos(8; — 2v;log|x|) B
Z ’x|2n3+2 Z |x!2)‘ +2 Z j |x‘2pj+2 Vreg( )
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where 0 < Ky < --+ < K1 corresponds to the negative eigenvalues —/@? of Hg,, ¢ <Au <
.-+ < A1 <0 corresponds to the real resonances larger than ¢, p; £ iv; with &' < p; <0
correspond for all 7 = 1,..., N to the complex resonances with real part larger than §’,
and, finally, V5, (2) is a radial function satisfying that [y, |2[*~%*% [V;E,(z)| dz < co. This

reg

follows from [RS00, Theorem 1.4] using the same strategy as in the proof of Theorem 3.4.
This oscillatory behavior has been observed in the numerical reconstructions of VB(x) in

[BCMM24].
Another consequence of Theorem 3.2 is the following.
Lemma 3.7. Letd > 2, V € LP (B R) with p > d/2. Then for every k € N
/ VB(@)||z|* dz < 0o, and oy [VB] = M[V] -k,
Bd
where N' C Ny is the set defined as follows:
i) If the point spectrum of Hg,, is non-empty, N ={k € Ng : k > k1 — v4}.
i) If the point spectrum of Hg,, is empty, then:

((1) Ifd > 2, N = Np.
(b) Ifd = 2, N' = Ny provided that Hg,, has no zero resonance, and N =N otherwise.

Proof. Let Qv be given by (3.2). Then Qv € L}(R) for all £ > 3 by Lemma 3.3, so
Theorem 3.2 holds. Then, by (3.3), (3.10) and (3.5) in that order:

NV =k =—mg, (—(k+va)?) — (k+va)

o
=/'fmm%®fwwﬁ= il/vﬂww%mz%W%
0 ‘S ’ Bd
where the integrals are always absolutely convergent. Notice that, by Theorem 3.2, the
second equality holds when k£ + v4 > k1 if the spectrum of Hg, is non-empty, when
k4 vg > 0 if it is empty, and when k + v4 > 0 if, in addition, there are no zero resonances.
This yields all the cases enumerated in the statement. O

3.4. The conductivity case and proof of Proposition 2.1. If the potential V' arises
from a conductivity, then the operator Hg,, is always uniformly bounded from below and
k1 < V4, as we now show. As a consequence, the singularities of the Born approximation
will be of integrable type in this case. We first need the following lemma.

Lemma 3.8. Assume Qv € L3(Ry). Then 0 is not an eigenvalue of He,, .

Proof. At zero energy, any solution u to Hg, u = 0 on R satisfies the Volterra equation

o0

w(@) = A+ Bz + / (t— 2) Qv () u(t) dt.

T

Writing w(z) = u(x) — (A+ Bz), we obtain, using that t —2 < t and (1+t?)Qy € L'(R,),

Iw@NSGAHﬂBD/ ﬂ1+ﬂ@vwhﬁ+/mﬂQWﬂWMﬂMt

xT x

o
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Gronwall’s lemma gives:
w(@)] < (JA] + | B)M(z) exp ( [ v dt) M@= [T el

since M (z) is a decreasing function. This shows that w(z) — 0 as x — co. If u € L3(R})
this forces A = B = 0, and therefore w = 0. O

Lemma 3.9. Let p > d/2 and v € W2P(B%) be a conductivity, and let V € LP ,(BY) be
giwen by (2.2). Let Hg,, be the associated Hamiltonian defined in (3.7). Then
i) If d > 2, the point spectrum of Hg,, is contained in (—v3,0).

i) If d = 2, the point spectrum of Hq, is empty and it has no zero resonance.

Proof. Let «(z) such that y(z) = vo(|z|), and define ¢(t) := e~¥dt\ /yo(e~t). From (2.2),
(3.7), (3.2) and straightforward computations, it follows that

O
o(t) v

Let w(t) := (Z((:)) = (log ¢(t))’. Then Qy can be written explicitly in terms of w as

0= (28 + (59) -1+

With this representation for QQy/, one can prove that one has the factorization

Hg, +v3=DB*B, B:=-0,+uw(t), B* =0 +uwt).

(50)

Notice that (u, (Hg, + V;)U)Lz(R+) is always positive in H}(R;) since the second integral
only vanishes for u = c¢ with ¢ € C, but ¢(0) = 1/79(1) > 0, hence ¢ ¢ H}(R,). Therefore

Qv (1)

Consequently, for every u € H}(Ry), one has that

2
dt > 0.

(u, (Hay +12)0) 2z, = /0 = () + w(tu(t)[? di = /0 " (t)?

Specyp; (Hg, ) € (—1/300).

By Lemma 3.8, 0 is not an eigenvalue Hg, . By [Mar86, Lemma 3.1.1], for k € R the
solutions of —v” + Qyv = Kk%v, has two independent solutions v+ that behave as et for
t — 400, so k? € (0,00) can never be an eigenvalue of Hg,,. This ensures the absence
of embedded eigenvalues in [0,00) (since Qy € LL(Ry) C L'(R,), one can also apply
the classical result of Kneser-Weyl [Kne26, Wey10] —see also Simon [Sim19]— to prove the
absence of embedded eigenvalues in (0,00)). Hence, it follows that the point spectrum of
Hg,, must be contained in (—1/3, 0) if d > 2, and must be empty if d = 2.

It remains to prove that there is not a zero resonance when d = 2. Notice that

(Hg, +v3)¢p=0, d>2

1%
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so, if d = 2, we have Hg, ¢ = 0. Since ¢(t) = y/7(0) > 0 as t — oo, then

P(t,0) = (1),

~(0)
is the z = 0 Jost solution associated to Hg,, that was introduced in (3.8). The Jost solution

is unique and we have /v(0)1(0,0) = ¢(0) = \/70(1) > 0. This implies that 1(0,0) > 0
and that Hg, has no Dirichlet zero resonance. O

We can now prove Proposition 2.1.

Proof of Proposition 2.1. If V is given by (2.2), then V € L (B4, R), since y(z) > ¢ >0
in BY. From Theorem 3.4, Lemma 3.9, and Lemma 3.7 it follows there exists a solution
VB of the moment problem (2.4). This solution is unique as follows from [BCMM?22,
Equation 1.20], which is reproduced here in (2.11). Assertions i) and ii) are immediate
from Theorem 3.4, Lemma 3.7, and Lemma 3.9. Assertion iii) is proved in [DMMN24,

Theorem 5|. Finally, iv) is an immediate consequence of i) and ii). O

3.5. Explicit examples. Here, we present a family of conductivities for which the Born
approximation can be computed explicitly.

Let d > 2, u > 0 and v > 0. Define

1 ( 21 +yd—u)7 (d,v) #(2,0)

) v+uvg \ 1+ ar? w—v
v\T) = R o= ,
Ml—l—T‘Ql" (71/)_(a )

and note that pg . () > 0 for every r € (0,1).

Proposition 3.10. Letd > 2, u >0, v >0 (v >0 when d=2), and set
(3.12) V(%) = Pt (|2])%.

Then Y4, is a conductivity in W*P(B?) for some p > d/2 (every p when p > 1) such
that Yqu,|sa-1 = 1 and whose Born approximation is given by

VQ_ 2
( K )(|33‘|2V

—-1), v>0,
.13 Btey = L
1- 2 loglal, v=0,d>3.
Vq
Proof. Direct computation shows that:
‘$|2(u—1)

A o=V o V(z) = —8ula—T

In [DMMN24], it is shown that the Born approximation of V' is given by
VE(2) = 2% — 12)af2D.
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These potentials correspond, after performing the change of variables (3.2), to those studied
in [GS00, Section 11]. One can also check, by direct computation, that if 4B is given by
(3.13) then

AvE,, =2VP, AR, lse =1,
The claim then follows from relation (2.16) and uniqueness of solutions to the Poisson
equation. (]

This example illustrates some of the results in this section.

Remark 3.11.
i) The parameter —v represents the unique real resonance of Hg,, , (see [GS00|, case 2,
p. 636).
ii) The presence of the zero resonance for d > 3 results in a Born approximation 4" with
a logarithmic singularity at the origin (and V® with a |z|~2 singularity), as predicted
by Theorem 5 (see Fig. 1).
iii) In the case d = 2 and v = 0, there is a zero resonance and 72,0 is a degenerate
conductivity since it vanishes on S*. This is consistent with Lemma 3.9 ii).

3.6. VB and spectral asymptotics of A‘S/. To conclude this section, we prove a result
analogous to Corollary 3 in the context of DtN associated with Schréodinger operators.

Theorem 3.12. Let d > 2, p > d/2 and choose s € (0,1). For any two potentials
,Va € Lfad(IB%d,R) such that 0 ¢ SpecHé(Bd)(—A +V)), 5 = 1,2, the following are
equivalent.

Z) W‘Us - ‘/2’[]3

it) The following spectral asymptotics hold for A%l — A%Q :

ARV = NiVe] = 0(s*%), k= o
The proof is based on Lemma 2.4 and results from [DMMN24]|. In fact, following ideas

from that paper, one could remove the assumption 0 ¢ Spec Hl (Bd)(—A + V;) and assume
weaker regularity conditions than V; € LF (B R).

rad
Proof. Start by noting that (3.4) implies that
(3.14) MV = A [Va] = aw[VE = ViB], k> ko := max(ky,, k).
Then, if
F(z) = (V*(x) = V5 (2)) ™,
one has that F' € L. (B?). If assumption i) holds, then by [DMMN24, Theorem 2]
VBly. = V2|y., which yields F|y, = 0. Then, Lemma 2.4 implies that C' > 0 exists such
that, for every k > kg
‘O'k*ko [F” < 032(167160)7
which suffices to conclude ii) after noticing that oy, [F] = o[V{E — V).
To prove the converse, note that ii) implies, in view of (3.14) and (3.6), that o} [F] = O(s%*)

as k — 0o. Then, Lemma 2.4 implies F|y, = 0. As a consequence, VB|y, = VB|y, ae.
and [DMMN24, Theorem 2| implies that Vi |y, = Va|y, as claimed.
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4. STABILITY PROPERTIES OF THE BORN APPROXIMATION

4.1. Holder stability. In the Calder6n problem one can prove estimates of the kind
(4.1) I =l ooy < wic (1 = Al gaingrirmy) s 1w €K,

where K is a compact subset of LI(B¢), 1 < ¢ < oo, and wi is a modulus of continuity
[Ale88, BBRO1, CFR10, San13|. Assuming the set K only contains radial functions, this
becomes

171 =2l Lagey S wi (2115 [ Ak[1] = )\k[’YZH) ;M Eek
S

Due to the strong continuity properties of the moment problem, the previous estimate
implies
B B
(4.2) It = %2l ageey < wic (I0F = W llyespey)
provided that vy, v2 € KNW?2P(B?), for some p > d/2, and that v;|sa—1 = y2|ga-1. Indeed,
by Theorem 1 and (2.7) we have
1
[Ae[y1] = Aklre]l < ) ’Uk[ *72 | +5 IB,/nISd 1 — Oyy2lsa-1]

= 2 lonla0P - fy?)H +3 }UO[N% il

< sup |ox[AGY =) < [AGT =) apey < 102 =72 lwa ey -
keNy

It is well known that in general wi in (4.1) cannot be taken better than logarithmic when
K includes a ball in a Sobolev space, [Man01, KRS21]. Theorem 4 improves estimate (4.2)
to a Holder modulus of continuity, and gets rid of the assumption ~y;|gi—1 = Y2|gi-1.

4.2. Proof of Theorem 4. To get the estimate for the conductivity case, we use the
following lemma, and two stability results for the Schrédinger problem from [DMMN24],
which in turn are based on stability properties of the A-amplitude [DMMN24, Theorem
5.1]. Let 0 < s < 1 and recall the definition of U, in (1.8).

Lemma 4.1. Let K > 1, N >0, d/2 <p < 00, 0 < s < 1. There exist some constants
Ck Npds: Cx,Npd > 0 such that, for all v; € W, 20(Bd) | satisfying

rad
(4.3) K<) <K |llwesgsy <N =12,
then, if aj == 7yjlgi-1, bj := 29,7j|se1 one has the local estimate
Crnpas 1M = 22llw2awy < IVi = Vall i,y + lan — az| + [br — bal.
and the global estimate
O (I~ o+ =l 50y) < IV = Vol gy + o = a,
forﬁ—r(p Ty, with rq = d+2 ford>3,re:=(p+1)/2.

The proof of the lemma, is rather technical but standard. For the sake of completeness, we
include it in Appendix A.
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Theorem 4.2 (Theorem 3 of [DMMN24]). Let d > 2, d/2 <p < oo, and 0 < s < 1. For
all N > |Sd_1|1/p, there exist constants Cynps > 0 and 0 < dqp s < 1 such that, for all

Vi, Vo € LP (B4 R) satisfying
(4.4) ]n;?}é ”VJ‘HLP(US) <N, Hle - VQBHU(US) < bdyp,ss
one has
p—1
(4.5) Vi = Vallpi(u,) < Canp,s VPP — VQBH;E;JS) :

Theorem 4.3 (Theorem 4 of [DMMN24]). Let d > 2, d/2 < p < oo and M > d — 1.
There exists Cgarp > 0 and 0 < a < 1, depending only on M,d,p, such that for every

Vi, Vo € LP (B4 R) satisfying
1
, ST Hr p—d/2
0 P
L@ = vP@llal D do < 5,
one has
A0 I Vel < Cay ([ 8@ = VP@IM 2 0]

Lemma 4.4 (Lemma 5.6 of [DMMN24]|). Letd > 2, M >d—2, and d/2 < p < co. There
exists a constant B(d,p) > 0 such that if M > ((d, p) HVHLp(Bd), then

L VE@llal 2 de < 2085180, 0) [V ]

Proof of Theorem /. Since the conductivities are radial and (1.5) holds, by Lemma 2.2 i)
we have for some C' > 0 that

(4.8) a1 — az| + [b1 — ba| < C||77 — ’VzBHWQ,l(Bd) ,
where a; 1= vj[ga-1, bj 1= %8,,7]-|Sd71. Locally, the same bound holds:

C(d, s)
1_s HVF - fY%BHWQ,I(US) .

(4.9) \al—a2|+\b1—b2| <

Using the previous estimates, the theorem follows combining Lemma 4.1 with Theorems
4.2 and 4.3 as we now show.

Conditions (1.10) on 7;, j = 1,2 imply a corresponding bound for ||Vj||,, using that
A/ = Vj/7j, so the first estimates in (4.4) and (4.6) hold. We now consider the global
and local cases separately.

Proof of local estimate i). First we claim that for any given 0 < & < 1, there existsa 0 < § <
1 (depending on ¢, d, K, N, s) such that HVlB — V2BHL1(U y<¢€ holds if HvF — 'y;BHWQJ(Bd) <
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§ holds. This can be proved using (2.16) together with K—! < ~;(z) < K which imply
that

VP =V 11y = 12a0) 7 Qe VP = 209V5P) + aoVi (a7 = 05| o,
K
< E HAFY{B - AW?HLl(US) + |CL;1 - a51|’a2| HVYQBHLl(US) )

we now use that ]al_l — a2_1] < Cklai —as|, since K1 < a; < K, Lemma 4.4 to bound the
norm of V2 (the weight in the lemma is harmless since we are in Uy), and (4.9), to obtain

(4.10) |V - v < C(d,K,N,s) |77

HLl(US) _7§HW271(U5)7

which proves the claim. This proves that (4.4) holds, so that the conditions to apply

Theorem 4.2 are met. Inserting (4.10) and the local estimate in Lemma 4.1 in (4.5) yields
2=l
I = 2llw2a @,y < Onkdps |1 — 72B||124’}§,11(U5) + la1 — ag| + [by — ba.
Using (4.9) finishes the proof of the estimate.

Proof of global estimate ). Let M > d — 1. As in the local case we have
K
/ VP () = Vo ()| M2 o < / AP (@) = A (@) M) da
Bd Bd
Hlart = ayaaf [ VPO
Bd

By Proposition 2.1 iv) and (2.16), A'y;-?’ € L'(BY) for j = 1,2. Hence |z|M~(4=2) can be
removed in the first integral in the RHS since M > d — 2. Using Lemma 4.4, (1.10), (4.8)
and the same arguments used to prove (4.10) we obtain

(411> /];%d ’%B(x) - VQB({B)H‘CL“M_(C[_Q) dzx < C(dv K? N7 M) HPY? - 7;3“W2,1(Bd) )

for M large enough. We can now fix the value of M (the size of M depends on the bounds
on |[Vjllzp(gay, and hence on N that controls the size of conductivities). Therefore, there
exists a ¢ such that, if H'y{3 — V;BHWQJ(W) < 0 holds, then (4.6) holds. This proves that

the conditions to apply Theorem 4.3 are met. Inserting (4.11) and the global estimate of
Lemma 4.1 in (4.7) yields

B B
71— ’Y2HH1(Bd) + I = 2ellwe21 ey < COnkdp H’h 2 HWZ,l(Bd) + [a1 — aal.
The Holder exponent of this estimate is just the product of the one of Theorem 4.3, with
the one of Lemma 4.1. Finally, one can use (4.8) to bound |a; — as|, and that, for all
1<g<p,
(-1
I = 2llw2a@ay < Ondpallm =22l gay »

by interpolation, since H’yjHWQ,p(Bd) < N, with j = 1,2. This finishes the proof of the
Theorem. O
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APPENDIX A. PROOF OF LEMMA 4.1
Global estimate: In this proof, C' will always denote a constant that depends on d, p, K, N.
Let v = /71 — /2. Then, by (2.2) one has that —Av + Viv = —,/72(V1 — V2). Thus,

if u = vy, 1/2 , then V- (11Vu) = /7172(Vi — Vo), with u|ga-1 = 1 — y/72/71. By the
uniform bounds in the ellipticity of v;, we have

g S 9~ v+ - v

Using that the trace at the boundary is constant, and defining rqy := d%fZ for d > 3,
ro := (p+ 1)/2, we obtain by the Sobolev embedding that

- Hl B \/,WHHI(W) S VQHLW(W) - \/m"

H'/2(5B%)

which yields
c! H\ﬁl - \/’EHHl(Bd) <|[Vi— V2HLT'd(le) + la1 — as.
Now, from (4.3) one gets
HVJ'HLp(Bd) < CkN.

We use this and interpolation to go from 74 to 1 in the RHS:
(A1) c! H\Fh - \/%th(lgm) <|[Vi— V2H€[{(Bd) + la1 — a2

where 3 = -2 prdl)

We now want to show that Av € L"(B?) for some 1 < r < p. First we need to estimate
the vV term. If 1/q:=1/r —1/p

[vVill - < ”Vl”LP(IBd) ”UHLq(JBd) <C ”Vl”Lp(Bd) ||U||H1(Ed) )

by the Sobolev embedding, provided we can choose 1/g > 1/2 — 1/d. This gives us the
condition 1/r —1/p > 1/2 — 1/d, which is satisfied for any 1 < r < p if d = 2, or for
1 <r<2d/(2+d) when d > 3. In particular we can choose again r = r4, which yields

HA(\ﬁl - M)‘ L7d(Bd) S HV1HLP(B‘1) H\ﬁl - \/%HHl(IB%d) —+ \/?H‘/l - VV?”U”d(IBW) :
so the same interpolation as before in the RHS gives
C_l HA(\ﬁl - \/’7/»2)} L7d (Bd) < H\ﬁl - \/%HHl(IBSd) + ||‘/1 - V2”§1(Ed) .
Since r4 > 1, by Calderén-Zygmund estimates we have
H\Fl V72 = (Var — Vag) Hw2w(Bd <CHA Valte \/>)‘

where we have subtracted the constant function /a1 — /a2 to get a function with zero
Dirichlet datum in the norm in the LHS. Putting the previous two estimates together, it
follows that

CH v - \/’%HWQ’TCI(IBd) <|lv - \/%HHl(IBd) +V - VQHﬁl(Bd) + a1 — azl.
Combining this estimate with (A.1) gives

- <H\ﬁ1 - \/%HHl(IBd) + H\ﬁl - \/’EHWQJ(IBVI)) <|vi- V2H§1(Bd) + a1 — agl.

L7d (Bd) )
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To finish, we use that there exists a positive constant C' = Cjy, 4 such that
(Az) H71 - ’VQHHl(IB%d) + ||71 - 72||W2,1(Bd)

< (Vi = VAl geey + IV = VAl gay) -

This follows from the following two facts. First, 71 —v2 = ¥(,/7, — \/72), Where ¢ :=
V71 + /72 belongs to W?2P(B?). Second, if U is an open bounded set, one can verify that
multiplication by a function in W2P(U) with p > d/2 is bounded in both W2(U) and
HY\(U).
Local estimate: Let I, := [s,1]. If we define the radial profiles u;(r) and g¢;(r) by the
identities ¢;(|z|) = Vj(z) and u;(|z]) = \/7;(x), we have that
—r= @D, (P10, (1)) + g5 (r)ui(r) = 0.

If w:= u; — ug it follows that

(') =ty gi= quw+ (g — g2)u.

Therefore

A3)  w(r) = (w’(l)—/ltd_lg(t)dt>, w(r):w(l)—/rlw'(t)dt.

r

Thus

|0/l < Cas (1O glzay) s e gagry < Cas (I W1+ gl )

since w” (r) = #w’ — g. As a consequence, we have

HgHLl(IS) < Hw||L°<>(0,1) HQ1HL1(IS) + \/EH‘Jl - q2”L1(15) :

It remains to estimate [|wl| s, ), Which can be achieved using Grénwall’s inequality. Com-
bining the identities in (A.3) and changing the order of integration, one obtains

w(r) = w(l) + w'()h(r) + / J(r, ) (@ (H)w(t) + (qu(t) — ga(t))ua(t)) di.

Since h and J are uniformly bounded, respectively, in I; and I x I, one obtains

1
CHuw(r)| < lw(D)] + [w' (D] + llar = g2ll 1z, +/ [w(t)|lqu(t)] dt.
T
By Gronwall’s inequality, it follows that

o )] < (lw@] + 1w/ O] + o~ @l e (o) -
so that
CH wll e < Jw(D)] + [’ (D] + llar = a2l 11, -
Combining the previous estimates, we have shown that

c! (HwHLl(IS) + HwIHLl([S) + HwﬂuLl([S)) < ’w(1>‘ + ‘w,(l)‘ + H‘h - QQHLI(IS) :

To conclude, one can use the same argument as in (A.2).
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