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Abstract

We consider an inverse spectral problem for radial Schrédinger operators with singular potentials.
First, we show that the knowledge of the Dirichlet spectra for infinitely many angular momenta ¢
satisfying a Miintz-type condition uniquely determines the potential. Next, in a neighborhood of the
zero potential, we prove local uniqueness from two Dirichlet spectra associated with distinct angular
momenta in the cases (£1,f2) = (0,1) and (0,3). Our approach relies on an explicit analysis of the
associated singular differential equation, combined with the classical Kneser—-Sommerfeld formula.
These results sharpen a theorem of Carlson-Shubin (1994) and confirm, in the linearized setting and
for these configurations, a conjecture originally formulated by Rundell and Sacks (2001).

1 Introduction

Inverse spectral problems for Schrédinger operators play a central role in quantum mechanics and mathe-
matical physics, particularly in determining unknown potentials from spectral measurements. A classical
example arises when the Schrédinger equation is considered in three spatial dimensions with a spherically
symmetric potential in the unit ball of R3. In such cases, a standard separation of variables in spheri-
cal coordinates reduces the original partial differential equation to a family of one-dimensional singular
Sturm-Liouville problems of the form

—ZTZ + <W—;1) + q(r)) u = Au, r e (0,1), (1.1)
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where ¢ € N is the angular momentum quantum number, and the radial potential ¢ is assumed to be
real-valued and square-integrable on (0,1). This equation is supplemented with a Dirichlet boundary
condition at » = 1 and a regularity condition at the origin, typically of the form u(r) = O(r) as r — 0,
which ensures square-integrability of the solution and reflects the physical finiteness of the wavefunction
near the origin.

Such reduced radial problems are not only mathematically rich but also physically relevant. They appear
in a variety of contexts including quantum scattering in bounded domains, the study of acoustic modes in
stellar interiors, and in zonal decompositions of Laplace-type operators on spheres. See, for instance, [6],
217].

A foundational result in regular inverse spectral theory is the Borg—Levinson theorem, which asserts that
a potential can be uniquely recovered from the knowledge of the Dirichlet spectrum together with the
associated norming constants, (that is, the Neumann data of the associated eigenfunctions; see below for



further details). In the setting of singular Sturm-Liouville equations such as (1.1)), Carlson [6] extended
this result to include centrifugal singularities, establishing uniqueness under suitable conditions on the
spectrum and norming data.

However, these classical results rely crucially on the availability of norming constants. In contrast, the
present work investigates a different question, physically more relevant: can one determine the potential
q uniquely from the knowledge of the Dirichlet spectra corresponding to distinct values of ¢, without any
norming constants?

Before addressing this question, let us recall some spectral properties of the underlying operator. For each
fixed angular momentum ¢ € N and potential ¢ € L2(0,1), the Dirichlet spectrum is given by the zeros of
an entire function (the so-called regular solution; see Appendix |Al), and consists of a countable sequence
of simple, real eigenvalues {\¢(¢)}n>1 tending to infinity. These properties are well established in the
literature [3], [6] and form the basis for both direct and inverse spectral analysis in the radial setting.

This observation naturally raises the question of whether combining spectral data from distinct angu-
lar momenta can lead to uniqueness. Indeed, the spectrum corresponding to a single value of ¢ does
not determine the potential uniquely: the associated isospectral set is locally infinite-dimensional in
L?(0,1) [6, 11, 23, 28]. By contrast, Carlson and Shubin [5] showed that combining spectral data from
two distinct angular momenta ¢1 # /5 significantly reduces the ambiguity. In particular, they proved that
the corresponding isospectral set has finite local dimension when ¢ — ¢ is odd.

Rundell and Sacks [27] went further and conjectured that the potential is uniquely determined by the
Dirichlet spectra corresponding to any two distinct values of ¢, regardless of the parity of their difference.
This reflects the fact that the angular dependence introduced via the centrifugal term £(¢+1)/r? encodes
genuinely distinct spectral information for each angular momentum channel, which can be leveraged to
resolve the inverse problem even in the absence of norming constants.

Before turning to the more delicate case of two angular momenta, let us first consider the situation where
Dirichlet spectra are known for infinitely many values of £. Our first theorem is a global uniqueness result
and concerns the case where one knows the Dirichlet spectra for infinitely many angular momenta /¢
satisfying a Miintz-type condition. In fact, this result is a direct consequence of Theorem 2.1 established
in [24] in the framework of scattering theory; see also ([7], Theorem 1.4) for local uniqueness results
and [9] for an extension to magnetic fields. The proof of Theorem is given in Appendix |A|, where we
establish a correspondence between Dirichlet spectral data and scattering phases.

Theorem 1.1 (Global uniqueness). Let (€x)r>1 be a strictly increasing sequence of positive integers such

that
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Then the potential ¢ € L*(0,1) is uniquely determined by the Dirichlet spectra {M\e, n(q) tkn>1-

Having established this global uniqueness result in the case of infinitely many spectra, we now turn to the
more delicate situation involving only finitely many angular momenta. Because of its singular structure
and the nonlinear dependence of the spectrum on the potential, the full inverse problem poses significant
analytical challenges. A natural first step is to consider its linearization around a reference potential,
typically ¢ = 0. Let 9y, (z) denote the n-th normalized eigenfunction associated with angular momentum
¢ and potential g. Then the Fréchet derivative of the corresponding eigenvalue with respect to ¢ is given
by

1
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where ¢ denotes a perturbation of the potential, (see [27]). The norming constants are defined by
Y 1= (wz,n(l))z. In the linearized setting, the requirement that two potentials ¢ and ¢ yield the same
eigenvalues for two angular momenta ¢ # {5 implies that ( = ¢ — ¢ must be orthogonal to the family of
squared eigenfunctions corresponding to both ¢; and /5, evaluated at ¢ = 0.

In the unperturbed case ¢ = 0, the eigenfunctions of (1.1) can be expressed explicitly in terms of
Bessel functions of the first kind. Specifically, for each ¢ € N, the eigenfunctions take the form (up
to normalization)

r
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where J,, denotes the Bessel function of order v, and j, ,, is its n-th positive zero. These functions satisfy
Dirichlet boundary conditions at = 1, and regularity at the origin is ensured by the behavior J,(r) ~ ¥
as r — 0.

This leads to the problem of determining whether the span of the functions

{’(/J?’n(l') n> 17 le {(1,52}}

is dense in L?(0,1). Establishing this completeness property in the linearized setting is a first step in
order to prove the local uniqueness of the potential near ¢ = 0.

Even in the more favorable case where the angular momentum ¢ takes infinitely many values, it is not
known whether the vector space spanned by the functions ’(/Je (x) is dense in L?(0, 1), despite the fact that
the problem is expected to be highly overdetermined. Although global uniqueness can now be derived by
other methods, see Appendix [A] the following result remains of independent interest.

Theorem 1.2 (Completeness). Let ({x)r>1 be a strictly increasing sequence of positive integers such that
>
Pt Ly,
Then the family
{7 (@) k>1,n>1}
is complete in L?(0,1).
Independently of the completeness result, the asymptotic behavior of the eigenvalues imposes further
constraints on admissible perturbations. Specifically, as shown in [28, Proposition 3.1] (see also [27]

Eq. (2.10)]), for each fixed angular momentum ¢, the following expansion holds uniformly on bounded
subsets of L2(0,1):

1
Aen(q) = (n+ )72 + / a(x) dr — €0+ 1) + M (0), (13)
0
with (A (g ) ¢2(N). Thus, if two potentials ¢ and ¢ produce identical eigenvalues for large n, their
difference ¢ = § — ¢ must satlsfy

/Olg(x)dxzo.

This condition reflects the fact that the mean of the potential appears as the subleading term in the
asymptotic expansion and must therefore be preserved under any isospectral deformation.

We conclude this section with the main result of the paper. It shows that, in two specific cases, the
Dirichlet spectra corresponding to two distinct angular momenta uniquely determine the potential in a
neighborhood of the zero potential in the L2(0,1) topology.



Theorem 1.3 (Local uniqueness near the zero potential). For (¢1,42) = (0,1) or (0,3), the knowledge
of the Dirichlet spectra corresponding to angular momenta ¢ and ¢y uniquely determines the potential
q € L?(0,1) in a L*-neighborhood of the zero potential.

Remark 1.4. The case ({1,02) = (0,2) is also investigated in this paper. We show that the differential of
the spectral map (see Section 2 for its definition) is injective at ¢ = 0. We conjecture that this differential
1s an isomorphism. If this is the case, Theorem would also hold for (£1,€2) = (0,2) by the local
inversion theorem. We leave this question as an open problem.

Our approach is based on a detailed analysis of the spectral problem associated with for varying
values of ¢, in combination with the classical Kneser—-Sommerfeld expansion. This representation plays
a central role in establishing connections between the spectral data corresponding to different angular
momenta, and in proving completeness results that support uniqueness in the linearized regime. We
believe that this uniqueness result holds for any pair of distinct angular momenta (41, ¢s).

2 Strategy of the Proof

2.1 The spectral map

We define a spectral map involving the renormalized eigenvalues Xg,n(q) defined by the asymptotic ex-
pansion (1.3) and associated with two distinct angular momenta. We then prove that this spectral map
is an immersion at the zero potential and consequently locally injective at this point.

Let ¢1 # /5 be two fixed non-negative integers. Consider the spectral map
Sty e, 1 L2(0,1) — R x £3(N) x £&(N),
defined by )
Stuas@) = ([ a1 (oo @)1 Gran@),11)- 2.1)

The following proposition, proved in [28, Theorems 2.3 and 4.1] and based on (1.2)), states that the
spectral map is real-analytic and provides an explicit expression for its Fréchet differential at the zero
potential.

Before stating the proposition, we introduce the following notation.

Notation 2.1. The spherical Bessel function j, is defined by

jo(z) = %"’ T(2),  v=l+1,

where J, denotes the Bessel function of the first kind. For n € N, we set

_ j((ju,nx)
|| jl(jv,n ) ||L2(0,1)

gé,n(x)

Proposition 2.1. Let {1 # {5 be two fized non-negative integers. The spectral map

Sty 0n 2 L2(0,1) = R x 3(N) x (§(N)



is real-analytic. Moreover, for every ¢ € L?(0,1), its Fréchet differential at the zero potential is given by

dOSthz (C) = (<<7 1>7 (<C7g?1,n - 1>)n21’ (<Cvg?2,n - 1>)n21) s

where (-,-) denotes the scalar product in L*(0,1).

We now state the linearized uniqueness result in terms of the spectral map and its differential.

Theorem 2.2 (Injectivity of the differential of the spectral map). Let {1 # £ be two distinct non-negative
integers, and consider the spectral map

Sey ey 0 LP(0,1) = R x £3(N) x £3(N).
Then the Fréchet differential at the zero potential ¢ =0
doSe, 0, : L?(0,1) = R x £3(N) x 3 (N),
is injective, provided that (£1,02) = (0,1), or (¢1,42) = (0,2) or (¢1,¢3) = (0,3).

The proof of Theorem [2.2]is given in Sections 7-9.
As a byproduct of our analysis, we obtain the following theorem in the case ¢; = 0 and arbitrary /5.

Theorem 2.3 (Finite-dimensional kernel). Let ¢5 > 1. Consider
So.e, : L?(0,1) — R x (&(N) x (&(N).
Then the Fréchet differential of So ¢, at the zero potential ¢ =0 has a finite-dimensional kernel.

Sketch of proof. Our approach shows that any element of this kernel satisfies a homogeneous linear ODE
on (0,1), whose order and coefficients depend only on ¢5. The cases (¢1,¢2) = (0,1), (0,2) and (0,3)
are treated in detail in this paper, and the extension to arbitrary /o follows without additional dif-
ficulty. Consequently, the kernel is spanned by finitely many fundamental solutions and is therefore
finite-dimensional. O

Remark 2.4. This result extends Theorem 1 of Shubin—Christ [29] in the case ({1,02) = (0,1), as well as
the result of Carlson—Shubin [3, Theorem 1.1] in the case where {1 — {5 is odd, at the level of the Fréchet
differential at the zero potential ¢ = 0. In these works, the authors proved that the Fréchet differential
dySe, 0, has a finite-dimensional kernel for arbitrary potentials q. We conjecture that the same conclusion
holds for all pairs of distinct nonnegative integers £1 # {o.

We conclude this section with the following result, whose proof is given in Appendix [B]

Theorem 2.5 (Closed range). For { =1 or 3, the range of the differential map doSo ¢ is closed. More
precisely, in the case £ = 1, the range of the differential of the spectral map coincides with the whole space

R x (3(N) x (3(N).

Consequently, in the case (0,1), the standard local inverse function theorem in Banach spaces, together
with Theorem [2:2] and Theorem [2.5] implies Theorem [T.3] More precisely, in this case the spectral map
provides a local real-analytic coordinate system.

The case (0,3) is slightly different. For this reason, we recall below the following local injectivity re-
sult, which is a direct consequence of the mean value theorem and the open mapping theorem (see, for
instance, [I], Theorem 2.5.10).



Proposition 2.6 (Local injectivity). Let X and Y be Banach spaces, and let
S:UCcX —Y

be a C' map defined on an open neighborhood U of a point xo € X. Assume that the Fréchet differential
dz, S : X =Y is injective and has closed range. Then there exists a neighborhood V. C U of x¢ such that
S is injective on V.

Consequently, Theorem [I.3] follows from the previous proposition together with Theorem [2.2] and Theo-
rem [2.9)

3 The Kneser—-Sommerfeld formula

The so-called Kneser—-Sommerfeld expansion is a classical identity involving Bessel functions and their
zeros. It appears in Watson’s treatise [34] (Section 15.42), where it is stated as a Fourier—Bessel series
identity. However, as first noted by Buchholz in 1947 [3], and more recently clarified by Martin [19], the
formula given in Watson is incorrect: it is missing an integral term on the right-hand side.

This correction was independently rediscovered in 1981 by Kobayashi [13], who analyzed the same identity
and showed that Watson’s version could not be valid in general. However, a proper historical credit for
the correction belongs to Buchholz, whose 1947 paper already pointed out the failure and provided a
corrected structure.

In his detailed analysis, Martin [I9] confirms that a different version - found in earlier works by Kneser [14]
for v = 0, Sommerfeld [30] for integer values of v, and Carslaw [4] - is in fact the correct identity.
Surprisingly, Watson does not include this valid form, despite its mathematical consistency and symmetry.

The corrected version of the Kneser—-Sommerfeld expansion reads:

= Jo(@jun) v (Xjvn) 7 Tz z z) — z z
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valid for 0 <z < X <1, v € R, z # j, », where J, and Y, are the Bessel functions of the first and second
kinds, respectively, and j,, denotes the n-th positive zero of .J,.

The identity (3.1)) plays a fundamental role in the analysis of our inverse spectral problem.

3.1 An integral Green identity

In the next subsection, we will present a first completeness theorem for the inverse problem under consid-
eration. The argument relies solely on the moment formula (3.4) together with the Miintz—Szasz theorem,
and yields uniqueness under a rather restrictive vanishing condition on the moments.

So, we begin by considering a function ¢ € L?(0,1) that is orthogonal to the family of squared eigenfunc-
tions associated with a fixed angular momentum ¢ € N and vanishing potential. That is,

1
/ 2 C(2) [y Gy dz = 0, for all n > 1, (3.2)
0

where v = ( + % and j, , denotes the n-th positive zero of the Bessel function J,.



Our goal is to exploit the structure of the family {[J,, ( jyynx)]g} N using the Kneser—-Sommerfeld expan-
n>1
sion (3.1)), and to derive an additional integral identity satisfied by (.

To that end, we consider a weighted sum of the orthogonality relations (3.2) over all n > 1. By exchanging
the order of summation and integration (justified, for instance, by Fubini’s theorem), we obtain for all z
not equal to any zero j, :

/0 x((x) J,(x2) [J.(2) Yo (22) = Y, (2) Ju(22)] dx = 0. (3.3)

The expression inside the integral corresponds, up to a multiplicative constant, to the kernel appearing in
the corrected Kneser-Sommerfeld expansion on the diagonal © = X multiplied by J,(z). By a standard
continuity argument, this identity extends to all complex values of z.

Remark 3.1. The integral kernel appearing in (3.3) coincides with the gradient with respect to q of the
so-called regular solution evaluated at ¢ = 0 and x = 1 (see [28], Proposition 2.2). This observation is
consistent with Lemma A.3 of the present paper.

3.2 A first completeness result

In this subsection we prove Theorem [I.2] the completeness result stated in the introduction. Our strategy
is to establish first an integral identity, which will then allow us to deduce a moment condition. Combining
this with the classical Miintz—Szasz theorem ultimately leads to the desired completeness result, which
appears as a direct consequence of the final theorem in this section.

Recall that, as © — 0, the Bessel functions admit the following asymptotic behavior (see [17]):

J(z) ~ ﬁ (%)V Y, (x) ~ _¥ (i

Thus, taking the limit z — 0 in (3.3), we obtain the following closed-form expression:

) for v > 0.

1
/0 z ((z) (1—2*)dx=0. (3.4)

We can now state a first completeness result based on the classical Miintz—Szasz theorem ([20] 21} B1]). It
is worth emphasizing that, in the following theorem, no zero-mean condition is required for the function

C.

Theorem 3.2 (A completeness result). Let ¢ € L?(0,1) be a real-valued function satisfying for an
infinite increasing sequence vy, = {{) + %} of positive half-integers such that

=1
ZE = 4-00.
k=1

Then ¢ = 0 almost everywhere in (0,1).

Proof. Let {{;} C N* be the sequence of positive integers appearing above, with Y ;- i = 400, and
apply identity (3.4) with v, = 5 + % This yields, as k — +o0,

/leC(x)dx:O.



Plugging this back into (3.4, we obtain the moment identities

1
C(z) ¥ *2de =0 for all k € N.
0

By the classical Miintz—Szasz theorem, this implies that ¢ = 0 almost everywhere in (0, 1). O

As explained at the beginning of this section, Theorem immediately yields Theorem thereby
completing the proof of the first completeness result.

4 Transformation Operators

Transformation operators play a central role in our inverse spectral analysis. For the case ¢ = 1, such
operators were first introduced by Guillot and Ralston [I1] in their study of radial Schrodinger operators.
These operators were also used by C. Shubin Christ in [29]. Carlson and Shubin [5] extended this
construction to more general settings, and Rundell and Sacks [27] developed a systematic framework
valid for all integer orders £ > 1. Their method rewrites inner products involving Bessel kernels in terms
of trigonometric ones by means of suitable index-reduction operators.

We recall below two key lemmas due to Rundell and Sacks [27] (also used by Serier [28]). These lemmas
provide the basic tools for reducing the Bessel case to the trigonometric one and will be crucial for the
fine analysis of isospectral sets developed later.

Notation 4.1. Let v ={+ % for £ >0 and z € [0,1]. Define
e e
) = AP W) = L@ V),

where J,, Y, are the ordinary Bessel functions.

Lemma 4.1. [Rundell-Sacks [Z7]] For each integer £ > 1 and x € (0,1), define the index-reduction
operator

Sulf)(@) = fx)— 4La2 / L gy a. (4.1)
Then: )

(i) Sy is bounded on L*(0,1).

(ii) Its Hilbert adjoint is

. a0 [T,
Silal@) = ala) = =7 [ T gte) (42)
(iii) It induces a Banach isomorphism
L*0,1) = {z »—):E%}J',

with inverse " .
Algl(@) = 9(e) = s [ P a0rat (43)
0




(iv) If g = Se[f], then f and g satisfy
(20) 40 201y (26)
£ (@) + 2 e @) = 400 (), (44
(v) The operators commute pairwise:
S@Sm = Sme Vf,mGN.

(vi) The functions ®, and U, satisfy

b, = —SZ [(I)g_l], U, = —SZ [\I'g_l], (4.5)
‘I);z = -4 [@2—1]7 ‘I’Qf = —AZ[ 2—1]

We will also need the following complementary result (see Lemma 3.4 in [27]).
Lemma 4.2. If for ¢ > 1, f and g € L*(0,1), it holds g = S}[f] then, in D'(0,1), we have
(20+1) 40 (9p) (20+1)
§H(@) + Tg (@) = D ().

Proof. We follow the strategy of [27] for the proof of (4.4). We start from

o) = f(o) — ata™ [ ds, (4.7)
0
and differentiate once to obtain
g (x) = f(x) + 862221 / s f(s)ds — %f(m) : (4.8)
0

We then eliminate the integral term by considering %e x (4.7) + (4.8)) :

X o)+ @)= 21 + @) - 2 1)

This leads to
20g(x) + xg' () = =20f(z) + zf'(x) .

Differentiating again, we get
20+ 1)g'(z) + 29" (z) = (=20 + 1) f'(2) + 21" (2) ,
and iterating k times we obtain
20+ k)g™ (z) + 2g* T (2) = (=20 + k) f¥) (z) + 2 f* TV ().

Taking k = 2¢ and dividing by « achieves the proof of the lemma. O

We now consider the composite operator Ty, obtained by composing the index-reduction operators
S1,...,5¢, which carries Bessel kernels to trigonometric ones.



Lemma 4.3. [Rundell-Sacks [Z7], Serier [28]] Let us define Ty by Th = S1 and for £ > 2 by
T, = (—1)"1 8, Spy -+ Sy .
Then:
(i) Ty is a bounded and injective operator on L*(0,1). For any ¢ € L?(0,1) and z € C,

1 1
/ [2®y(2t) — 1] ((t) dt = / cos(2zt) Ty[¢](¢) dt, (4.9)
0 0
1 1
/ (=) C(t) di = 1 / sin(2:4) T,[C](t) dt . (4.10)
0 0
(i) Its adjoint satisfies
T/ [cos(2zx)] = 2®Py(zx) — 1, T} [—4 sin(2zz)] = Wy(za),
with ker(T}) = span{x?, x4, ... 2%},
(iii) Ty provides a Banach isomorphism
L2(0,1) = (kerT})™,

whose inverse is

Belf] = (1) A Agy - Ay[f].

Moreover,
®)(2x) = By[-sin(2z22)], Uy (2x) = By|—cos(2zz)].

5 Green’s identity via transformation operators

In this section, we shall use the transformation operators Ty to reformulate relation (3.3) in a more
convenient form. First, it is straightforward to verify that,

2 2
J(x2)? = — , J,, Y, =T .
(z2) — o(z2) (22) Y, (z2) — o(z2)
Substituting these into (3.3)) gives

Jl,(z)/0 Uy(zx) () de + Y,,(z)/o Dy(zz)¢(x)dxr = 0. (5.1)

Moreover, for functions ¢ orthogonal to the constants on [0, 1], i.e. satisfying fol C(x)dx =0, it follows

from that
1 1
2Jl,(z)/0 Uy(zz) ((z) de + Yy(z)/o (2®¢(zz) — 1) ((z)dz = 0. (5.2)

We now invoke Lemma i) together with the identity

Yo(2) = (~1) 1 (x)

10



to deduce that, for such ¢, (5.2) can be equivalently written as
1 1

J,,(z)/ Ty[¢)(x) sin(2zx) dx + (—1)° J,l,(z)/ Ty[¢](x) cos(2zz)dx = 0. (5.3)
0 0

We will now employ the half-integer Bessel functions and their associated polynomials Py and Q, (see [2]
10.1.19-20]). For £ =0,1,2,... and z € C,

2 .
Jopi(z) = p— [P@(%) sinz — Qu_1(2) cosz}, (5.4)
2
J_g1(2) = (=1)%/ - {Pg(%) cosz + Qu-1(2) sin z] . (5.5)
The polynomials P (t) and Q¢(t), each of degree ¢ in ¢, satisfy the three-term recursion
Pri(t) = (204 1)t Pi(t) — Pe—1(t), £>1, (5.6)
Qes1(t) = (20+3)1Qe(t) — Qe—1(t),  £20, (5.7)

with initial conditions

P(t)=1, P(t)=t, Q-1(t) =0, Qot)=1.
Note that P;(t) and Q¢(t) are even polynomials if £ is even, and odd polynomials if ¢ is odd.

As a concrete example, the simplest half-integer Bessel functions are

The next case corresponds to order i%:

2 (sinz 2 CoS 2 .
J%(z)— m( ~ —cosz), J_%(z)— E(— . —smz). (5.9)
The first few polynomials Py(t) and Q.(t) generated by the recursion relations are:
Po(t)*17 Q—l(t):()a
Pi(t) =t, Qo(t) =1,
! , o) (5.10)
Py(t) =3t -1, Q1(t) = 3t,
P3(t) =15t —6t, Qoft) = 15t — 1

From the foregoing we obtain the following;:

Proposition 5.1. Let ¢ € L?(0,1) be orthogonal to the constants and suppose further that for v =+ %,

1
/ xg(x)Jl/(jV,nx)le' =0, foralln>1.
0

Then for every z € C and every integer £ > 1,

/0 T,[¢](x) [Pg(%) cos(z((2z — 1)) — Q—1(2) sin(2(2z — 1)) | dz = 0. (5.11)

11



Proof. The result follows immediately from (5.3), (5.4) and (5.5)), by a straightforward application of
elementary trigonometric identities. O

Remark 5.2. In the foregoing we have relied on the transformation operators Sy and Ty defined for ¢ > 1.
For the case £ =0, (i.ev = %), one obtains an analogous reduction by using the explicit formulas (@

It follows that
Bo(z) = 1*#5(2@ Wo(z) = Lsin(2a).

Hence, under the hypotheses of Proposition it follows from (5.2) that
1
/ ((z) cos(z(2x — 1)) de =0 for all z € C. (5.12)
0

In other words, if one conventionally sets Ty = Id, then relation (5.11) also extends to the case ¢ = 0.

Remark 5.3. Note that if one multiplies (5.11)) by z° and then sets z = 0, it follows that for £ > 1,
1
/ T[¢)(x) dz = 0.
0

6 From Green’s integral identities to differential relations

Let ¢ € L%(0,1) be orthogonal to the constants and satisfy the hypotheses of Proposition Then,
for each integer ¢ > 0, we shall show that the integral identity (5.11) gives rise to a differential relation
satisfied by the transformed function 7}[(].

We introduce the reflection symmetry about the midpoint = = %, defined by the involutive map
o(z) =1-z.

This transformation naturally arises in several parts of the analysis, particularly when exploiting parity
properties. Throughout the paper, we refer to this symmetry simply as o.

6.1 The case /=0

By standard Fourier series theory, the relation (5.12)) implies that ¢ is an odd function with respect to
the midpoint zy = %, i.e.

¢(z) = —((o(x)) for almost every x € [0,1].

6.2 The case (=1
According to (5.10), and setting g = T1(¢) = S1((), equation (5.11)) for £ = 1 can be written as

1
/ g(z) [% cos(2(2z — 1)) — sin(2(2z — 1))} dx = 0. (6.1)
0

Now, we define

G(z) = /OI g(t)dt.

12



By Remark G(1) = 0, so using integration by parts, we deduce

/0 [2G(z) — g(x)] sin(z(2z — 1)) dz = 0. (6.2)

In other words, 2G(z) — g(z) is an even function with respect to x = 1.

6.3 The case ¢ > 2

Before stating the result, we briefly recall the notion of symmetry for distributions.

Definition 6.1. Let o(z) := 1 —x denote the reflection with respect to the midpoint of the interval [0, 1].
This map induces a natural action on distributions T € D'(0,1) via pullback, defined by duality:

(0T, ) :=(T,poo), for all ¢ € D(0,1).
We say that a distribution T € D'(0,1) is even if 0. T =T, and odd if 0,.T = —T.

Remark 6.2. There is a classical characterization of even and odd distributions on the interval (0,1)

using Fourier series adapted to the symmetry with respect to the midpoint x = 1

5
Consider the orthonormal basis of L?(0,1) formed by the functions

bn(x) == V2cos (mn(2z — 1)), n >0 and Y, (z) == V2sin (rn(2z - 1)), n>1.

FEach ¢, is even with respect to x = %, while each 1, is odd.

Then, a distribution T € D'(0,1) is odd with respect to x = % if and only if
(T, pn) =0 for alln > 1.

Similarly, T is even if and only if (T,1,) =0 for all n > 1.

Equivalently, a distribution T € D'(0,1) is odd with respect to the midpoint x = % if
(T,cos (2(22 —1))) =0 for all z € C,

and it is even if

(T,sin (2(2z —1))) =0 for all z € C.

We now introduce the following transformed polynomials:
~ s (1 ~ . 1
Py(z) =2, 2 Qe-1(2) = 2"Qu1 2

where Py(t) and Q¢_1(t) are as previously defined.

By construction, ﬁg(z) is an even polynomial for all ¢, while @g,l(z) is always odd, regardless of the
parity of /. We list below the first few examples:

Pl(Z):l, QO(Z):Za
f’g(z):?)—zQ, @1(2):32,
P3(2) = 15 — 622, Q2(2) = 152 — 23

13



We also introduce the differential operator

~ 1 d
Di=-2
2i dx’

so that for any polynomial R(z) =Y, axz", the corresponding operator R(l~)) acts on a function f via

R(D)f(x) =) ar(D"f)(z).
k

We now proceed by multiplying the identity (5.11) by z‘. Under the assumptions of Lemma we
obtain the following identity.

Lemma 6.3. Let ( € L?(0,1) satisfy the hypotheses of Lemma and let g := Ty[¢]. Then, one has
for all z € C,

/01 g(z) - [ﬁg(ﬁ) +iég,1(l~))} cos(z(2z —1))dz =0.

Remark 6.4. As a consistency check, let us consider the case £ = 1. In this case, one has

B(D) +iGo(D) =1+ 3

Thus, we obtain:

1 d 1
/0 g(x) (1 + ;dx) cos (2(2z — 1)) dx = /0 g(z) [cos (2(22 — 1)) — zsin (2(2z — 1))] dz =0,
as already observed in .

In particular, Lemma [6.3|implies that the distribution

(Pz(f)) - i©€—1(5)> g9(z)

is odd with respect to the midpoint z = %. This follows from the fact that E is an even polynomial,

while Q,_; is odd. i
We are now left with understanding more precisely the differential operator
(Pi(D) =i Qu-r(D)).
Using the recursion relations satisfied by the polynomials P, and Q, and introducing
Ag(z) == Pu(z) — i Qe-1(2),
we obtain the following lemma.
Lemma 6.5. For every integer £ > 1, the polynomials Z@(z) satisfy the recursion relation
Api1(2) = 20+ D Ay(2) + 22 Ap1(2) =0,
with initial values

Ao(z) =1,  Ai(z)=1-iz.
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At this stage, the polynomials Ay(z) have complex coefficients. To simplify the situation, we set Ay(t) =
A¢(£). We obtain the following result, which also holds for £ =0 and ¢ = 1:

Theorem 6.6. Let {A;(t)}ien be the sequence of polynomials defined recursively by

and for all £ > 1,
2
App1(t) = (204 1) Ay(t) + i A1 (t).

Suppose that ¢ satisfies the hypotheses of Lemma[5.4. Then, in the sense of distributions, the function

A¢(D)[Tu[¢]],

a
dx’

is odd with respect to the midpoint © = %

where D = 3

Remark 6.7. The next polynomials in the sequence are given by
Ar(t) = 32— 3143, A3(t) = P+ 32— L+ 15

Remark 6.8. The polynomials Ay are well known. More precisely, if 0, denotes the reverse Bessel
polynomial (also called the reverse Bessel polynomial of degree ¢), then

t

Ag(t) = 9¢<—2> , (€N,

see, e.g., [22, 18.34]. In particular, A, admits the explicit expansion

¢ C1\—k
Aty =) (lfefkl;)]!d ( 12)Z k. (6.3)
P k!

Moreover, Ay satisfies the following second order differential equation

tAY(t) + (T — 20) Ay(t) — £ Ag(t) = 0. (6.4)

7 Uniqueness result in the case / =0 and / =1

In this section, we assume that ¢ satisfies the hypotheses of Proposition for £ =0 and £ =1 and we
aim to show that ¢ vanishes almost everywhere on (0,1). For ¢ = 0, this assumption simply implies that
¢ is odd with respect to the midpoint x = % For ¢/ = 1, it means by Theorem that the function
A1(D)[Ty[¢]] is odd in the sense of distributions.

The aim is to prove that y = (' is a solution of a linear second-order differential equation on (0,1) and
satisfies the conditions
1y _ /(1) —
v(3) =v'(3) =0

It then follows that y vanishes identically on (0,1), and consequently ¢ vanishes almost everywhere on
(0,1), since it is an odd function.
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A straightforward computation yields

1
24,(D)[T1[¢]] (2) = 241(D)[S1[¢)] () = —¢'(a) + (2—4) ) - a2ze-1) | SOy

We further compute, for all z € (0,1),

6(e) = DD DK @) = A (D) DS} o) = (D) [¢" + 3¢ @)

where we used Lemma [4.1] (iv) with I = 1. Setting y := (’, we obtain for all z € (0,1),

Glz) = —%y"(x) + (1 _ 2) V(@) + (i + ;) y(@). (7.2)

x
Recalling that G is odd on (0, 1), it satisfies
Gx)+G(l—z)=0 (7.3)

in the sense of distributions. Since y is even, the identities (7.2) and ([7.3) imply that y satisfies a linear
second-order differential equation on (0,1). Moreover, since ¢ is odd, 3’ = ¢” is also odd and ¢’ (%) = 0.
Finally, evaluating (7.1) at = = 1, we obtain

y(z) =<' (3) = 24D T[] (3) — 6¢(3) =0
since both ¢ and A;(D)[T1[¢]] are odd functions on (0,1).

The function y thus satisfies a linear second-order differential equation on (0, 1), together with the con-
ditions y(%) =0 and y'(%) = 0. By the Cauchy-Lipschitz theorem, we conclude that y = 0. Therefore
¢’ =y =0, s0 (is constant. Since ¢ is odd with respect to z = % , this constant must vanish, and ( =0.
This completes the proof of the following completeness result.

Theorem 7.1. Assume that ( € L?(0,1) satisfies the hypotheses of Propositionfor {=0and {=1.
Then ¢ = 0 almost everywhere on (0,1).

In particular, this implies that the differential spectral map associated with the pair (¢1,¢5) = (0,1) is
injective.

8 Uniqueness result in the case { =0 and ( = 2

Throughout this subsection, we assume that ¢ satisfies the hypotheses of Proposition for both £ =0
and ¢ = 2 and we aim to show that ¢ vanishes almost everywhere on (0,1). As before, the condition for
¢ = 0 implies that ¢ is odd with respect to the midpoint = = % and for ¢ = 2, it means by Theorem
that the function A;(D)[T3[(]] is odd in the sense of distributions.

In order to prove that ¢ vanishes almost everywhere on (0,1), we follow the same strategy as in the
previous Subsection. The aim is to prove that y = ¢’ is a solution of a linear fourth-order differential
equation on (0,1) and satisfies the conditions

W3 = (3) =1"(5) =9 (1) 0.
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It then follows that y vanishes identically on (0,1), and consequently ¢ vanishes almost everywhere on
(0,1), since it is an odd function.

Let us set f := S1[¢] and g = —S5[f], so that g = T>[¢]. We now differentiate the expression Az(D)[g]
four times. Since the application of an even number of derivatives preserves parity in the distributional
sense, and since the operator As(D) commutes with differentiation, it follows that

As(D)[f D (@) + 51D (2)]

is odd, where we have used Lemma (iv) with £ = 2. Using again Lemma (iv), now with £ =1,
and substituting into the above expression, we obtain that the function A5(D)|F'| is odd in the sense of
distributions, where for all z € (0,1),

F() = (@) + = (D) + 25¢" (@)~ 53¢/ (@),

As in the cases £ = 0 and £ = 1, we now define y(x) := ¢’(z). Since ¢ is odd with respect to the midpoint
T = 7, it follows that y is an even function. Applying the differential operator 445(D) = D? — 6D + 12
to the function F', we define

2 d o 12, 24, 24
Gla) = 4a(D)F )] = (g3 -0 +12) (o9 4 204 = )
and we find:

Glo) = (-288 _ 432 288) o) + (%8 L8, 288) v (2)

x5 x4 x3 x4 x3 x2
96 72 144\ 7
e, 12 — 22} 4B
+<x3 x2+x>y()+< x) (z)
64 22, (5)
+ -6+ v () +y“W ().
By the symmetry result, we have that G(x) + G(1 — z) = 0 in the sense of distributions. This implies

that the function y satisfies a linear differential equation of order four, since the fifth derivative y® is
odd with respect to the midpoint x =

5
We now prove that y( ) ( ) ( ) =y® ( 1) = 0. First, since y is even, 3’ and y®) are both odd
and ¥/ (1) =y® (%) =o0. Recall that (see (3.9) in [27]), for all = € (0,1),

o(z) = Bd](2) = —C(x) — 120 / % dt + 247 / % dt

Applying the differential operator 445(D) = D? — 6D + 12 to g, we obtain for all x € (0,1),
; 12 48 72
145(D)g)() = — ¢"(2) + <6 - ) () + ( T 12) (@)
1
¢t C(t
+72(1— 2:0)/ % dt + 144z(x — 1)(2z — 1) / tT) dt.

Evaluating this expression at z = 5 and using that ¢ is odd and y = {’, we obtain

1
2
1
2

442(D)[9](3) = =¢"(3) =18 (5) = 60¢(3) = ~18y(3) -
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Since 445(D)[g](z) is odd, we therefore conclude that y(3) = 0.

Proceeding in the same way, we compute
DA =)+ (6= 2) @)+ (-Z+ Zo2) ')
v (24 + 22w+ (-
+ 864(2 / ¢ dt .
Recalling that ¢ is odd, y = ¢’ and y(%) =0, we evaluate at x = % and obtain
4D*A5(D)[9) (3) = =y (3) — 184" (3) +364/(3) + 768y(3) = —18y"(3) -

Since 4 D2 A3(D)[g] () is also an odd function, we conclude, as above, that y”(5) =0.

In conclusion, y satisfies a fourth—order linear differential equation with the initial conditions
1) _ 1y _
u(z) =0, v(E) =0 ¥ =0 V(G =0

The Cauchy-Lipschitz theorem then implies that y = 0. Since y = ¢’ and ¢ is odd, this in turn forces
¢ = 0. We thus obtain a completeness result in the case (¢1,¢2) = (0,2), in full analogy with the case

(gl,fg) = (0, 1):

Theorem 8.1. Assume that ( € L?(0,1) satisfies the hypotheses of Proposition for =0 and { = 2.
Then ¢ = 0 almost everywhere on (0,1).

In particular, this implies that the differential of the spectral map associated with the pair (¢1,¢2) = (0, 2)
is injective.

9 Uniqueness result in the case { =0 and / =3

Throughout this section, we assume that ¢ satisfies the hypotheses of Proposition [5.1] for both ¢ = 0 and
¢ = 3, and we aim to show that { vanishes almost everywhere on (0,1). As before, the condition for
¢ = 0 implies that ¢ is odd with respect to the midpoint =z = % For ¢ = 3, Theorem implies that the
function A3(D)[T3[¢]] is odd in the sense of distributions.

In order to prove that ¢ vanishes almost everywhere on (0,1), we follow the same strategy as in the
previous section. The only step where we rely on computer assistance is Step 3, where we provide a
computer-assisted proof.

e Step 1. We show that

(Vke{0.1,2}, D*A(D)[BL](3) =0) = (9),

where () denotes a triangular linear system involving the even-order derivatives of y = ¢’ at © = 1

2
uniquely determined by the single value y(3).
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e Step 2. We show that y satisfies a linear differential equation of order 8 on the interval (0,1). The
associated indicial equation at x = 0 has the characteristic roots

p=-21,3,5 6,7 —2+2iVI1.

e Step 3. A numerical investigation shows that the unique solution of this differential equation
satisfying (1) = 1 and whose initial data at z = § are prescribed by the system (S) exhibits a
pronounced blow-up as z — 07 and  — 1~. The numerical solution y(z) displays oscillatory growth
compatible with the Frobenius exponents a = —2 + 2iv/11. As a consequence, the corresponding
function ¢ fails to be square-integrable on (0,1).

e Step 4. We infer that all derivatives of y at z = % must vanish. It then follows that y = 0 on (0,1),
and consequently ¢ = 0 almost everywhere on (0, 1), since ¢ is odd with respect to the midpoint

1
l‘—z.

Step l.a: for all odd k € {0,...7},i.e., k € {1,3,5,7}, y®)(}) = 0. This is an immediate consequence
of the fact that ¥y is odd whenever k is odd.

Step 1.b. We derive a triangular linear system (.5) for the even-order jets of y at = % We follow the

strategy used in the previous section but as we will see, due to the increasing degree of the polynomial
Ay, we need to work a little more.

Step 1.b.i: using A3(D)[T3[¢]](3) = 0. Recall that (see (3.9) in [27]), for all z € (0,1),
h(z) = T3[¢](z) = ¢((z) — 2495/1 % dt + 120353/1 % dt —1202° /1 % dt .

Applying the differential operator 843(D) = —D? 4+ 12D? — 60D + 120 to h, we obtain for all = € (0,1),

SAu(D)H) = - <" (o) + (12 2) o+ (004 2 - 2R )

C(z) +1440(—2x + 1) /1 % dt

1
+ 720(20z% — 302” + 12z — 1)/ % dt

1440 ~ 2880 1200
+<120— + - )

2 3

x

1
t
+ 7200(—22° 4 52" — 42® + 2?) / % dt .

Evaluating this expression at z = % and using that ¢ is odd and y = ¢’, we obtain
845(D)[h] (3) = =¢"(3) = 36¢" (3) —348¢" (5) — 840¢(3) = =" (3) — 348y(3) -
Since 8A3(D)[h] is odd, we therefore conclude that
—y"(3) = 348y(3) = 0.
Step 1.b.ii: using D?A3(D)[T3[¢]](3) = 0. After some calculations we obtain :

8D A5 (D)) (4) = ~C)(3) — 36 (3) — 156" (3) +3384¢" (3) + 18432¢'(4)
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Since 8D? A3(D)[h] is odd, we therefore conclude that
—yW (1) —156y" (1) +18432y(3) =0.

Step 1.b.iii: using D*A3(D)[T3[¢]] (5) = 0. After some calculations we obtain :
8D*A3(D)[R] (%) = —¢7(3)—36¢@ (1) +36¢™) (3)+6072¢™ (1) —18432¢" (1) —294912¢" (1) +589824¢" (1) .
Since 8D*A3(D)[h] is odd, we therefore conclude that

—y O (1) + 36y (1) — 18432y (1) + 589824y (1) = 0.

Thus, in contrast with the case (0, 2), where for k£ € {0,1} one has
D*A,(D)L)(5) =0 = y*9(3) =0,
we obtain here
(Vhe{o.1,2}, D*A(D)[B[] (3) =0) = (9),

where (S) denotes the following triangular linear system:

y'(3) +348  y(3)

y (1) + 15637 (1) — 18432 y(1)

y© (1) =36y (1) + 18432y" (1) — 589824 y(3)
(3)-

)

0
0,
0

This system is uniquely determined by the single value y

Step 2 : y is a solution of a linear 8*M-order differential equation. Let us set f := S1[C],
g == S2[f], and h := Ss[g], so that h = T3[¢] = S35251[¢]. Using Lemma [4.1] (iv) with ¢ = 3, £ = 2 and

£ =1, we have

8

DOl = D°lg + 2 0lg) 5 Dl =D+ DOl DI = DI+ S DI

Then, we can write D°[h] as

5
D[n) = D°[C) + > ax(3) D*[C) (9.1)

k=1
where for all k € {1,...,5}, ax is a polynomial function. We now differentiate the expression A3(D)|[h]

six times. Since applying an even number of derivatives preserves parity in the distributional sense, and
since the operator As3(D) commutes with differentiation, it follows that the function

G :=8DSA3(D)[h] = 8A3(D)[DC[h]]
is odd. Using the expression of A3(D) given in Remark and the form of DS[h] given in (9.1), we
obtain that the odd function G can be written as

8
G(z) = (=D* + 12D — 60D + 120)[D°[¢ +Zak (@) = —=Dy[¢)(z) + Y bi(L) D*[()(x)

where for all k¥ € {1,...,8}, by is a polynomial function. Thus, since G is odd on (0, 1), it satisfies
G(z) + G(1 — ) = 0 in the sense of distributions. It follows that y = (' = D](] satisfies the following
linear 8*"-order differential equation on (0, 1):
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Lemma 9.1. Assume that ( € L?(0,1) satisfies the hypotheses of Lemma for (=0 and ¢ =3, and
set y(x) := ¢'(x). Then y satisfies the following differential equation

—y®)(z) +12 <

1 1
_ =21,
1)@

+ [—60 4144 (i + 1135) — 36 (;2 + (111,)2” vy ()

x
2880 ! ! -+ 7200 !
x5 (1 —x)° z3

1 1 1

1

+ 60480 (
| a8

in the sense of distributions on (0,1).

+ {—720 (i - 1ix> +576 (;2 - (1—135)2> +336 (; - (1—195)3)] y©® (x)
+

1 1 1 1 1 1
7(1 —x)4> — 2880 <$3 + 7(1 —x)3> — 3600 <x2 + 7(1 —x)2> + 1440 <x +

[ 1
_ 4 - 1 i
_60 80 (x7 a _x)7> + 103680 (xﬁ =y

1 1
P 103680 ( — + ——=
*(1@8)+ (ﬂ*(lz?

~ T ) + 8640 (;2 - (1193)2)] 4 (2)

) >+86400 (;5 — (1_13:)) + 34560 (14 — (

1 1 1
) ) + 86400 (176-1-(133)6) -+ 34560 (x5+ (

1

1—2x)5

The indicial equation at z = 0 associated with the differential equation of Lemma [9.1] takes the form

—(p=T)p—=6)(p—=5)(p—3)(p—

Consequently, the corresponding indicial roots are

p = _2a 17 37 5)

D(p+2) (p*+4p+48) =0.

6, 7, —2 £ 2iV/11.

Step 3: Numerical study of the solution. We numerically integrate the eighth—order differential

1

equation given in Lemma with initial conditions prescribed at z = 3, namely y(%) = 1 together

with the even derivatives y(?*

resulting solution y, which is even with respect to x = %, blows up at both endpoints x = 0 and =

21

(1) computed in Step 1, the odd derivatives being zero by symmetry. The

=1.

= )]

+ _23040 (xlﬁ + (1—1:c)6) + 34560 ( 5) + 21600 < (1—133)4> + 2880 (xls + (1_133)3>] y"(z)

)l
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Figure 1: Numerical solution y(z) on [1072, 1 — 10~2]. The oscillations visible on a logarithmic scale are
compatible with the complex Frobenius exponents o = —2 4 2i+/11 at the endpoints.

Guided by these indicial roots, we extract the boundary asymptotics at * = 0 by fitting 2?y(x) on
shrinking windows near the boundary. We obtain numerically

y(z) = % cos(2v11 Inz + ¢) + o(z™?), x— 0%,

with fitted constants
Co =~ 0.11325, ¢~ —2.79.

Refining the fit, we construct an explicit boundary approximation y,pp such that
Y — Yapp = 0(1), x— 0",

Based on the Frobenius analysis below, we introduce the following approximation near z = 0, retaining
all terms up to order o(1):

1
Yapp (T) = s {(AO + Az + AQZEZ) cos(2\/ﬁ In :17) 02)
+ (BO + Bix + Bzxz) sin(2\/ﬁ lnx)}, z— 07,

The fitted numerical coefficients are

Ay =~ —0.10617307, By~ 0.03940251,
|A1| S 1076, |B1| <1076,
Ay ~ —0.0923567, By ~ 0.3818868.

Theoretical Frobenius asymptotics. We recall that the indicial equation at x = 0 associated with
the differential equation in Lemma [0.1] has the following roots:

p=-2,1,3,5 6,7 p=—2+2VI1l.
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Using MATHEMATICA, we compute the Frobenius expansions associated with each indicial root. Trun-
cating the resulting expressions up to terms o(1) as x — 07, we obtain the following local expansion:

y(z) = A(%O - 120)

+ B2 VT (03750 + 1215V/11 + (65420 + 10474v/11))
+ C a2V (0375i 4 1215V/T1 + (65423 + 10474v/11)2?)
+ o(1), z =0T,

for some complex constants A, B,C. Note that the remaining Frobenius solutions associated with the
real roots p = 1, 3,5,6,7 behave like O(x) or higher powers of z, and are therefore absorbed into the o(1)
remainder.

Thus, taking either the real or the imaginary part of the previous complex solution y(x) yields a real
solution admitting the asymptotic expansion

y(z) = C—z(% ~120)
+ ;12 [(Cc + Co2?) cos(2V11 Inz) + (Cs + Cy 2?) sin(2v/11 In x)} (9.4)

+ o(1), r— 0",

for some real constants C_27CC7CS,5C,55. These constants are not independent: (C.,Cs) uniquely
determines (C., Cs) through the linear relation

.\ [ B B/
&) \lwm = |\e)

15 15

We also observe that the oscillatory modes do not contain any term of order z 1.

Comparison with numerics. Comparing with the numerical ansatz (9.2), we obtain the identifications

Ay=C., By=Cs, Ay=C., By=0C,.

Moreover, the Frobenius structure predicts that

The fitted numerical values satisfy |A;|,|B1| < 107°, which is fully compatible with this theoretical
prediction. Any nonzero values obtained at lower precision should therefore be interpreted as numerical
artefacts.

The numerical fit shows no evidence of a non-oscillatory =2 contribution, which suggests
C_o=0.
Identifying the leading oscillatory coefficients yields

C.~ Ay =~ —0.106173, Cs = By~ 0.039403.
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Equivalently, writing
C. COS<2\/11 lnx) + C4 sin<2\/11 lnx) =Ch cos(2\/ 11 Inz + ¢),

we recover

Cs
Co=+/C2+C2? ~0.11325, o= arctan(—g) ~ —2.79.

C

Finally, the Frobenius expansion implies that the constant-order oscillatory coefficients 50,55 are not
independent. Using the fitted values of C. and Cj, this relation predicts

cved ~ —0.0917,  CPd~ 0.3819.

These values are in excellent agreement with the numerical coefficients

Com Ay & —0.09236, Cs =~ By =~ 0.38189,

with relative discrepancies of approximately 0.7 % for C. and 3 x 1074% for C,. This quantitative
agreement provides strong numerical evidence for the presence of the quadratic correction in the oscillatory
Frobenius modes.

Role of the numerical analysis. At this stage, it is important to clarify the role played by the
numerical computations. They are used solely to detect that the solution y of the eighth—order equation
is not bounded near z = 0 and x = 1. This observation implies that at least one of the singular Frobenius
modes associated with the indicial roots

p=-—2 or p=—-2x20V11

is present in the expansion of y near the endpoints. No numerical information on the corresponding
coeflicients is required for this conclusion.

In particular, the proof that the primitive ¢ does not belong to L?(0,1) relies only on the qualitative
oscillatory behaviour induced by these Frobenius modes, and not on the explicit values of the constants
appearing in the asymptotic expansion. The numerical computation of the coefficients (C., Cs, C., Cs)
should therefore be viewed as an additional quantitative illustration, confirming the Frobenius structure

predicted by the theory.
Non—square integrability of the primitive. Let ( be a primitive of y, namely
x
(@)= [ ws)ds, we @)
1/2

At this stage, and for the sake of generality, we do not assume that C_s = 0. Integrating the leading
terms in the asymptotic expansion of y as = — 07 yields

_ 1200, N % —cos(2v/11 Inz + ¢) + 211 sin(2V11 Inz + ) + o), z -0t
€T X

()
Setting t = — Inx, we can rewrite this behaviour as

Cle™) =€t A(t) + O(1), t — 400,
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where the function A is bounded, periodic, and explicitly given by
C
A(t) i= =120 C_y + 2 (— ooVt — ¢) = 2VIT sin(2V11¢ - 9) ).

Since A # 0 and A is continuous and periodic, there exist constants § > 0 and ¢y > 0, and a sequence
t, — 400, such that
|A(t)| > co for all t € I, := [ty, tn + 9]

Consequently,
1 “+o0 “+oo
[re@Pae= [ jePeta= [P =+
0 0 0

because

400 tn+6
/ e A2 dt > Z/ e A2 dt > cgz/ el dt = +o0.
0 n JIn n Jtn

This proves that ¢ ¢ L?(0,1).
Step 4: Conclusion. We therefore conclude that one must take y(%) = (0. By the triangular system

(S), all derivatives of y at x = % up to order 7 vanish. The Cauchy—Lipschitz theorem then implies that
y=0on (0,1). Consequently, ( =0 on (0,1).

In particular, this implies that the differential of the spectral map associated with the pair (¢1,¢2) = (0, 3)
is injective.

10 Conclusion

The techniques developed in this paper rely on the Kneser-Sommerfeld formula. In the case (¢1,43) =
(0,3), the analysis required the use of computer-assisted numerical computations. Even with the as-
sistance of computer algebra, the study of the resulting differential equations already becomes rapidly
cumbersome in the cases (¢1,¢2) = (1,2) and (1, 3). Larger values of (¢1,¢s) currently seem out of reach,
which suggests that a more conceptual approach is needed.

We are nevertheless led to the following natural conjecture, originally formulated by Rundell and Sacks:
local uniqueness holds near the zero potential as soon as the Dirichlet spectra are known for two distinct
values of L.

A Proof of Theorem [1.1]

In this appendix, we briefly recall the scattering-theoretic framework underlying Theorem Through-
out this section, we fix the energy A € C and consider the radial Schrédinger equation

—u"(r) + (W; D, (j(r)) u(r) = Au(r),  r>0, (A1)

where ¢ denotes the extension of ¢ € L?(0, 1) by zero for r > 1E|

Tn the remainder of this appendix, we omit the hat notation and use the same notation ¢ for the potential in L2(0,1)
and its extension by 0 in L2(0, +00).
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For each v = £+ %, we denote by ¢(r,v,\) the regular solution of (A1), characterized by the boundary
condition )
o(r,v,\) ~ ¥tz r— 0. (A.2)

By definition, a solution of (B.1) is a C''-function whose derivative with respect to r is locally absolutely
continuous on (0, 4+00). For instance, when ¢ = 0, the regular solution is explicitly given by

wo(r, v, A) = 2V X7V2 (v + 1) i J, (VAr), (A.3)

where V/X is defined by the principal branch

The existence and uniqueness of a regular solution are ensured by the following theorem, proved in [15]
Lemma 2.2] (see also [16, Lemma B.2]) for locally integrable potentials ¢ on (0, 4+00) under the additional

assumption fo q(r)|dr < oo.

Theorem A.1. There exists a unique regular solution o(r,v, \) of satisfying:
(i) The map X — @(r,v,\) is an entire function of order 5.
(ii) There exists C > 0 such that for all r > 0 and X € C,

£+1
,
v <o — ISVl Ad
o) = € () e (A4)

(i1i) Moreover, there exists C > 0 such that for all v >0 and A € C,

041 r
lo(r,v, N) — po(r, v, A)| < C(M) el SVAIT /0 %dt. (A.5)

The Dirichlet spectrum associated with a fixed angular momentum ¢ (or equivalently v = ¢+ 3) is defined
as the set of values {A¢,(¢)}n>1 such that the regular solution satisfies the boundary condition

@(1,v, Aen(q)) = 0. (A.6)

Equivalently, the Dirichlet spectrum consists of the zeros of the entire function A\ — p(1,v, A).

It is well known that, for such potentials ¢ and for each fixed angular momentum ¢ € N, the associated
Dirichlet spectrum forms a countable sequence of simple, real eigenvalues {A¢,(¢)}n>1 diverging to
infinity. These facts are classical and can be found in [5 [6].

For instance, when ¢ = 0, the Dirichlet eigenvalues are explicitly given by
Aen(0) = j2 s (A7)

where j,,, denotes the n-th positive zero of J,(z). Recall that the Bessel function J,(z) admits the
classical Hadamard factorization

o)

2By convention, if A = [A|e?® with 0 € (-, n], then VX = \/|A[%9/2.
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As a consequence, the free regular solution evaluated at » = 1 can be written as

woﬂju,A)::fi (1—-,A>. (A.9)

2
oot Jon

Similarly, by applying Hadamard’s factorization theorem, (1, v, A) admits the following canonical prod-
uct representation:

Lemma A.2. For each fized v = ¢ + % and q € L*(0,1), the reqular solution satisfies
oL ) = Cole) X ][ (1-525)
) v L Az’n(q) I

where C,(q) # 0 is a constant depending on v and q, and m € {0,1} denotes the order of the zero at
A=0.

We next show that equality of the Dirichlet spectra implies equality of the regular solutions evaluated at
r=1.

Lemma A.3. Letv = + % and let q,§ € L?(0,1) be two potentials such that their Dirichlet spectra
coincide:

{Aen(@)tnz1 = {Aen(@) ozt (A.10)

Then the corresponding reqular solutions satisfy

e(Lv,Nq) =o(Lv, A1), VAeC. (A.11)
Proof. We denote by a tilde all quantities associated with the potential ¢, and, for brevity, we write
©(1,v,A; q) simply as ¢(1,v,A). Since the Dirichlet spectra coincide, we have m = . By Theorem
(with 7 = 1), for real A = k? and |k| — oo,

‘(p(Ly, A) —wo(1, v, )\)’ = (’)(|k’\_é_2). (A.12)
From the standard asymptotics of Bessel functions, one has as A — +oo,

0o(1,1,A) ~ ¢ k—f—lcos( —%—g), k=vVXeR. (A.13)

Choosing
kn = g(u + %) + 27mn, A = K2, (A.14)

with n € N, so that cos(-) = 1, we obtain as n — +oo,
e(Lv, An) ~ @o(1, v, An) ~ B(1,1, An). (A.15)

Therefore, using Lemma the leading coefficients coincide, that is, C,(q) = C, (), which completes
the proof. 0
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One can also define the Jost solutions f*(r,v,\) as the unique C' solutions with respect to r of (A1)
satisfying the oscillatory asymptotics

fEr v\ ~ eEiIVAT, r — +o00. (A.16)

The proof of this result is given in [I6, Lemma B.4] under the assumptions folr lg(r)|dr < oo and

ffoo lg(r)| dr < co. In particular, for A = 1 (which is the case considered in [7] and [24]), and for such
potentials supported in [0, 1], one has, for all » > 1 (see [16, Lemma B.3]),

FHrv1) = U S H (r) (A.17)
and

Fo 1) = e DE O (), (A.18)

where H,Sj)(r) denotes the Hankel function of order v. It is a fundamental observation that the Jost
solutions are entirely independent of the potential for all r > 1.

The pair of Jost solutions {f*(r,v,1), f~(r,r,1)} forms a fundamental system of solutions of (A.1]).
Hence, at the fixed energy A\ = 1, the regular solution can be written as

o(r,v,1) = av) fF(r,v,1) + Bv) f~(r,v,1), (A.19)
where a(v), B(v) € C are called the Jost functions.

We now recall some basic properties of the Jost functions (see [7] for details). They satisfy the conju-
gation relation a(v) = 8(v), and neither «(v) nor S(v) vanishes. This allows us to introduce the Regge
interpolation: o)
— in(v+3) HW)
ov)=e 30) (A.20)
Note that, following [25], the so-called phase shifts §(v) are defined as a continuous function of v € (0, +00)
through the relation
o(v) = e2i0(v)

The phase shifts become uniquely determined by imposing the condition 6(v) — 0 as v — +o0, and they
can be meromorphically continued to complex values of v.

Consider now a sequence ({j)x>1 of positive integers satisfying
1
> =+, (A.21)
e

that is, the Miintz condition. Then the following uniqueness result holds (see Theorem 2.1 in [24]): if
q,G € L*(0,1) are two potentials whose Regge interpolation functions coincide for vy = ¢4 + %, then

g=q ae. on (0,1). (A.22)
Assume now that ¢ and ¢ share the same Dirichlet spectra {As, n(¢)}xn>1- Since the Jost solutions
fE(r,v,1) never vanish (see [7, Lemma 4.2]) and are independent of the potential at r = 1, it follows

from (A.19) and Lemma that the corresponding Regge interpolation functions coincide for v, = €k+%.
This concludes the proof of Theorem [I.1]
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B Proof of Theorem 2.5

In this section, we prove that the range of the differential of the spectral map at the zero potential is
closed in the cases (¢1,¢3) = (0,1) and (0, 3) . Moreover, in the case (0, 1), we give an explicit description
of this range.

We first recall that in both cases (0, 1) and (0, 3), the differential of the spectral map at ¢ = 0 is injective.
Equivalently, the intersection of the tangent spaces to the corresponding isospectral manifolds at ¢ = 0
is trivial. Following the terminology of Shubin Christ [29] and Carlson-Shubin [5], we introduce

W = ToMy, N ToM,,,

where My denotes the isospectral set associated with the Dirichlet spectrum for angular momentum ¢.
Injectivity of the differential is precisely the statement that

W = {0}

Thus, in the case (¢1,f2) = (0,1), the first part of Theorem [2.5] follows from (|29], Lemma 5), while for
(41, 42) = (0, 3) it follows from the analysis carried out in the proof of ([5], Theorem 5.6).

We have thus shown that in the cases (¢1,f2) = (0,1) and ({1, £2) = (0, 3), the differential of the spectral
map at ¢ = 0 is injective and has closed range. In other words, the operator doSy, ¢, is semi-Fredholm
(see [12] p. 230]). Moreover, if an operator B is Fredholm or semi-Fredholm, then any compact perturba-
tion remains Fredholm or semi-Fredholm and the Fredholm index is preserved (see [12, Theorem 5.26]).
We now use these theoretical results to refine the analysis in the case (0,1). To this end, we set

™

Qy(2) =5 zJp1(2)® = (je(@))?.

First, we decompose the differential dySy, ¢, into two parts,
doSey 0, = Aty 0, + Koy o,

where we define

Ap e, (O) = <<<, D), ({6 226, ((n+F)7) = 1)) ,51s

(€. 200y (n+ 5)) - 1>>n>1) | 1)

and

Ko 0,(0) = (o, (G orn = 2@ (0 +5)7))) sy

(¢, 92,0 —2®0, ((n+ f;)w~)>)n21>. (B.2)

According to Theorem 2.1 and Corollary 2.2 in Serier [28], one has

. 1
”glg,n - 2q)((.]u,n ')HLQ(O,I) = O<7’L> .
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Since |®(z)| < Cp uniformly on R and
ZUM%,” —(n+ g)ﬂz < oo for any integer ¢,
n>1

it follows that 9
ZHan - 2(1)4((" + %)W')Hﬁ(o,l) < 0.

n>1

Therefore, by the Cauchy-Schwarz inequality, the operator Ky, ¢, is Hilbert-Schmidt, and hence compact,
from L?(0,1) into R x £2(N) x £2(N). As a consequence of the stability of semi-Fredholm operators under
compact perturbations, it follows that, for (¢1,¢2) = (0,1) or (0, 3) the range of Ay, ¢,, which is a compact
perturbation of doSy, ¢,, is also closed. Now, according to [27), Corollary 5.2], in the case (¢1,¢2) = (0, 1),

the family
(1 @+ 3)7) 1o (@0t §)7),,,)

is referred to as a basis of L?(0, 1)f] We define

For s = (f07 (fin)n>1, (f?,n)nZl) c L*(0,1),
where

fo(r) =1, fin(r) =28, ((n + %)m’) -1, fon(r) =2, ((n + %2)777“) —1.

The family 7y, 4, remains complete and algebraically linearly independent in L2(0, 1) . With this notation,
the operator Ay, ¢, can be written as

At (©) = (G ods (G Frm)nzts (G fom))uz1)

and is therefore injective. Recall that cgg denotes the space of finitely supported sequences. Since
R X cop X coo is dense in R x £3(N) x (3(N),

it follows from a straightforward algebraic argument that the range of Ay, 4, is also dense in R x (2 (N) x
/2 (N). Since this range is closed, as shown above, we conclude that

Ran Ay, s, = R x (3(N) x (3(N).

In particular, the operator Ay, ¢, is Fredholm of index zero.

Finally, since dpSp.1 is a compact perturbation of Ay 1, it follows that dySp ;1 is also Fredholm with the same
index. Because it is injective, it must therefore be an isomorphism from L?(0, 1) onto R x ¢2(N) x ¢3(N).
This completes the proof of Theorem [2.5

3This statement should be interpreted with care. In the sense of Gohberg-Krein [I0], this only means that the above
family is complete and w-linearly independent in L2(0, 1) This property does not, in general, imply that this family is a
Krein basis or a Riesz basis.
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