A SHARP REGULARITY THRESHOLD FOR UNIQUENESS
IN RIEMANNIAN CALDERON-TYPE PROBLEMS

THIERRY DAUDE, ALBERTO ENCISO, BERNARD HELFFER, NIKY KAMRAN,
AND FRANCOIS NICOLEAU

ABSTRACT. We prove a sharp regularity threshold for uniqueness in two anisotropic Calderén-
type inverse problems in dimension n > 3. The main setting is the Riemannian Schrodinger
problem with fixed scalar potential: for a prescribed nonconstant analytic function V, we
study whether the Dirichlet-to-Neumann map of —Ay, + V on a domain 2 C R" determines
the unknown metric g. The natural gauge is the group of boundary-fixing diffeomorphisms
preserving V. We show that, while analytic metrics are uniquely determined modulo this gauge
by a minor adaptation of the Lassas—Uhlmann reconstruction theorem, uniqueness fails densely
in every non-analytic Gevrey class G, 0 > 1. In fact, our counterexamples are not isometric
in the sense that they are not connected by the pushforward of any diffeomorphism of Q. We
also prove the analogous sharp threshold for the anisotropic Calderén problem at fixed nonzero
frequency, thereby upgrading the previously known finite-regularity counterexamples to Gevrey
and C* regularity. The two constructions use different scalar mechanisms: for fixed potentials,
the nonconstant potential itself provides a local coordinate, while at nonzero frequency one uses
a compactly supported prescribed-Jacobian lemma in Gevrey spaces. Thus analyticity is the
exact threshold for uniqueness in both problems.

1. INTRODUCTION AND MAIN RESULTS

Let Q C R™, n > 3, be a bounded connected C*° domain. This paper proves sharp regularity
thresholds for uniqueness in two anisotropic Calderén-type inverse boundary value problems
with zeroth-order terms. The first is a Riemannian Schrédinger problem with a fixed scalar
potential and unknown metric. The second is the anisotropic Calderén problem at a fixed nonzero
frequency, viewed in conductivity variables. In both settings, analytic coefficients are uniquely
determined modulo the natural gauge, while nonuniqueness is dense in every non-analytic Gevrey
class G, ¢ > 1, and hence in C*°.

We start with the fixed-potential problem. Let g be a Riemannian metric on Q, and let V be
a fixed real-valued scalar potential. We consider the boundary value problem

(1.1) (—Ag+V)u=0 inQ, ulon = f.
If 0 is not in the Dirichlet spectrum op(—Ay+ V), then for every f € H 1/2(9Q) there is a unique
weak solution. The associated Dirichlet-to-Neumann map is defined by the bilinear form

(1.2)  H2(0Q) x H2(0Q) > (f,h) — (Agv f, h) :/Q(Vu, Vv)ngg—l—/QVuvdVg,

where u satisfies (1.1) and v € H(Q) has trace h. For smooth coefficients and smooth boundary
data this agrees with the classical normal derivative d,,u|oq -

The natural gauge in this problem is not the full anisotropic Calderén gauge. If ¥ : Q — Q is
a diffeomorphism equal to the identity on 0f2, then
A\I’*97VO\I’_1 = Ag7V'
Thus, when the potential V is fixed a priori, the boundary data are invariant only under
boundary-fixing diffeomorphisms satisfying
VoU=V.

If V.= 0, this is the full boundary-fixing diffeomorphism gauge of the classical anisotropic

Calderén problem. If V' is nonconstant, the gauge is typically much smaller. One should note,
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however, that the counterexamples to uniqueness constructed below are in fact non-isometric in
a stronger sense: the two metrics are not connected by the pushforward of any diffeomorphism
of 2, whether or not it fixes the boundary or preserves V.

To our knowledge, this fixed-potential inverse problem has not previously been isolated as a
separate global Calderon-type problem. The metric is unknown, while the scalar potential is
prescribed. This places the problem between the classical anisotropic Calderén problem, where
the geometry is unknown and there is no zeroth-order term, and the inverse Schrédinger problem
on a fixed geometry, where the metric is known and the potential is unknown. Existing anisotropic
Schrodinger results usually concern recovery of the potential on a fixed or geometrically structured
background, for instance in conformally transversally anisotropic geometries [16,17,20]. Here the
potential is fixed and the geometry varies.

We use the standard PDE convention for Gevrey spaces. Let 2 C R™ be an open set and let

o > 1. For a multi-index a = (a1, ..., ) € N, we write
la] = a1+ -+ ap, al =aq! - ap!,
and
% =07t .- 0o 8<:i
1 n 7 8:31

The Gevrey class G7(£2) consists of all functions f € C*°(Q2) such that, for every compact set
K C Q, there exist constants C' > 0 and R > 0 such that

sup 0% f(z)| < CRI*l(al)?,
reK

for every multi-index oo € N™ .

Thus G*(Q) = C*(Q) is the analytic class. If  is a bounded C* domain, we define G°(Q) as
the space of restrictions to Q of G° functions defined in a neighborhood of Q. Accordingly, a

metric g € G7() means that the coefficients of g in the ambient Euclidean coordinates belong

to G7() .

For o > 1, the class is nonquasianalytic; in particular, compactly supported G° functions exist.
This localization property is the essential reason that the constructions below work for every
o > 1, but not in the analytic class.

The Gevrey norms used throughout the paper are introduced in Section 3.1; they induce the
topology on the Gevrey spaces considered below. In the C'°° setting, we use the usual Fréchet
topology. With these conventions in mind, our first main theorem is the following.

Theorem 1.1 (Nonuniqueness for fixed nonconstant potentials). Let n > 3, and let  C R™ be
a bounded connected smooth domain. Let

(g, V) e C¥(Q) (resp. (g, V) € C*(Q)),
where g is a Riemannian metric on Q and V is a nonconstant scalar potential. Assume that
0¢ UD(—Ag +V).

Then, for every o > 1, every G?-neighborhood of g (resp. every C°-neighborhood of g) contains
infinitely many pairs of metrics

91,92 € G7(Q) (resp. g1,92 € C(2))
such that
O¢UD(_AQJ‘ +V)7 j:172a
Agl,V - Agz,Va

but g1 and go are not isometric in the strong sense: there is no diffeomorphism ¥ : Q — Q such
that go = \I/*gl.
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Remark 1.2. When (g, V) is analytic, the notion of G? neighborhood can be made more precise
by stating that for any o > 1, there exists 7 > 0 with [g| 5 < 0o, (see Subsection 3.1 for the

definition of this seminorm) and there exist two sequences of uniformly elliptic metrics

(90)k=1,  (95)k>1 C G7(Q),
such that, for j = 1,2,
95 —gl,.g—0 ask— oo,

and, for every k > 1,
O¢UD(_Ag]?+V)7 j:1727
J

91> 91267‘/7

while the metrics g¥ and g4 are not isometric.

Remark 1.3. The restriction n > 3 is natural, since the conformal change

4/(n—2)

gc=2¢C g

appearing in Section 2.3 becomes singular in dimension n = 2. Moreover, the proof of the
previous theorem still works if the pair (g, V') belongs only to a Gevrey class G?(Q) with o > 1.
Indeed, the argument only relies on the stability of Gevrey classes under composition together
with an inverse mapping theorem in Gevrey classes; see, for instance, [32, Remark 1.4.7] and [21].
In particular, any sufficiently small nonconstant perturbation of the potential (both in size and

support) still destroys uniqueness in the Calderén problem.

By contrast, the analytic endpoint is rigid up to the natural gauge, as shown by a minor
adaptation of a result of Lassas—Uhlmann [23] that we present in Appendix A.

Theorem 1.4 (Analytic uniqueness for fixed potentials). Assume that Q has real-analytic
boundary. Consider a scalar potential V € C¥(Q), and let g1,g2 € C*(Q) be uniformly elliptic
real-analytic metrics. Assume that 0 ¢ op(—Ay, +V) for j = 1,2. If Ayy v = Ay, v, then
there exists a real-analytic diffeomorphism W : Q — Q with ¥|sq = Id such that go = V.g1 and

VoW =V.

Let us briefly explain the mechanism behind Theorem 1.1. Since V is analytic and nonconstant,
there is an interior box @) € 2 where dV # 0. In this box, V' can be used as one coordinate. We
choose a non-negative compactly supported Gevrey function u € G7(Q) and set c. = 1 + eu with
€ > 0 small enough. The conformal perturbation is g2, = cg/ (n=2) g. If z = c.v, the equation
(—Ag,. +V)v =0 is transformed into

<—Ag + V=) g Agc€> 2 =0.

Ce
The conformal perturbation alone does not preserve the effective potential. Indeed, unless ¢ = 1,
the transformed potential

Vel (n=2) 4 Agee
(> Cg
cannot coincide with V', (see Lemma 2.1). Thus the compensating diffeomorphism ¥, should
satisfy
VoW, =Vl =2 ¢ %.
€ Cg

The right-hand side is equal to V outside @ and is close to V for € small. Since V is a
coordinate in @, this equation is solved explicitly by changing only the V-coordinate. In
particular, no prescribed-Jacobian theorem is needed in the fixed-potential construction. The

non-isometry is detected by the total volume: if g1 . = (V. ).g, then Voly, _(€2) = Voly(Q2), while

dng,e = CE”/(”*Z) dVy, and u > 0 is chosen so that the total volume changes.
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We now turn to the fixed nonzero-frequency anisotropic Calderén problem on a bounded
smooth domain € C R"™. This is the direct continuation of the problem studied in [12]. For a
uniformly elliptic symmetric matrix-valued conductivity v, write

(1.3) Lyu=—div(yVu) ==V - (yVu).
Given A € R\ op(L,), we consider
Lyu=Au in €, ulon = f.

As in the Schrodinger case (see (1.2)) the Dirichlet-to-Neumann map is defined weakly by
(A2 f h) = / YV - Vodr — )\/ uvdr,
Q Q

where v € H'(Q) has trace h. For smooth coefficients and smooth boundary data this agrees
with the classical conormal derivative YVu - v|gq .

This inverse problem is a variant of Calderdén’s inverse boundary value problem [9], originally
motivated by electrical impedance tomography (EIT); see also the surveys [34,38]. Although
the physical EIT problem corresponds to A = 0, nonzero frequencies arise naturally in inverse
medium, inverse scattering, and viscoelasticity models; see for instance [4,8, 16, 28]. Related
frequency-dependent or partial-data questions appear in [7].

At zero frequency, the anisotropic Calderén problem has the full boundary-fixing diffeomor-
phism gauge. If ¥ is a diffeomorphism of {2 equal to the identity on 0€2, then Ay, .0 = A, 0,
where

DU(x) y(x) DU()T

(T = — 35 Dv@)

At nonzero frequency this gauge is smaller. If u solves =V - ((V,y)Vu) = Au, then u o ¥ solves
—V-(7V(uo¥)) = X det DV (uo ¥). Thus, for A # 0, the equation is preserved at the same
frequency only when det DU = 1. We write

SDIff(2) = {@ € Diff* () : W[y =1d, det DY = 1}.

The natural gauge for nonzero frequency problem for the Calderén problem is thus: if ¥ €

SDiff(€2), one has
A\I/*%/\ = A’y,)\ .

The classical zero-frequency anisotropic Calderén problem is known to have positive uniqueness
results in several important settings. In dimension two, global uniqueness for isotropic conduc-
tivities was proved by Nachman [27] and extended to lower regularity in [6]; the anisotropic two-
dimensional problem can be reduced to the isotropic one through isothermal coordinates [3,36].
In dimension n > 3, the isotropic problem was solved in the smooth case by Sylvester and
Uhlmann [35], with later extensions to rougher conductivities including [5,10,22]. For anisotropic
conductivities, or equivalently Riemannian metrics, the full smooth global problem remains
open in dimension n > 3. Positive results are known in the real-analytic category [23,24] and
in several conformally transversally anisotropic geometries [16,17,20]. Counterexamples and
obstructions are known in singular settings and for certain partial-data configurations; see for
instance [13-15,18,19] and the references therein.

The previous paper [12] showed that the modified nonzero-frequency uniqueness statement
modulo SDiff(Q) fails in every finite C* class. More precisely, for each finite k, one can construct
non-isometric C* conductivities, close to a prescribed smooth background, with identical DN
maps at a fixed nonzero frequency. The construction uses a conformal rescaling of the conductivity,
a prescribed-Jacobian diffeomorphism, and a determinant invariant to rule out equivalence.

Our second main theorem upgrades this result to a sharp infinite-regularity statement. Here,
Sym;" denotes the cone of positive definite symmetric n x n matrices.
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Theorem 1.5 (Nonuniqueness at fixed nonzero frequency). Let n > 3, and let Q C R"™ be a
bounded connected smooth domain. Let

v € C¥(Q; Sym;)) resp. v € C°°(Q; Sym,)
be a uniformly elliptic conductivity. Let Ao € R\ {0} satisfy
Xo & op(L,).

Then, for every o > 1, every G°-neighborhood of v (resp. every C°°-neighborhood of ) contains
infinitely many pairs of uniformly elliptic conductivities

Y172 € G7(Symyt)  (resp. 1,72 € C°(Q; Sym,)))
such that
)\0¢0-D([”Yj)7 j:1725

A’YL)\O = A72,>\07

but v1 and 2 are not isometric in the strong sense: there is no diffeomorphism ¥ : Q — Q such
that vo = W,1.

Again the analytic endpoint is rigid.

Theorem 1.6 (Analytic uniqueness at fixed nonzero frequency). Assume that 2 has real-analytic
boundary. Consider conductivities 1,72 € C¥(Q; Sym,}) and let Ao € R\{0} satisfy o ¢ op(L,)

for j =1,2. If Ay n, = Ay, 2, then there exists a real-analytic diffeomorphism ¥ € SDiff(§2)
such that yvo = Wy

Let us emphasize the relation between the two settings. The fixed-potential theorem is not a
reformulation of the nonzero-frequency theorem. If one rewrites the fixed-frequency conductivity
equation in terms of the associated metric g, (see Subsection 2.1), the potential becomes
Vy = —Ao| gﬂ_l/ 2 which depends on the unknown metric. In the fixed-potential theorem, by
contrast, V is prescribed independently of g. Thus, although the two results concern different
inverse problems, they reveal the same sharp regularity threshold: in the analytic class G = C*,
uniqueness holds modulo the natural gauge invariance, whereas nonuniqueness occurs in every
Gevrey class G with o > 1, as well as in the smooth category C°.

The fixed-frequency construction also uses a compactly supported prescribed-Jacobian lemma.
The prescribed-Jacobian problem goes back to Dacorogna-Moser [11], while Riviere-Ye [29]
obtained sharp Holder estimates for the deviation of the associated diffeomorphism from the
identity.

We do not use a global Gevrey version of that theory. Since our density is supported in an
interior box, the Jacobian step reduces to a compactly supported same-class Gevrey statement
with radius loss: solve V - X = f explicitly in the box and run a localized Moser flow.

Thus the two results illustrate the same phenomenon through different scalar mechanisms. In
the fixed-potential problem, the scalar correction is the prescription of V o W, solved using V' as
a local coordinate. In the fixed-frequency problem, the scalar correction is the prescription of
det DU, solved by a localized Jacobian construction. In both cases a zeroth-order term breaks
the full anisotropic gauge. Once that gauge is broken, analyticity remains rigid, while every
non-analytic Gevrey class admits dense nonuniqueness.

The paper is organized as follows. Section 2 recalls the metric-conductivity dictionary, the
fixed-potential gauge, and the conformal identities for both problems. Section 3 develops the
Gevrey tools, including the compactly supported prescribed-Jacobian lemma. Section 4 proves
Theorem 1.1. Section 5 constructs the fixed-frequency counterexamples. Section 6 proves non-
isometry via the determinant invariant. Appendix A recalls analytic uniqueness for Theorems 1.4
and 1.6.
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2. TRANSFORMATION LAWS AND CONFORMAL IDENTITIES

This section recalls the elementary geometric identities used in the two constructions. We
first discuss the fixed-potential problem, where the unknown is the metric g. We then recall the
corresponding formulas for conductivities at fixed nonzero frequency.

Throughout, 2 C R™, n > 3, is a bounded smooth domain. All diffeomorphisms are understood
to be smooth diffeomorphisms of the compact manifold with boundary €2, equal to the identity
on 0f) when this is stated. The identities below are written for smooth objects; the corresponding
weak formulations follow by the same change-of-variables arguments.

2.1. The metric—conductivity dictionary. Since throughout this paper we work on an open
subset 2 C R"™ equipped with the ambient Euclidean coordinates, all tensorial expressions below
are written in these fixed coordinates. If g is a Riemannian metric on €2, we associate to it the
conductivity
- U i
Vi = |g|"/2g".
Equivalently, in intrinsic terms, the corresponding conductivity operator coincides with the

Laplace—Beltrami operator:
= |g['? A

where £, was introduced in (1.3).

~Agu = —|g| 0 0pu)

Conversely, if v is a positive-definite symmetric conductivity, then the corresponding metric g is
determined by

1] _ |g ‘1/2 zg

Equivalently,
921172 = (det )1/,
and
”LJ = (det )~ 1/(%—2)72'3"
Thus the Riemannian volume den51ty of g, is
AV, = (dety)72 dx,  dz=dxy A~ Adz,.

This explains why the determinant functional

(2.1) s T(y) = / (det )Y/ gy
Q

is simply the Riemannian volume of (€2, g-) .

2.2. The fixed-potential gauge. Let g be a Riemannian metric and V' a scalar potential. We
write

Pg,V = —Ag + V
The Dirichlet-to-Neumann weak form was defined in (1.2).

Let ¥ : Q — Q be a diffeomorphism. The pushforward metric ¥,g is defined by
(s9)w(z)(n,C) = go(DY ', DT1C).
Equivalently, if 4 and ¢ belong to C°(Q), and w = u o ¥~1, then

/wa,w)%g V., = /g)(Vu,V(goo V), V.
The potential transforms as a scalar:

(U V) (U (x)) =V(z)or B,V =VoU¥ !,
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Therefore

Av.gw.v =Agy
whenever Ulgn = Id.

Consequently, if the potential V' is fixed a priori, the natural gauge group is
Diffg(%; V) = {¥ € Diff*(Q) : Wlpp =1d, VoI =V}

This is the full boundary-fixing diffeomorphism group when V' is constant, and is typically much
smaller when V' is nonconstant.

2.3. The conformal identity for the fixed-potential problem. Let

4/(n-2)

ge=2cC g with ¢ > 0.

Then
dVy, = A/ (n=2) dVy, (Vv, V), dVy, = Vo, Vip)gdVy.
Equivalently, in divergence form, for v € C°, —A4 v 4+ Vv = 0 is the same as
—divy(c*Vv) + VA =2y = 0.
Set z := cv. Using
divy(2Vv) = cAyz — 2 Aye,

we obtain that
A
(2.2) (=Ay + Vv =0 iff (—Ag + V2 4 Cgc) 2=0.
Thus a conformal perturbation of the metric changes the potential from V to Vet (n=2) 4 Agc/c,

which we call an effective potential.

Lemma 2.1 (Localized conformal factors change the effective potential). Let n > 3. Let
Q C R™ be connected, let g be a smooth Riemannian metric on Q, and let V€ C>(Q)). Let

c € C*(Q) be positive and assume that c =1 and 9,,c = 0 on a nonempty open subset of JS2.

Set g. = V"2 g If, after the conjugation z = cv, the Schridinger operator on (Q,gc) has the
same effective potential as the operator on (€2, g) in the sense that
Agc
(2.3) Vet L 290y i Q)
c

then ¢ = 1 on Q. In particular, any nontrivial conformal factor ¢ which equals 1 near 02
necessarily changes the effective potential away from V .

Proof. The condition (2.3) is equivalent to
(2.4) Age+V (c("+2)/(”_2) - c) =0.
Set d = ¢ —1. Then d vanishes on a nonempty open subset of €2, and since Ayzc = Ayd, equation
(2.4) gives
Agd+V (c("+2)/(”_2) — c) =0 in €.

Consider the scalar function

(n+2)/(n—=2) _
0(a)::a a’ a>0, a#l.

a—1

The apparent singularity at a« = 1 is removable, so that § € C*°((0,+00)). Since ¢ > 0 and

c € C™(Q), it follows that
q(z) := V(x) 0(c(x))
belongs to C*°(2). Therefore,

Agd+q(x)d=0 in Q.
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Since ¢ is bounded, boundary unique continuation for linear second-order elliptic equations
implies that a solution whose Cauchy data d and 0,,d are zero on a nonempty open subset of 9f2
must vanish identically on the connected domain €2, (see, for instance, [37] or Subsection 5.4
of [26]). Hence d = 0 and therefore ¢ = 1. O

Proposition 2.2 (Fixed-potential conformal-diffeomorphism identity). Let g be a smooth metric,

let V' be a smooth potential, let ¢ > 0 be smooth with ¢ =1 near 92, and let ¥ € Diff**(Q) satisfy
U = Id near 99). Assume that

(2.5) Vol =vVe/n=2 4 Bgc in .
c

Then

(2.6) Aasm-2gy = Aw,gv -

Moreover, 0 is a Dirichlet eigenvalue of —Ac4/(n_2)g + V if and only if 0 is a Dirichlet eigenvalue
Of —A\y*g + V.

Proof. Let v € C°°(Q2) solve (=A /-2, + V)v =0 and f :=v|sq. Set z = cv. Since ¢ =1
near 02, z has the same boundary trace f. By (2.2)—(2.5),

(—Ayg+VoWw)z=0.
Therefore w = z 0 U™! solves (—Ag,, + V)w = 0. Since ¥ = Id near 99, w|sq = f. This gives a
bijection of solution spaces, and hence the spectral assertion.

The equality of DN maps follows from the same calculation in the weak form. If » € H ()
has boundary trace h, test the (V,g,V)-equation with (c¢r) o W= . Changing variables gives

[ Ve,V ((er) 0 ¥ u.g Vg = [ (72 V(er)), vy,
and
/QVw((cr) o U Y dVy,, = /Q(V o W)c*vrdV .

4/(n—2)

Comparing this with the DN form for ¢ g, the difference is

/Q<Vc, V(cvr))ydVy + /Q {(V oW)c? — Vc2"/(”_2)} vrdVy .
Since ¢ = 1 near the boundary, integration by parts gives
/Q<Vc, Vicvr))gdVy = — /Q(Agc) cordVy.
Multiplying the compatibility condition (2.5) by ¢? yields

(Vo) — Ve (=2 — cAye,

since 4/(n —2) + 2 = 2n/(n — 2). Therefore the sum of the gradient term and the potential-
difference term vanishes identically, and (2.6) follows. O

Remark 2.3. Lemma 2.1 shows that the diffeomorphism in Proposition 2.2 plays a genuine
compensating role and is not merely the standard boundary-fixing diffeomorphism invariance of

the problem. Indeed, writing
V= Ve =2 4 7A907
c
one cannot have V., = V for a nontrivial localized conformal factor ¢ satisfying ¢ = 1 on an
open subset of Q (for instance, on a boundary collar). Thus a localized conformal deformation
necessarily changes the effective potential. The diffeomorphism ¥ is introduced precisely to
compensate for this change through the compatibility condition

Vol =1,

which is the fixed-potential analogue of the Jacobian compensation mechanism appearing in the
fixed-frequency conductivity construction.
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2.4. Pushforward of a conductivity. Let ¥ : Q — Q be a diffeomorphism. The pushforward
conductivity is

X X X T
(2.7 (L)) = PHE IS

Equivalently,

DV~ DUT .
Uoy=|——ra— | oW L.
- < [det DY )O

The following elementary transformation law is the basis of the compensating mechanism used
in the construction.

Lemma 2.4 (Fixed-frequency transformation law). Let u solve

(2.8) —V - ((T.y)Vu) = Au in Q.
Setu=uoW. Then
(2.9) V. (AV@) = A|det DU|T in Q.

Conversely, if i solves (2.9), then u =10 ¥~ solves (2.8).

Proof. Let v € C3°(£2) and set v = v o W. Changing variables y = ¥U(z), one obtains

[ @@Vu0) - Fyow)dy = [ A(@)Viita) - Vi) do.
Q Q
On the other hand,

/ Muly)o(y) dy — / Al det DU (2)| (2)5(x) da
Q Q
The weak formulation gives the result. O

As an immediate consequence, if |det D¥| = 1, then ¥ preserves the equation at the same
frequency. Thus the natural gauge group at A # 0 can then be written as

SDIff () = {W: 02— Q: W]y =1d, det DV =1}

Proposition 2.5 (Invariance under SDiff(Q?)). If ¥ € SDiff(Q2) and A ¢ op(L,), then
Ay oy =7y

Proof. Since det D¥ =1, Lemma 2.4 gives a one-to-one correspondence between solutions of
Ly, u = Au and solutions of L(uo W) = A(uo V). Because ¥ = Id on 0f2, the boundary traces
agree. The weak DN forms are also equal by the same change of variables. ([l

For a general boundary-fixing diffeomorphism, |det DW| appears in the equation. The confor-
mal construction below is designed to produce precisely this factor.

2.5. The conformal identity. Let ¢ > 0 be smooth, and let v be a function. Set z = cv. Then
V- (2yVv) =cV - (yVz) =2V - (4Ve).
Equivalently, if
—V - (AyVv) = v,
then z = cv satisfies
(2.10) V. (yV2) = (?2 _ %v - (wc)> .
Now suppose that ¢, f, and X satisfy the compatibility equation

(2.11) V'(’ch)+)\<c—i+cf>:0.
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Dividing by ¢, this gives

1 1

Vv =-A(1-5+1)

c c
Substituting into (2.10) yields

(2.12) —V-(yVz) =1+ f)z.

Thus the conformal factor converts the equation for ¢y at frequency \ into an equation for
with density (1 + f) on the right-hand side. Equations of this type were for example studied by
Alessandrini in connection with Courant’s nodal domain theorem; see [1].

2.6. The conformal-diffeomorphism identity. The next proposition is the algebraic core of
the construction.

Proposition 2.6 (Conformal-diffeomorphism mechanism). Let ¢ > 0, f, and VU be smooth and
suppose

Ulpo=1d, detDT =1+ f > 0.

Assume also that

(2.13) c=1, YWVe-v=0 ondQ,
and that (2.11) holds in Q. If A ¢ op(L2,), then A & op(Ly,~) and
(2.14) Ay = Ag.yr-

Proof. Let v solve =V - (¢*yVv) = v with v|gqo = h. Set z = cv. Since ¢ = 1 on 99, we have
zloq = h. By (2.10)-(2.12),

=V -(7Vz) = A1+ f)=.
Since det D¥ = 1 + f, Lemma 2.4 implies that w = z o ¥~! solves —V - ((V,y)Vw) = Aw.
Moreover, ¥ = Id on 09, so w|sq = h. This gives a bijection between solutions for L., and
Ly,~, hence the spectral assertion.

It remains to compare the DN forms. Let r € H*(Q) have trace k. For the W,~y-problem, use
the test function w = (c7) o =1, Then w|pg = k. Changing variables gives

/Q(\I/*V)Vw Vwdy = /Q’)/VZ -V(er)dr,
and
/ wwdy:/ zer(1+ f)dx.
Q Q
Therefore
(Ag 42D, k) = /Q'yV(cv) -V(er)dz — )\/Q(l + f)Pvrdz.

We compare this with

RN /QC2’YV7) -Vrdxr — )\/er dx .
The difference of the two expressions is
(2.15) /§27VC~V(cvr)dm—)\/Q((1+f)c2—1)vrd:z:.
Using vVe - v = 0 on 012, integration by parts gives

/Q’ch- V(icvr)de = —/QV -(yVe)evrds.
The compatibility equation (2.11) gives

~V-(yVe)e= M1+ )2 —1),
hence the difference (2.15) is zero, and therefore (2.14) holds. O
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In our application, ¢ = 1 in a full collar of 92, so both boundary conditions in (2.13) are
automatic.

2.7. Scaling the frequency. We shall also use the following elementary observation. For any
constant s > 0,

Lsy =5sL,,

which implies

A
Lsyu = u <= Lyu= ?Ou.

At the level of DN maps,
(2.16) As*y,)\g = SA'y,)\o/s .
Thus, if two conductivities ay, ag satisfy Ag, . = Ag, . and if s. = Ao/ > 0, then

Assah)\o = Assa27>\0 :

This allows us to first construct equality at a nearby frequency ., and then rescale both
conductivities to recover the prescribed frequency Ag.

3. GEVREY PRELIMINARIES AND A LOCAL PRESCRIBED-JACOBIAN LEMMA

This section contains the only Gevrey-specific part of the proof. For details on Gevrey spaces,
see e.g. [32]. Our main result is a compactly supported prescribed-Jacobian lemma: if a small
density perturbation h is supported in an interior box @) € €2, has zero integral, and is Gevrey of
order o > 1, then one can find a Gevrey diffeomorphism ¥, equal to the identity near 92, such
that det DU =1+ h.

The point is that this is a local statement: we do not solve a global divergence problem on {2,
and no Gevrey regularity of the boundary is used.

3.1. Gevrey norms. Let QQ C R" be an open set, let ¢ > 1, and let 7 > 0. For every compact
set K € Q and every u € C*®(12), we define the Gevrey seminorm

|al

T

(31) ’u‘a'77—7K = Z > |6°‘u|Loo(K).
QGN" (a!)

For vector- and matrix-valued functions, the seminorm is defined by summing over the components.

We say that u € G7(Q) if, for every compact set K € €, there exists 7 > 0 such that
|u|g.r. ik < 00. Equivalently, u € G7(2) if for every compact set K & (2, there exist constants
C > 0 and R > 0 such that

|0%u()| < CRI (),
for every multi-index o € N and every x € K . In particular, G'(Q) = C¥(Q) is the analytic
class.

If © C R"™ is a bounded domain with smooth boundary, the space G” () denotes the space of
restrictions to  of G? functions defined in some neighborhood of €.

Fix an open neighborhood U of  and let 7 > 0. For a function u € C*°(U), we consider the
Gevrey seminorm (3.1) on €,

ul, ,q < oo.

This seminorm induces a natural metric topology on the corresponding Gevrey class. In the
statements below, a “G?-neighborhood” always refers to a neighborhood with respect to one of
these seminorm topologies.

If Q € Q, then GZ(Q) denotes the space of compactly supported G? functions in @ .

The parameter 7 is called a Gevrey radius. In the estimates below, differentiation, composition,
and flow maps may require decreasing 7 .
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3.2. Basic Gevrey calculus. We record the elementary estimates used later, (see [32]).
First, for o > 1, the Gevrey class G is an algebra. More precisely, for every pair (K, 7), one
has
(3.2) [0 ]o7 10 < |ulor K |V]o1c -
Second, if |h|s -k < 1, then
1

1
‘1 +h o,,K T 1- |h|077'7K ’

by the Neumann series and the algebra estimate.

More generally, if F(z) = 3,50 an2™ is analytic for |z| < R, and if |h|,,x < R, then
F(h) € GZ(K) and
[F(W)lorac < D7 lam] [Blg -
m>0
This will be used for powers such as (1 + eu)®.
Third, derivatives cost radius, namely if 0 < 7/ < 7, then
|8ju|0,7",K < CU,T,T’|U|U,T,K7
where one may take
1 7\t
Cor7 = —supm’ () < 00.
T m>1 T
This radius loss is important later when estimating terms such as V - (7Veg).

Finally, for ¢ > 1, compactly supported G° cutoffs exist. This follows from the Denjoy—
Carleman non-quasianalyticity condition for the weight Mj = (k!)?, (see [33] for instance):

IR P

E>1 M, E>1

This is the only essential use of the strict inequality o > 1. At o = 1, the class is analytic, and
compactly supported analytic functions vanish identically.

3.3. A compactly supported right inverse for divergence on a box. A standard approach
to the divergence equation consists in solving the Neumann problem

Au = f, dyu =0,

and then setting X = Vu. This yields Gevrey regularity under appropriate assumptions on
the boundary regularity, but does not provide any control on the support of X, even when f is
compactly supported. To retain precise support properties, we instead use an explicit localized
construction on a box. Let Q = I x --- x I, € Q with I; = (a;,b;). Choose one-dimensional
cutoffs 0; € GY(I;) with |, I 6;(s)ds = 1. After decreasing the Gevrey radius if necessary, assume

@j = wjfgmjj < 0.
We first recall the elementary antiderivative estimate. If
zj
(Zj9)(x) :/ g(T1, .08, xy)ds,
aj

then
(3.3) Zigl, -6 < (L] +7)lgl, 7.6 -

Lemma 3.1 (Divergence primitive on a box). Let h € GZ(Q) with [ohdz =0. If |h],, 5 < oo,
then there exists X = Bgh € GZ(Q;R™) such that V - X = h. Moreover,

|X|0-77—7Q S CdiV(Q7T)|h‘ a','r,@ °
In dimension one, Caiy(I1,7) = ||+ 7. If Q =11 X Q" then
Cdiv(Q,T) = (‘I1| + 7')(1 + ’I1|@1) + |Il|@1cdiv(Q/,T) .
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Proof. We argue by induction on n. Write x = (x1,2'), with Q' = Iy x --- x I, and define
the fiber average H(z2') = [, h(s,2)ds. Then [o, H(2')d2’ =0 and |H|, .5 < |L]|h],, - Set

h(x1,2") = h(z1,2') — 01 (z1)H(2') . For each fixed 2/, In h(s,2')ds = 0. Define
T1
Xi(x1,2") = / h(s,z’)ds.
al

Because the fiber integral of R vanishes, X, vanishes near both endpoints of I;. Since h, H, and
01 are compactly supported in their respective variables, X; € G?2(Q). Also 0, X1 = h. By (3.3)
and (3.2),

(Xilgro < ([ +7)(A+[L]O1)|Al, g -
By induction, there exists W € G9(Q'; R"~!) such that

me W = H, ‘W|0',T,Q’ S CdiV(Q/7T)|‘H|U,T,Q/ .
For j = 2,...,n, define X;(x1,2") = 01(x1)W;(2'). Then 377 5 0,;X; = 61H , and therefore
V-X=h+ 01H = h. The norm estimate follows from the estimates above. O

We shall also use the following support consequence of the construction. If Qg € @ is fixed
and h is supported in Q), then, after the one-dimensional cutoffs 6; have been fixed, the vector
field Bgh is supported in a compact set Ky € @) depending only on Qo, @, and on the chosen
cutoffs, but not on h.

3.4. Gevrey flows with radius loss. We use one classical fact from Gevrey calculus: Gevrey
vector fields generate Gevrey flows, with a loss of radius in the norms. We discuss this fact
here. In particular, stability under composition, inversion, and ODE flows follows from [31]; the
continuity of the composition operator is used in the proof below.

Lemma 3.2 (Gevrey flow theorem with radius loss). Let o > 1. Let
Kye K; e R

be compact sets, in the sense that Ky is contained in the interior of K1, and let 0 < r < 7. There
exist constants
oq > 0, Ch > 0,
depending only on n,o, Ko, K1, 7,7, with the following property.
Let A = A(t,x) be a G vector field on a neighborhood of [0,1] x R™, and assume that
supp, A(t,-) C Ko
for every t € [0,1]. Write Ai(z) = A(t,x), and suppose

1
M::/O | Adlom e, dt < 6.

Then the non-autonomous flow
bi(z) = Ay(Py(x)),  Po(z) = =,
exists globally on [0, 1], equals the identity outside Ky, and satisfies

sup |®; —1Id |k, < CaM.

0<t<1
Since ®; — Id is supported in Ky, the same estimate holds on any fixed compact set containing
Ky, with the same right-hand side. The inverse maps @;1 are also G, possibly after decreasing
the radius once more.

Proof. The Gevrey regularity of the flow is standard from the Denjoy—Carleman ODE theorem.
Since A(t,x) is Gevrey jointly in (¢,z), the non-autonomous equation can be written as an
autonomous equation in the variables (¢, x),

d%(t(s)’m(s)) = (1, A(t(s), (s))).
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The vector field (1, A) is Gevrey, hence its flow is Gevrey wherever it exists.

It remains to prove the quantitative radius-loss estimate. We use the following local composition
estimate. Since Ko € K and 0 < r < 7, there exist constants p > 0 and Ccomp > 0, depending
only on n, o, Ky, K1, 7,r, such that, whenever

‘§|0,7‘,K0 < P
and (Id+&)(Ky) C K1, one has
[F o (Id+8) o, k0 < Ceomp|F'lo,r, 5

for all FF € GZ(K1;R™). By decreasing p, the condition (Id+¢)(Ky) € K; follows from the
CY-part of the bound |¢ lo.r, iy < p- This is the usual continuity of the composition operator with
loss of radius, applied on nested compact sets.

Write
&, = 1d +¢&;.
For z € Ky,
t
&(z) = / Ao (Id+¢&5)(x) ds.
0
As long as

sup |&slorro < 5
0<s<t

the composition estimate gives

t
|€t o,r,Ko < C'cornp‘/o |AS‘O’,T,K1 ds < CcompM-

Choose

Then the bootstrap closes and

sup |q)t —Id ‘O’,T’,Ko < CcompM-
0<t<1

Renaming Ceomp as Cq gives the desired estimate.

Since Ay is supported in K, the flow is the identity outside K. The inverse flow is obtained
by solving the backward non-autonomous equation, which has the same Gevrey regularity and
the same type of estimate. O

3.5. Local prescribed Jacobian in Gevrey class.

Lemma 3.3 (Compactly supported Gevrey Jacobian lemma). Let Qp € Q € 2 be open bozes,
let 0 > 1, and let

h e GI(Qo), /hd:v:O.
Q
Fixz 7 > 0 such that \h\amQ < 00, and let Cqiy be the constant from Lemma 3.1, applied on the
box Q).
After fixing the one-dimensional cutoffs in Lemma 3.1, there exist compact sets
Koe K1 e
depending only on Qo,Q, and on the chosen cutoffs, such that
supp h U supp Boh C Ky
for every h € G7(Qo). Let 0 < r < 7, and let g, Cq be the constants from Lemma 3.2 for these
compact sets Ko, K.
There exists
n= n(Qov Qa g, ’T,’l") >0
such that, if
|h’a,T,Q S mn,
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then there is a diffeomorphism
¥ € Diff" (Q, Q)
satisfying
U =Id near 01, det DU =1+h in Q.

{5 a0 )
= Imin —, .
" 2" 205

U~ 1d oy < 2CaCoisl 7.

One may take

Moreover,

Equivalently, since ¥ — 1Id is supported in Ky, the same estimate holds on any fixed compact set
containing Ky.

Proof. By Lemma 3.1, choose
X = Boh € GZ(Q:R")
such that
V-X=h
and
[ Xlor0 < Caivlhlo g
By the support property stated in the lemma,

supp h Usupp X C K.
Extend h and X by zero outside ). Define

X
ptzl—l—(l—t)h, At:f.
Pt
Since
1
loro = 5
the reciprocal estimate gives
e o <2

Hence
|Atlo,r i1 < Aty 7.0 < 2Caiv|hl,y . 0-
Moreover A(t,x) is real-analytic in ¢ and Gevrey in x, hence Gevrey jointly in (¢, ), and
supp, A(t,-) C K.
Therefore .
/0 |Atlo,r i, dt < 2Caiv|h|, . 5 < 68.
Lemma 3.2 gives a Gevrey flow ¢y, equal to the identity outside K, satisfying

¢r=Apr),  po=1d,
and
lp1 — Id |or, k0 < 2CaCaiv|hl, ;.o
Since Ky € @) € (2, the flow is equal to the identity near 0€2.

It remains to compute the Jacobian. We have
dpr = —h, V() =V-X=h.

Thus

Opr + V- (ptAy) = 0.
Let

Ji(x) = det Dpy(x).
The standard Moser identity gives

= o)) )] =0,
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Hence

pe(pi(x)) det Dpy(z) = po(z) = 1+ h(z).
At t =1, p1 =1, and therefore
det D1 =1+ h.

Set\I’:gol. (|

Remark 3.4. The strict inequality ¢ > 1 enters only through localization. We need nonzero
compactly supported Gevrey functions in two places: to choose u € GZ(Qo) so that the conformal
factor ¢. = (1 + eu)® equals 1 near 0€2, and to choose the one-dimensional cutoffs 6; € G7(I;)
used in the box right inverse for divergence. The remaining Gevrey operations also hold locally
in the analytic class. What fails at ¢ = 1 is the existence of nontrivial compactly supported
analytic functions.

4. THE FIXED-POTENTIAL PROBLEM

In this section We prove Theorem 1.1. For simplicity, we only treat the analytic case; the C'*°
case is completely analogous up to minor modifications. The proof uses only the elementary Gevrey
calculus of Section 3 and the fixed-potential conformal identity established in Proposition 2.2.
Unlike the fixed-frequency construction, no prescribed-Jacobian theorem is needed.

Throughout this section, g € C¥(2) is a uniformly elliptic metric, and V' € C¥(2) is a scalar
potential. We assume that V' is nonconstant and that

(4.1) 0¢op(—Ay+ V).

Since g is analytic on Q, it belongs to G°(Q) for every o > 1. Fix such a 0 > 1 once and for

all. The goal is to construct metrics g ¢, g2 € G?(2) arbitrarily close to g, with identical DN
maps for the fixed potential V', but not related by any diffeomorphism.

4.1. Choosing a submersion box. Since V is analytic and nonconstant, dV is not identically
zero in ). Hence there is a point z¢ € Q such that dV (zg) # 0. After relabeling the Euclidean
coordinates, we may assume Oy, V(x9) # 0. Choose open sets Qp € Q € U € 2 with @, Qo
boxes, such that 0,,V # 0 on U. After shrinking U, the map

F:U— F(U), F(z) = (V(x),z2,...,2n),

is an analytic diffeomorphism onto its image.

Choose
u € GI(Qo), u>0, uz0.
Then
/ wdV, > 0.
Q
For sufficiently small € > 0, define
cc=1+¢cu.

Then ¢, > 0, c. = 1 outside Qp, and c. —1 € GZ(Qo) .

4.2. The scalar correction. Define

_4 A
TE = VC£72 + 7968 .

Ce

Since ¢, = 1 outside )y, and all derivatives of c¢. vanish outside Qg , we have

(4.2) T. =V outside Q.
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Moreover, by the Gevrey calculus of Section 3, after possibly decreasing the Gevrey radius,
T. —V = O(¢) in G, and in particular in C*(Q)!. Here we use that ¢ € G, that ¢ is uniformly
elliptic, and that differentiation costs only a loss of Gevrey radius.
We now define the compensating diffeomorphism. On U, set
U () = F Y (Te(2), 22, ..., 7).

Outside U, set U (x) = . This is well-defined for all sufficiently small ¢. Indeed, 7. is C'-close
to V', and the perturbation is supported in Qo € U, so the point (T.(x),x2, ..., x,) remains in
F(U). Also, by (4.2), the definition agrees with the identity near U, so it glues smoothly to the
identity outside U.

Since F~! is analytic and 7. € G°, we have U, € Diff® (Q), after possibly shrinking e.
Moreover, W, = Id near 02, and ¥, — Id in every smaller Gevrey radius norm. The map is a
diffeomorphism because it is C''-close to the identity.

By construction,

VoW, ="1T..
Equivalently,
A
(4.3) VoW, =Vcl/n=2) 4 Z9%
Ce
This is the fixed-potential analogue of the scalar compatibility equation in the fixed-frequency
construction.

4.3. Equality of DN maps. Define

goe =g g1 = (V.).g.

Since ¢ = 1 near 02 and V. = Id near 052, Proposition 2.2 applies with ¢ = ¢, and ¥ = V.. The
compatibility condition (4.3) gives

A92,57V - Agl,aav .

The spectral condition is also preserved. Since ga. — g as € — 0 in the C'-topology, and (4.1)
holds, standard spectral stability gives 0 ¢ op(—Ay,. + V) for all sufficiently small €. The
solution correspondence in Proposition 2.2 then gives 0 ¢ op(—A4y, . + V).

Both g; - and g - belong to G?(2) . For g5 . this follows from the algebra and analytic functional
calculus in G?. For g1, it follows from the Gevrey stability of composition, multiplication, and
inverse maps. Moreover, g;. — g for j = 1,2 in every smaller Gevrey radius norm, and hence in
every C"™ norm.

4.4. Non-isometry. We now show that g;. and go. are not related by any diffeomorphism
of Q.
To this end we use the invariant is given by the total Riemannian volume Voly(Q2) = [, dVj.
It is invariant under pushforward by any diffeomorphism. Since g1, = (¥.).g, we have
VOlgl,E (Q) = VOI(\IJE)*g(Q) = VOlg(Q) .
4/(n—2)

Since g2 = c: g, ce =14 ¢eu, and u > 0 with u #Z 0, we have

dVy,. = 22 qy, |

with an/ (n-2) > 1 on 2 and strict inequality on a set of positive measure. Therefore

Volg, . (£2) > Voly(2) = Voly, .(2) .
Consequently, there is no diffeomorphism ® of 2 such that 92, = Pug1 e 2

11 the smooth case, the same argument shows that T¢ is merely a C'*° function and that 7. — V = O(e) in the
C* topology.

2Alternatively7 one could appeal to [25, Proposition 3.3], under the additional assumption that ¥ restricts to
the identity on 0S).
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Taking a sequence €; | 0 gives infinitely many pairwise distinct pairs. This proves Theorem 1.1.

4.5. Remarks on the assumptions. The construction uses the hypothesis that V' is nonconstant
only to find one interior box @ &€ € on which dV # 0. No global condition is imposed on V: it
need not be Morse, it need not have regular level sets globally, and no sign condition is required.

If V=0, the gauge becomes the full boundary-fixing diffeomorphism group of the classical
anisotropic Calderén problem. That problem is of a different nature, and the present construction
does not apply. More generally, when V' is constant, the scalar equation V o ¥ = T, supplies
no local coordinate, and the mechanism above is unavailable. In fact, if one attempts to solve
VoW =T, with a constant potential under the boundary conditions ¢ =1 and 9,,c = 0 on 052,
then ¢ must be trivial. Indeed, for V = ), the condition that the effective potential remains
equal to \ reads

Agc—l-A(c%g—c) =0.

Arguing exactly as in Lemma 2.1, unique continuation from the boundary implies that c = 1.
Therefore, the conformal degree of freedom cannot compensate for the lack of a local coordinate
in the constant-potential case.

We conclude with a simple concrete example illustrating the previous construction.

Ezample 4.1. Let Q C R™ be a bounded domain with smooth boundary. Let g € G¥(Q) be a
uniformly elliptic metric, and consider the linear potential

V(z) =axy, a#0.
We recall the construction used in the proof. Choose
ue GI(Q), u>0, u#0,
and define for sufficiently small € > 0
ce(r) =1+ cu(z).
Then

4

)
92 = g,

Since
F(z) = (axy,x2, ..., T,) ,

the associated diffeomorphism is explicitly given by

B e Agu(z) )
\Ijs(x)_ (xlcé‘(x) 2 +a1—|—6u(1:) 73327-“7-%'77, .

Hence

gre = (Ve)ug.

5. THE FIXED NONZERO-FREQUENCY CONSTRUCTION

In this section, we only prove Theorem 1.5 in the analytic setting. Thus, throughout the
section, the conductivity = is assumed to be analytic on €. In particular,

v € G7(Q; Sym,) for every o > 1.

We fix such a ¢ > 1 once and for all. The proof in the C°° setting is identical up to minor
modifications.
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5.1. A constrained Gevrey test function. We now choose the compactly supported Gevrey
perturbation which will enter the conformal factor. The construction requires two moment
conditions. The first is used in the expansion of the normalized frequency. The second removes
the first-order term in the determinant invariant used in Section 6 to prove non-isometry.

Fix open boxes
Qo € Q €.

The Gevrey test function will be supported in QQg, while the Jacobian correction will be carried
out in the larger box ). Throughout this subsection,

v € G7(; Sym), o>1.
Set
(5.1) w(z) := (dety(x))/ 2

Since v is uniformly positive definite and Gevrey, w is also Gevrey on 2. We write the Dirichlet
energy

57(U):/nyVv-Vvdaz.

Lemma 5.1 (Prescribing large energy with two moments). There exists gy > 0 such that for
every q > qo there is a real-valued function u € G7(Qqo) satisfying

(5.2) [ull L2 =1,

(5.3) /udx:(), /uwdmzo,
Q Q

(5.4) E'y(u) =dq.

Proof. For v € GZ(Qo), let M(v) = ([g, vdz, [o, wvdr) and Y = ker M N GZ(Qo). Since
G2(Qo) is infinite-dimensional and M has rank at most two, Y is infinite-dimensional.

Let r = rank M. Choose p1,...,pr € G7(Qo) such that the corresponding r X r moment
matrix is invertible. More precisely, if

Ll(v):/ vdx, Ly(v) = 0 wvdz,
0 0

then the moment matrix is
A= (aij)i<ij<r,  aij = Li(p;).
Then there is a finite-rank projection
P:GI(Qo) =Y

of the form
.

Pv=v— ch(v)pj,

j=1
where the coefficients ¢j(v) depend linearly on M(v) and are uniquely determined by the
condition M(Pv) = 0. Then there is a finite-rank projection P : G7(Qp) — Y of the form
Pv=wv -3, cj(v)p;, where the coefficients c;(v) depend linearly on M(v).

Choose 1 € G9(Qo), n # 0, and define vy(z) = n(z)cos(Nz1) for N — 4o0o. By the
Riemann-Lebesgue lemma, M(vy) — 0, hence ¢j(vy) — 0 and Poy = vy + or2(1). In
particular,

1
[1Pon 1720y = lonll7zi) +o(1) = 2 Jo n° dz + o(1),
0
so ||Pun|| 2 stays bounded away from zero.

Since vy = (01m) cos(Nz1) — Nnsin(Nz1) and the remaining derivatives are O(1),

£ (vy) = N? / A (2)n(2)? sin?(Nay) dz + O(N).

0
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By Riemann-Lebesgue,
/ yn? sin?(Nay) do = ;/ Y de + o(1),
0 0

and since v is uniformly positive definite and n # 0, [, Yn?2dz > 0. Hence & (vy) =
NTQ fQo y1n? dz+o(N?). The finite-rank correction does not change the leading term: Puy—vy =
— >y ¢j(un)ps with ¢j(un) = 0, 50 |[V(Pun —on)|l 2 = o(1) and &, (Pun) = &, (vn) 4+ 0(N?).

With zy = Pun/||Pun]|r2, we have zy € Y, |[zn|[z2 = 1, and &/(2n) — +oo. Choose
up € Y with |lugl/z2 = 1 and set gg > &,(ug) . For ¢ > qo, choose N so large that &,(2n) > ¢.
Since both ug and zy lie in Y, the normalized path

(1 =0)ug+0zn
I(1 = 6)uo + Ozn|lz2
is well defined for N so large that zy # —ug, and remains in Y. Along this path the energy is

continuous. It starts below ¢ and ends above g, hence by the intermediate value theorem there
exists u € Y with [ju ;2 =1 and &/(u) =¢q. O

0—

0<0<1,

Let Ao € R\ {0}. Choose ¢ > qo as in Lemma 5.1. If \g > 0, impose additionally ¢ > 2X¢ .
Avoid also the at most one value of ¢ for which a below equals % — % Define

Ao

5.5 - ,
(5.5) R

Then 2a + 1 = q/(¢ — 2A0) and hence
«
20+ 1
With the above choice of ¢, we have 2o+ 1 >0, o # 0, and o # % — % If Ao > 0, then a > 0 if
)\0<0,then—%<a<0.

By Lemma 5.1, choose u € G7(Qy) satisfying (5.2)—(5.4). These are the only properties of u
used in the construction.

q=Xo-

5.2. Conformal factor, frequency normalization, and Jacobian correction. We now
construct the two conductivities with identical DN maps. Throughout, {2 C R" is a smooth
bounded domain; v € G°(Q; Sym,) with o > 1; and \g ¢ op (L) U {0}.

Let Qo € Q € Q2 be the boxes from Subsection 5.1. We use the function u € GZ(Qo) chosen
there, satisfying (5.2)—(5.4) with w as in (5.1) and « as in (5.5).

For € > 0 sufficiently small, define the conformal factor
(5.6) e = (1+eu)®.
Since u is compactly supported in Qq, we have ¢, = 1 outside ()y. In particular, ¢ = 1 near 0f2,
and ¢. — 1 € GZ(Qo). Thus
YVee-v=0 on 0f).

After fixing any sufficiently small Gevrey radius, ¢. — 1 in that norm as ¢ — 0; in particular
there exist 7 > 0 and C with |c. — 1|, 5 < C¢ for all small ¢, by the analytic functional calculus
in Gevrey spaces applied to z — (14 z)*.

Next, we define the associated frequency by

_ JaVee Ve /2 dx
RGN
On the one hand, Ve /c. = aeVu/(1 + cu), so

(5.7) A

/ Ve - Ve /et de = a252/ YWV - Vudr + O(e%) = a?qe? + 0(e3),
Q Qo
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where ¢ = &,(u) as in (5.4). On the other hand, ¢z = (1 + u)~2* expands as
o2 —1=—20eu+ a2a +1)e%u? + O(e?).

Using (5.6), (5.3) and (5.2), the denominator is therefore nonzero for all sufficiently small &
(2 = 1o = a2a+ D + O
Q

It follows that

2
(0]
A = d

= ot D) Oe) = ———q+0(g) =X+ O(e).

200+ 1

In particular, for € small, \. # 0 and \. has the same sign as A\g. Since c2y — 7 in the C'-topology
and A\; — Mg with A\g outside the Dirichlet spectrum of £, standard spectral stability gives
Ae & op(Le2,) for all sufficiently small ¢ .

We now introduce the adapted density
f e =

Then f. € G2(Qop). Since ¢. = 1 outside Qp, the support of f. is contained in @y, and
| fel o0 < Ce for small ¢, by the algebra property and derivative estimates with radius loss. By
construction,

—_— . 72 —_—
)\acav (vVee) +e.”—1.

V- (yVee) + Ae(ee — cgl +cofe)=0.
Also [, fedxz = 0: since ¢. = 1 near 012,

/ 'V - (yVeo) dx = / YVe. - Ve /et dx,
Q Q

hence [, fe dz =0 by (5.7). Since f. = O(e) in G, we have 1 + f. > 0 for € small.

Since f. € G7(Qo), fQ fedz =0, and \f‘g]mﬂQ is small, Lemma 3.3, applied to the pair Qg € Q,
gives a diffeomorphism

U, € DiffY" (0, Q)
such that
V. =1Id mnear 09, det DU, =1+ f..

Moreover W, — Id in every smaller Gevrey radius norm.

The hypotheses of Proposition 2.6 hold with ¢ =c¢., f = f., A=A, ¥ = V.. Hence

(5.8) Aczyx. = Mwo)uy o -

To pass from the nearby frequency A. to the prescribed frequency A, set s. = Ao/Ac. For ¢
small, s. > 0 and s, — 1. Define 3. = s.7,

(5'9) V2,e = C?ﬁs, Ve = (\Ijs)*ﬁs .

Since . = sy and pushforward commutes with multiplication by the scalar s., y1c = 5:(Vc)47.
By (2.16),

As.ano = e Mg ).  whenever s. = Ao/ .

Applying this to both sides of (5.8) yields A, x, = Ay, . x,- Moreover \g & op(L,,.) because
L, . u = Aou is equivalent to Ecgyu = Acu. The same holds for ~; . by the diffeomorphism
equivalence.

It remains to verify the Gevrey regularity and the convergence «;. — . Both 71, and o
belong to G7(€2; Sym;,"). For 72 this follows from 7. = s.c?y. For 71 -, use the pushforward
formula (2.7). The Gevrey class is stable under multiplication, determinant, reciprocal, com-
position, and inverse maps, with loss of radius. Since ¢, —+ 1, s — 1, and ¥, — Id in smaller
Gevrey norms, ;. — 7 for j = 1,2 in every smaller Gevrey radius, hence in every C" norm.
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6. NON-ISOMETRY

We prove that the conductivities constructed in Section 5 are not connected by the pushforward
of a diffeomorphism. Recall (5.9), B = sz, ¢ = (1 +eu)® from (5.6), and w from (5.1). The
moment and slope constraints from Lemma 5.1 and (5.5) are in force.

Consider the determinant invariant Z from (2.1). If ¥ : Q — Q is a diffeomorphism, then
det((V,k)(¥(z))) = | det DY (x)[*> ™ det r(x) .

Therefore (det((U,x)(¥(x))))/ =2 = |det DU ()|~ (det s(x))/"=2)  and changing variables
y = U(z) gives

(6.1) T(W.k) = I(k) .

Suppose, for contradiction, that v; . and 2. are isometric, so there exists ® € Diff(2) with
Y2.e = Puy1e. Hence Z(y2.) = Z(71,). Since v10 = (V)4 fe, (6.1) gives Z(y1,) = Z(B:) . On the
other hand, 2. = cg,BE, so det v = cgn det 3. and

T(vae) = /Q 20/ (=2) (det B2 g

Since f: = s.7, (det 55)1/(”*2) = s?/(n_2)w. Thus Z(y2,¢) = Z(71 ) implies
(6.2) / (V=2 _wdz =0.
Q

Since ¢. = (1 4 eu)?®, expand uniformly on Q:

/(D) (1 4 egon/n=2) g 4 20T

n—2 n—2

2an an < 2an
n—2

- 1) e2u® + 0(e?).

Substituting into (6.2) and using [, uw dz = 0 yields

an ( 2an

_ 2 2 3y _
s e 1)5/Quwd:c+0(a) 0.

But w > 0 and u # 0, hence [, u?wdz > 0. Moreover o # 0 and % — 1 £ 0 because o # % — 1

n
Thus the coefficient of 2 is nonzero, a contradiction for all sufficiently small € > 0. Hence M,e

and 72 are not isometric.

Finally, the pairs may be chosen infinitely many and distinct: the quantity Z(v2.) — Z(7v1,c)
has expansion

an 2an
s/ (n=2) ( — 1) 52/ w wdz + O(&3
&€ n — 2 n — 2 Q + ( ) Y
with nonzero leading coefficient, hence along a sequence €; | 0 for which this scalar is strictly
monotone the corresponding pairs are distinct. This completes the proof of Theorem 1.5.
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APPENDIX A. ANALYTIC RECONSTRUCTION FOR SCHRODINGER PAIRS

The uniqueness statements in the introduction are direct consequences of the analytic recon-
struction method of Lassas—Uhlmann [23], with the standard lower-order modification needed
for Schrédinger operators. The purpose of this appendix is only to spell out this reduction and
to identify the corresponding gauges in the two problems considered in the paper. We do not
repeat the full statements of Theorems 1.4 and 1.6.

Throughout the appendix, 2 C R™, n > 3, has real-analytic boundary, and all metrics and
potentials are assumed real analytic in a neighborhood of Q. Diffeomorphisms are real-analytic
diffeomorphisms of 2 fixing 9§ pointwise.

A.1. The analytic reconstruction input. We use the following analytic reconstruction
principle. Let g1, g2 be real-analytic Riemannian metrics and let Vi, V5 be real-analytic scalar
potentials. Assume that zero is not a Dirichlet eigenvalue of either operator

Dy, +Vj,  j=12.
If

A917V1 = A927V2 )

then there exists a boundary-fixing real-analytic diffeomorphism ¥ such that
g2 = Vg1, Vo=VioW !

Equivalently, Va(¥(z)) = Vi(z).

This is the analytic uniqueness theorem of Lassas—Uhlmann [23] with a zeroth-order term
included. The lower-order term does not change the analytic continuation mechanism. We recall
the relevant points.

First, the full symbol of the Dirichlet-to-Neumann operator determines the boundary jets of
the analytic metric in boundary normal coordinates. If the potential is unknown, its boundary
jets are also determined by the lower-order terms in the same symbol expansion. This is the
usual analytic boundary determination step, in the spirit of Lee-Uhlmann [24].

Second, after the boundary jets are identified, the coefficients can be analytically extended to
a collar outside the boundary. Since zero is not a Dirichlet eigenvalue, the Dirichlet Green kernel
G(z,y) of —Ay+V exists. The DN map determines G(z,y) for (x,y) in the exterior collar by
solving the corresponding boundary value problem, exactly as in the Laplace—Beltrami case [23].

Third, for fixed y, the function G(-,y) is real analytic away from y, since it solves an elliptic
equation with analytic coefficients. The Green functions are then analytically continued through
the manifold by the Lassas—Uhlmann sheaf construction [23]. Unique continuation and the
singularity of the Green kernel show that these Green functions separate points, thereby allowing
one to reconstruct the analytic structure of the manifold.

Finally, the leading singularity of the Green kernel determines the metric. Once g is known,
the potential is recovered from the equation

_Ag,xG(xv y) + V(ZE)G(.’E, y) =0, T#Y.

For each fixed z, choose y # x sufficiently close to = so that G(z,y) # 0, which is possible
because the Green kernel has a nonzero leading singularity near the pole. Then

_ ByaGlay)
G(z,y)

Thus the analytic Schrodinger pair (g, V') is determined modulo the natural boundary-fixing
analytic diffeomorphism gauge.

V(x)
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A.2. Consequence for fixed potentials. We now apply the preceding reconstruction principle
to the fixed-potential problem. Here the two Schrodinger pairs are (g1,V) and (go,V). If
Ag,,v = Ay, v, then the analytic reconstruction principle gives a boundary-fixing analytic
diffeomorphism ¥ such that
g2="ugr, V=Vol L

Equivalently, V o W = V. This is exactly the natural gauge of the fixed-potential problem. Hence
analytic metrics are uniquely determined by the fixed-potential DN map modulo boundary-
fixing analytic diffeomorphisms preserving V. This proves the analytic endpoint asserted in
Theorem 1.4.

A.3. Consequence for fixed nonzero frequency. We next explain how the same analytic
reconstruction principle yields the fixed nonzero-frequency uniqueness theorem in conductivity
variables. We briefly recall the metric—conductivity correspondence introduced in Subsection 2.1.
Given a uniformly elliptic conductivity v, the associated metric g, is defined by

v = |g,|"?g7 .
Equivalently,
|g4|"/% = (det )Y/ (=2).
With this notation, the fixed-frequency conductivity equation
-V (’}/VU) = )\ou

is equivalent to
—Ag u= Xolgy| Y ?u.
Thus it can be written as the zero-energy Schrodinger equation (—A, + V;)u = 0 with

V, = Xolgy |12 = “Ao(dety) /=2

The weak DN forms coincide in the sense that
/Q'qu -Vvdr — )\O/qudx = /Q<VU,VU)% dvy, +/QV,YuvdV% .

Now assume that 71,72 are real-analytic conductivities and A, », = Ay, \, With Ao # 0.
Applying the analytic reconstruction principle to the Schrédinger pairs (g4,, V4,) and (gy,, Vs,) ,
we obtain a boundary-fixing analytic diffeomorphism ¥ such that g, = ¥,g,, and V,, = V;, 0¥~ 1.
The metric identity translates back into vo = W, .

It remains to identify the determinant of ¥. Since g,, = V.g,, , the Riemannian volume
densities satisfy
V2(W(z)) det DU(z)| = |g2/?
(9727 (¥ () det DV (z)| = g7 (2) -
On the other hand, equality of the reconstructed potentials gives

~Xolgra| T () = —Xolgy, |72 ().

Because Ao # 0, this implies |g,,|"/?(¥(z)) = [g,|"/*(z). Substituting this into the volume-
density transformation law yields det DW(z) = 1. Therefore ¥ € SDiff(2) and v = W,~; . This
proves the analytic endpoint asserted in Theorem 1.6.
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