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Abstract. This paper is devoted to the definition and analysis of the spectral shift function (SSF)
associated with non-self-adjoint perturbations of self-adjoint operators. Motivated by applications in
scattering theory, we consider both trace-class and relatively trace-class perturbations. We extend
the Lifshits–Krĕın trace formula to non-self-adjoint operators under suitable assumptions on the
spectrum and the behavior of the resolvent. The role of spectral singularities is carefully analyzed,
and we provide a generalization of the SSF using functional calculus. Finally, we apply our results to
Schrödinger operators with complex-valued short-range potentials in dimension three. Toy models
illustrate properties that one might hope to extend to general cases. In particular, they suggest that
the SSF carries information on the presence of complex eigenvalues.
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1. Introduction

The Spectral Shift Function (SSF), initially introduced by Lifshits and Krĕın [18, 19], provides
a framework for the spectral analysis of trace-class (or relatively trace-class) perturbations of a
reference operator. It yields a spectral invariant that is often related to scattering quantities such
as the scattering phase and the average time delay (see references [24, 31]). More precisely, in the
self-adjoint setting, the derivative of the SSF with respect to energy coincides (up to a factor of
1/2π) with the scattering phase shift, as established by the Birman–Krĕın formula. This connection
allows one to interpret the SSF as encoding the cumulative spectral effect of the scattering process.
Furthermore, the Eisenbud–Wigner formula shows that the time delay operator (measuring the
difference in the sojourn time due to the interaction), is also expressed in terms of the energy
derivative of the scattering matrix, and thus related to the SSF.

Originally defined for pairs of self-adjoint or unitary operators, the SSF has been extended to
contraction operators viewed as perturbations of unitary operators (see [27, 28]), and to dissipative
(or accumulative) operators interpreted as boundary perturbations of self-adjoint operators (see
[20, 21]). A Levinson’s formula has recently been obtained in [1] for dissipative operators. In these
works, at least one side of the complex plane (the upper or lower half-plane, or the exterior of the
unit disk) lies in the resolvent set. The SSF for a general pair of operators in a Banach space is
considered in [23], where it is defined on (0,+∞), which is assumed to be a subset of the resolvent
set.

Our goal here is to consider a reference operator H0 which remains self-adjoint, and to define a
Spectral Shift Function (SSF for short) for non-self-adjoint perturbations of H0. With the objective
of establishing connections with scattering theory, we aim to define the SSF on the real line R, which
contains the essential spectrum of the operators under consideration. That is, for a general relatively
compact perturbation H of a self-adjoint operator H0 (in particular, H may have eigenvalues on
both sides of the real axis), we seek to define and analyze a function ξ := ξ(·;H,H0) such that for
any f ∈ D(R), the space of smooth functions with compact support,

Tr(f(H)− f(H0)) =

∫
R
ξ(λ) f ′(λ) dλ. (1.1)

A particularly relevant model in this context is the Schrödinger operator H = H0 + V , where
H0 = −∆ on L2(Rd) and V is a complex-valued electric potential vanishing at infinity.

As in [5], the operator f(H) for f ∈ D(R) is defined via the Helffer–Sjöstrand formula (3.1),
using an almost analytic extension of f . This construction is extend to our non-self-adjoint setting
in section 3. We then study the left-hand side of (1.1), first for trace-class perturbations and
subsequently for relatively trace-class perturbations. We show that it defines the derivative of the
SSF in the sense of distributions, and that for lower-bounded operators, the SSF may be chosen to
vanish near −∞.

In the original works of Lifshits and Krĕın [18, 19], in the self-adjoint setting, the existence of
the SSF and its integrability properties were rigorously justified via its relation to the perturbation
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determinant:

ξ(λ) =
1

π
lim
ε→0+

argD(λ+ iε); D(z) := Det
(
I + V (H0 − z)−1

)
. (1.2)

For non-self-adjoint operators H, this formula no longer holds since the perturbation determinant
may vanish and the property D(z) = D(z) is no longer true. However, using factorization theorems
for holomorphic functions on C+, where C± = {z ∈ C | ± Im z > 0} (see for instance [20]), one can
still derive representation results for the SSF in terms of measures, but as we will see in the toy
models, these measures are no longer necessarily real and nor absolutely continuous.

Throughout the paper, we will use the following notations:

Given a Banach space A, we denote by B(A) the set of bounded linear operators on A. For a Hilbert
space H, the Schatten class of order p is denoted by Lp(H). If A is a closed operator, its spectrum is
denoted by σ(A) and its resolvent set by ρ(A). The kernel and range of A are denoted respectively
by Ker(A) and Ran(A). Given a self-adjoint operator H0, we denote by R0(z) := (H0 − z)−1 its
resolvent at z ∈ ρ(H0), and byR(z) := (H−z)−1 the resolvent of another (possibly non-self-adjoint)
operator H. For an subset I ⊂ R, we denote by D(I) the space of smooth functions with compact
support in I and values in C. Its topological dual is denoted by D′(I). For intervals I ⊂ R and
a ∈ (0,∞], we introduce the following subset of the complex plane:

Sa(I) := {z ∈ C
∣∣ Re(z) ∈ I and 0 < | Im(z)| < a}, S±a (I) := Sa(I) ∩ C±.

2. Assumptions and main results

2.1. Abstract setting. We consider an operator H acting on a complex separable Hilbert space
H. We assume that H is of the form

H := H0 + V,

where (H0,D(H0)) is a self-adjoint operator bounded from below, and V is bounded and relatively
compact with respect to H0. In particular, H is closed with domain D(H) = D(H0), and its adjoint
is given by

H∗ = H0 + V ∗, D(H∗) = D(H0).

We define the point spectrum of H as

σp(H) := {λ ∈ C | Ker(H − λ) 6= {0}} ,

that is, the set of eigenvalues of H. For an isolated eigenvalue λ ∈ σp(H), the corresponding Riesz
projection is given by

Πλ(H) :=
1

2πi

∮
Γ
(z −H)−1 dz, (2.1)

where Γ = C(λ, r) is a positively oriented circle centered at λ with radius r > 0 small enough so
that λ is the only point of the spectrum σ(H) lying inside the disk D(λ, r).

An isolated eigenvalue is called discrete if the range of the corresponding Riesz projection is of
finite dimension. We denote by σdisc(H) the set of discrete eigenvalues of H. The essential spectrum
of H, denoted by σess(H), is defined as the complement of the discrete spectrum in the full spectrum
of H:

σess(H) := σ(H) \ σdisc(H).

With this definition, and since V is relatively compact with respect to H0, it follows from Weyl’s
theorem (see e.g. [25, Theorem XIII.14]) that

σess(H) = σess(H0). (2.2)
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Moreover, using a variational argument and the boundedness of V , one sees that σ(H) lies in
a horizontal strip and that its real part is bounded from below, since H = H0 + V is a bounded
perturbation of H0.

2.2. Assumptions. Throughout this paper, some hypotheses are understood to be stated relative
to a fixed open interval I ⊂ R which is chosen according to the spectral region under consideration.
Whenever a hypothesis is invoked, the corresponding set I is assumed to be fixed.

Hypothesis 1. Let I ⊂ R be an open interval. The perturbed operator H has only finitely many
non-real eigenvalues whose real parts lie in I.

The following assumption requires the resolvent of H blow up at most polynomially in a tubular
neighborhood of the real interval I.

Hypothesis 2. Let I ⊂ R be an open interval. There exists aI > 0, nI > 0 and cI > 0, such that
SaI (I) ⊂ ρ(H) and for all z ∈ SaI (I),

‖RH(z)‖B(H) ≤ cI | Im(z)|−1

(
〈Re(z)〉
| Im(z)|

)nI
. (2.3)

The next assumption require that the difference between the resolvents (or of the operators) is a
trace class operator.

Hypothesis 3. There exists c ∈ R and m ∈ Z, such that

(H − c)−m − (H0 − c)−m ∈ L1(H)

Remark 2.1. Let us comment these hypotheses in particular cases.

• If Hypothesis 1 holds on I = R, then H has a finite number of non-real eigenvalues.
• If I is a bounded interval, Hypothesis 1 means there is no accumulation of discrete eigen-

values to I × {0}.
• If I is a bounded interval, the estimate (2.3) in Hypothesis 2 is equivalent to

‖RH(z)‖B(H) ≤ cI | Im(z)|−nI−1, ∀z ∈ SaI (I).

• If I ⊂ (−∞, c) with c < inf σess(H0) then both Hypothesis 1 and 2 hold on I.
• The case m = −1 in Hypothesis 3 means that V = H −H0 belongs to L1(H).

2.3. Main results. We now summarize the main results of the paper. Our first result concerns
the construction of a functional calculus for the non-self-adjoint operator H = H0 + V on the real
line. Since H may possess non-real eigenvalues, we separate the spectral contribution associated
with these eigenvalues and apply the Helffer–Sjöstrand functional calculus, following the approach
of Davies [5, 6], to the part of the operator whose spectrum lies on the real axis.

Under Hypotheses 1 and 2 on an open interval I ⊂ R, this construction allows us to define the
operator f(H) for suitable functions f supported in I through a Helffer-Sjöstrand type formula.
Moreover, the map

f 7−→ f(H)

defines a continuous algebra morphism for the pointwise multiplication, (see Section 3).

Our second result establishes the existence of the spectral shift function for trace-class perturbations
and is proved in Section 4.
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Theorem 2.2 (Existence of the SSF). Assume that Hypotheses 1, 2, and 3 hold on an open interval
I with m = −1. Then for every f ∈ D(I) the operator difference f(H) − f(H0) belongs to L1(H)
and the map

f 7→ Tr(f(H)− f(H0))

defines a distribution on I. The spectral shift function ξ(·;H,H0) is defined, up to an additive
constant, by

〈ξ′, f〉 = Tr(f(H)− f(H0)).

Moreover, it satisfies

ξ′(·;H,H0) =
1

2πi
lim
ε→0+

(σ(·+ iε)− σ(· − iε)) in D′(I), (2.4)

where for z ∈ ρ(H) ∩ ρ(H0),

σ(z) := Tr
(
RH(z)−RH0(z)

)
.

Note that unlike the self-adjointness case where σ(· − iε) = σ(·+ iε), the right hand side of (2.4)
is not necessarily real. However, as in the self-adjoint setting, in Section 5, we then extend this
construction to relatively trace-class perturbations by using a spectral change of variables.

Theorem 2.3 (Relatively trace-class perturbations). Suppose that Hypotheses 1, 2 and 3 hold on
I for some m ∈ N∗. Then the spectral shift function for the pair (H,H0) can be defined by

ξ(λ;H,H0) := ξ
(
(λ+ c)−m; (H + c)−m, (H0 + c)−m

)
,

where ξ(·; (H + c)−m, (H0 + c)−m) denotes the SSF associated with the trace-class pair ((H +
c)−m, (H0 + c)−m), with some c� 1.

Under the assumptions of the previous theorem, together with an additional technical condition,
one can derive a formula similar to (2.4). This representation will be the key tool in the analysis of
the spectral shift function for Schrödinger operators.

In the end, we focus on Schrödinger operators with (smooth) complex-valued compactly supported
potentials in dimension three. In this framework we introduce the notions of outgoing and incoming
spectral singularities λ0 > 0 (see Section 6), corresponding to real resonances ±

√
λ0. We prove that

the spectral shift function is regular away from these singularities. More precisely, outside the set
of spectral singularities, the derivative of the SSF is a smooth function of the energy.

Near a spectral singularity λ0 > 0 of finite order ν0, we obtain a precise distributional asymptotic
expansion. In the outgoing case (for instance), one has (see Section 7),

ξ′(λ;H,H0) =

ν0∑
k=1

αk(λ0)

(λ− λ0 + i0)k
+H(λ) in D′(I),

where H(λ) is smooth near λ0. Equivalently, the singular part of ξ′(λ;H,H0) is a finite linear
combination of principal value distributions p. v.(λ−λ0)−k and derivatives of the Dirac mass at λ0.

Finally, in Section 8, we conclude the paper with the study of several simple and explicit examples
illustrating the general results obtained above.
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3. Functional Calculus

3.1. Helffer-Sjöstrand formula. In what follows, we identify R2 with C, and for z ∈ C we denote
by (x, y) its coordinates in R2. If f : R2 → C is differentiable, we set

∂z̄f := 1
2

(
∂xf + i∂yf

)
.

For any β ∈ R, we define S β the space of smooth functions f : R→ C such that

f (r)(x) = O
(
〈x〉β−r

)
, |x| → ∞,

for all r ≥ 0 and where 〈x〉 = (1 + x2)
1
2 . We define

A :=
⋃
β<0

S β.

Then A is an algebra under pointwise multiplication, it contains the smooth compactly supported
functions from R to C, and it is stable under pointwise multiplication by functions in S 0. On A
we consider the family of norms

‖f‖n :=

n∑
k=0

∫
R
|f (k)(x)|〈x〉k−1dx.

In particular, D(R) is dense in A for each norm ‖ · ‖n.
In [5], Davies proves that for any closed operator L acting on a Banach space B with real spectrum

satisfying an assumption similar to (2.3), the operator f(L) acting on B is well defined by the
Helffer–Sjöstrand formula for any f ∈ A :

f(L) =
1

π

∫
C
∂z̄ f̃(z) (L− z)−1dxdy, (3.1)

where f̃ is a suitable almost-analytic extension of f . Moreover, the map

Ψ : A −→ B(B)

f 7→ f(L)

is linear, continuous, and a morphism with respect to pointwise multiplication. By following the
proof of [5], we cheek easily that for f compactly supported in an open interval I ⊂ R, f(L) is still
well defined if the spectrum of L is real only in I × R and f(L∗) = (f̄(L))∗.

Let us recall the definition of a such almost-analytic extension of a function f ∈ C∞(R,C) :

Definition 3.1 (Almost-analytic extension). Let f ∈ C∞(R) and let N ∈ N. An almost-analytic

extension of order N of f is a function f̃ : C→ C of the form

f̃(z) =

(
N∑
k=0

f (k)(x)

k!
(iy)k

)
χ(x, y), with χ(x, y) = τ

(
y

〈x〉

)
, (3.2)

and τ being a cut-off function defined on R. The almost-analytic extension f̃ satisfies

∂z̄ f̃(z) = O(| Im z|N ) as Im z → 0.

In this section, we aim to give a meaning to (3.1) by replacing L with H, and B by H, taking
into account that H may have non-real eigenvalues. The idea is to decompose H as a direct sum of
an operator with real spectrum, denoted Hr, and another one with non-real spectrum, and then to
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define f(H) in terms of f(Hr). Since our assumptions are made locally in nature, we introduce the
following notations : for any open interval I ⊂ R, we set

A (I) := {f ∈ A | supp(f) ⊂ I}.

In particular,

• if I = R, then A (I) = A ;
• if I is bounded, then A (I) = D(I);
• for all I ⊂ R open interval, D(I) is dense in A (I) for each norm ‖ · ‖n.

For the rest of the Subsection 3.1, we fix I ⊂ R to be an open interval where Hypotheses 1 and
2 hold.

3.1.1. Decomposition. In order to use the functional calculus developed in [5], let us decompose H
into a ”real part” (i.e. an operator with real spectrum) and the ”non-real part” (the restriction
of H to the eigenspaces associated with non-real eigenvalues). This decomposition is based on the
following lemma.

Lemma 3.2. Let P ∈ B(H) be a bounded projection (i.e. P 2 = P ) such that

P (D(H)) ⊂ D(H) and [P,H]u = 0 ∀u ∈ D(H). (3.3)

Define

F := Ran(P ), G := Ran(IdH−P ).

Then:

(1) F and G are invariant under H, i.e.,

H(F ∩ D(H)) ⊂ F, H(G ∩ D(H)) ⊂ G.

(2) there exists a continuous isomorphism

Ψ : F ⊕G→ H
(uF , uG) 7→ uF + uG.

(3) Denoting by H|F and H|G the restrictions of H to F and G respectively, then for all u ∈
D(H),

Hu = Ψ

(
H|F 0

0 H|G

)
Ψ−1u = H|FuF +H|GuG

(4) The spectrum satisfies

σ(H) = σ(H|F ) ∪ σ(H|G)

(5) For all z ∈ ρ(H), for all u ∈ H,

RH(z)u = Ψ

(
RH|F (z) 0

0 RH|G(z)

)
Ψ−1u, R•(z) := (• − z)−1

Proof. Since P has closed range, we have the topological direct sum

H = Ran(P )⊕ Ran(IdH−P ) = F ⊕G.

Let u ∈ D(H). By (3.3), Pu ∈ D(H) and HPu = PHu, which shows that F is invariant under H.
Similarly, G is invariant under H. Thus, for any u = uF + uG ∈ D(H) with uF ∈ F , uG ∈ G, we
have

Hu = HuF +HuG = H|FuF +H|GuG.
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Finally, to relate the spectra, it suffices to observe that for any z ∈ C, for any u ∈ D(H),

(H − z IdH)u = Ψ

(
H|F − z Id|F 0

0 H|G − z Id|G

)
Ψ−1u.

�

In the following and for sake of conciseness, we will write H = H|F ⊕ H|G instead of using the
matrix representation.

Proposition 3.3. Assume that Hypotheses 1 and 2 hold on an open interval I ⊂ R. Then there
exist a bounded projection ΠI ∈ B(H) such that,

ΠI(D(H)) ⊂ D(H), and [ΠI , H]u = 0, ∀u ∈ D(H),

and two operators, HI,c acting on Ran(ΠI), and HI,r acting on Ran(IdH−ΠI) such that one has

(1) there exists an isomorphism Ψ : Ran(ΠI(H))⊕ Ran(IdH−ΠI(H))→ H, such that

Ψ(u, v) = u+ v

(2) for all u ∈ D(H)

Hu = Ψ

(
HI,c 0

0 HI,r

)
Ψ−1u

(3) σ(HI,r) ∩ I × R ⊂ I × {0} and σ(HI,c) ∩ I × {0} = ∅,
(4) there exists aI > 0 such that

SaI 3 z 7→ RHI,c(z) ∈ B(Ran(ΠI))

is holomorphic, and the following resolvent estimates hold :

∀z ∈ SaI (I), ‖RHI,r(z)‖B(Ran(IdH−ΠI)) ≤ cI | Im(z)|−1

(
〈Re(z)〉
| Im(z)|

)nI
; (3.4)

sup
z∈SaI

‖RHI,c(z)‖B(Ran(ΠI) <∞. (3.5)

Proof. By Hypothesis 1, H has only finitely many non-real eigenvalues whose real parts lie in I.
Therefore, by setting Ω = {λ ∈ σp(H) | Re(λ) ∈ I}, the operator

ΠI(H) :=
∑
λ∈Ω

Πλ(H),

where Πλ is the Riesz projection associated to λ (see (2.1)), is a finite sum of finite-rank projections.
Moreover as ΠλΠµ = 0 for λ 6= µ, ΠI is a projection and has finite rank. Setting

F := Ran(ΠI(H)), G := Ran(Id−ΠI(H)),

and using the notations of Lemma 3.2, we denote

HI,c := H|F , HI,r := H|G;

this provides the decomposition of H. Moreover, by construction,

σ(HI,c) ∩ I × {0} = ∅, σ(HI,r) ∩ I × R ⊂ I × {0}.

By Hypothesis 1, we may find aI > 0 small enough such that SaI (I) does not contain any non-real
eigenvalues of H. In particular, z 7→ RHI,c(z) is holomorphic on SaI and this provides (3.5) since
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there are only a finite number of complex eigenvalues. Finally to obtain (3.4), we write for all
z ∈ SaI ,

‖RHI,r‖B(Id−Ran(ΠI)) = sup
u∈Ran(Id−ΠI)\{0}

‖RHI,ru‖Ran(Id−ΠI)

‖u‖Ran(Id−ΠI)
= sup

u∈Ran(Id−ΠI)\{0}

‖RHu‖H
‖u‖H

≤ ‖RH‖B(Ran(IdH−ΠI)) ≤ cI | Im(z)|−1

(
〈Re(z)〉
| Im(z)|

)nI
,

where in the last step, we use Hypothesis 2. �

3.1.2. Definition and properties. Let us now fix an open interval I ⊂ R, and define f(H) for f
supported in I under the Hypotheses 1 and 2 on I.

Definition 3.4. Let f ∈ A (I) and N ∈ N. We say that f̃ : C→ C is a almost-analytic extension
of order N which is admissible for H (or a H-admissible almost-analytic extension) if there exists
a cut-off function τ such that the support of χ, considered in Definition 3.1, does not contain any
non-real eigenvalues of H whose real part lies in I.

Example 3.5. As an example, suppose that Hypothesis 1 hold on R. Then there exists a > 0 and
b > 0 such that

Ua,b := {z ∈ C | |Re(z)| > a and | Im(z)| < b}
does not contain any non-real eigenvalues of H

ψ : R2 → R

(x, y) 7→ y

b

〈a〉
〈x〉

,

and let τ ∈ C∞(R,C) a cutoff function which satisfies τ(s) = 1 for |s| < 1/2 and τ(s) = 0 for
|s| > 1. Then, the support of the function χ := τ ◦ ψ, does non contain any non-real eigenvalues of
H.

Definition-Proposition 3.6. Suppose that Hypotheses 1 and 2 hold on I. Then for all f ∈ A(I),
the operator f(H) defined by

f(H) :=
1

π

∫
C
∂z̄ f̃(z)RH(z)dxdy,

where f̃ is an almost-analytic extension of f as in Definition 3.1, is well-defined. Moreover, we
have the estimate

‖f(H)‖B(H) ≤ c‖f‖nI+1. (3.6)

Finally the definition of f(H) does not depend on N , or on the cut-off function τ , provided to
N > nI in Definition 3.1. Moreover, it is independent of the choice of the interval I as long as I
contains the support of f and Hypotheses 1 and 2 hold on I.

To prove the last proposition, the idea is to work on

Ran(Id−ΠI)⊕ Ran(ΠI)

instead of H, and to analyse the action of H on each of these spaces. For any interval I ⊂ R such
that Hypotheses 1 and 2 hold, the operator HI,r defined on Ran(IdH−ΠI) satisfies the assumptions
required by Davies [5] to define f(HI,r) via the Helffer–Sjöstrand formula (3.1), for any f ∈ A(I).
It therefore remains to prove that f(HI,c) is well defined on Ran(ΠI).

This is the purpose of the following lemma.



10 V. BRUNEAU, N. FRANTZ, AND F. NICOLEAU

Lemma 3.7. Suppose that Hypotheses 1 and 2 hold on I. Let F = Ran(ΠI). Then for all f ∈ A(I)

and f̃ an H-admissible almost analytic extension, the integral∫
C
∂z̄ f̃(z)RHI,c(z)dxdy, (3.7)

is well defined on F and vanishes. Moreover, this does not depend on the considered H-admissible
almost analytic extension.

Proof of Lemma 3.7. Let f ∈ A(I). Let f̃ be an H-admissible almost analytic extension given by
(3.2). Then for all integer N ≥ 1, a direct computation gives that

∂z̄ f̃(z) =
1

2
f (N+1)(x)

(iy)N

N !
χ(x, y) +

1

2

[
N∑
k=0

f (k)(x)
(iy)k

k!

]
∂z̄χ(x, y). (3.8)

Next a direct computation gives that

∂z̄χ(x, y) =
1

2

(
−y〈a〉

b

x

〈x〉3
+ i
〈a〉
b〈x〉

)
τ ′ (χ(x, y)) .

In particular if we denote

V1 =

{
(x, y) ∈ R2

∣∣∣∣ 0 < |y|b <
〈x〉
〈a〉

}
, V2 =

{
(x, y) ∈ R2

∣∣∣∣ 〈x〉2〈a〉
≤ |y|

b
≤ 〈x〉
〈a〉

}
,

then supp(χ) ⊂ V1 and supp(∂z̄χ) ⊂ V2. Then for all z ∈ Ua,b, using (3.8), we have∥∥∥∂z̄ f̃(z)RH(z)
∥∥∥
B(Ran(ΠI))

≤ C

(∣∣∣f (N+1)(x)
∣∣∣ |y|N1V1(z) +

N∑
k=0

∣∣∣f (k)(x)
∣∣∣ |y|k1V2(z)

)

≤ C

(∣∣∣f (N+1)(x)
∣∣∣ |y|N1V1(z) +

N∑
k=0

∣∣∣f (k)(x)
∣∣∣ 〈x〉k−21V2(z)

)
. (3.9)

Finally, integration with respect to y gives

‖f(H)‖B(Ran(ΠI)) ≤ C
∫
C
‖∂z̄ f̃(z)RH(z)‖B(Ran(ΠI))dxdy

≤ C

(∫
R

∣∣∣f (N+1)(x)
∣∣∣ 〈x〉Ndx+

N∑
k=0

∫
R

∣∣∣f (k)(x)
∣∣∣ 〈x〉k−1dx

)
≤ C‖f‖N+1.

Next to prove that (3.7) vanishes, we proceed by density. Let f ∈ C∞c (I,C) supported in an open

set Ω. Then f̃ ∈ C∞(R2,C) and the Stokes’s formula gives∫
C
RHI,c(z)∂z̄ f̃(z)dxdy =

1

2i

∫
∂Ω
RHI,c(z)f̃(z)dz,

where ∂Ω is the boundary of Ω and the above contour integral is taken counterclockwise. So as f̃
is compactly supported, ∫

∂Ω
RHI,c(z)f̃(z)dz = 0.

Using the same argument, we can show as in [5, Proof of Theorem 2], that the value of (3.7) is
independent of the H-admissible almost analytic extension considered. Finally Lemma 3.7 follows
by using that D(I) is dense in A(I) and the inequality

∀f ∈ A(I), ‖f(H)‖B(Ran(ΠI)) ≤ C‖f‖N+1.

�
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Proof of Proposition 3.6. Let f ∈ A(I). By Proposition 3.3 and Lemma 3.2, there exists an isomor-
phism

Ψ : Ran(ΠI(H))⊕ Ran(Id−ΠI(H))→ H
such that for all z ∈ ρ(H),

RH(z) = Ψ

(
RHI,r(z) 0

0 RHI,c(z)

)
Ψ−1.

So using Davies’s work [5], f(HI,r) is well defined as an operator on Ran(Id−ΠI) and its definition
does not depend on the almost-analytic extension considered in (3.1) as soon as its order is larger
than nI in Hypothesis 2. Moreover, by Lemma 3.7 f(HI,c) is well-defined independently of the H-
admissible almost-analytic extension of f . This also gives independence in the choice of the interval
I containing the support of f (where Hypotheses 1 and 2 are fulfilled) because for I ⊂ J , we have

HJ,c = HI,c ⊕HJ\I,c; HI,r = HJ,r ⊕HJ\I,c

and then f(HI,r) = f(HJ,r)⊕ 0. �

In particular in the following, we may write

f(H) = Ψ

(
f(HI,r) 0

0 0

)
Ψ−1. (3.10)

This representation of f(H) and [5, Theorem 3 and 4] implies immediately the following Proposition:

Proposition 3.8. Let I ⊂ R be an open interval and suppose that Hypotheses 1 and 2 hold on I.
Then the map

A (I) 3 f 7→ f(H) ∈ B(H)

is a morphism of algebra for the pointwise multiplication. Moreover if f ∈ C∞c (I,C) has disjoint
support from σ(H), then f(H) = 0.

3.1.3. Comparison with Frantz-Faupin calculus. In [11, Proposition 5.2], Frantz and Faupin intro-
duce a functional calculus under similar assumptions. Their construction is inspired by Stone’s
formula:

f(H) =
1

2πi
lim
ε→0+

∫
supp(f)

f(λ) (RH(λ+ iε)−RH(λ− iε)) dλ. (3.11)

They prove that the formula (3.11) makes sense in the weak topology for functions f in Cb(I,C),
where I is an interval of the essential spectrum without spectral singularities (see Section 6 for
the definition) and where Cb(I,C) denotes the space of bounded continuous functions on I. They
develop also a functional calculus which takes into account spectral singularities (see [11, Proposition
5.3]). These approaches require a limiting absorption principle for H0, and the proofs are based on
the interchange of a limit and an integral. In the following proposition, we show that one can give
a meaning to the formula (3.11) by means of the Helffer-Sjöstrand formula constructed above at
least for compactly supported functions.

Proposition 3.9. Let I ⊂ R be an open interval and suppose that Hypotheses 1 and 2 hold on I.
Let f ∈ C∞c (I,C). Then

f(H) =
1

2πi
lim
ε→0+

∫
supp(f)

f(λ) (RH(λ+ iε)−RH(λ− iε)) dλ.
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Proof. We claim that

f(H) = π−1 lim
ε→0+

(∫
Im(z)>0

∂z̄ f̃(z)RH(z + iε)dz +

∫
Im(z)<0

∂z̄ f̃(z)RH(z − iε)dz

)
. (3.12)

Indeed, if we denote J := supp(f) ⊂ I, there exists aI > 0 sufficiently small such that supp(f̃) ⊂
SaI (J) and SaI (J) does not contain any non real eigenvalue of H. So, under Hypotheses 1 and 2,

for ε > 0 sufficiently small the map z → ∂z̄ f̃(z)RH(z ± iε) is continuous on supp(f̃) ∩ C± and for
all z ∈ SaI (J), we have

lim
ε→0+

RH(z ± iε) = RH(z), ‖∂z̄ f̃(z)RH(z ± iε)‖B(H) ≤ c0

for some constant c0 > 0, uniformly with respect to ε and z. Consequently, Lebesgue’s theorem
implies (3.12). Now since z 7→ RH(z ± iε) are holomorphic on SaI (J), we may apply Stokes’s
theorem to obtain∫

± Im(z)>0
∂z̄ f̃(z)RH(z ± iε)dxdy = ± 1

2i

∫
Γ±
f̃(z)RH(z ± iε)dz, (3.13)

where Γ± denotes the boundary of SaI (J) in C±. Finally the support properties of f̃ implies that∫
Γ±
f̃(z)RH(z ± iε)dz =

∫
J
f(λ)RH(λ± iε)dλ. (3.14)

So the conclusion follows by substituting first (3.13) and then (3.14) in (3.12). �

To conclude this introduction to the functional calculus, observe that if ω ∈ ρ(H) and rω(x) =
(x − ω)−1, then rω(H) is precisely the resolvent (H − ω)−1. More precisely, under the Hypothesis
1 on I = R, H has a finite number of no-real eigenvalues and the projection onto the non-real
eigenvalues of H is well defined by:

Πcomplex(H) :=
∑

λ∈σdisc(H)\R

Πλ(H).

Then we have:

Proposition 3.10. Suppose that Hypotheses 1 and 2 hold on R. Let ω ∈ ρ(H) and rω : R→ C be
defined for all x ∈ R by

rω(x) = (x− ω)−1.

Then

rω(H) = RH(ω)(Id−Πcomplex(H)), RH(ω) = rω(H) +
∑

λ∈σdisc(H)\R

(λ− ω)−1Πλ(H). (3.15)

Proof. Applying Proposition 3.3 for I = R, we introduce the real part of H: Hr the restriction of
H to the range of Id−Πcomplex(H). Using (3.10) and [5, Theorem 5], for all u ∈ H, we have :

rω(H)u = Ψ

(
(Hr − ω)−1 0

0 0

)
Ψ−1u

= (Hr − ω)−1(Id−Πcomplex(H))u

= (H − ω)−1(Id−Πcomplex(H))u.

Then we deduce (3.15).
�
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3.2. Spectral changing of variables. In this section, for any −c ∈ R ∩ ρ(H) with c > 0, and
m ∈ N∗, we consider a function f ∈ D((0,+∞)) and define gm ∈ D((−c,+∞)) by the relation

gm(λ) := f((λ+ c)−m).

Our goal is to identify sufficient conditions on H under which the following composition formula
holds:

f((H + c)−m) = gm(H).

Initially, instead of H + c, we consider a general operator L. For intervals I ⊂ R, R ⊂ (0,+∞),
Θ0 ⊂ [−π/2, π/2], and a > 0, we introduce the following subset of the complex plane:

R · eiΘ0 :=
{
ρeiθ ∈ C

∣∣∣ ρ ∈ R, θ ∈ Θ0

}
. (3.16)

To establish relations between the resolvents of L and those of L−m, we state the following lemma
concerning geometric sums of bounded operators.

Lemma 3.11. Let m ∈ N∗ and let T ∈ B(H) be a bounded operator such that the geometric sum

Gm(T ) :=
m−1∑
k=0

T k (3.17)

is invertible. Then (T − Id) is invertible if and only if (Tm − Id) is invertible, and in this case the
following identities hold:

(T − Id)−1 = Gm(T )(Tm − Id)−1 (3.18)

= m(Tm − Id)−1 +

m−1∑
k=1

Gk(T )Gm(T )−1. (3.19)

Proof. The first identity follows from the factorization (Tm− Id) = (T − Id)Gm(T ). For the second
identity, we write for all k ∈ N?, T k = Id +(T k − Id) = I + Gk(T )(T − Id) and use the fact that
(T − Id)(Tm − Id)−1 = Gm(T )−1. �

We define C> the set of complex number with positive real part :

C> := {z ∈ C | Re(z) > 0}.

By applying the above lemma with T = zL−1, we deduce:

Lemma 3.12. Let m ∈ N∗ and let (L,D(L)) be a closed operator on a complex separable Hilbert
space H, such that

σ(L) ⊂ (0,+∞) · ei[−θ0,θ0] for some θ0 ∈
(

0,
π

2m

)
. (3.20)

Then,

(1) z ∈ ρ(L)\{0} if and only if z−m ∈ ρ(L−m),
(2) the operator-valued map

Ψ : z 7−→ z−m+1Gm(zL−1) =

m−1∑
k=0

zk+1−mL−k (3.21)

is biholomorphic in the sector (0,+∞) · ei[−θ0,θ0],
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(3) for every z ∈ ρ(L) ∩ (0,+∞) · ei[−θ0,θ0], the following resolvent identities hold:

(L− z)−1 = −z−mL−1Gm(zL−1)
(
L−m − z−m

)−1
, (3.22)

= −mz−1−m (L−m − z−m)−1 − z−1
m−1∑
k=1

Gk(zL
−1)Gm(zL−1)−1. (3.23)

Proof. Since 0 ∈ ρ(L), it follows from holomorphic functional calculus of closed operator ([7],
Theorem VII.9.8.4) that for any k ∈ N, the operator L−k is bounded and its spectrum is contained
in the sector

σ(L−k) = {z−k | z ∈ σ(L)} ∪ {0} ⊂ [0,+∞) · ei[−kθ0, kθ0].

This prove item (1). On the other hand, for any k ∈ J0,m− 1K, for any z ∈ (0,+∞) · ei[−θ0, θ0], we
have

zk+1−m ∈ (0,+∞) · ei[−(k+1−m)θ0, (k+1−m)θ0].

Therefore, the spectrum of the operator zk+1−mL−k is contained in the sector

[0,+∞) · ei[−(m−1)θ0, (m−1)θ0] ⊂ [0,+∞) · ei(−
π
2 ,
π
2 ).

As shown in ([16], Proposition 3.2.10), if two bounded linear operators A and B commute, then
the spectrum of their sum satisfies the inclusion σ(A + B) ⊂ σ(A) + σ(B). So, it follows that the
spectrum of

z−m+1
(
Gm(zL−1)− Id

)
=

m−1∑
k=1

zk+1−mL−k

is contained in C>. So using one against Proposition 3.2.10, we deduce that, for all z ∈ (0,+∞) ·
ei[−θ0,θ0], the spectrum of the operator

z−m+1Gm(zL−1)

is contained in the open right half-plane C>. In particular, the operator Gm(zL−1) is invertible for

all z ∈ C>. Applying (3.18) with T = zL−1, we obtain for every z ∈ ρ(L) ∩ (0,+∞) · ei[−θ0,θ0]:

(L− z)−1 = L−1(Id−zL−1)−1

= −L−1Gm(zL−1)
(
(zL−1)m − Id

)−1

= −L−1z−mGm(zL−1)
(
L−m − z−m

)−1
,

which yields identity (3.22). Identity (3.23) then follows from the second formula in Lemma 3.11
as follows:

(L− z)−1 = L−1(Id−zL−1)−1

= −z−1 Id−z−1(zL−1 − Id)−1

= −z−1 Id−mz−1−m (L−m − z−m)−1 − z−1
m−1∑
k=1

Gk(zL
−1)Gm(zL−1)−1.

The biholomorphy of Ψ can be proved by using Neumann series. �

Proposition 3.13. Suppose that Hypotheses 1 and 2 hold for H on I = (s0, s1), s1 > s0. Fix
m ∈ N∗. Then there exists c > 0 such that for any J = (r0, r1), with 0 < (s1 + c)−m < r0 < r1 <
(s0 + c)−m the operator (H + c)−m satisfies Hypotheses 1 and 2 on J with nJ = nI . Moreover, for
any f ∈ D(J), we have

f((H + c)−m) = gm(H),
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where gm ∈ D(I) is defined by gm(λ) = f((λ+ c)−m).

Proof. Let us fix θ0 ∈ (0, π/2). As H0 is bounded from below and V is bounded, there exists c > 0

such that σ(H + c) ⊂ (0,+∞) · ei[−θ0,θ0]. Moreover, since σess(H) = σess(H0), each non-real number
in σ(H + c) is a discrete eigenvalue. By using Lemma 3.12 with L = H + c and the biholomorphic
function

ϕm : −c+ (0,+∞) · ei[−θ0,θ0] −→ (0,+∞) · ei[−mθ0,mθ0] (3.24)

z = −c+ ρeiθ 7−→ (z + c)−m = ρ−me−imθ, (3.25)

we have σ((H+c)−m) ⊂ (0,+∞)·ei[−mθ0,mθ0] ⊂ C> and the non-real spectrum of (H+c)−m consists
of discrete eigenvalues Λ = ϕm(λ) with λ a non-real eigenvalue of H. So if H satisfies Hypothesis 1,
no point in the interval I is an accumulation point of discrete eigenvalues and Hypothesis 1 holds
true for (H + c)−m on ϕm(I) = ((s1 + c)−m, (s0 + c)−m).

Moreover, under the Hypothesis 2 for H on I, there exists aI > 0 such that SaI (I) ⊂ ρ(H) and
then, ϕm(SaI (I)) ⊂ ρ((H + c)−m). Let J = (r0, r1) with (s1 + c)−m < r0 < r1 < (s0 + c)−m. By
taking aJ > 0 sufficiently small such that SaJ (J) ⊂ ϕm(SaI (I)), we have SaJ (J)) ⊂ ρ((H + c)−m)
and for Z ∈ SaJ (J) there exists z ∈ SaI (I) such that Z = ϕm(z). By combining (3.22) for L = H+c
(and for z + c instead of z) with Hypothesis 2 for H on I, we obtain:

‖
(

(H + c)−m − Z
)−1
‖B(H) ≤ sup

z∈SaI (I)

‖((z + c)−mGm((z + c)(H + c)−1))−1‖ ‖(H + c)(H − z)−1‖

≤ CJ | Im(z)|−nI−1,

for some CJ > 0. Writing z = −c+ρeiθ, with θ ∈ (− π
2m ,

π
2m) (it is possible for aI sufficiently small),

we have

Z = (z + c)−m = ρ−me−imθ, and Im(Z) = −ρ−m sin(mθ).

Thanks to the inequality 2
πx ≤ sin(x) ≤ x for x ∈ [0, π/2], we deduce

ρ−(m+1) 2

π
m| Im(z)| ≤ 2

π
ρ−mm|θ| ≤ | Im(Z)| ≤ ρ−mm|θ| ≤ ρ−(m+1)π

2
m| Im(z)|, (3.26)

and the Hypothesis 2 holds for (H + c)−m on J .

Now let f ∈ D(J) and let f̃ ∈ C∞c (C) be an almost analytic extension of f , supported in
J × (−aJ , aJ). Using the change of variables Z = ϕm(z) (with Z = X + iY , z = x + iy) in the
functional calculus formula

f((H + c)−m) := π−1

∫
C
∂Z f̃(Z)

(
(H + c)−m − Z

)−1
dXdY,

we obtain

f((H + c)−m) := π−1

∫
C
∂Z f̃(ϕm(z))

(
(H + c)−m − (z + c)−m

)−1 |∂zϕm(z)|2 dxdy.

From (3.26), we know that the function g̃m := f̃ ◦ϕm is an almost analytic extension of gm = f ◦ϕm,
and satisfies

∂z̄ g̃m(z) = ∂zϕm(z̄) · ∂Z f̃(ϕm(z)).

Then, using the identity (3.23) from Lemma 3.12, and the fact that the map

z 7→
m−1∑
k=1

Gk((z + c)(H + c)−1)Gm((z + c)(H + c)−1)−1
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is holomorphic on the support of g̃m, we obtain

f((H + c)−m) = π−1

∫
R2

∂z̄ g̃m(z)

(
−(z + c)m+1

m
(H − z)−1

)
∂zϕm(z) dxdy = gm(H),

where we use the identity − (z+c)m+1

m · ∂zϕm(z) = 1. �

4. SSF for Trace class perturbations

4.1. Existence. The following theorem provides the key analytic framework needed to define the
spectral shift function (SSF) in a general non-self-adjoint setting. It ensures the trace-class property
of the difference f(H)− f(H0) under suitable assumptions, allowing one to associate a distribution
to this difference.

Theorem 4.1. Suppose that Hypotheses 1, 2 and 3 hold on an open interval I with m = −1. Then,
for all f ∈ D(I) the operator difference f(H)− f(H0) belongs to L1(H). Moreover, the map

f 7−→ Tr
(
f(H)− f(H0)

)
(4.1)

defines a distribution on I which vanishes on I ∩ ρ(H) ∩ ρ(H0).

Proof. Let f̃ be an almost analytic extension of f of order nI + 2, supported in Sa(K), with K
a compact subinterval of I containing the support of f and a > 0 chosen small enough so that
σ(H) ∩ Sa(K) = ∅. Then, by definition, we have

f(H)− f(H0) = π−1

∫
C
∂z̄ f̃(z) (RH(z)−R0(z)) dxdy

= −π−1

∫
C
∂z̄ f̃(z)RH(z)VR0(z) dxdy

= −π−1

(∫
Im(z)>0

∂z̄ f̃(z)RH(z)VR0(z) dxdy +

∫
Im(z)<0

∂z̄ f̃(z)RH(z)VR0(z) dxdy

)
.

For all z ∈ ρ(H)∩ ρ(H0), ∂z̄ f̃(z)RH(z)VR0(z) is of trace class and since f̃ is compactly supported,
this shows that the full integral belongs to L1(H). Finally, in the same way as (3.9), we get

|Tr (f(H)− f(H0))| ≤ βK‖V ‖L1‖f‖nK+2,

which prove that (4.1) is a distribution on I. Finally Proposition 3.8 implies that the distribution
vanishes on R ∩ ρ(H) ∩ ρ(H0). �

Under the assumptions of Theorem 4.1, the trace formula naturally leads to the definition of
the Spectral Shift Function on I, which captures the variation of the spectrum under perturbation.
This function is initially defined only up to an additive constant, which can be fixed by prescribing
its value on a spectral gap when such a gap exists in I ∩ ρ(H) ∩ ρ(H0).

Definition 4.2. Suppose that Hypotheses 1, 2 and 3 hold on an open interval I with m = −1. The
spectral shift function ξ(·;H,H0) on I is defined, up to an additive constant, as the distribution
satisfying

〈ξ′, f〉 := Tr
(
f(H)− f(H0)

)
, for all f ∈ D(I).

When I ∩ ρ(H) ∩ ρ(H0) is nonempty (for example, if I = R and both H0 and H are bounded or
semi-bounded), the additive constant can be uniquely determined by prescribing the value of ξ on a
spectral gap, i.e., an interval contained in I ∩ ρ(H) ∩ ρ(H0).
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4.2. A first representation formula for the SSF. Once the spectral shift function (SSF) has
been defined, we aim to establish more precise properties, starting with a first representation for-
mula. For z ∈ ρ(H) ∩ ρ(H0), we define

σ(z) := Tr
(
RH(z)−R0(z)

)
.

This quantity is well-defined whenever H −H0 ∈ L1(H), as ensured by the resolvent identity. Our
goal is to show that the derivative of the spectral shift function, as defined in Definition 4.2, admits
a concrete representation in terms of the discontinuity of σ(z) across the real axis.

Proposition 4.3. Let I ⊂ R be an open interval. Suppose that Hypotheses 1, 2 and 3 hold on I
with m = −1. Then, in the sense of distributions on I, we have

ξ′(·;H,H0) =
1

2πi
lim
ε→0+

(σ(·+ iε)− σ(· − iε)) . (4.2)

Remark 4.4. Note that the right-hand side of (4.2) vanishes on the set I ∩ ρ(H) ∩ ρ(H0), since
σ(·) is well-defined and continuous there. More precisely, for any λ ∈ I ∩ ρ(H) ∩ ρ(H0), we have

lim
ε→0+

σ(λ± iε) = σ(λ).

Proof. Let f ∈ D(I) be a test function supported in a compact interval K ⊂ I, and let f̃ be

an almost analytic extension supported in Sa(K), where a > 0 is choosen small enough so that
σ(H) ∩ Sa(K) = ∅. Then, we write:

〈ξ′, f〉 = π−1

∫
C
∂z̄ f̃(z) Tr (RH(z)−R0(z)) dxdy

= π−1

(
lim
ε→0+

∫
Im(z)>0

∂z̄ f̃(z)σ(z + iε) dxdy + lim
ε→0+

∫
Im(z)<0

∂z̄ f̃(z)σ(z − iε) dxdy

)
, (4.3)

where σ(z) := Tr (RH(z)−R0(z)).

Indeed, by construction, the support of f̃ does not contain any complex eigenvalue of H. Hence,
for ε > 0 small enough, the map z 7→ ∂z̄ f̃(z)RH(z ± iε) is continuous on supp(f̃). Moreover, since
H −H0 ∈ L1(H), resolvent identity implies that RH(z)−R0(z) is trace-class for z ∈ ρ(H)∩ ρ(H0),
and we have

lim
ε→0+

σ(z ± iε) = σ(z), for all z ∈ Sa(K) with ± Im(z) > 0.

In addition, for all sufficiently small ε > 0 and all z ∈ Sa(K) with ± Im(z) > 0, we estimate∣∣∣∂z̄ f̃(z)σ(z ± iε)
∣∣∣ =

∣∣∣∂z̄ f̃(z) Tr (RH(z ± iε)VR0(z ± iε))
∣∣∣

≤
∣∣∣∂z̄ f̃(z)

∣∣∣ · ‖V ‖L1(H) · ‖RH(z ± iε)‖ · ‖R0(z ± iε)‖.

Now, since z 7→ σ(z ± iε) is holomorphic on Sa(K) ∩C±, we may apply Stokes’ theorem to obtain:∫
± Im(z)>0

∂z̄ f̃(z)σ(z ± iε) dx dy = ± 1

2i

∫
Γ±a

f̃(λ)σ(λ± iε) dλ, (4.4)

where Γ±a denotes the boundary of Sa(K) ∩ C±. This boundary integral can be decomposed into

four parts, three of which vanish due to the support properties of f̃ . Therefore,

± 1

2i

∫
Γ±a

f̃(λ)σ(λ± iε) dλ = ± 1

2i

∫
supp(f)

f(λ)σ(λ± iε) dλ. (4.5)

Substituting (4.5) into (4.3) yields the desired identity (4.2). �
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Remark 4.5. Proposition 4.3 allows to give the following extension to non-selfadjoint operators
of the representation formula (1.2). Under the assumptions of Theorem 4.1, let us introduce the
perturbation determinant

DV (z) := Det
(
(H0 + V − z)(H0 − z)−1

)
= Det

(
I + V (H0 − z)−1

)
. (4.6)

It is a non vanishing analytic function on each Sa(K), K ⊂ I compact (because it is in the resolvent
set of H and H0) and it satisfies (see e.g. [31, Chapter 8]):

DV (z)−1D′V (z) = Tr
(
RH(z)−R0(z)

)
= σ(z).

It follows that, up to a constant, the function lnDV (z) is well defined on each Sa(K) and satisfies:

d

dλ
lnDV (λ± iε) = σ(λ± iε), λ ∈ J, ε > 0.

Then, up to a constant, Proposition 4.3 suggest the following extension of (1.2) (when the limit
exists):

ξ(λ;H,H0) =
1

2πi
lim
ε→0+

(lnDV (λ+ iε)− lnDV (λ− iε)) . (4.7)

Of course, when H0 + V is selfadjoint, it corresponds to (1.2) because in this case, lnDV (λ− iε) is
the complex conjugate of lnDV (λ+ iε).

Remark 4.6. From the above results it follows that the SSF for the adjoint H∗ coincides with the
complex conjugate of the SSF for H:

ξ(λ;H∗, H0) = ξ(λ;H,H0). (4.8)

5. The SSF for non-selfadjoint relatively trace class perturbations

In many applications, the difference H − H0 does not belong to the trace class. However, the
difference between their resolvents, or between powers of their resolvents, may indeed be trace
class. The aim of this section is to extend the definition of the spectral shift function (SSF) to such
settings.

The central idea is to consider the pair of operators

(X,X0) :=
(
(H + c)−m, (H0 + c)−m

)
,

where c ∈ R and m ∈ N∗ are chosen so that X −X0 ∈ L1(H). In this case, Definition 4.2 can be
applied directly to (X,X0), thus defining a spectral shift function for this pair. Then, to retrieve
the SSF associated with the original pair (H,H0), we perform a change of variables: for λ > −c,
the spectral parameter µ for X is taken as µ = (λ+ c)−m. Accordingly, we define

ξ(λ;H,H0) := ξ
(
(λ+ c)−m; (H + c)−m, (H0 + c)−m

)
. (5.1)

5.1. Definition of the SSF for relatively trace class perturbations. We begin with a theorem
that allows the definition of the spectral shift function (SSF) in the case where the perturbation is
relatively trace class, i.e., when a suitable power of the resolvent difference belongs to L1(H).

Proposition 5.1. Let (H0,D(H0)) be a self-adjoint, semi-bounded operator, and let (H,D(H0)) be
a closed operator acting on a complex separable Hilbert space H.

Assume there exist c ∈ R and m ∈ N∗ such that:

(1) V := H −H0 is a bounded operator
(2) The operator H + c is invertible with

σ
(
(H + c)−m

)
⊂ (0,+∞) · ei(−

π
2
,π
2

) (5.2)
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(3) Hypotheses 1, 2 and 3 hold on I = (s0, s1), s0 < s1 for some m ∈ N∗

Then the spectral shift function ξc,m := ξ(· ; (H + c)−m, (H0 + c)−m) is well-defined on ((s1 +
c)−m, (s0 + c)−m) up to a constant.

Moreover, the distribution ξ(· ;H,H0) defined by

ξ(λ;H,H0) := ξc,m((λ+ c)−m) (5.3)

for λ ∈ I = (s0, s1), is independent of the choice of (c,m) and satisfies the trace formula (1.1).
Uniqueness is guaranteed by choosing ξ(·;H,H0) = 0 on a spectral gap (if it exists).

Proof. Since the spectrum of (H + c)−m lies in (0,+∞) · ei(−
π
2
,π
2

), there exists θ0 ∈ ]0, π
2m [ such that

σ(H + c) ⊂]0,+∞[ei[−θ0,θ0].

Then, by Proposition 3.13, for any interval J = (r0, r1) relatively compact in ((s1 + c)−m, (s0 +
c)−m) ⊂]0,+∞[, the Hypotheses 1, 2 are satisfied by (H + c)−m on J . Applying Theorem 4.1, the
spectral shift function ξm,c := ξ(·; (H + c)−m, (H0 + c)−m) is therefore well defined on J , up to an
additive constant. For every f ∈ D(I), we have:

Tr
(
f((H + c)−m)− f((H0 + c)−m)

)
= −〈ξ′m,c, f〉.

Furthermore, for any g ∈ D(((s1 + c)−m, (s0 + c)−m)), Proposition 3.13 (applied to the function

f ∈ D(I) defined by f(µ) = g(µ−
1
m − c)) yields:

f((H + c)−m) = g(H),

and consequently:
Tr
(
g(H)− g(H0)

)
= 〈ξ, g′〉.

Since g(H) and g(H0) are independent of the choice of (m, c), the distribution ξ is uniquely deter-
mined on I by the normalization ξ = 0 on a spectral gap (if it exists). �

Thanks to this Proposition, in the context of relatively trace-class perturbations, the spectral
shift function can still be defined, as stated in the following definition.

Definition 5.2. Under the assumptions of Proposition 5.1, we define the Spectral Shift Function
(SSF) associated with the pair (H,H0) by the relation (5.3).

Remark 5.3. Let smin := inf σ(H) ∩ σ(H0) ∩ R. If, in Proposition 5.1, s0 < smin, then the SSF
can be extended to 0 throughout the spectral gap (−∞, smin).

5.2. Representation formula in the case of relatively trace class perturbations. In this
section, we establish an analogue of Lemma 4.3 in the framework where the perturbation is only
relatively trace class, rather than trace class. This generalization is essential for extending the trace
formula and the definition of the spectral shift function to broader classes of operators.

Proposition 5.4. Suppose that the pair (H0, H) satisfies the assumptions of Proposition 5.1 for
some I = (s0, s1), c ∈ R and m ≥ 1, and that

(H0 + c)−m
(
(H + c)−1 − (H0 + c)−1

)
∈ L1(H). (5.4)

Then, in the sense of distributions, on I, we have:

ξ′(·;H,H0) =
1

2πi
lim
ε→0+

(σm(·+ iε)− σm(· − iε)) , (5.5)

where

σm(z) := (z + c)m−1 Tr
(
(H + c)−m+1RH(z)− (H0 + c)−m+1R0(z)

)
, Im(z) 6= 0.
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Proof. Let us denote X = (H + c)−m and X0 = (H0 + c)−m. Using the identity

(H + c)−m+1RH(z)− (H0 + c)−m+1R0(z) = (X −X0)(H + c)RH(z) +X0

(
(H + c)RH(z)− (H0 + c)R0(z)

)
,

together with the resolvent identity and the strong mapping spectral theorem (see e.g., [25, Lemma
2, XIII.4]), one checks that σm(z) is well-defined for all z ∈ ρ(H)∩ρ(H0) (see also the relation (5.6)
below for further justification).

Moreover, for λ ∈ R ∩ ρ(H) ∩ ρ(H0), we have

lim
ε→0+

σm(λ+ iε) = σm(λ) = lim
ε→0+

σm(λ− iε),

so that both side of (5.5) vanishes on R ∩ ρ(H) ∩ ρ(H0) ⊃ (−∞, inf(σ(H) ∪ σ(H0))) ⊃ (−∞,−c].
By Definition 5.2, on I, we have

ξ′(λ;H,H0) = −m(λ+ c)−m−1 ξ′c,m((λ+ c)−m).

We now apply Proposition 4.3 to the pair ((H + c)−m, (H0 + c)−m), which yields, in the sense of
distributions:

ξ′c,m(µ) =
1

2πi
lim
ε→0+

(Σ(µ+ iε)− Σ(µ− iε)) ,

where
Σ(Z) = Tr

(
(X − Z)−1 − (X0 − Z)−1

)
, Im(Z) 6= 0.

For Z = µ± iε with µ > 0, ε > 0, there exists z = λ∓ iδ(ε) with λ > −c and δ(ε)→ 0+ such that
Z = (z + c)−m. Using Lemma 3.12 for with L = H + c and with z + c instead of z, we have:

(H + c)−m+1RH(z) = X(H + c)RH(z)

= X + (z + c)XRH(z)

= X −mZX(X − Z)−1 −XBH(z)

= X −mZ −mZ2(X − Z)−1 −XBH(z)

where

BH(z) :=
m−1∑
k=1

Gk((z + c)(H + c)−1)Gm((z + c)(H + c)−1)−1,

is holomorphic near I × {0}.
The same identity holds for H0. Therefore, we obtain

(z + c)m−1
(

(H + c)−m+1RH(z)− (H0 + c)−m+1R0(z)
)

= (z + c)m−1(X −X0)−m(z + c)−m−1
(
(X − Z)−1 − (X0 − Z)−1

)
(5.6)

− (z + c)m−1
(
XBH(z)−X0BH0(z)

)
.

The first and third terms in the right-hand side of (5.6) are holomorphic near the real axis and hence
do not contribute to the jump in the limit. The only contribution to the difference of boundary
values comes from the second term. This yields

−m(λ+ c)−m−1 lim
ε→0+

(
Σ((λ+ c)−m + iε)− Σ((λ+ c)−m − iε)

)
= lim

ε→0+
(σm(λ+ iε)− σm(λ− iε)) ,

which proves (5.5).

Finally, we briefly justify the trace class property of the third term in (5.6). By the structure of
BH(z) and the assumption (5.4), one can verify that z 7→ X0

(
BH(z)−BH0(z)

)
is holomorphic with

values in L1(H).
�
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6. Limiting absorption principle for non-self-adjoint perturbation

In this section, we show how the results of the previous sections can be applied in the general
setting introduced by J. Faupin and the second author in [11]. First, we recall some well-known
definitions related to the limiting absorption principle for non-self-adjoint perturbations of self-
adjoint operators, and then we provide sufficient conditions for Hypothesis 2 to hold. We consider
H0 and H = H0 + V as in Section 2.1, and we suppose that V is of the form

V = CWC,

where C ∈ B(H) is selfadjoint, relatively compact with respect to H0, and W ∈ B(H).

6.1. Spectral singularities. A central concept in the study of non-self-adjoint operators intro-
duced in [11] is that of a spectral singularity, which refers to points of the essential spectrum that
fail to be regular in the following sense.

Definition 6.1 (Regular spectral point and spectral singularity). Let λ ∈ Λ := σess(H) = σess(H0).

(i) We say that λ is an outgoing (respectively incoming) regular spectral point of H if λ is not
an accumulation point of eigenvalues lying in the set λ± i(0,∞), and if the limit

CRH(λ± i0+)CW := lim
ε→0+

CRH(λ± iε)CW (6.1)

exists in the norm topology of B(H). If this limit does not exist, then λ is said to be an
outgoing (respectively incoming) spectral singularity of H.

(ii) We say that λ is a regular spectral point of H if it is both an outgoing and an incoming
regular spectral point. Otherwise, λ is called a spectral singularity of H.

(iii) We say that infinity is an outgoing/incoming regular spectral point of H if there exists m > 0
such that for all λ > m, λ is an outgoing/incoming regular spectral point and if the map

[m,∞) 3 λ 7→ CRH(λ± i0+)CW

is bounded for the topology of the norm of operator. If one of this condition does not hold,
we say that infinity is an outgoing (respectively incoming) spectral singularity of H.

The notion of spectral singularity is closely related to the concept of spectral projection for
non-self-adjoint operators introduced in [29]. Assuming a limiting absorption principle for H0,
a characterization of spectral singularities has been provided in [11]. This notion also plays a
fundamental role in the study of the dynamics of solutions to the Schrödinger equation governed
by a non-self-adjoint Hamiltonian. For instance, Faupin and Fröhlich [10] show that the dissipative
wave operators are complete if and only if H has no spectral singularities, while Faupin and Nicoleau
[14] demonstrate that the dissipative scattering matrix fails to be invertible at spectral singularities.
Finally we refer to [13] for a construction of wave operators (named ”regularized wave operators”)
taking into account spectral singularities in the non-dissipative case.

In the sequel, we denote by Λreg the set of regular spectral points of H. It is of particular interest to
understand how rapidly the weighted resolvent of H diverges as the spectral parameter approaches
a spectral singularity from the upper or lower half-plane. This leads to the notion of the order of a
spectral singularity.

Definition 6.2 (Order of a spectral singularity). Let λ ∈ σess(H) be an outgoing or incoming
spectral singularity of H. We say that λ is a spectral singularity of finite order if there exist an
integer n ∈ N and ε > 0 such that

sup
z∈D(λ,ε)∩C±

|λ− z|n ‖CRH(z)CW‖B(H) <∞. (6.2)
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Otherwise, λ is said to be an outgoing or incoming spectral singularity of infinite order. If λ is an
outgoing or incoming spectral singularity of finite order, we define its order as the smallest integer
n for which (6.2) holds.
We say that infinity is a outgoing or incoming spectral singularity of finite order if there exists an
integer n, ε0 > 0, m > 0 and z0 ∈ ρ(H)\R such that

sup
Re(z)>m
|±Im(z)|<ε0

|z − z0|−n‖CRH(z)CW‖B(H) <∞ (6.3)

Otherwise, infinity is said to be an outgoing or incoming spectral singularity of infinite order. If
infinity is an outgoing or incoming spectral singularity of finite order, we define its order as the
smallest integer n for wich (6.3) holds.

In other words, a spectral singularity is of finite order if the weighted resolvent of H can be
regularized by a polynomial factor in a neighborhood of the singularity within the upper or lower
half-plane and a singularity at infinity can be regularized by a rational function in a neighborhood of
infinity in the upper or lower half-plane. As we will recall in Section 7, for the Schrödinger operator
spectral singularities are related to real resonances (see Section 7.1).

6.2. Resolvent estimates. Here sufficient conditions on spectral singularities and eigenvalues are
given so that H satisfies the resolvent estimate of Hypothesis 2.

Proposition 6.3. Assume that H satisfies Hypothesis 1 on an open interval I and that its closure
I contains a finite number of spectral singularities of finite order. Then Hypothesis 2 holds for H
on I.

Proof. If I is bound from above, it is sufficient to prove the result for I bounded because below the
essential spectrum Hypothesis 2 is always true (see Remark 2.1). By combining Hypothesis 1 with
(6.2), near each spectral singularity there exists c1 > 0 and n1 ∈ N such that

‖CRH(z)CW‖B(H) ≤ c1| Im(z)|−n1 , (6.4)

and near regular points we can take n1 = 0. Then having a finite number of spectral singularities,
by compactness of I, (6.4) holds on Sa(I) for some a > 0 and with the maximum of all the finite
order instead of n1. If we denote ν1, . . . , νn the order of the n spectral singularities of H in I, we
deduce Hypothesis 2 on I with

nI = max(νk)k∈{1,...,n} + 1

by using the resolvent identity

RH(z) = R0(z)−R0(z)VR0(z) +R0(z)CWCRH(z)CWCR0(z), (6.5)

and the resolvent estimate for the self-adjoint operator H0: ‖R0(z)‖B(H) ≤ | Im(z)|−1.
If I has no upper bound, it is sufficient to prove the result on an interval [s1,+∞) having only

a spectral singularity at infinity (on I ∩ (−∞, s1] we apply the previous argument). Hypothesis 1
and with (6.3) give

‖CRH(z)CW‖ ≤ c|Re(z)|n,

on Sa([s1,+∞)) for some n ∈ N, c > 0 and a > 0. We conclude by using again (6.5).
�
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7. SSF for Schrödinger Operators with Complex-Valued Potential

In this section we consider the self-adjoint operator

H0 = −∆ on L2(R3),

with domain D(H0) = H2(R3) := {u ∈ L2(R3); ∆u ∈ L2(R3)} and H is the Schrödinger operator
H := H0 + V where V is a multiplication operator by a function V ∈ L∞(R3;C). The relative
compactness is guaranteed by the assumption:

|V (x)| ≤ M 〈x〉−δ, ∀x ∈ R3, δ > 0, (7.1)

for some constant M > 0 and the essential spectrum is given by Λ := σess(H) = σess(H0) = [0,+∞).
We focus on the three-dimensional setting but this section could easily be extended to any odd
dimension. We show how to apply the previous results to this non-self-adjoint Schrödinger operator;
in particular, we recall the link between resonances and spectral singularities, and then we give
regularity properties of the spectral shift function outside of spectral singularities. Finally, we show
that the behavior at high energies is very close to the self-adjoint case. The existence of the spectral
shift function will be given under the short-range condition δ > 3

We have V = CWC by considering C the multiplication operator by C(x) := 〈x〉−δ/2 and
W := 〈·〉δV . If V is a compactly supported potential, we can also define C, (resp. W ) as the
multiplication operator by ρ, (resp. V ) with ρ a smooth compactly supported function such that
ρ ≡ 1 on supp(V ).

7.1. Spectral singularities and resonances. For Schrödinger operators, the notion of spectral
singularity is closely related to that of resonances. We present here two related notions, depending
on the decay of the potential V .

7.1.1. Short-range condition. We define the weighted space

L2
δ :=

{
f : R3 → C | x 7→ 〈x〉δf(x) ∈ L2(R3)

}
,

In [11], Faupin and Frantz established the following Proposition:

Proposition 7.1. [11, Proposition 3.10] Suppose that V is a complex-valued potential satisfying the
short-range condition (7.1) with δ > 1. Then for all λ > 0, the following conditions are equivalent:

(i) λ is an outgoing/incoming spectral singularity of H in the sense of Definition 6.1,
(ii) There exists Ψ ∈ L2

− δ
2

, with Ψ 6= 0, such that

(−∆ + V (x)− λ)Ψ = 0.

If the function Ψ from (ii) lies in L2(R3), then λ is an eigenvalue of H. Otherwise, λ is referred
to as a real resonance, associated with a resonant state Ψ /∈ L2(R3). Such a state satisfies the
outgoing/incoming Sommerfeld radiation condition:

Ψ(x) = |x|1/2e±iλ1/2|x|
(
a

(
x

|x|

)
+ o(1)

)
, |x| → ∞,

where a ∈ L2(S2) and a 6= 0. Moreover, if the operator H is dissipative, (in the sense that
Im(〈u,Hu〉) ≤ 0 for all u in the domain of H), H cannot have outgoing spectral singularities in
(0,∞) (see [30, Corollary 3.2]). But, in general, spectral singularities may still occur. As shown
in [30, Remark 5.4], for any λ > 0, one can construct a smooth, compactly supported potential V
such that λ is an incoming spectral singularity of H in the dissipative setting.



24 V. BRUNEAU, N. FRANTZ, AND F. NICOLEAU

7.1.2. Compactly supported potential. If V ∈ L∞c (Rd,C), with d ≥ 3 odd, then the map

{z ∈ C | Im(z) > 0} 3 z 7→ (H − z2)−1 : L2(Rd,C)→ L2(Rd,C)

is meromorphic and admits a meromorphic extension to the whole complex plane as a map

C 3 z 7→ F (z) : L2
c(Rd)→ L2

loc(Rd), (7.2)

where

L2
c(Rd) := {u ∈ L2(Rd) | supp(u) is compact},

L2
loc(Rd) := {u : Rd → C | u ∈ L2(K) for all compact K ⊂ Rd}.

The poles of the meromorphic extension in (7.2) are called resonances of H.

One can verify that any real resonance ±λ0 of H, with λ0 ≥ 0, corresponds to an outgoing/incoming
spectral singularity λ2

0 in the sense of Definition 6.1. Moreover, H has only finitely many spectral
singularities, and the order of a spectral singularity coincides with the multiplicity of the corre-
sponding resonance pole; see [9, Theorem 3.8].

We refer the reader to [9] and the references therein for an overview of the resonance theory for
Schrödinger operators, and to [11, Section 3.3.1] for a more detailed comparison between the notions
of resonances and spectral singularities considered in this paper.

Finally note that in both cases, ∞ is an outgoing and an incoming regular spectral point. This
is a consequence of point (3) of Proposition 7.2. (See e.g the proof of Proposition 7.14 about the
high energy asymptotic of the derivative of the SSF for more details).

7.2. Preliminary results. Here we recall some useful results on the free resolvent, R0(z), that
will be used to derive qualitative results on the spectral shift function. We define

√
z on C \R+ by

requiring that Im(
√
z) > 0. Hence, for all λ ∈ (0,∞), we have

lim
ε→0+

√
λ± iε = ±

√
λ.

For z ∈ C \ R+, set

T0(z) := CR0(z)CW,

and recall that, for such z, the integral kernel of T0(z) is the function

K0(z)(x, y) :=
1

4π
C(x)

ei
√
z |x−y|

|x− y|
C(y)W (y), (x, y) ∈ R3 × R3.

The well-known next proposition collects some useful properties of the operator T0(z), (see [32] for
instance).

Proposition 7.2. Assume that V is a short-range potential (i.e. satisfies (7.1)) with δ > 3. Then,
for all z ∈ C \ R+, the integral kernel K0(z) belongs to L2(R3 × R3). In particular, T0(z) is a
Hilbert–Schmidt operator. Moreover:

(1) For all λ ∈ Λ, the limits

T0(λ± i0+) := lim
ε→0+

T0(λ± iε)

exist in the Hilbert–Schmidt topology.
(2) The maps Λ 3 λ 7→ T0(λ± i0+) are continuous in the Hilbert–Schmidt topology.
(3) For any δ > 0, there exist constants c > 0 and C > 0 such that, for all z ∈ C \ R+ with
|z| > c, one has

‖T0(z)‖B(H) ≤ C |z|−
1
2

+δ. (7.3)
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The k-derivative with respect to z of T0 is given by

T
(k)
0 (z) := (−1)kCR0(z)k+1CW.

For k = 1, its integral kernel is given for all (x, y) ∈ R3 × R3 by

K
(1)
0 (z)(x, y) =

i

8π
√
z
C(x)ei

√
z|x−y|C(y)W (y), ± Im(z) > 0.

The following Proposition collects some useful properties of the operators T
(k)
0 (z), (see [22], Lemma

2.2):

Proposition 7.3. Assume that V satisfies (7.1)) with δ > 3. Then:

(1) For all k ∈ N \ {0} and all z ∈ C \ R+, the operator T
(k)
0 (z) is of trace class.

(2) If δ > 2k + 1, then for all λ ∈ (0,+∞), the limits

T
(k)
0 (λ± i0+) := lim

ε→0+
T

(k)
0 (λ± iε)

exist in the Hilbert–Schmidt topology.
(3) Moreover, the map

(0,+∞) 3 λ 7−→ T0(λ± i0+)

belongs to C k((0,+∞),L2(H)), and one has

T
(k)
0 (λ± i0+) = ∂

(k)
λ T0(λ± i0+).

We now derive explicit trace formulas for T
(1)
0 (z) and T

(1)
0 (z)T0(z), which will play a key role in the

computation of the spectral shift function.

Lemma 7.4. Assume that V is a short-range potential with exponent δ > 3, and let λ ∈ (0,+∞).
Then:

(1) One has

lim
ε→0+

Tr
(
T

(1)
0 (λ+ iε)− T (1)

0 (λ− iε)
)

=
i

4π
√
λ

∫
R3

V (x) dx. (7.4)

(2) Moreover,

Tr
(
T

(1)
0 (λ± i0+)T0(λ± i0+)

)
= ± i

32π2
√
λ

∫
R6

V (x)V (y)
e±2i

√
λ |x−y|

|x− y|
dx dy. (7.5)

Proof. (1) For all ε > 0, the operator T
(1)
0 (λ± iε) is of trace class, and its trace is given by

Tr
(
T

(1)
0 (λ± iε)

)
=

∫
R3

K
(1)
0 (λ± iε)(x, x) dx =

i

8π
√
λ± iε

∫
R3

V (x) dx.

Subtracting the two expressions and taking the limit as ε→ 0+ yields (7.4).

(2) Let z ∈ C \R+. The integral kernel of the product T
(1)
0 (z)T0(z), denoted K

(0,1)
0 (z), is given by

K
(0,1)
0 (z)(x, y) =

i

32π2
√
z

∫
R3

C(x) ei
√
z |x−t| V (t)

ei
√
z |t−y|

|t− y|
C(y)W (y) dt.

Since T
(1)
0 (z)T0(z) is of trace class, we have

Tr
(
T

(1)
0 (z)T0(z)

)
=

i

32π2
√
z

∫
R6

V (x)V (y)
e2i
√
z |x−y|

|x− y|
dx dy.
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Finally, taking z = λ± iε and letting ε→ 0+ yields (7.5). �

Before stating the next lemma, let us recall that, by the resolvent identity, for every z ∈ ρ(H)∩ρ(H0)
the operator Id +T0(z) is invertible and we have[

Id +T0(z)
]−1

= Id−CRH(z)CW. (7.6)

We conclude this section with the following useful identity :

Lemma 7.5. Suppose that V is a short-range potential with decay exponent δ > 3. Then, for every
z ∈ ρ(H) ∩ ρ(H0), the difference RH(z)−R0(z) is a trace-class operator. Moreover, the following
identities hold:

Tr
(
RH(z)−R0(z)

)
= Tr

(
T

(1)
0 (z) [I + T0(z)]−1

)
, (7.7)

= Tr
(
T

(1)
0 (z)

)
− Tr

(
T

(1)
0 (z) [I + T0(z)]−1T0(z)

)
, (7.8)

= Tr
(
T

(1)
0 (z)

)
− Tr

(
T

(1)
0 (z)T0(z)

)
+ Tr

(
T

(1)
0 (z)CRH(z)CW T0(z)

)
. (7.9)

Proof. Let z ∈ ρ(H) ∩ ρ(H0). Since δ > 3, the resolvent identity implies that RH(z) −R0(z) is a
trace-class operator (see, for instance, [25, Theorem XI.21]). Applying again the resolvent identity
successively (twice and three times, respectively), we obtain

RH(z)−R0(z) = −R0(z)V R0(z) + R0(z)V RH(z)V R0(z)

= −R0(z)V R0(z) + R0(z)V R0(z)V R0(z) − R0(z)V RH(z)V R0(z)V R0(z).

Next, by a clever use of the cyclicity of the trace, we obtain

Tr
(
RH(z)−R0(z)

)
= Tr

(
T

(1)
0 (z) [Id−CRH(z)CW ]

)
= Tr

(
T

(1)
0 (z) [Id +T0(z)]−1

)
,

by (7.6), which proves (7.7). The identities (7.8) and (7.9) follow immediately. �

7.3. Existence of the SSF. The following theorem provides sufficient conditions for the existence
of the spectral shift function ξ(·;−∆ + V (x),−∆).

Proposition 7.6. Let V be a short-range potential with decay exponent δ > 3, and assume that the
operator H admits only finitely many eigenvalues and finitely many spectral singularities, each of
finite order. Then there exists c > 0 such that the spectral shift function

ξ(·; −∆, −∆ + V ) := ξ
(
·; (H + c)−1, (H0 + c)−1

)
is well defined and does not depend on the particular choice of c > 0.

Proof. As H has a finite number of eigenvalues and a finite number of spectral singularities of finite
order, it follows from Proposition 6.3 that Hypotheses 1 are 2 is satisfied on R. Furthermore, since
V is bounded and H has only finitely many eigenvalues, there exists c > 0 such that −c ∈ ρ(H),
and a > 0 such that

σ(H) ⊂ {z ∈ C |Re(z) > −c and | Im(z)| < a} .
Moreover, as δ > 3, thanks to Lemma 7.5, (H0 + c)−1 − (H + c)−1 is a trace class operator. Thus,

condition (2) in Proposition 5.1 is also satisfied. We conclude that the spectral shift function

ξ(·,−∆,−∆ + V ) := ξ(·, (H + c)−1, (H0 + c)−1)
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exists and does not depend on the particular choice of c. �

As a consequence of the trace-class property of (H − c)−1− (H0− c)−1 and Proposition 5.4 with
m = 1, the derivative ξ′(H,H0, ·) admits the following representation:

Proposition 7.7. Let V be a short-range potential with decay exponent δ > 3, and assume that the
operator H has only finitely many eigenvalues and finitely many spectral singularities, each of finite
order. Then, in the sense of distributions, one has

ξ′(H,H0;λ) =
1

2πi
lim
ε→0+

Tr
(
RH(λ+ iε)−R0(λ+ iε)

)
− Tr

(
RH(λ− iε)−R0(λ− iε)

)
.

Remark 7.8. The assumption that the operator has only finitely many eigenvalues may appear
restrictive. Nevertheless, there exist sufficient conditions on the potential V ensuring that −∆ +
V admits only finitely many eigenvalues. For instance, in odd dimensions, Frank, Laptev, and
Safronov [12] showed that if V decays exponentially at infinity, then the operator −∆ + V has
finitely many eigenvalues.

7.4. Regularity of the Spectral Shift Function. In this section, we show that the spectral
shift function extends to a regular function in a neighborhood of any regular spectral point. Since
the spectral singularities are isolated, this will allow us to define the SSF locally away from these
singularities. We have the following proposition:

Proposition 7.9. Assume that V is a short-range potential with decay exponent δ > 2k + 1,
where k ∈ N∗. Assume also that H has only finitely many eigenvalues and finitely many spectral
singularities, each of finite order. Let λ ∈ (0,+∞) be a regular spectral point of H. Then the
spectral shift function ξ(·;H,H0) is of class C k+1 in a neighborhood of λ.

Proof. It follows from point (2) of Proposition 7.2 together with [11, Proposition 4.7] that there
exists a neighborhood ωλ of λ free of spectral singularities. Using (7.8), we obtain, in the sense of
distributions and for all µ ∈ ωλ,

ξ′(µ;H,H0) =
1

2πi
lim
ε→0+

(
Tr
(
T

(1)
0 (µ+ iε)

)
− Tr

(
T

(1)
0 (µ− iε)

)
(7.10)

− Tr
(
T

(1)
0 (µ+ iε) [I + T0(µ+ iε)]−1 T0(µ+ iε)

)
+ Tr

(
T

(1)
0 (µ− iε) [I + T0(µ− iε)]−1 T0(µ− iε)

))
. (7.11)

Since every µ ∈ ωλ is a regular spectral point of H, [11, Proposition 4.7] ensures that the operators
I + T0(µ± i0+) are invertible, and that

lim
ε→0+

[I + T0(µ± iε)]−1 = [I + T0(µ± i0+)]−1

exist in B(H). Moreover, the mappings

Inv : µ ∈ ωλ 7−→ [I + T0(µ± i0+)]−1

are continuous. The C k-regularity of Inv on ωλ follows from the differentiability of the inversion map
and from point (2) of Proposition 7.3. Combining this fact with points (1) and (2) of Proposition 7.2
and point (2) of Proposition 7.3, we deduce that

Tr
(
T

(1)
0 (µ± i0+) [I + T0(µ± i0+)]−1 T0(µ± i0+)

)
:= lim

ε→0+
Tr
(
T

(1)
0 (µ± iε) [I + T0(µ± iε)]−1 T0(µ± iε)

)
exists, and that the mappings

µ ∈ ωλ 7−→ Tr
(
T

(1)
0 (µ± i0+) [I + T0(µ± i0+)]−1 T0(µ± i0+)

)
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are of class C k. Finally, by (7.4), the mapping

µ ∈ ωλ 7−→ Tr
(
T0(µ+ i0+)− T0(µ− i0+)

)
is well defined and of class C k. This completes the proof. �

7.5. Asymptotics near a Spectral Singularity. In this section, we derive the asymptotic be-
havior of the spectral shift function (SSF) in a neighborhood of a spectral singularity, in the case
of a compactly supported and bounded potential.

Assume that V ∈ L∞c (R3,C), the space of essentially bounded functions with compact support.
Then there exists a compactly supported function ρ such that

ρ ≡ 1 on supp(V ), ρ V = V.

As mentioned in Subsection 7.1.2, the outgoing and incoming spectral singularities λ0 > 0 of H
correspond to the real poles ±

√
λ0 of the meromorphic continuation to C of the map

C+ 3 z 7−→ (H − z2)−1 : L2
c(R3)→ L2

loc(R3).

Equivalently (see [9, Theorem 3.8]), they correspond to real poles of the meromorphic continuation
to C of the map

C+ 3 z 7−→ ρ (H − z2)−1ρ : L2(R3)→ L2(R3).

We denote by F (z) this meromorphic continuation.

To fix ideas, suppose that λ0 > 0 is an outgoing spectral singularity of H of order ν0. It then follows
that

√
λ0 is a pole of F (z). According to [9], there exist finite-rank operators A−j , 1 ≤ j ≤ ν0,

and an operator-valued function z 7→ A0(z), holomorphic in a complex neighbourhood of
√
λ0, such

that

F (z) =

ν0∑
j=1

A−j
(z2 − λ0)j

+ A0(z), (7.12)

in a complex neighbourhood of
√
λ0.

We recall the following standard expansion, which is a direct consequence of the theory of distribu-
tions associated with analytic functions (see, e.g., [15, Chap. III, §3.5]).

Lemma 7.10 (Multiplication of a principal part by a smooth function). Let j ∈ N∗, λ0 > 0, and let
g be holomorphic in Vλ0∩C± and admit a smooth extension up to the real axis, denoted by g±, where
Vλ0 denotes a complex neighbourhood of λ0. Then, in the sense of distributions in a neighbourhood
of λ0 on the real line, one has

lim
ε→0+

g(λ± iε)
(λ± iε− λ0)j

=

j−1∑
k=0

g
(k)
± (λ0)

k!
(λ− λ0 ± i0)−(j−k) + h±(λ), (7.13)

where h± is smooth near λ0.

Proof. We only treat the case with the + sign, the other one being identical. We expand g in a
Taylor series around λ0 up to order j − 1:

g(λ+ iε) =

j−1∑
k=0

g
(k)
± (λ0)

k!
(λ+ iε− λ0)k + Rj(λ+ iε),



THE SPECTRAL SHIFT FUNCTION FOR NON-SELF-ADJOINT PERTURBATIONS 29

where the remainder satisfies Rj(λ + iε) = O
(
(λ + iε − λ0)j

)
in a neighborhood of Vλ0 . Dividing

by (λ+ iε− λ0)j yields

g(λ+ iε)

(λ+ iε− λ0)j
=

j−1∑
k=0

g
(k)
± (λ0)

k!
(λ+ iε− λ0)−(j−k) + rj(λ, ε),

where rj(λ, ε) is a smooth function and converges, as ε→ 0+, to a smooth function h+(λ) near λ0.
Since each family (λ+ iε− λ0)−m converges to (λ− λ0 + i0)−m in D′(R), we may pass to the limit
term by term, which gives (7.13). �

Remark 7.11 (Real and imaginary parts). Each distribution (λ− λ0 + i0)−m appearing in (7.13)
admits the following decomposition into its real and imaginary parts:

(λ− λ0 + i0)−m = p. v.
1

(λ− λ0)m
− iπ

(−1)m−1

(m− 1)!
δ(m−1)(λ− λ0), m ≥ 1. (7.14)

Hence, the real part of (λ − λ0 + i0)−m corresponds to the principal value p. v. 1
(λ−λ0)m , while its

imaginary part is supported at λ = λ0 and involves derivatives of the Dirac delta distribution.

Now, according to Proposition 7.7, and since v is compactly supported, the following representation
holds in the sense of distributions:

ξ′(H,H0;λ) =
1

2πi
lim
ε→0+

Tr
(
RH(λ+ iε)−R0(λ+ iε)

)
− Tr

(
RH(λ− iε) +R0(λ− iε)

)
.

From (7.9) and recalling that C = ρ, W = V , it follows that

Tr
(
RH(λ± iε)−R0(λ± iε)

)
= Tr

(
T

(1)
0 (λ± iε)

)
− Tr

(
T

(1)
0 (λ± iε)T0(λ± iε)

)
+ Tr

(
T

(1)
0 (λ± iε) ρRH(λ± iε) ρ V T0(λ± iε)

)
:=

3∑
n=1

a±n (ε).

We first consider the case with the plus sign and in particular the third term a+
3 (ε). We define

gj(µ) := Tr
(
T

(1)
0 (µ)A−j V T0(µ)

)
.

Since V is compactly supported, gj satisfies the assumptions of Lemma 7.10. Let λ lie in a real

neighbourhood of λ0, and let ε > 0 small enough. Substituting z =
√
λ+ iε ∈ Vλ0 ∩C+ into (7.12),

where Vλ0 denotes a complex neighbourhood of λ0, we obtain

F (z) = ρRH(λ+ iε) ρ,

and a straightforward computation yields, in the sense of distributions

lim
ε→0+

a+
3 (ε) =

ν0∑
j=1

j−1∑
k=0

g
(k)
j,+(λ0)

k!

1

(λ− λ0 + i0)j−k
+ H+(λ)

=

ν0∑
l=1

αl(λ0)

(λ− λ0 + i0)l
+ H+(λ)

where gj,+ denotes the smooth extension of gj up to the real axis, H+ denotes a smooth function

near λ0 and αl =

ν0−l∑
k=0

1

k!
g

(k)
k+l,+.
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The situation in the case with the minus sign is different, since λ − iε can be written as z2 with
z lying in a neighbourhood of −

√
λ0 intersected with C+. As −

√
λ0 is not a pole, the truncated

resolvent extends holomorphically to this region, and we obtain

lim
ε→0+

a−3 (ε) = H−(λ),

where H− denotes a smooth function near λ0.

We now compare the first two terms with opposite boundary values on the real axis. For each ε > 0,
we define

a±1 (ε) := Tr
(
T

(1)
0 (λ± iε)

)
, a±2 (ε) := − Tr

(
T

(1)
0 (λ± iε)T0(λ± iε)

)
.

By (7.4), we immediately obtain, in the sense of distributions,

lim
ε→0+

(
a+

1 (ε)− a−1 (ε)
)

=
i

4π
√
λ

∫
R3

V (x) dx.

In the same way, using (7.5), we get in the sense of distributions,

lim
ε→0+

(
a+

2 (ε)− a−2 (ε)
)

= − i

32π2
√
λ

∫
R6

V (x)V (y)
e2i
√
λ |x−y| + e−2i

√
λ |x−y|

|x− y|
dx dy

= − i

16π2
√
λ

∫
R6

V (x)V (y)
cos
(
2
√
λ |x− y|

)
|x− y|

dx dy.

Using the previous notations, we now derive an explicit expression for the singular part of the
derivative of the spectral shift function near an outgoing spectral singularity.

Theorem 7.12 (Explicit distributional formula for ξ′(H,H0;λ)). Assume that v is compactly sup-
ported and that λ0 > 0 is an outgoing spectral singularity of H of finite order ν0. Then, in the sense
of distributions on a real neighbourhood of λ0,

ξ′(H,H0;λ) =

ν0∑
l=1

αl(λ0)

(λ− λ0 + i0)l
+ H(λ),

where H(λ) is smooth near λ0, and where αl :=

ν0−l∑
k=0

1

k!
g

(k)
k+l,+ with gj,+ the smooth extension up to

the real axis of

gj(µ) := Tr
(
T

(1)
0 (µ)A−j V T0(µ)

)
, µ ∈ Vλ0 ∩ C+,

with Vλ0 a complex neighbourhood of λ0.

This formula shows that the singular behavior of ξ′(H,H0;λ) near λ0 is entirely determined by the
finite-rank residues A−j of the weighted resolvent. In particular, the singular part of ξ′(H,H0;λ)
has the same distributional structure as the boundary values of the resolvent RH(λ + i0+). This
phenomenon is quite natural, as it originates from the loss of uniform control of the resolvent in the
upper half-plane near the outgoing spectral singularity.

Remark 7.13. In the case where λ0 > 0 is an incoming spectral singularity of H, an analogous
formula holds with the boundary value (λ−λ0− i0)−(j−k) and the coefficients gj,−. If both incoming
and outgoing spectral singularities occur at λ0, the distributional derivative ξ′(H,H0;λ) receives
contributions from both sides.
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7.6. High Energy Asymptotic. In this section, we are interested in the asymptotic behavior of
the derivative of the spectral shift function as the spectral parameter tends to +∞. We compute
the leading term in the asymptotic expansion and show that it coincides with the self-adjoint case.
The method we use is the same as in the self-adjoint setting (see [3]).

The next proposition establishes the high energy asymptotic of the spectral shift function asso-
ciated to H and H0 under a short range assumption on V .

Proposition 7.14. Suppose that V is a bounded short range potential with δ > 3. Suppose that H
has a finite number of eigenvalues and a finite number of spectral singularities of finite order. Then

ξ′(λ,H,H0) =
1

8π2
√
λ

∫
R3

V (x) dx+ o

(
1√
λ

)
λ→∞. (7.15)

Moreover if V belongs to C 1(R3,C) and satisfies |∇V (x)| ≤ Cα〈x〉−δ for some δ > 3, then

ξ′(λ,H,H0) =
1

8π2
√
λ

∫
R3

V (x) dx+O
(

1

λ

)
λ→∞. (7.16)

Proof. It follows from point (3) of Proposition 7.2 that there exist constants λ0 > 1 and ε0 > 0 such
that for all λ ≥ λ0 and all 0 ≤ ε ≤ ε0, one has∥∥T0(λ± iε)

∥∥
B(L2)

< 1

in the uniform (operator-norm) topology. Hence Id +T0(λ± iε) is invertible, and its inverse admits
the Neumann series expansion

[Id +T0(λ± iε)]−1 =
∞∑
k=0

(−1)k T0(λ± iε)k, (7.17)

with the series converging uniformly in ε with respect to the operator norm up to ε → 0+. Com-
bined with [11, Proposition 4.7] this implies that if λ > λ0, then λ is a regular spectral point. With
Proposition 7.9, ξ′(H,H0, .) is continuous on (λ0,+∞) and this allows us to compute the asymptotic
of ξ′(H,H0, .) when λ→ +∞.

Next with (7.7) and (7.17) we have that for all λ ∈ (λ0,+∞),

ξ′(λ,H,H0) = (2πi)−1

(
lim
ε→0+

Tr
(
T

(1)
0 (λ+ iε)− T (1)

0 (λ− iε)
)

(7.18)

− lim
ε→0+

Tr
(
T

(1)
0 (λ+ iε)T0(λ+ iε)− T (1)

0 (λ− iε)T0(λ− iε)
)

(7.19)

+
∞∑
k=2

(−1)k lim
ε→0+

Tr
(
T

(1)
0 (λ+ iε)T0(λ+ iε)k − T (1)

0 (λ− iε)T0(λ− iε)k
))

(7.20)

To compute the limit of (7.18) it suffices to use (7.4) and we have

(2πi)−1 lim
ε→0+

Tr
(
T

(1)
0 (µ+ iε)− T (1)

0 (µ− iε)
)

=
1

8π2
√
λ

∫
R3

V (x)dx.
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To analyze the asymptotic behavior of the terms corresponding to (7.19), one computes directly
by using (7.5)

lim
ε→0+

[
Tr
(
T

(1)
0 (λ+ iε)T0(λ+ iε)− T (1)

0 (λ− iε)T0(λ− iε)
)]

= Tr
(
T

(1)
0 (λ+ i0+)T0(λ+ i0+)− T (1)

0 (λ− i0+)T0(λ− i0+)
)

=
i

32π2
√
λ

∫
R6

V (x)V (y)
cos
(
2
√
λ |x− y|

)
|x− y|

dx dy. (7.21)

By the Riemann–Lebesgue lemma, this term decays like o(λ−1/2) as λ → ∞. Moreover, if V ∈
C 1(R3,C) and its gradient satisfies

|∇V (x)| = O
(
|x|−δ

)
for some δ > 3,

then the remainder is O(1/λ).
It remains to estimate (7.20). Applying (3) of Proposition 7.2 we see that

∥∥T0(λ ± iε) k
∥∥
B(H)

=

O
(
λ−

k
2
)
. Then for k ≥ 2, one has :∥∥T (1)

0 (λ± iε)T0(λ± iε)k
∥∥
L1 ≤

∥∥T (1)
0 (λ± iε)

∥∥
L2

∥∥T0(λ± iε)k−1
∥∥
B(H)

∥∥T0(λ± iε)
∥∥
L2 (7.22)

= O
(
λ−

k
2
)
,

uniformly with respect to ε > 0. Thus (7.20) = O(λ−1) uniformly with respect to ε. �

Remark 7.15. In [26], D. Robert investigated the high-energy asymptotics of the scattering phase
for the free Laplacian H0 perturbed by a smooth, real-valued, decaying potential V on Rn. Under
the decay condition

|∂αxV (x)| ≤ Cα〈x〉−ρ−|α|, ρ > n,

the spectral shift function is defined in terms of the scattering matrix S(λ) by

detS(λ) = exp
(
−2πi ξ(λ;H,H0)

)
. (7.23)

In the dissipative case (i.e., when ImV ≤ 0), Faupin and Nicoleau [14] have shown that the scattering
matrices S(λ) are well-defined and admit an explicit representation formula. It is important to note
that, although the relation (7.23) has not been proven in the non-selfadjoint setting, the result of
our theorem is consistent with the fact that, in the dissipative case, S(λ) is a contraction.

8. Explicit simple examples

In order to illustrate and comment our definition of the spectral shift function (SSF), let us give
some explicit calculations for very simple examples. On these toy models we have phenomena known
in the self-adjoint context (integer jump at real eigenvalues, fractional jump at spectral singulari-
ties/resonances, smoothness outside these singularities, ...), but also some new phenomena. A first
novelty is the non-integrability of the SSF in the presence of non-real eigenvalues (for perturbations
of trace class). A second is the fact that the SSF is no longer real. On our toy models, it remains
real if the perturbation does not interact with the continuous spectrum and the sign of its imaginary
part is related to that of the perturbation.
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8.1. In finite dimension: diagonalizable operators. When the Hilbert space is H = C, con-
sider H0 the multiplication operator by λ0 ∈ R and H the multiplication by λ0 + v, v ∈ R. For
f ∈ D(R), f(H0) is the multiplication by f(λ0). For H, it depends if v is real or not. When v ∈ R,
f(H) is the multiplication by f(λ0 + v), while when v ∈ C \ R, f(H) = 0. Thus when v ∈ R the
SSF corresponds to the standard SSF. From the Fundamental Theorem of Calculus, we have

Tr(f(H)− f(H0)) = f(λ0 + v)− f(λ0) =

∫ λ0+v

λ0

f ′(λ)dλ

and, up to an additive constant, almost everywhere, we have

ξ(λ;H,H0) =

{
1[λ0,λ0+v](λ) if v ≥ 0

−1[λ0+v,λ0](λ) if v ≤ 0
.

The SSF has two jumps at the eigenvalues of H0 and of H. When v ∈ C \ R,

Tr(f(H)− f(H0)) = −f(λ0) =

∫ +∞

λ0

f ′(λ)dλ

and, up to an additive constant, we have

ξ(λ;H,H0) = 1[λ0,+∞)(λ),

which has a unique jump at the real eigenvalue λ0 which becomes a non-real eigenvalue under the
perturbation. Unlike the selfadjoint case, ξ(·;H,H0) is not compactly supported (nor integrable).
This is related to the fact that the perturbed eigenvalue λ0 + v is no longer real.

Obviously, we have the same phenomena in H = C4 for diagonal matrices (or diagonalizable
matrices). For example, if we consider the diagonal matrices

H0 :=


λ1 0 0 0
0 λ2 0 0
0 0 λ3 0
0 0 0 λ4

 H := H0 + V, V :=


v1 0 0 0
0 v2 0 0
0 0 v3 0
0 0 0 0


with λ1 < λ2 < λ3 < λ4 and v1 > 0, v2 < 0, v3 ∈ C \ R then

Tr(f(H)− f(H0)) = f(λ1 + v1)− f(λ1) + f(λ2 + v2)− f(λ2)− f(λ3),

and, up to an additive constant, we have

ξ(λ;H,H0) = 1[λ1,λ1+v1](λ)− 1[λ2+v2,λ2](λ) + 1[λ3,+∞)(λ).

This function has jumps at the real eigenvalues of H0 and H, excepted at the unperturbed eigenvalue
λ4. The fact that the SSF is equal to 1 up to infinity is related to the appearance of the non-real
eigenvalue λ3 + v3.

8.2. In finite dimension: an undiagonalizable case. Let us consider, in H = C2, a case when
the non-selfadjoint perturbation is not diagonalizable. For example let

H0 :=

(
λ 0
0 λ

)
H := H0 + V, V :=

(
0 v
0 0

)
, λ ∈ R, v ∈ R∗.

We have f(H0) = f(λ)I2 and f(H) = f(λ)I2 + f ′(λ)

(
0 v
0 0

)
because

(H − z)−1 = (λ− z)−1I2 − (λ− z)−2

(
0 v
0 0

)
.
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Then Tr(f(H) − f(H0)) = 0 and in this case where the real spectrum is unchanged under the
perturbation, the SSF is a constant that can be chosen to be zero.

In the previous examples of operators having discrete spectra, the SSF is simply a step function
which counts the eigenvalues of H0 which are perturbed and the perturbed real eigenvalues of Hγ .
The notion of SSF is mainly introduced to deal with operators having a non-empty continuous
spectrum but the explicit calculus of the SSF can quickly become complicated. Let us discuss a
simple example of a rank 1 perturbation of a selfadjoint operator having continuous spectrum.

8.3. Rank one perturbation: weak interaction with the continuous spectrum. In the
space H = L2(R), we consider H0 the operator of multiplication by the function h0(x) := x1[0,1](x)
and for γ ∈ C, the perturbation Vγ = γΠ0, where Π0 is the orthogonal projection onto a normalized
function u0 ∈ L2(R): Π0 := 〈·, u0〉u0, ‖u0‖ = 1. The spectrum of H0 is [0, 1] and 0 is an eigenvalue
of infinite multiplicity (each function supported outside [0, 1] is an eigenfunction). Since Vγ is a
compact perturbation of H0, then Hγ = H0 + Vγ is closed and its essential spectrum is [0, 1]. Let
us assume that u0 is supported in R \ [0, 1], then H0u0 = 0 and Hγu0 := (H0 + Vγ)u0 = γu0, that
is u0 is an eigenfunction corresponding to the eigenvalue γ for Hγ . In this case, we have

(Hγ − z)−1 = (H0 − z)−1 +
(1

z
+

1

γ − z
)
Π0,

where (H0 − z)−1 is the operator of multiplication by (x − z)−11[0,1] − z−11R\[0,1]. Then for any
f ∈ D(R),

Tr(f(Hγ)− f(H0)) =

{
f(γ)− f(0) if γ ∈ R

−f(0) if γ ∈ C \ R
,

and, up to a constant, the SSF is given, almost everywhere, by:

ξ(λ;Hγ , H0) =


1[0,γ](λ) if γ > 0

−1[γ,0](λ) if γ < 0

1[0,+∞[(λ) if γ ∈ C \ R.

In this case, even though there is continuous spectrum, the spectra of Hγ and H0 differ by only one
eigenvalue, and the SSF is still a step function with jumps at the real eigenvalues influenced by the
perturbation.

Let us mention that the formula (4.7) gives the same expression by choosing argDV (λ) = 0 when
λ→ −∞. Let us check it for γ = iβ, β > 0 (the case γ ∈ R is treated in [2]). We have,

DVγ (z) := Det
(
I + Vγ(H0 − z)−1

)
= 1 + γ〈(H0 − z)−1u0, u0〉 = 1− γ

z

whose the pole z = 0 and the zero z = γ are the eigenvalues of H. When λ → −∞, DVγ (λ) tends
to 1 and we choose its argument equal to 0. Then the logarithm of DVγ (λ± iε) is well defined and
smooth with respect to λ ∈ R for ε > 0 sufficiently small. We have

lnDVγ (λ+ iε)− lnDVγ (λ− iε) = aε(λ) + i bε(λ),

with

aε(λ) = ln

∣∣∣∣DVγ (λ+ iε)

DVγ (λ− iε)

∣∣∣∣ , bε(λ) = argDVγ (λ+ iε)− argDVγ (λ− iε).

Clearly, limε→0+ aε(λ) = 0 because∣∣DVγ (λ± iε)
∣∣2 =

∣∣∣∣1− iβ

λ± iε

∣∣∣∣2 =
λ2 + (β ∓ ε)2

λ2 + ε2
and lim

ε→0+

λ2 + (β + ε)2

λ2 + (β − ε)2
= 1.
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For the imaginary part bε(λ), we have to follow the argument of 1− iβ
λ±iε when λ goes from −∞ to

+∞ on the real axis. The case ”−” is simpler because

1− iβ

λ− iε
= 1 +

βε

λ2 + ε2
− iβλ

λ2 + ε2

always has positive real part and then its argument remains in ] − π
2 ,

π
2 [. In particular when this

quantity is real the argument vanishes (there is no turning point). In the case ”+” we have

1− iβ

λ+ iε
= 1− βε

λ2 + ε2
− iβλ

λ2 + ε2

whose real part vanishes twice (for λ = ±
√
βε− ε2) and the imaginary part once (for λ = 0). Then

its argument goes from 0 (when λ tends to −∞) to 2π (when λ tends to +∞). When λ = 0 and ε is

small, these quantities have opposite sign and the phase shift is π. For λ 6= 0, 1− iβ
λ+iε and 1− iβ

λ−iε
have the same limit 1− iβ

λ but the turning point 0 produces a phase shift of 2π, and we have:

lim
ε→0+

bε(λ) =

{
0 if λ < 0

2π if λ > 0
.

We obtain

1

2iπ
lim
ε→0+

lnDVγ (λ+ iε)− lnDVγ (λ− iε) =
1

2

(
1[0,+∞[(λ) + 1]0,+∞[(λ)

)
,

which is consistent with the above expression of ξ(λ;Hγ , H0) (it coincides with 1[0,+∞[(λ) excepted
at the point λ = 0).

8.4. Rank one perturbation: stronger interaction with the continuous spectrum. In the
previous example, the calculation of the SSF was simplified by the fact that the spectra of Hγ and
H0 differ by only two eigenvalues and the SSF is still a step function. A more interesting example for
which the perturbation interacts with the continuous spectrum is the case where suppu0∩ [0, 1] 6= ∅.
Let us consider the previous operators H0 and Hγ = H0 + Vγ with u0 = 1[0,1]. In this case, the
computation of f(Hγ) is more tricky, so we prefer to compute the SSF ξ(λ;Hγ , H0) by using the
formula (4.7), for γ = iβ, β > 0. Thanks to (4.8) for β < 0, it suffices to take the complex conjugate.

As in the selfadjoint case (see [2] for γ ∈ R), for any u ∈ L2(R),

VγR0(z)u = γ〈(H0 − z)−1u , u0〉u0 = γ

(∫
[0,1]

u(x)

x− z
dx

)
u0,

and for γ = iβ, β > 0, z = x+ iy,

DVγ (z) = 1 + γ〈R0(z)u0, u0〉 = 1− β
(

arctan
1− x
y

+ arctan
x

y

)
+ i

β

2
ln

(
(1− x)2 + y2

x2 + y2

)
.

The eigenvalues of Hγ are 0 (as for H0, the associated eigenfunctions are supported outside [0, 1])
and the zeroes of DVγ in C \ [0, 1], that is z = x+ iy satisfying

1 = β

(
arctan

1− x
y

+ arctan
x

y

)
; ln

(
(1− x)2 + y2

x2 + y2

)
= 0, y 6= 0 or x /∈ [0, 1].

It admits a unique solution if and only if β > 1
π : zβ := 1

2(1 + i coth 1
2β ). Thus for β ≤ 1

π the

spectrum of Hγ is [0, 1] and for β > 1
π , it is [0, 1] ∪ {zβ} where zβ is an eigenvalue of multiplicity

one associated with the eigenfunction wβ(x) := 1
zβ−x1[0,1](x). For β = 1

π , we see that zβ = 1
2 is an
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outgoing spectral singularity of order 1. Indeed, Viβ = CWC with C = Π0, W = iβ, and thanks to
(7.6),

CRHiβ (z)CW = Id−(Id +T0(z))−1 =
(

1− 1

DViβ (z)

)
Π0,

where we used that T0(z) := CRH0(z)CW = iβ〈R0(z)u0, u0〉Π0. Then from the above expression
of DViβ (z) for z = 1

2 + δ + iε, ε > 0, we deduce that |z − 1
2 |
n‖CRHiβ (z)CW‖ is uniformly bounded

with respect to δ + iε small enough, for n ≥ 1 (but not for n = 0).
Now in order to apply (4.7), let us study the modulus and the argument of DVγ (z) for z = λ± iε,

ε > 0, given by:

DVγ (λ± iε) = 1∓ β
(

arctan
1− λ
ε

+ arctan
λ

ε

)
+ i

β

2
ln

(
(1− λ)2 + ε2

λ2 + ε2

)
.

8.4.1. Imaginary part of the SSF. The imaginary part of ξ(λ;Hγ , H0) is:

Im ξ(λ;Hγ , H0) = − 1

2π
lim
ε→0+

ln

∣∣∣∣DVγ (λ+ iε)

DVγ (λ− iε)

∣∣∣∣ .
When λ ∈ R \ [0, 1], (1− λ) and λ have opposite signs then

lim
ε→0+

DVγ (λ± iε) = 1 + iβ ln

(
λ− 1

λ

)
,

is independent of the sign in front of ε and

Im ξ(λ;Hγ , H0) = − 1

2π
ln 1 = 0, for λ ∈ R \ [0, 1]. (8.1)

When λ ∈]0, 1[, we have

lim
ε→0+

(
arctan

1− λ
ε

+ arctan
λ

ε

)
= π.

Then,

Im ξ(λ;Hγ , H0) = − 1

4π
ln

(
(1− βπ)2 + β2f(λ)2

(1 + βπ)2 + β2f(λ)2

)
= Gβ(f(λ)), (8.2)

where Gβ is the even function defined on R by:

Gβ(X) :=
1

4π
ln

(
1 +

4βπ

(1− βπ)2 + β2X2

)
,

and f is the decreasing function from ]0, 1[ onto R, given by:

f(λ) := ln(λ−1 − 1), λ ∈]0, 1[. (8.3)

It is a symmetric function with respect to 1/2 (i.e. f(1− λ) = −f(λ)).
It follows that the imaginary part of the SSF is given by:

Im ξ(λ;Hγ , H0) =

{
0 if λ /∈ [0, 1]

Gβ(f(λ)) if λ ∈]0, 1[
(8.4)

In particular it has the sign of the imaginary part of Vγ and it is continuous excepted for β = 1
π

(the spectral singularity zβ = 1
2 is a singularity of Im ξ(·;Hγ , H0)).
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8.4.2. Real part of the SSF. The real part of the SSF is

Re ξ(λ;Hγ , H0) =
1

2π
lim
ε→0+

(
argDVγ (λ+ iε)− argDVγ (λ− iε)

)
,

where the argument is chosen with the condition

lim
λ→−∞

argDVγ (λ) = arg 1 = 0.

• When β ∈]0, 1
π [, the real part of DVγ (λ±iε) is always positive, then argDVγ (λ±iε) ∈]− π

2 ,
π
2 [

and there is no turning point. It follows that

lim
ε→0+

DVγ (λ+ iε) = lim
ε→0+

DVγ (λ− iε) =⇒ lim
ε→0+

(
argDVγ (λ+ iε)− argDVγ (λ− iε)

)
= 0.

It is the case for λ /∈ [0, 1] because

lim
ε→0+

DVγ (λ± iε) = 1 + i
β

2
ln

(
(1− λ)2

λ2

)
= 1 + iβ ln(1− λ−1).

For λ ∈]0, 1[, by using again that the real part of DVγ (λ ± iε) is always positive and that

for a > 0, arg(a+ ib) = arctan b
a , for f(λ) = 1

2 ln (1−λ)2

λ2
= ln(λ−1 − 1), we have:

lim
ε→0+

(
argDVγ (λ+ iε)− argDVγ (λ− iε)

)
= arctan

βf(λ)

1− βπ
− arctan

βf(λ)

1 + βπ
= 2πFβ(f(λ))

where Fβ is the odd function defined on R by

Fβ(X) :=
1

2π

(
arctan

βX

1− βπ
− arctan

βX

1 + βπ

)
, β 6= 1

π
.

We deduce that for β ∈]0, 1
π [, the SSF is the following continuous function supported on

[0, 1]:

ξ(λ;Hγ , H0) =

{
0 if λ /∈ [0, 1]

(Fβ + iGβ)(f(λ)) if λ ∈]0, 1[
. (8.5)

• Now, let us consider the case β > 1
π for which the spectrum of Hγ is [0, 1] ∪ {zβ} with

zβ := 1
2(1 + i coth 1

2β ). In this case, the real part of DVγ (λ − iε) remains positive, while

DVγ (λ + iε) turns around 0. It will yield a phase shift of 2π for λ ∈]0, 1[. First, as above,

for λ < 0, both DVγ (λ± iε) tend to 1 + iβ ln(1− λ−1) as ε↘ 0 and

lim
ε→0+

(
argDVγ (λ+ iε)− argDVγ (λ− iε)

)
= 0.

For λ ∈]0, 1[, we have

lim
ε→0+

DVγ (λ± iε) = 1∓ βπ + iβf(λ); f(λ) = ln(λ−1 − 1).

Then as before

lim
ε→0+

argDVγ (λ− iε) = arctan
βf(λ)

1 + βπ
.

Contrariwise since (1− βπ) < 0, for argDVγ (λ+ iε), we have to take into account a phase
shift of π and

lim
ε→0+

argDVγ (λ+ iε) = π + arctan
βf(λ)

1− βπ
.
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For λ > 1, DVγ (λ + iε) and DVγ (λ − iε) have the same limit (as for β < 1
π ) but the phase

shift becomes 2π. So finally, for β > 1
π we obtain:

ξ(λ;Hγ , H0) =


0 if λ < 0

(
1

2
+ Fβ + iGβ)(f(λ)) if λ ∈]0, 1[

1 if λ > 1

. (8.6)

• To conclude this example, let us discuss the case β = 1
π for which zβ = 1

2 is a spectral
singularity. As in the previous cases, for λ < 0, we obtain ξ(λ;Hγ , H0) = 0. For λ ∈]0, 1[,
the real part of DVγ (λ+ iε) tends to 0+ when ε↘ 0 and the imaginary part change of sign

at λ = 1
2 . Then, we have

lim
ε→0+

argDVγ (λ+ iε) =
π

2
1]0, 1

2
[(λ)− π

2
1] 1

2
,1[(λ),

while

lim
ε→0+

argDVγ (λ− iε) = arctan
βf(λ)

1 + βπ
= arctan

f(λ)

2π
.

For λ > 1, the real part of DVγ (λ+ iε) and of DVγ (λ− iε) are both positive and since they

have the same limit there is no phase shift. Consequently, when β = 1
π , the SSF is the

following function, discontinuous at the spectral singularity zβ = 1
2 :

ξ(λ;Hγ , H0) =


0 if λ /∈ [0, 1]

Fπ−1(f(λ)) if λ ∈]0, 1[\{1

2
}
, (8.7)

with

Fπ−1(X) := lim
β→(1/π)−

Fβ(X) =


− 1

2π

(
π

2
+ arctan

X

2π

)
if X < 0

1

2π

(
π

2
− arctan

X

2π

)
if X > 0.

(8.8)

In order to visualize the difference between the three formulas (8.5), (8.6) and (8.7), let us look at
the graphical representation of the real and imaginary parts of the spectral shift function ξ(·;Hγ , H0)
in the particular cases β = 0.2 < 1

π , β = 1
π and β = 0.4 > 1

π .
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When 0 < β < 1
π the perturbation Viβ does not create a new eigenvalue or spectral singularity, and

ξ(·;Hiβ, H0) is continuous on R. For β > 1
π , the jump of 1 when λ crosses the continuous spectrum

[0, 1] can be explained by the appearance of the non-real eigenvalue zβ. Finally, for β = 1
π , the real

part of ξ(·;Hiβ, H0) has a jump of high 1
2 at the spectral singularity λ = 1

2 . Moreover at this point,
the imaginary part of the SSF blows up.
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de l’École Normale Supérieure, 27–39, Elsevier, 4e série, 14, 1981.
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