QUANTUM LIMITS OF PERTURBED SUB-RIEMANNIAN CONTACT
LAPLACIANS IN DIMENSION 3
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ABSTRACT. On the unit tangent bundle of a compact Riemannian surface, we consider
a natural sub-Riemannian Laplacian associated with the canonical contact structure. In
the large eigenvalue limit, we study the escape of mass at infinity in the cotangent space
of eigenfunctions for hypoelliptic selfadjoint perturbations of this operator. Using semi-
classical methods, we show that, in this subelliptic regime, eigenfunctions concentrate on
certain quantized level sets along the geodesic flow direction and that they verify invari-
ance properties involving both the geodesic vector field and the perturbation term.

1. INTRODUCTION

Let (M, g) be a smooth, compact, oriented, and boundaryless Riemannian surface and
denote by K (m) its sectional curvature at a given point m € M. The unit tangent bundle
of M is defined by

M:=SM = {qg=(mv) € TM: |Jv]|ym) =1}.

There are two natural vector fields on SM: the geodesic vector field X and the vertical
vector field V', i.e. the vector field corresponding to the action by rotation in the fibers
of SM. One can then define X, := [X, V] and these vector fields verify the following
commutation relations [PSU22, §3.5.1]:

(1) X, X.]=-KV, [X,V]=X,, and [X,,V]=-X,

where K is understood as a function on SM (via pullback). The manifold M is naturally
endowed with a Riemannian metric gg (the Sasaki metric) which makes (X, X, V') into
an orthonormal basis. The corresponding volume form that we will denote by duy makes
these three vector fields divergence free and we can define the sub-Riemannian Laplacian
associated with this geodesic frame:

~Ag = X1X, +VV =-X7 - V2

More precisely, we consider the Friedrichs extension of this formally selfadjoint opera-
tor (see Appendix A for a brief reminder) which is hypoelliptic by Hérmander’s Theo-
rem [Hor67, Th. 1.1]. In the context of contact geometry, —Ag is referred as the Rumin
Laplacian for the Sasaki metric [Rum94]. See also §1.4 for a discussion on the case of

general Hormander (contact) operators in dimension 3.
1
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We now let Q, W € C°(M,R). Our goal is to study, in the semiclassical limit h — 0T,
the eigenfunctions of the following (formally selfadjoint) operator:

(2) P, := —h*Ag — ih*QX — w

Under the assumption ||Q|lco < 1, one can again consider the Friedrichs extension of
this operator and, from the Rothschild-Stein Theorem [RS76, Th. 16], this still defines
an hypoelliptic operator. Combining this last Theorem with classical tools from spectral
theory [RS80, RS75], one can find hg > 0 such that, for all 0 < h < hg, there exists a
nondecreasing sequence

min W+ Og(h) < Xp(0) < Ap(1) <00 < M(f) ... — 400, as  j — 400,

+ W, he(0,1].

and an orthonormal basis (¢]);50 of L*(M) verifying, for all j > 0,
(3) B}, = M(5) .
We refer to Lemma A.4 in Appendix A for details. Moreover, any solution wa to this

eigenvalue problem belongs to the space C*°(M) and, thanks to Lemma A.5, it satisfies
the a priori estimate for h > 0 small enough:

1hX |12 + 1RV IIE: + 1R2X 07172 < Com (L + (i),

where Cow > 0 is a constant depending only on (Q,W). Here, the fact that there is
a factor h? in front of the derivatives of X is a manifestation of the lack of ellipticity of
the operator along the X direction. In the following, we aim precisely at analyzing the
structure of the eigenfunctions in the subelliptic regime where formally speaking one has
A< | X| SR

1.1. Quantum limits and semiclassical measures. We are interested in describing the
asymptotic properties of the semiclassical eigenmodes satisfying':

(4) ﬁhwh:)\hwh; HQ/}}LHL2 =1, AL — Ao ER, as h — 0T,
When W = 0, a natural choice is to pick A, = 1 that would correspond to studying the
large eigenvalue limit for the hypoelliptic operator £ = Agg + 1QX + @ Yet, as we

want to emphasize the semiclassical nature of this spectral problem, we keep a general W
and thus some general value \g > min W. Still from Lemma A.5, one finds that, for any
sequence A, — Ao, there exists some hg > 0 such that, for all 0 < h < hg and for any
solution to (4),

(5) 1A X nllZe + IRV Rl + [ X4hnl72 < Couw (L +2|Ao])*.

One says that a probability measure v is a quantum limit for this spectral problem if,

for every a € C°(M),
lim / alnPdpy, = / adv,
h—0+ M M

LAll along the article, we use the standard conventions from semiclassical analysis to write h — 01
instead of writing a sequence h,, — 0 as n — oo.
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where (1)n_0+ is a sequence verifying (4). Up to extraction of a subsequence, one can
always find such an accumulation point. Given \g > min W, we denote by N, the set of
quantum limits associated with the spectral parameter \g. In view of describing the regu-
larity properties of v, one lifts the problem to the cotangent bundle T* M by introducing

wy, 2 a € C(T* M) — (Opy(a)tn, ¥n) 2,

where Op,,(a) is a h-pseudodifferential operator with principal symbol a [Zwol12, Th. 14.1]
and (¢p)no+ is the sequence used to generate v. Thanks to the Calderén-Vaillancourt
Theorem [Zwol2, Th. 5.1, (wp)n_o+ is a bounded sequence in D'(T*M). Hence, up to
extraction, it converges to some limit w which is referred as a semiclassical measure for
the sequence (¢p)n_s0+. The theory of semiclassical pseudodifferential operators allows to
prove that any such w is a finite nonnegative measure on T* M that is supported on

E7 (o) = {(g,p) € T"M : E(q,p) = Ha(q,p)* + Hs(q,p)* + W(q) = Ao},
and that satisfies the following invariance property
{H} + H +W,w} =0,
where
Hy(g,p) :==p(X1), and Hs(q,p):=p(V).

See for instance [Zwo12, §5.2] for proofs of these facts in the case of R?*?. We emphasize
that, contrary to the case of eigenvalue problems of elliptic nature, the energy layer £71()\g)
is not compact and there may be some escape of mass at infinity. In particular, w could

be equal to 0. See for instance §8 for concrete examples in the case of the flat torus. Due
to this escape of mass at infinity, it is natural to study the measure

Voo =V — T,W,
where 7 : (¢,p) € T*M — q € M, and this is the main purpose of the present work.

1.2. Decomposition of the measure v,, and invariance properties. In [CdVHT18S,
Thm. BJ, Colin de Verdiere, Hillairet and Trélat proved that X (vs) = 0 when @ = 0 and
W = 0. Our results generalize this Theorem in two directions. First, we will provide a
refined description of v, showing that the measure v, decomposes into a discrete sum
of non-negative Radon measures covering different asymptotic regimes h™! < |X| < h™2
across the non-compact part of £71()\g). Second, we will prove that each of these measures
satisfies a new invariance property, different from each-other, as soon as V(@) does not
vanish. In view of formulating our results, we associate to each smooth function f on M
a natural vector field lying in the contact plane D := Span(X,, V) given by

Qp =V(f) XL - X (f)V.
Our main Theorem then reads:

Theorem 1.1. Let Q, W € C>®°(M,R) such that ||Qllco < 1, let \g > max,ers W(q) and

set

(6) YW =X+ QlH(Ao—W)'



4 VICTOR ARNAIZ AND GABRIEL RIVIERE

Then, for every v € N,,, the measure vy, decomposes as
o0

(7) VOO:ﬁOO—I—Z(VZOO—}-Vk_’OO),
k=0

where Uy, and u,j,foo are non-negative Radon measures on M wverifying, for all a € C*(M)
and for all k € Z,

(8) / Yw(a)dvs =0, and / Yiyon(@) dvg o, =0,
M M

with
Yivor = (£ 2k +1) +Q)Yw — Q.

Remark 1.2. Condition Ay > max,ep W (q) ensures that the classical forbidden region is
empty. In the case min W < )y < max W, the support of 7., becomes confined inside the
compact set My, w = {g € M : \g — W > 0}, while the support of ukim is contained in
the open subset Uy, w = {¢ € M : A\g — W > 0}. This more general situation is covered
by the more precise description of semiclassical measures stated in Theorem 7.1.

Remark 1.3. In Section 8, by working on the flat torus M = T?, we show examples of
sequences (1, Ap) satisfying (4) for which the measures 7, or y,foo we construct carry the
total mass of v.

Decomposition (7) reflects the stratification of the asymptotic phase-space distribution
of a given sequence (¢, \p) satisfying (4). Indeed, in Section 7 below, we will provide a
more general description of v, by lifting the analysis to the phase-space via introducing
an adapted semiclassical measure pi,, on M x R such that, by projection?:

Voo(q) = /Ruoo(q,dE)-

The extra variable F € R parameterizes the phase-space escape of mass along the degen-
erate direction of X as h — 07. We refer to (49) below for the explicit construction of
the measure p., using semiclassical tools and we just give here some informal explana-
tion. Letting Hi(q,p) = p(X), we will study precisely two different asymptotic regimes
generating a splitting of the measure p,, into two parts

Moo = ]-E;:éOHoo + ]-E:0,Uoo

of qualitatively different nature:

2Letting p be a finite Radon measure on M x R, the measure v(q) = Jz 1(q, dE) is defined by

(vyay == /MxR“(‘”d"(q’E)’

for all a € C°(M).
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e The critical subelliptic regime h|H;| < 1, captured by 1g_0/tc0, displays a quan-
tum behavior which manifests as a decomposition of this measure into a discrete
sum of Radon measures (,ukjfoo) ren supported on quantized level sets Hi'(2k+1) C
M x R for the energy functions

Ao — Wigq .
(9) Hi(q, E) =+ <OT<> - Q(q)) , (¢, F) e M xRYL.
These measures project on the manifold M and give the measures l/ljfoo:

Viool0) = /R 1y oo (0, dE).

e The subcritical subelliptic regime 1 < |H;| < h™!, captured by the measure
Tl = 1p—oftoo, which is supported on M x {0}. This measure projects on M so
that:

Toolq) = / o, dE).

Besides this distinction between the different oscillation regimes, our analysis will show the
influence of the hypoelliptic perturbations of —Agg given by (2) in the previous description
by obtaning new invariance properties of p, in terms of () and W. Among other things,
it illustrates that the introduction of the new variable £ = hH; becomes essential for this
description even in the non-semiclassical set-up where W = 0.

1.3. More related results and questions. The fine analysis of these regimes h <
|E| = h|H;| <1 in the subelliptic region of 7% M is reminiscent of the analysis made by
Burq and Sun for the semiclassical measures of Baouendi-Grushin operators in [BS22] (see
also [L.S23, AS23] for related works). More precisely, Theorem 7.1 below can be compared
with the results obtained by the first author and Sun in [AS23] where a detailed study of
semiclassical measures in the subelliptic regime for quasimodes of the Baouendi-Grushin
operator was performed. In these references, the operator is 9; 4 a(x)d;, where (z,y) € T?
and a(z) > 0 is a smooth function that may vanish at finitely many isolated points (with
nondegenerate tangencies). The role of H; is then played by the cotangent variable 7
that is dual to y and [AS23, §3] gives a full description of the eigenmodes in the regime
1 < |n| £ h7! through their semiclassical measures. In particular, the invariance of
these measures through the vector field 9, is shown and it replaces the geodesic vector
field X in that context. The result is actually stronger as they introduce operator-valued
measures lifting the analogue of the measure v, and describe completely these lifted objects
involving the full cotangent variables. Here, we only focus on the behaviour along the
variables (¢, hHi(q,p)). Introducing the full cotangent variables would require some extra
and delicate work (especially in the critical regime h|H;| =< 1) that is not necessary to
prove the results we are aiming at.

In [CAVHT18], the hypoelliptic model is closer to ours but this extra variable did not
appear in the description of v, because of the use of microlocal methods. The reason for
introducing this new variable E = hH; is that, in the regime E # 0, the term h2QX is
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not negligible anymore compared with —h?Agg and it has to be taken into account in the
description of the quantum limit. It results in new invariance properties as in Theorem 1.1.
The fact that the eigenfunctions are localized on specific levels is a manifestation of the
fact that our hypoelliptic operators are modeled locally on the 3-dimensional Heisenberg
group (and thus related to the 1-dimensional harmonic oscillator). More specifically, our
proof of this support property will only rely on the fact that the sub-Riemannian Laplacian
can be written as

(10) Ag =27 —iX = Z27° +iX, [Z, 2% =2iX,

where Z = X | +1V.

This quantization of the level sets can be thought as an analogue in our (non-algebraic)
set-up of the decomposition appearing in the results of Fermanian-Kammerer and Fis-
cher [FKF21, Th. 1.1, Th. 2.10]. See also [FKL21] for related results in the compact
setting. In these references, the decomposition of the semiclassical measures along these
quantized levels shows up because there is a natural way to diagonalize the sub-Riemannian
Laplacian along the elliptic variables. This is exactly where the harmonic oscillator ap-
pears in these references and the subelliptic variable H; corresponds exactly to the center
direction of the Lie algebra setting from [FKF21, FKL21]. In these works, the proof of this
decomposition required the introduction of operator-valued semiclassical measures. In the
case of more general contact manifolds, we can also mention the works of Taylor [Tay20] re-
garding the question of microlocal Weyl laws for operator-valued symbols. Here, our proof
of these support properties will not rely on the introduction of such analytical objects. It
will simply follow from a careful use of the relation (10) where Z and Z* will play the
role of ladder operators, in a similar way to the proof that the eigenvalues of the harmonic
oscillator are given by {2k + 1,k > 0}. In the general 3-dimensional contact case, we note
that the quantum normal form from [CAVHT18] as formulated in [CdV23, §6.2] should
in principle allow to get as in [FKF21] a natural decomposition of the measure v, using
the spectral decomposition of the harmonic oscillator. Yet, due to its microlocal nature,
it would not distinguish the various subelliptic regimes 1 < |H;| < h™! involved in our
problem as we are doing here.

As our semiclassical analysis of eigenfunctions for hypoelliptic operators is inspired by the
fine analysis performed for the Baouendi-Grushin operator in [BS22, AS23], it is natural
to expect that such results would remain true for similar hypoelliptic perturbations of
the Baouendi-Grushin operator. Similarly, the analysis presented here should in principle
allow to deal with the controllability of the Schrédinger equation as in [BS22] and with
the stabilization of the wave equation as in [AS23]. Yet, this would require more work
that is beyond the scope of the present article. Another natural question would be to
study more precisely the regularity of quantum limits when the geodesic vector field X
enjoys specific dynamical structure, e.g. on Zoll surfaces, on flat tori or on negatively
curved surfaces. Among the natural questions to explore is whether one can always find
sequences of eigenfunctions concentrating on a given levet set H;'(2k+1). Related to this,
it would be interesting to describe semiclassical Weyl laws for symbols involving the extra
variable £ = hH;. In that direction, we refer one more time to [Tay20] for microlocal
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Weyl laws with operator-valued symbols (including the case where @) is not identically
equal to 0) on contact manifolds of dimension > 3. Finally, these hypoelliptic models are
naturally related to semiclassical magnetic Schrodinger operators. For instance, in view of
the works [RVN15, HKRVN16, Mor22, Mor20], it would be natural to compare how the fine
structure of eigenfunctions of these models could be understood following the lines of the
present work. Recall that rather precise descriptions of the low-energy eigenfunctions were
already given via WKB and normal form methods in [BR20, GBRVN21, GBNRVN21].

1.4. A few words on more general sub-Riemannian contact Laplacians in dimen-
sion 3. The simple geometric model considered in this article ensures that we have globally
defined vector fields (X, V') generating the contact structure and that [ X, X] = KV and
[V, X] = —X,. It makes some aspects of the exposition somewhat lighter (e.g. regarding
the normal form procedure) but it is not essential in our analysis. In fact, one would only
need to have two locally defined generating vector fields (X3, X3) on a 3-dimensional man-
ifold AV so that the operator Agg writes down locally as XX, + X5 X3 (modulo some order
0 operator) where the adjoint is taken with respect to a smooth (nonvanishing) volume
form and where one has (locally)

(11) TN = Span(X»(q), X3(q), [X2, X5](q)).

This last condition ensures that D = Span(Xs, X3) is non-integrable and thus a contact
structure. The Hoérmander type condition (11) is in fact the only ingredient needed to
perform our normal form procedure in Section 5. For the sake of exposition and as ge-
odesic vector fields form a natural and rich family of Reeb vector fields, we refrain from
considering the most general case and we focus on the somehow simplest example of con-
tact structure® that is not already in normal form. In fact, we emphasize that, contrary to
the flat Heisenberg case [CAVHT18, FKF21, FKL21], the brackets [ X, X] and [V, X] do
not identically vanish. This implies that we do not have a nice algebraic structure at hand
and that we have to take them into account in our analysis as it is the case in the general
contact set-up treated in [CAVHT18]. In fact, as we shall see below, the way we deal
with the normal form procedure slighlty differs from the one in [CAVHT18] by avoiding
an “explicit” construction of symplectic coordinates and thus the use of Fourier integral
operators. Yet this simplified method does not rely on the specific form of our operator.
It would work as well for more general sub-Riemannian contact Laplacians in dimension
3 modulo dealing with more cumbersome cohomological equations and modifying conve-
niently the various functions and vector fields in the subelliptic direction. In particular,
if we write —ihXs and —ih X3 as Op,(Hz) and Op,(H;) (modulo terms of order 0), then
we could set Hy := {Hj3, Hy} to measure the escape of mass at infinity. When studying
the measure v, (i.e. the regime 1 < |H;| < h™1), the geodesic vector field X would be
replaced as in [CAVHT18] by the Reeb vector field X; + aXs + X3 with

Xy :=[X5, X5, [Xo, Xi]=pX1mod D, and [X;,X;3]=aX; mod D.

3Another nice class of examples would be given by the operator X% + X? on negatively/positively
curved surfaces.
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1.5. Organization of the article. In Section 2, we fix the geometric and semiclassical
conventions that are used all along the article. Then, in Section 3, we microlocalize our
eigenfunctions in the region |H;| > 1 and we introduce microlocal lifts of our measures
that capture the escape of mass at infinity. This is where we introduce the new variable
E = hH;. In Section 4, we show that these microlocal lifts are concentrated on certain
quantized layers along the FE-variable. In Section 5, we introduce a simple normal form
procedure that is well adapted to the geometry of our problem and we implement it in
Section 6 to derive the invariance properties of our lifted measure. Section 7 summarizes
the main results of the article and show how they can be used to derive Theorem 1.1 from
the introduction. Section 8 treats the simple example of the flat torus in view of illustrating
our analysis in a concrete example. Finally, the article contains two appendices: one
devoted to the spectral properties of our hypoelliptic operators (Appendix A) and another
one collecting a few standard facts from semiclassical analysis (Appendix B).

Acknowledgements. We thank G. Carron, B. Chantraine, C. Fermanian-Kammerer,
B. Helffer, L. Hillairet, F. Macia and C. Sun for discussions related to various aspects of
this work. Both authors are supported by the Agence Nationale de la Recherche through
the PRC grant ADYCT (ANR-20-CE40-0017), the first author is partially supported by
the projects MTM2017-85934-C3-3-P and PID2021-124195NB-C31 (MINECO, Spain) and
the second author acknowledges the support of the Institut Universitaire de France.

2. SEMICLASSICAL CONVENTIONS

In this section we introduce the conventions from differential geometry and semiclassical
analysis required for our study. We first recall the existence of local isothermal coordinates
to write down the differential objects appearing in our framework. This will be particu-
larly useful (although not essential) to describe the normal form procedure of Section 5.
This local framework also allows us to define the necessary semiclassical pseudodifferential
calculus, working from a fixed chart of M.

2.1. Local isothermal coordinates. Near any given point my € M, one can find a
system of local coordinates (z,y) € Uy C R? (with (0,0) being the image of mg) such that
the metric g writes down in a conformal way [PSU22, Th. 3.4.8]:

glz,y) = @) (dz® + dy?) .

We denote this neighborhood inside M by U in the sequel.

To write down the geometrical objects involved in the problem in terms of local isother-
mal coordinates, we follow the presentation of [PSU22, §3.5] and we refer to it for more
details. If we denote by z the angle between a unit vector p € S,U, and a%, then we have
the following expressions for our vector fields [PSU22, Lemma 3.5.6]:

(12) X := e Mcos 20, +sin 20,) + e (=0, Asin z + I, A cos 2) 0.,

(13) X, = e (sin 20, — cos 20,) + e~ (O A cos z + A sin 2) 0,
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and
(14) Vi.=0.,.

These expressions are obtained by solving the Hamilton-Jacobi equation for the Hamilton-
ian function e2@¥)(¢2 4 n?) on T*R2. The Sasaki metric is not conformal in the system of
coordinates (z,y, z). Yet, the volume form has a simple expression

(15) dug(z,y, 2) = 2@V drdydz.

Remark 2.1. As the results we are aiming at are local, it will be sufficient to work in
such a local chart. We use this chart for the sake of concreteness and for simplicity of
exposition. Yet, our dynamical and semiclassical arguments would work as well for more
general contact flows for which such a nice chart does not exist.

Remark 2.2. Without loss of generality, we can extend these operators on Uy := SU, =
Uy x St to operators on R% x S! by extending ) into a smooth compactly supported function
on R%

2.2. Hamiltonian formulation. In the following, we will make use of different tools of
semiclassical pseudodifferential calculus. This leads to define the symbols corresponding to
the operators of interest. To this aim, we introduce the Hamiltonian functions associated
with the orthonormal frame (X, X,,V). Namely, we define the following symbols on
T*(R?* x St):

(16)  Hy(2,y,2,&n,C) i= e ™ (Ecos z + nsin z + ¢ (=9, Asin z + dyAcos 2))

(17) Hy(z,y,2,€,m,C) = e ™Y (£sin 2 — ncos 2 4 ¢ (DA cos 2 + O, A sin 2))
and
(18> H3(x7yazag777a C) = <

Notice, in particular, that there exists a positive constant Cy (depending only on our
local isothermal coordinates and on our extension of A to R?) verifying

(19) Co (& +n"+ %) < H + Hy + Hy < Co(&" + 0" +¢%).

The commutator relations (1) can then be translated into the following Poisson bracket
commutation formulas:

(20) {H17 H3} - H27 {H17 HZ} - _KH37 and {H27 H3} = _H17

where we recall that K (x,y) is the scalar curvature. We also collect a few useful relations
involving Hy, Hy, H3, and X in the next lemma, whose proof is immediate:
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Lemma 2.3. The following identities hold:

(21) 0, Hy = 0,H — 0. Hy = 0,

(22) 0.Hy = H,, 0.H, = —H,,

(23) O:Hy \ _ [ O:h e (92hcosz+ 92 Asin z) H,
o,H, ) oA e (02, cos z + D5 Asin z) Hs )’

(24) OHy \ _ [ 9:A e (0?Asinz — 92, A cos z) H,
OyHy | I\ e (@%y/\ sinz — 85/\ coS Z) H; |-

2.3. Semiclassical Weyl quantization. With the above conventions, we can next rewrite
the geometrical objects introduced in §2.1 in terms of pseudodifferential operators by mak-
ing use of the Hamiltonian formulation of §2.2. Precisely, we have:

h , h w , h w
;X = Opy (Hy — ih X (X)), ;XL = Opy (Hy —ihX (X)), and ;V = Op} (H3),

where Op}’ stands for the semiclassical Weyl quantization on R? x S! (see Appendix B).
In particular,

(25) —h*Ag = Opy (Hj + H3 — 2ihX | (\)Hy — B°ry)

where ry(z,y, z) is a smooth compactly supported function that is independent of h (but
depending on the choice of local coordinates). It will be slightly more convenient to work in
the local chart with the operator —h?e*Agze ™ due to the following conjugation formula:

Lemma 2.4. The following holds on Uy:
(26) —h?e*Age ™ = Opl(HZ + H2 + h’ry),

where ry(z,y,z) is a smooth compactly supported function that is independent of h (but
depending on the choice of local coordinates).

Proof. One has
h h
BAZXJ_G_)\ = ;XJ_ + ZhXJ_()\) = Op;f(HQ),

from which we infer that
—h26>\ASR6_)\ = Op;f(Hgf + Opﬁ(Hg)Q.

The conclusion of the Lemma follows then from the composition rule (94) for pseudodif-
ferential operators. O

We are now in position to obtain the expression of the full operator ]3h. To do that, we
first use the Weyl pseudodifferential calculus to write

ih2X(Q)

—ih20X —
th°Q 5

= Opy(hQH, + h*W)),
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where W, € C°(R? x S!, C) is independent of h. Using the composition rules for the Weyl
quantization, we obtain

(27) P, = e OpP(H2 + H? + hQH, + W + h2Wy,)e,

where Wy, € C°(R? x S', C) is independent of h. Regarding this expression, it is natural
to set

(28) up = ey,
and thanks to (27), uy, solves locally in U the eigenvalue equation
(29) Py up = Ay up,
where

Py = Opy(H; + H; + hQH; + W + h*W7 ).
The a priori estimate (5) from the introduction then reads
1 Opy (Ha)un || z20e) + [ Opy (Ha)un|| 2y + || Oy (R H 1 )un[ 220y

< 2CQ7WJC(1 + |)‘U|)a

where K is any compact subset of Uy and the L? norm is now taken with respect to the
standard Lebesgue measure dxdydz on K C R? x S*.

(30)

2.4. Class of symbols in the region |H;| > \/H3 + H3. In Section 5 below, we will
describe a normal form procedure that will naturally involve functions in the spaces:

Ho\ 2 [ Hy\ @
Prn(R2 x S!) = a<—2) (—3) Vo, a, € CO(R? x SN 5.
n( ) { ( Z v\ 77, 7, a, a ( )

a=(az,a3)€Z2 : |a|<N

Notice that as a consequence of (21), (22), (23) and one can verify the following:

(24),
Lemma 2.5. Let P be an element in P(R? xS') := Uy Pnv(R*xS'). Then, 0, P, 9,P and
0. P belong to P(R* x S'). Similarly, letting p = (§,n,¢), one has that, for every v € Z3,
HP'@;P belongs to P(R? x St).

Proof. The first part of the Lemma is direct consequence of (21), (22), (23) and (24). For

the second part, we proceed by induction on || and use the fact that Hy, Hy and Hjs are
linear functions in (&, 7, (). O

To make the necessary estimates in the sub-elliptic regime arising from our problem, we
will be naturally led to work in the “conic” region

) )= {lan) € T elhlan)] = 1+ B + )},

where K is a compact subset of R? x S! and where € € (0, 1] is some small parameter that
is intended to tend to 0 in the end. We record the following corollary of Lemma 2.5:
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Corollary 2.6. Let P in P(R?* x S') and let K be a compact subset of R? x S'. For every
0 <e <1 and for every (o, B) € ZS., one can find a constant C. pycag such that, for every

(q7p) = (l‘,y, Za&aﬁvC) m CE(IC), one has
050, P| < Ce.prc.asip) ™,

where (p) := (14 €2 +n? + (2)2.

In particular, elements in P(R? x S?) satisfy the properties of the class of (Kohn-
Nirenberg) symbols S4(7T*(R? x S')) defined in Appendix B inside C.(K) for any compact
subset K of R? x S!.

3. REDUCTION TO THE REGION 1 < |Hy| < bt

Since our results on quantum limits and semiclassical measures in the subelliptic regime
are essentially local, we will restrict ourselves to study the following measures on Uy:

vp:a € CE(Up) — a(z,y, 2)|[Un(x, y, 2)| 2P @Y dedydz,
Uo
where U is a bounded open subset of R? x S! given by local isothermal coordinates and
where (1, \p) is a sequence satisfying (4). As the sequence (1) is normalized, this defines
a sequence of measures on U that are of finite mass < 1. In fact, up to an extraction, one
can suppose that v, — v as h — 07 and the limit measure is supported in U, with total
mass < 1. We fix this converging subsequence for the rest of the article.
Using the convention from (29), this can be rewritten as

vpia €CR(U) — | ala,y, 2)|un(z,y, 2)dedydz,
Uo
which allows us to work with the standard Lebesgue measure. Before trying to prove our
main Theorem, we will first show in this Section how to reduce these integrals to the region
of the phase space where 1 < |H{| < h™! and thus how to define the mesure pi,, from the
introduction. We remark that the measures v}, can be rewritten as

(32) (vn, a) = (Opy (a)un, un) 2 -

More generally, as anticipated in the introduction, we consider the associated Wigner
distribution

(33) Va € CX(T"Uy), (wp,a) := (Opy(a)up, up) ;o

and, up to another extraction, we can suppose that it converges to some (finite) limit
measure w on 1*Uy.

Remark 3.1. As usual when working with coordinate charts, we make a small abuse of
notations and write v, for the image of 1, in the coordinate system. As we always
suppose a to be compactly supported in the chart, this causes no difficulties (up to O(h*)
remainders) and we may view 1), as a smooth compactly supported function on R? x St.
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In the rest of the article, we fix a smooth function y : R — [0, 1] which is equal to 1 on
[—1,1] and to 0 outside [—2, 2]. Moreover, we make the assumption that xy’ > 0 on R_ and
X' <0 on R,. For such a function, we also set

(34) Y=1-y.

For the description of the limit measure v,, = v — 7, w and for the definition of ., we
reduce the analysis of the sequence v, to the subelliptic regime 1 < |H;| < h™!. To do so,
we proceed in three steps.

3.1. Reduction to the region at infinity. First, we split the measure v, into two parts
corresponding to the compact and non-compact distribution of the sequence (uyp,)p o+ in
phase space. It leads respectively to the definition of the weak limits m,w and v,. Let
R > 1, we introduce the cut-off functions

H? + H2 + H? 5
(35) X§r=x( ), Xi=l-xi

These cut-offs allow us to split v, = vj, g + vf* where

Va € C*(Uy), (vnr,a)= <wh,axg>, and (U,If,a> = (wh,aig)

Notice moreover that the cut-offs x& and Y% belong to the admissible class of symbols
SY(T*(R? x S') defined in Appendix B. Letting » — 07 and R — +oco (in this order), one
finds

il ) = (),

where 7 : T*"Uy > (¢, p) — q € Uy, and

36 o, a) = lim i R a).
(86) (oo ) = gl g il

Remark 3.2. Again we implicitely consider sequences R,, — +o0o (say 2") but we just write
R — 400 for simplicity.

3.2. Reduction to the cones C.(U). We next introduce a further cut-off restricting the
measure 1, to a conic region containing the semiclassical wave-front set of the sequence
(un)n_so+ in the subelliptic regime 1 < |H;| < h™'. We set, for 0 < e < 1,

€H1 ~
— ], =1-xC
R

Before including these cut-offs in our analysis of the sequence v;*, we show the following
result:

(37) X$ = x (

Lemma 3.3. For every 0 < e < 1, the symbols x¢ and X belong to the admissible class
of symbols SY(T*(R? x S') defined in Appendiz B.

Remark 3.4. The corresponding seminorms of x¢ and ¢ in S (T*(R? x S') depend on .
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Proof. From the definition of x¢ and ¢, it is sufficient to verify that all the derivatives of
H,
g9:=
VHE+ H:+1

are bounded (with some further decay for the derivatives with respect to (£,7,()) in the
region where g € supp(x’), i.e.

1 2
(38) —\/1+ H} + H3 < |Hy| < =\/1+ H} + H3.
£ £

Thanks to (21), (22), (23) and (24), we can verify by induction that, for every o € Z3

lal

8a g= Z Pj,a<H17H27H3)
e (1+ H3 + H3)J+s

Jj=0

where, for every 0 < j < |a|, (u,v) — Pjo(u,v) is a polynomial of degree < 2j + 1. In
particular, using (38), all these derivatives are bounded (with a constant depending on ¢).
It now remains to deal with the derivatives with respect to (£,7, (). To this aim, we recall
that Hy, Hy and Hj are linear functions in these variables. Arguing by induction as for
the derivatives with respect to (z,y, z), we can then conclude that, for every (o, ) € Z8,

o 8? ¢g is uniformly bounded by C.(1 4 Hj + Hg)_@ under the assumption (38). Using

zyz“én
the upper bound in (38), we deduce that this is bounded by C.(1 + H + HZ + Hg)_‘%l,
for some slighlty larger constant C. > 0. This concludes the proof of the Lemma thanks
to (19). O

The next step of our analysis consists of inserting these two cutoffs in the construction
of . This produces the splitting:

(s a) = (Opy (aXEXE Juns un) o + (OPY (aXEXE un, un) pa
By the same arguments as the ones used in the proof of Lemma 3.3, we observe that the
function
ax< X
1+ Hj + H3
belongs to the class of symbols S;;*(T*(R? x S)). In particular, from the composition rules
for pseudodifferential operators and the Calderén-Vaillancourt Theorem, one has

CoB
w ~ w aXe XRr w 2 2
O “%5)=0 — =2 — ) Opy (1+ H; + H O h).
Py (aX: Xr) Pr (1 +H22+H§) Pn ( + 5 + 3) + Opr2,12(h)
Combining this composition rule with (29) and (30), one obtains the estimate

axSxn )

(39) ‘<Op}f(a;€§x§)uh,uh>ﬁ‘ < HOPZ (1 + HZ + H§

+ O r(h).

)

L2—L?
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Moreover, by construction of our cutoff functions and by using Calderén-Vaillancourt The-
orem one more time, one gets

w( .~ CM, ,a 1
|(Opj; (@ngg)uhauh>L2| < —R;; + O g(h2).
Hence, one ends up with
(40) (vit, a) = (Opy (XX Yun, un) o + O((Re)) ™) + O g(h?),

and we can introduce the object of interest for our analysis:

(41) <VI?’€7G’> = <Op1lf(a>~<§>~cg)uh=uh>]:2 .
In conclusion, we have shown:

Lemma 3.5. With the above conventions, one has, for every 0 < e < 1,
= lim lim (1, a).
(o) = L i 7l
Remark 3.6. Note that, so far, the parameter ¢ > 0 does not play any particular role.
However, it will become important when analyzing the invariance and support properties

of Vo, where we will need to take the limit ¢ — 0.
Finally, we record the following useful Lemma that follows from the proof of Lemma 3.3:

Lemma 3.7. Let K be a compact subset of R2x S*. For every 0 < € < 1, for every Ny > 2,
and for every (a, B) € Z., one can find a positive constant C: n, xc,a,5 such that, for every

(¢,p) = (2,y,2,§,1,C) in Cyng (K) \ Co-no.(K), one has

S C&,Ng,lC,a,ﬁ <p>_|ﬁl )

9207 1
TP\ 1+ H3+ H3
where (p) == (14 €2 + 1% + (?)a.
. H, .
In other words, the function T belongs to an amenable class of symbols inside
the “cone” Coyng (K) \ Cy-np(K).

3.3. Reduction to the region 1 < |H;| < h~'. We will now localize the phase-space
distribution of the sequence (uy) in the sub-elliptic region 1 < |H;| < h™!. To do that, we
introduce the cutoff functions, for Ry > 1,

_ (hH .
PRy ‘= X (?1) ’ and PRy = 1-— PRy -
1

The cut-off pg, localizes the sequence (uy,) in the region of interest to us. Let us first show
that this last localization keeps the analysis in the admissible symbol class.

Lemma 3.8. Let a € C®(Uy). The functions axBxCpr, and axBxCpr, belong to the
admissible symbol class SO (T*(R? x S')) with seminorms that are uniformly bounded for
0<h<1
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Proof. We already know from Lemma 3.3 that ax® belongs to S (T*(R? x S!)) and we
have observed that Y2 belongs to S4(T*(R? x S')). Thus, we need to show that pr, (hH;)
belongs to this class when restricted to the region of phase space given by the support of
ax®x5. Among other constraints, in this region we have that (z,y, z) in U, and

e[| > 1.
1+ H? + H?

In other words, we need to show that the derivatives of hH; verify the properties of
the class SY(R? x S') under these support properties and the additional assumption that
Pr,(hH1) # 0, which leads to the additional constraint

(43) Ry < h|Hy| < 2R;.

In view of (21), (22), (23) and (24), one can verify that all the derivatives of pg, of order
[ with respect (z,y, z) are linear combinations of functions of the form

P(hHy, hHy, hHs)x"™ (hH,/R,),

where P is a polynomial of degree k with coefficients in C*°(R? x S') and with k£ < [. In
particular, thanks to the support properties (42) and (43), these quantities are bounded
as expected. It now remains to differentiate these quantities with respect to (£,7,(). As
H,, Hy, H3 are polynomials of degree 1 in (£, 7, (), it has the effect to lower the degree
of the polynomial and to get a bound of order h' where !’ is the number of derivatives
with respect to these variables. Using (42) and (43) one more time together with (19), this
yields the expected decaying properties of the class S (7T*(R? x S')) with constants that
are independent of 0 < h < 1. U

(42)

We next include these cutoff functions in (41). The goal is to verify that the contribution
of the term

o [hH
(44) <Op}f (axfxﬁ (—R1)>uh7uh>
1 L2

is small as R, — +oo. Notice, to this aim, that on the support of ay¢x%, the function
1/H; belongs to the class of symbols SY(7T*(R? x S')). Hence, by the composition rules
for pseudodifferential operators, one has

o (hH
<Op}f (axfxﬁx (—R11>) un, uh>
L2

cfECNB~ hH{/R
_ <Op}f( X XR)}(L;II 1/ 1)

> Op}f(hHl)uh,uh> +OR’R1’5(h).

L2

Using then the a priori estimate (30) together with the Calderén-Vaillancourt Theorem,

we find

rnon. (hH _
<Opqif (aXSXgX <_R11)) Uhyuh> = O(R{") + Op.g, -(h).
L2
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Therefore, by another application of pseudodifferential calculus rules, we get finally that
(45> <V}]L%7E’ CL> - <Opq;zu(aﬁ31 (hHl)S(scf(lg)uh? uh>L2(u0) + O(Rl_l) + OR,RLE(h)'

3.4. Adding a new variable £ = hH;. To complete the preliminaries concerning the
phase-space localization of the measure Vf’s, we lift slightly our analysis by introducing
more general distributions in terms of a new variable hH; for the symbols a considered
above. Namely, we set

(46) b e CE(Uo x B) o (Opy(blr.y. 2, hHL) YRR Junsun) o -

The same argument as in the proof of Lemma 3.8 shows that b(z, y, z, hH;) X% X2 belongs to
SY(T*(R? x S')). In particular, this defines a bounded sequence in D'(Uy x R). Thus, up to

cl
another extraction, we may suppose that uﬁ’a converges (for the weak-x topology) to some

distribution pf**. Thanks to the Garding inequality (96), this is a positive distribution,
thus a finite measure. Moreover, since the sequence (1) is normalized (and hence (uy,) is
bounded), this defines a finite measure. Up to another extraction, we can suppose that
ute weakly converges to some limit measure puf as R — +oo. Coming back to (45), we
find that

(47) (Voo,a) = lim  lim (11" a) = (%, app, (E)) + O(RTY).

R—+00 h—0t

Applying the dominated convergence Theorem, one finds that, for all € > 0 (small enough),
(48) Va € C*(Uy), (Voora) = (15, a),

so that our analysis boils down to the description of the measure p°. Finally, up to another
extraction as ¢ — 07, we can suppose that u® converges to some (finite) Radon measure
on Uy X R, i.e.

(49) Vb € C°(Uy X R), (fise, b) = lim lim  lim (1% b).

e—=0+t R—+00 h—07+
From (47), one has
(50) voe Clth), | al@vale)= [ al@dunle.E)
Uop Up xR
and our analysis thus boils down to the properties of the extended measure .

Remark 3.9. As explained in Remark 3.6, the fact that we take ¢ — 07 is not important
so far but will turn to be later on.

4. SUPPORT OF THE LIMIT MEASURE

Before describing the propagation and invariance properties of v, we discuss first the
support properties of p., along the new variable E' € R. More precisely, the goal of this
section is to prove the following:
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Proposition 4.1. The measure ji defined in (49) decomposes as
/’LOO(CLE) :uoo q7 +Z /’Lkoo qa _'_,u];oo(an))a
k=0

where i, and (uiw)kzo are finite non-negative Radon measures on M x R satisfying the
following concentration properties:

(5.1) supp i, € Mygw x {0}
(S.2) for every k € Z, supp uioo CHI'(2k+1) CUy,w x R

Recall that My, w = {\o — W > 0} is the classical allowed region, Uy, w = {\o — W >
0}, and that H. was defined in (9). Even if we do not explicitly use it, the proof of
this result relies implicitely on the fact that our operators are locally modeled on the 3-
dimensional Heisenberg group. In particular, the presence of the quantum levels 2k + 1

is just a manifestation that the Heisenberg group is associated with the one-dimensional
harmonic oscillator.

4.1. Preliminary lemmas. We first define the following creation and annihilation type
operators (ladder operators):
Ap = Opy(Hy+1iHs) and Aj := Opy(Hy —iHj),
so that
(51) Opy(H} + H3) = A Ap + h Opy (Hy) + h*cy = Ay Aj, — hOpy (Hy) + h’co,

where ¢y is a smooth compactly supported and real-valued function on R? x S! (recall
that A = 0 outside a compact set containing the isothermal neighborhood Uj) which is
independent of h. Notice that, by (20),

(52) [An, A3l = 2h Opy(Hy).
We begin with the following lemma:
Lemma 4.2. Let k > 1. Then

Ak = Op¥ ((H2 +iHs)* + 3 Py (hHy, hHy, hHs)(Hy + zﬂg)k—ﬂ'> :

Jj=1

where Pj i p(u,v,w) is a polynomial with coefficients depending polynomially on h and
smoothly on (z,y,z) € R? x S' (with uniformly bounded derivatives).

In fact, modulo some extra work, we could be slightly more precise on the nature of the
polynomials as we know that the full symbol is a polynomial of degree k in the cotangent
variables (£,7,(). Yet, as it is not necessary for our analysis, we do not try to be more
precise and we just keep track of the informations that are relevant for our proofs.
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Proof. Recall that
h
A = Opy(Hy +iH;3) = ;XL + hV +1h X (N).

In particular, A} is a differential operator of order k for every k > 1, and its symbol is
polynomial of degree < k in the cotangent variables (£, 7, (). We now proceed by induction
and suppose that the lemma is true for a given k£ > 1. Using the composition rule from
Theorem B.1, we can write

k
ARt = Opy ((H2 +iHs)" + ) " Pjjn(hHy, hHy, hHy)(H, + ng)k_j> OpY (Hy + iHs)

Jj=1

= Op}’ ((H2 +iHz)" + Z e (RHy, hHy, hH3)(Hy + zHg)kH_J)

+ Opj, (R (h)),

where

e\|?

th(hHl,hHQ,hHg)(H2+ZH3) ) (H2+ZH3)> .

Here the sum stops at £ = k£ + 1 as each symbol is a polynomial of respective degree k and
1 in the (£,7,() variables. Recall that A(D) = 5 (9, - 9y, — g, - Op,) so that the symbols
of interest for the remainder take the form

||
~
I M+
T

Ay(D) ((Pjjen(hHy, hHy, hH3)(Hy + iH3)"7) (Hy + iHs)) |

with Ay(D) = (0, - 04y)" — U0y, - 0py) (0, - 0pp)* ™t By induction, we get the expected
expression for the terms of order h' in the asymptotic expansion. Il

As a corollary of this lemma and of the composition rule for pseudodifferential operators,
we also find:

Corollary 4.3. Let k > 1. Then

Opy ((Hs + iHy)") = A§+Zoph( Py (RHy, hHo, hH) ) A,

where JSj,kyh(u,v,w) is a polynomial with coefficients depending polynomially on h and
smoothly on (z,y,z) € R? x S' (with uniformly bounded derivatives).

We now turn to the commutation properties of A¥ with the operators of interest for our
analysis:
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Lemma 4.4. Let Q and W be two smooth functions on R? x S! whose derivatives are
uniformly bounded. Then, for every k > 1,

k-1
[A}, Opy (hQH:)] = h Y Opy! (P n(hHy, hHy, hHg)) Ay~

=0

and
k—1 R |
(A5, Opf (W)] = 1Y~ O} (P pn(hH:, hHy, hHg)) Ay,

=0

where P . n(u, v, w) and f’j,k,h(u, v, w) are polynomials whose coefficients depend polynomi-
ally on h and smoothly on (x,y, z) € R?* xS (with derivatives that are uniformly bounded).

Proof. First, we observe that, thanks to Lemma 4.2, one has

k
A¥ = Op} ((H2 +iHs)* + > Pjn(hHy, hHy, hHs)(Hy + z'Hg)kj> :

j=1

where P;; 5 are polynomials verifying the properties of the present Lemma. The second
bracket formula is then a direct consequence of the composition rule for pseudodifferential
operators (see Theorem B.1) together with Corollary 4.3. In fact, since W depends only on
(x,y, z), the terms in the asymptotic expansion will only involves derivatives of the symbol
of AF with respect to the variables (&, 7, ().

We now turn to the first bracket which can be rewritten as

[AF, Op¥(hQH,)] = [Op}Y (Pjsn(hHy, hHy, hH3)(H +iH3)* ) , Opy (QhH;)]

M-

AL

J

with Py, = 1. Given 0
to each term, i.e.

7 < k, one can apply the composition rule from Theorem B.1

[Op}! (Pjsn(hHy, hHy, hHy) (Hy + iHs)*) , Opit(QhH, )]
20+1
=2 ), —(2'2 7 Ok (A ™ (P (hH, iy, hH) (H - iH)* ) (@RHL)))

0<20<k

Here, the sum over /¢ is bounded as we are only considering polynomials symbols in the
variables (£,7,() (with the total degree being bounded by k + 1). Recalling the exact
expression of A(D) from Theorem B.1 and Corollary 4.3 (together with several applications
of the composition formula), we find the expected result. O

Remark 4.5. Similar statements as those of Lemmas 4.2, 4.4 and Corollary 4.3 hold for Aj
replacing Ay,.
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4.2. Inductive argument: proof of Proposition 4.1. In order to prove the localization
properties (S.1) and (S.2) for the measure i, we start from the following semiclassical
estimates. For every k > 0,

(53) (Opy (b, y, 2, REL)KERE VAR (P — An)un, A, ) = O(h),

(54) (OB} (bl y, = hH)KERE (A (Prn = Mun, (A7) un ) = O(h).

Using estimates (53) and (54) together with (51) and the symbolic calculus developed
in Section 4.1, we aim at deriving inductively suitable concentration properties for the
distributions Qi& r, defined by

Q;E7R7h : b = <Opz}<b(xa Y, =, hHl)f(gxg’>Al}iuh7 Al}iuh> ’

Q’;E,R,h 1o <Opz}<b(‘ra Y, =, hHl)XIB;XEC)(AZ)kuha (A;kz)kuh> :

Remark 4.6. Note that, in order to make sense of the limit measures for £ > 1, one needs
to have an a priori upper bound on

0Dy (b(, y, 2, RH1 ) XEXE) Afuy,|

which will be part of the argument below. For £ = 1, such an upper bound follows
for instance from the a priori estimate (30) but, for & > 2, this does not longer work
immediately.

We will show along the process that, up to additional extractions, the weak limits of
these distributions are well defined as non-negative Radon measures:

(gf,b} = lim lim hm(gis’h,b),

e—01t R—+o00 h—0

and we will deduce from these measures the desired support properties of p.,. For the sake
of exposition, we start with the first step £k = 0 which is slightly easier to handle:

Lemma 4.7. The measure fio, = Qoi satisfies:

<EL
1-Q —  — 1+Q

In particular, the support of the measure s 1S compact in the E variable and disjoint with
the classical forbidden region {W > \o}. Moreover,

(55) supp(fiee) C HH (1) UHZ'(1) U (supp ¢f Nsupp oy ),

and

Supp(uoo)c{(q,E)EMxR:—)\O_W )\O_W}.

supp 01" C supp(fioc),
where we recall that Hi(q, E) = £E~ (Ao — W — EQ).

Remark 4.8. Recall also from Appendix A that condition [|Q]|co < 1 was initially imposed
to ensure the hypoellipticity (and the semiboundedness) of the operator Fj,.
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Proof. Given b € C2°(Uy x R), one has

(56) (v (bl y, 2 WEL)TERE) (Pas = A, wn ) = O(h).
Recalling that
(57) Opy, (Hj3 + H3) = A Ay + h Opjy (Hy) + h’co,

one can use the composition rule for pseudodifferential operators together with the a priori
estimate (30). This yields
<Op}f(b(x, y, z, hHy)(hHy + hQH, + W — X\)X5X up, uh> = —<QIE7R7}L, by + O(h).

Thanks to (30) and to the Calderén-Vaillancourt Theorem, the right-hand side defines a
bounded sequence in D'(Uy x R). Moreover, the Garding inequality (96) ensures that the
limit distribution is a nonnegative Radon measure. Hence, letting h — 07 and R — +o0
(in this order), one finds that, for every b compactly supported in Uy x R,

e (0@, y, 2, E)E(L+ Q) + W = X)) = =0/ ().

From this, one infers that, on the support of ¢, (14 Q)E + W — Ay < 0, and moreover
that

(58) supp (1) \ Hy' (1) = supp of .
Similarly, using now the identity
(59) Opy, (H3 + H3) = ApA, — hOpy, (Hy) + h*co

instead of (57), and using again (56), one finds
<Op}f(b(a:, y, 2, hH))(=hH, + hQHy + W — \)XYax un, uh> = (0o, 0) + O(h),
and thus
This implies that —F(1 — Q) + W — Ay < 0 on the support of p° and moreover that
(60) supp(u°) \ HZ'(1) = supp oj..
Putting together (58) and (60) and, letting ¢ — 07 this concludes the proof. O

We now turn to the general case for which we cannot make use of the a priori esti-
mate (30) directly:

Lemma 4.9. For every k > 0 and for every R > 1 and € > 0, the family (legt,R,g,h)O<h§h0 is
bounded in D' (Uy xR) and any accumulation point (as h — 0%1) QtR,s is a finite nonnegative
Radon measure. Moreover, (Qf R,E) R 15 bounded and any accumulation point as R — +00
and € — 07 (in this order) is a finite nonnegative Radon measure verifying

suppof C {(¢, B) e M xR : £EQ2k + 1+ Q)+ W — )\ < 0},
Moreover, for every k > 0, supp Qal C supp gj and

supp o \ supp of,, C Hi'(2k + 1).
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Proof. The case k = 0 follows by Lemma 4.7. Assume that the claim holds for every
0 < j < k and moreover that the following a priori estimates hold, for any b € C°(Uy x R)
and for any h > 0 small enough,

(61) (OB (bl v, 7 RH) - g ¥er- 1) Aunl] o < € (bl + Orea(h))

for 0 < j < k and for some constant C' > 0 that is independent of ¢ and R and that
depends on the support of b (and also on W and Q). Moreover, the constant in the
remainder depends on a finite number of derivatives of b. Let us prove the claim for k£ + 1.

Remark 4.10. We change the parameters in our cutoff functions at each stage but it does
not hurt the argument as bounds like (61) holds for any choice of R, e and do not depend
on the choice of subsequence. In the end, recall that we are aiming in the end at taking
the limit h — 07, R — 400 and ¢ — 07 (in this order). For instance, all along the
analysis, one could take the sequences (R,),>1 and (€,,)m>1 to be of the form R,, = 2" and
en = 27" in view of matching the inductive process chosen here. We keep the notations
R — +o00 and € — 07 to alleviate notations.

We begin by proving the same a priori estimate on
H Op}f(b(% Yy, z, hHl))ngg)A];L+luh|‘L27

which is the main technical point of the analysis. To do that, we begin with equality (53)
which can be expanded as follows

(Op¥ (b(x,y, 2, hH)XBXE)2AF Op (RH, + hQHy + W + hA(Wi s + co) — ) un, Afuy,)
= — (Opy (b(,y, 2, hH1) XY aXE )2 AL A Apun, Afuy) + O(R™).

Applying Lemma 4.4 together with (52) k times, we can deduce from the support properties
of our symbol and from (61) that

(Opy (b(z, y, 2, hH)XBXE)? Opy ((2k + 1)hHy + hQHy + W — N\p) Ajupy, Ajuy,)

= — (Opy (b(,y, 2, hH1 ) XX )2 A; AV g, Afuy) + Ore(h).

£

Here, the fact that we can control the remainder terms at each step by (61) follows from
elliptic estimates for pseudodifferential operators as in [DZ19, Th. E.33] and from the fact
that we schrink the support of our cutoffs functions at each stage of the induction.

Applying the composition rule for pseudodifferential operators together with the induc-
tion hypothesis, we find that

<Op}f((b(x, Y, 2, hHl)f(g)ng((Qk: + 1)hH; + hQH, + W — )\h)AfLuh, Aﬁuh>

= — || Oy (b, y, 2, hHL)XEXE) AL un || + Opc(h).

By induction, the left-hand side is bounded from which we deduce the expected upper
bound at step k + 1.
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We note that the upper bound (61) allows to verify by induction that any accumulation
point Qi& r (as h — 07) is a finite nonnegative Radon measure whose total mass is indepen-
dent of ¢ and R. We can thus take the limit R — +oc and ¢ — 07 in this order. We obtain
the expected limit measure gfﬂ and we can now derive its support properties. Repeating
the same argument with Op}(b(z,vy, z, hH,)XExY) instead of Opy (b(x,y, z, hH,)XEx)?
(and with (A;)* instead of A¥) and taking the limits » — 0" and R — +oo0 (in this order),
we can prove that

(62) o (b(,y, 2, E)(EE(2k + 14 Q) + W = X)) = =31 (b)-
Finally, from (62), we get the first statement of the lemma and moreover:

supp 07 \ Hi'(2k + 1) = supp Qf_,’_l.

This concludes the proof. O
Finally, Lemma 4.9 implies that:
| (g —1
SUPP floo C (Mg x {0} U | (M7 2k + 1) UHT' (2K + 1)) .
k=0

Defining, for k € Z.,
+ _
Hi o0 -= 1H£1(2k+1)M007 and Hoo = 1MA0,W><{O}IU’OO7

we obtain the proof of Proposition 4.1.

5. NORMAL FORM REDUCTION

In order to study the invariance properties of the measure p,, we will require a nor-
mal form procedure in the subelliptic regime 1 < |H;| < h™'. This will allow us to
work with functions that are adapted to the geometry of the problem. Roughly speaking,
it amounts to work in a system of asymptotically symplectic coordinates as |H;| — oo.
This normal form approach was pioneered in Melrose’s works [Mel85] and recently revis-
ited in the context of sub-Riemannian Laplacians associated with 3-dimensional contact
flows [CAVHT18, CAVHT21] as we are dealing here. See also [RVN15] for earlier related
normal forms procedure in the context of 2-dimensional magnetic semiclassical Schrodinger
operators and [HKRVN16, Mor22, Mor20] regarding higher dimensional normal forms for
magnetic operators.

Compared with [CAVHT18], we will simplify some aspects of the normal form procedure.
Rather than making a symplectic change of variables at each step of the iterative scheme
and using the machinery of Fourier integral operators, we will just encode a slightly simpler
change of variables (close to but not necessarily symplectic) into a small deformation of

the test function
|Hs| + ]H?,’)
| H, |

for the Wigner distribution ug’s defined by (46). This deformation makes the remainder
term in { H3+ H2, b} as small as possible in the regime H3+ H? < H?. We will need as well

b:b—l—(’)(
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to introduce an auxiliary function H; that behaves asymptotically as H; and that ensures
{HZ+ HZ,H;} to be small in that same regime. This simplified version of the normal form
method is in fact sufficient to obtain the desired invariance properties of the semiclassical
measure f[io, = lim._,opu°. We emphasize that Wigner type distributions enjoy somehow
more flexibility regarding change of variables than Fourier integral operators (since many
negligible terms disappear in the limit A — 0), and we will crucially exploit this fact to
avoid the use of cumbersome symplectic changes of coordinates that in the end match with
ours in the semiclassical limit (see [AS23, Sect. 3.1] for a related construction involving
two-microlocal semiclassical measures).

Remark 5.1. In this section, the fact that we have simple bracket formulas as (20) will
make the proof slightly simpler and more explicit regarding the terms appearing in the
normal form. Yet, the strategy would remain the same if {H;, Ho} and {H;, H3} were
more general linear combinations of Hy, Hy and Hj (as in the general contact case). In
any case, the fact that these brackets do not exactly vanish is exactly where the situation
is more involved than in the flat Heisenberg case [FKF21, FKL21] like when considering
varying magnetic fields rather than constant ones.

5.1. Solving polynomial cohomological equations. We first recall the algebraic rela-
tions given by (20) and producing the subelliptic structure of our problem:

(63) {Hi,H} = —KH;, {Hi, H3}=Hy, {Hs H3}=—H,.

In some sense the pair (Hs, H3) behaves like a system of coordinates in T*R for the classical

harmonic oscillator, at least in the region H: + H3 < H?. With that observation in mind,
it is convenient to introduce complex notations:

Z = H2+ZH3 and 72: HQ—ng,

so that
HZ + H2 = |Z)*.
In particular, a direct calculation shows that, for every k # [ in Z, , one has
AVA —
64 2P 3 =HZ"Z

and the relations (63) now become
(65) {H\,Z} =iK, Z+iK_Z, {H\,Z}=—iK 7Z—iK.Z, {Z Z}=2iH,

where

1+ K 1-K
K+ = +T and K_ = T
In particular, one has
(66) {1212, H\} = iK_(Z*> = 7).

Remark 5.2. In the rest of this Section, we will always suppose that we work in the region
H, # 0. In the end, the formulas will only be used in the regime |Hs|, |Hs| < |Hy|.
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5.2. A small deformation of H;. We start with the deformation of the variable H;.

5.2.1. Normal form procedure. In view of (66) and (64), we set

b K ((H2\_ (HsY
> 2 \\H o) |
By construction, one has

(1Z1% Hi(1+ Py)} = @ {|Z|2, %} |

Iterating this procedure one more time, one can find P3 in P(R? x S') of the form
H2 a9 H3 as
Py = Py (z,y, —= =3
3 IZ|—:3 ik <H1) (Hl)
and such that, if we set
(67) H, =H (1+P+DP)),
then one has
(68) {H22+H§,H1} :H22R1+H§R2+H2H3R3,
with R; belonging in P(R? x S') and being of the form

Hy\“ [ H3\“
R; = Z R;.(x,y,2) (Fj) (Fj) )

|or|>2

Hence, in the regime HZ + H2 < H?%, this Poisson bracket is somehow of smaller order

than the one appearing in (66).

We finally state the following analogue of Lemma 3.7:

Lemma 5.3. Let K be a compact subset of R? x St. For every 0 < ¢ < 1, for every
No > 2 and for every (o, 8) € Z5., one can find a constant C. n, x.ap such that, for every

(¢,p) = (x,y,2,£§,m,C) in Cong.(K) \ Cy-no.(K), one has, for every j € {2,3},

< Cengieas(p) P,

o H,
A - ;
where (p) == (14 €2 + 1% + (?)a.

Proof. This is a direct consequence of Corollary 2.6 and Lemma 3.7.
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5.2.2. Rewriting py° using Hy. We now come back to the distribution ;" that was intro-
duced in (46) and defined using H;. We next show that we can replace H; by H; modulo
small remainders in h and .

Lemma 5.4. For b in C°(Uy x R), we set

(69) <P’/§7€, b> = <Oph(b<x7 Y, z, hHl)X?XSX%X%)”hv uh>L2 y
where
. _(H?+ H2 + H? . . cH
X%:—x( 1 2 3), and XS :=% = 12 .
4R 4 H3+ H3 + 1

Then, one has, as h — 0Y, R — +o00 and € — 0 (in this order),
(W, 0) = (", b) + Op e p(h) + O(R™Y) + Op(e?).

Remark 5.5. Note that, on the support of ¥¢, one has H; = H;(1+ O(e?)) so that ¥¢ =1

on the support of Y€ if € > 0 is chosen small enough. We just keep the function Y¢ to

ensure that Hy is well defined. The same holds for y2xB.

Proof. Let b(z,y,z, E) be an element in C°(Uy x R*). One has
<lu§7€’ b> = <Oph(b(xa Yy, z, hHl))Zg)%g)uhv uh>L2 )

where ¢ was defined in (35) as

~C ~ 8]——,1
Xe "= X /T72 2 )

Arguing as in the proof of Lemma 3.3, one knows that

~C ~ EHI
. b(x,y,z,hH
XX<4 H§+H§+1> .y 2

belongs to SY(T*(R? x S')) with all seminorms uniformly bounded in terms of 0 < h < 1
(but not on ¢ a priori).
Set now Y€ =1 — ¥€. On the support of b(x,y, z, hH;)X¢xE, one has

1<y,
1+ HZ + H?

for small enough ¢ > 0. In particular, we can argue as in (32) and write

B~ b(x, y, 2, RHD)XEXEXE
b hH B-C,C _ e Rssl H2 H2
(z,y, 2, hH1)XRX< X< 1+ HZ + H2 (14 Hj + Hy),
where the first term of the product on the right-hand side belongs to 50_12 thanks to the
above support properties. Using the Calderén-Vaillancourt Theorem together with (29)

and (30), we find that
(=5 b) = (Opy (b, y, 2 REVXEXEXR) s wn) 2 + Ore(h) + O(RT).
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Similarly, we can insert the cutoff function B if we note that, on the support of xBxE,
one has

1
ER§H§+H§+H§gloR,

hence the involved symbol is compactly supported. We can then apply the exact same
argument and show that

"5 0) = (Opy (b(z, y, 2, AHL)XEXEXRXR)un, un) o + Ope(h) + O=(R7).
We are now left with replacing H; by H; in the last component of b. We write

1
b(I,y,Z, hHl) = b(l’,y, Z, hHl) + h’(Hl - Hl)/ aEb('Tayvza hHl + th(Hl - Hl))dt
0

Hence, applying Corollary 2.6 together with (30) and (67), the composition rule for pseu-
dodifferential operators and the Calderén-Vaillancourt Theorem, one finds the expected
conclusion. O

5.3. A small deformation of a. We now proceed similarly and introduce a small defor-
mation of a whose Poisson bracket with H3 + H3 is small in the regime Hi + H3 < H}.
Let a be a smooth function compactly supported on Uy, we write

{|1Z1%,a} = Z{Z, a} + Z{Z,a}.

In the region H; # 0 and in view of (64), we can set

7 7
— Z.at — -2 17 a\.
“ 2@'H1{ a 2@’H1{ a

(2P a+ay = Z{izp 120Y 2 fizp 2t

Recalling that a is a function on U, one has
{ZAZ,a}}y —{Z,{Z,a}} = (XL +iV)(XL—iV)(a)— (X, —iV)(XL +iV)(a)
= 2V, X ](a) = 2iX(a).

Hence, letting X, (resp. X7) be the (complex) vector field generated by Z (resp. Z) the
above expression can be simplified as

We then find

{12, a + a1}
|Z|2X( )4 (2°X2 -7 X3)(a) ZQXz(a){g o }+72Xz(a) (7. H)
= — a _ —_— .
H 2iH, 2iH2 2iH2 V7

We would now like to eliminate the terms of magnitude 1/H; that can be averaged via our
cohomological equations. Namely, we set

(Z°X2 + Z°X3)(a)
8H?

a9 = —
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This allows us, after defining a := a + a; + ao, to get
H3 + H}

(70) (H + H},a) = =0

X(a )+ER

where R, is an element of the form
H, Hs\
R - Raa ) Tr )
z|>:2 s (H1 ) <Hl )

with R, . that is compactly supported in Uj.
For simplicity of exposition, we will use more compact notations for a:

() ()

o] <2

where the functions a, are also defined on U, and explicitely given by

(72) ag0) := a, aap) = —V(a), apy) = Xi(a),
and

X1 - V3)(a XV +VXL)(a
(73) a(Q’O) = _a’(O,Q) = —%, a’(l,l) = _( 1 2 J_)( )

6. INVARIANCE PROPERTIES

In view of Lemma 5.4, we are left to study the Wigner type distribution uf’g given by
(69). Our goal is to prove that any accumulation point p., of this sequence as h — 0,
R — +00 and € — 0 (in this order) verifies certain invariance properties:

Proposition 6.1. Let (¢, A\n) be a sequence satisfying (4) and set
Hi(q, E) :== o — W(q) — EQ(q),

and

(74) XVV,Q = ()\0 - W)X + Q?—Ll + EX(Hl)aE

Let i be any semiclassical measure obtained as a weak limit for the sequence of distribu-
tions pf’a defined from the sequence (Y, \n). Then, for every b € CH(Uy X R),

(75) /M (Xuwglb) + X () dis, =0,

In order to prove Proposition 6.1, we start by fixing an element b in C2°(Uy x R). Rather
than looking at b directly, we will consider test functions based on the normal form b
from (71), that is,

H, Hg)a3
76 b(z,y,z, F) bo(z,y,2, F) — ,
(76) 1) = 3l () (5

where b, is given by (72) and (73) with b instead of a (the variable E plays the role of a
parameter). One then has
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(| Prrs O} (b (- hE)XEXERERE) | un,wn ) = O(h).
On the other hand, we know that H;b(-,-, -, hH;)Y¢ XS x5\5 belongs to S} while the

symbol of }A’h, » lies in S%. Then, by the composition rules for the Weyl quantization (see
Appendix B), one finds

(77) {Opy ({ Po, Hyb(-, kH)XS XEXRNR ) un, un ) = O(R?),

where P, = H? + H? + hQH, + W. Recall that, as before, the measure in the L? scalar

product is the standard Lebesgue measure thanks to our conventions for ﬁh)\ and uy, (see
(27), (28) and (29)).

6.1. Removing the derivatives of the cutoff function. Before exploiting the normal
form procedure, we start with the following Lemma in view of removing the cutoff functions
YEXEXEBNE from the Poisson bracket:

Lemma 6.2. With the above conventions, one has:
(78) (Opyy ({Pn, Hub (-, AHL) Y XRe )t n) o gy = O(7) + Or(h'?),
where X == XS XEXRXR-
Proof. In light of (77), proving this equality amounts to show that
(Opy (Hib(-, hH1){H3 + H, XR:}) uh,uh>L2(ch) — O(2) + O (hV/?).

The main observation is that, when considering {H3 + H3, X}, the symbol becomes
either compactly supported in (£,7,¢) (if one differentiates YB), or supported in a region

where .
1—0\/1+H§+H§ <e|Hy| <104/1+ H2 + H?

(if one differentiates x§). In the first case, one ends up with the bracket +{H3 + Hj, H,}
multiplied by b(-, hH;)H;. Modulo multiplication by Hy or Hj, this is a bounded symbol
whose supremum is of order O(g?) (with the constant being independent of R) thanks
to (68) and to the compact support property. Applying the composition rule one more
time and the Calderdén-Vaillancourt Theorem together with the a priori estimate (30), it
yields the expected upper bound for these terms.

It remains to deal with the case where one differentiates Y$. In that case, we cannot
exploit the fact that the support is bounded but we can remark that we end up with terms

that are of the form
€b(', hHl)Hl

1+ H3 + H3

Using Lemma 3.7, the first term lies in the class of symbol SY inside the support of our
symbol (recall that we have differentiated Y¢) and is uniformly bounded in terms of & and
R (but not small a priori). Hence, we are left with showing that the term resulting from
the Poisson bracket is indeed small. Again, we apply (68) together with the semiclassical a
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priori estimate (30) and we conclude thanks to the composition rule for pseudodifferential
operators and the Calderén-Vaillancourt Theorem. U

6.2. Proof of Proposition 6.1. Let b € C(Uy x R), we consider as before the small
deformation b(z,y,x, E) of b given by (76). Thanks to Lemma 6.2, one has

(79) (Op}; ({P, Hib (-, hHL)} REXEXRRR) wns un) = O(?) + Orc(h2).
Hence, we need to understand
(80) {P,,H,b} = {HJ + H} H;b} + {W,H,b} + {hH,Q,H,b}.

Recalling (68) and (70), one has
{H; + H2 H,} = R H; + RyH3 + R3HyHs,
and
HZ + H? H, Hy\ @
2 2 _ 11 3 L 2 2 H3
{H} + H b} = ==X () + o7 LR, + n{H +H3,H1}|;28Eb (HI) (H1 :

where R;, and (R;);>3 belongs to the class of symbol S9 inside the support of our cutoff
functions with supremum that is of order O(g?). Hence, using the eigenvalue equation (29)
and the semiclassical a priori estimates (30) together with the composition rule for pseudo-
differential operators and the expressions for b and H; given in (76) and (67), equation (79)
becomes

(Opy (X(b) (A — W — hQHy) XEXEXRXR) n, n)

+ (Opy ({W + hH,Q, Hib(-, hH1)} XEXEXENR) tns un) = O(e?) + O (h
Hence, it remains to analyze the terms
{W + hH,Q,H;b(-,hH,)} .

To do that, we recall that, from the exact expressions for H; and b given in (67), (72)
and (76), one has

Ho\" (H3\™
Hy=H |1+ Y P azyﬁ(i) (i’) ,

lafe{2,3}

[NIES

).

and

b(-, hH)H; = b(-, \H,)H; + X, (b)(-, hH, ) Hs — V(b)(-, hH, ) Hy

H3?H5*®
+ ZQOA €, Y, z, hHl) H'a‘ 1

la|>2 1

where @), are smooth compactly supported functions. We also observe that, in the support
of our cutoff functions, one has

(W + hH,Q,hH,} = {W + hH\Q,hH,} + O(¢).
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For similar reasons, the terms of order |a| > 2 in the expression of b(., hH;)H; yields a
contribution of order O(¢) and (81) can be rewritten as

(82) (Opy (X (b) (M — W — hQH)) EXEXRXR) th, wn) + O(e) + O (h?)
= —(Opy, ({W +hH\Q, H\b+ X (b)Hy — V(D) Ho} XS XEXRXR) Uns tn)-
As one has, on the suport of our functions,
{W,Hb+ X, (b)Hs — V(b)Hs}
=—XW)b—hH;X(W)0gb— X, (b)V(IW)+V(b)X (W) + O(e)

and

{hH\Q, H\b+ X (b)Hs — V (b)Hy} = —hH, X(Q)b — (hH1)*X(Q)0pb + hH1 QX (b)

— hH X, (0)V(Q) + hH,V (b) X 1(Q) + Oe),
we finally obtain the expected result by letting h — 07, R — +oo and ¢ — 07 (in this
order) in (82).
7. SUMMARY OF THE PROPERTIES OF Moo

In this short section, we summarize our description of the semiclassical measures i, ob-
tained as weak limits of the Wigner distributions g, given by (69) (or equivalently (49)).
More precisely, as a consequence of Propositions 4.1 and 6.1, one has the following Theo-
rem:

Theorem 7.1. Let Q, W € C®(M,R) such that ||Q|lco < 1 and let Ay > min W. Given
a sequence (U, Ap) satisfying (4) then any measure i, obtained from the sequence (49)
decomposes as:

(83) poo (0, B) = Tio (0, E) + Y (14 .00(0: B) + 115,00 (¢. E)).
k=0

where [, and (uim)kzo are finite non-negative Radon measures satisfying the following
concentration properties:

(S.1) supp fie C My, w X {0}, with My, w :={qge M : \g —W(q) > 0},
(S.2) for every k € Z,
supp ,u,f’oo CHI'(2k+1) CUy,w x R

Moreover, they verify the following invariance properties:

(P.1) for every a € CH(Unr, w),

/ YW (a) d/joo = 07
Mx{0}

with Yy being defined in (6),
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(P.2) for every k € N and every a € C}(M x R*),

Awela) |
’—du . — 07
//\/lx]Rl E &

with Xy, being defined in (74),
(P.3) for every a € CH(M),

/ (Qw(a) + X(W)a)dfi,, = 0.
(Mg, w \Ung,w)*x{0}

Notice that, in the last item, the vector field Qy is “tangential” to the set My, w \Ux, w-

Proof. The only remaining point compared with Proposition 6.1 is to verify that the invari-
ance properties restrict to each layer H:'(2k+1) and M x {0}. To see this, we first work in-
side Uy, w x R and prove properties (P.1) and (P.2). Welet k € Z and a € C°(Uy, w X R)
whose support does not intersect supp(fioo) \ Hz' (2k + 1). For such a function, we deduce
the expected property (P.2). If we now consider a to be an element in C!(M x R*), then it
can be splitted as a sum of a function of the previous form and a function that is supported
away from H3'(2k+1). Thus, we obtain property (P.2) for the expected class of functions.
Combining this with Proposition 6.1, we also find that, for every a € C} (U, w X R),

/ Y (Ao — W)a) dfi,, = 0,
Mx{0}

from which we infer (P.1). It now remains to discuss what happens on the critical set
MAQ,W \u)\o,W = {q eM: W(Q) = )‘0}
To do this, we rewrite the conclusion of Proposition 6.1 slightly more explicitely: for every
a € CP(M xR),
/ (Ao =W)X (a) + Q-wla) — EQg(a) + EX(H1)0ga + X (H1)a) dpiee = 0.
MxR

If we take a to be of the form x(E/d)b(q) where b € C*°(M) and where x is the same cutoff
function as in the previous sections, we find using the dominated convergence Theorem
that, for every b € C*°(M),

[ (o= wx0) - 200~ xOV0) d = 0
Mx{0}

We now take the test function b to be of the form x((W(q) — Xo)/8)b(q) with x a smooth
cutoff function (near 0) as above. Letting § — 0 in the previous equality, we find thanks
to the dominated convergence Theorem

/ (Qw (b)) + X(W)b)dfi,, = 0.
(Mg, w \Ung,w ) x{0}
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Note that, compared with Theorem 1.1 from the introduction, this result holds without
any assumption on \y. It also involves the more general measure p,, which describes
precisely how H; escape at infinity.

Let us now explain that it directly implies Theorem 1.1. We also remark that, if \y >
max W, then (P.1) reads equivalently as fo{o} Yw (a)dfi,, = 0 for every a € C*(M). This
implies the property of 7, in Theorem 1.1 by letting

Uoo(q) = /Rﬁoo(q?dE)-

Notice, since Qy, (H1) = 0, that Xwo(H+) = 0. This implies in particular that the
vector field E~1 Xy is tangent to the level sets Hi'(2k + 1) and thus induces a well-
defined flow on these layers. Finally, we can derive from (S.2) and (P.2) that

| (k1) 4 Q) Yivla) ~ Qola) + X(H)0p0) dut =0
MXRY
which implies the last part of Theorem 1.1 by letting

Vi ooQ) = /Ruioo(q,dE).

8. THE CASE OF THE FLAT TORUS

In this section, we briefly discuss the case where M = T? = R?/27Z?* Q = W = 0 and
g = dx? + dy? is the canonical Euclidean metric. Our aim is to show examples of different
sequences of eigenfunctions for the operator —h?A¢g which select any given choice among
the semiclassical measures fi,, and /vcioo by putting their total mass on them as h — 0%.

In this particular example, the operators X, X | and V' can be written by global formulas
in the canonical coordinates (x,y, z) € T? ~ ST?. Precisely:

X = cos 20, + sinz0,, X, =sin 20, — cos z0,, and V = 0,.
We restrict ourselves to search for solutions to (4) of the particular form
Un(x,y, 2) = up(2)e™ @Y n = (ny,ny) € 72
As we impose that 1)y, solves our eigenvalue problem, then u;, must satisfy
h*(ny sin z — ng cos 2)%up(2) — h*u)(2) = up(2),

or equivalently
1 . 1
_WUh(Z) + sin®(z — zp)up(z) = Wuh(z),

with (cos zn,sinz,) = n/||nf|. We recognize in this expression the semiclassical Mathieu

operator

— 1
M, = —

HnH28§ + sin?(z — zn),
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on the circle S* whose spectral analysis is a classical topic. Indeed, it is a one-dimensional
Schrodinger operator with a double well potential. Hence, we are led to the equation

b
(hnIm])>

Since ]\//jn has compact resolvent on L?(S'), for every n € Z? there is an increasing sequence
of eigenvalues (Ar(n))g>p with corresponding (normalized) eigenfunctions (unx(2))k>0 of

(84) Mytn = A(n)up,  Aln) =

]/\/[\n. Note that, up to translation by z,, we can restrict ourselves to the case where 2z, = 0
which amounts to take a lattice point of the form n = (n,0) with say n > 0. Under this
assumption, we first show the following standard fact:

—

Lemma 8.1. For every k € N, there exists Ax(n,0) := Ar(n) € Spra(s1)(Mn0)) such that:

(85) M@gzﬁ%%iﬁ(1+6%(§%>), 45 n — +o0.

Remark 8.2. In principle, there could be other sequences of eigenvalues verifying different

asymptotic formulas, say \o(n) = £ +o0(n"'). Yet, one could show that this is not the case

by comparing eigenfunctions of ]/\/[\n with quasimodes of the harmonic oscillator

~

1
(86) Hy =0l + 2,

on L?*(R), whose spectrum is given explicitely by

~ 2k +1

n

However, since we are only interested in showing the existence of sequences of eigenfunc-
tions of —h2A.r which put positive mass on the semiclassical measures 7i., and uim, for
which we already know the concentration properties (S.1) and (IS.2) of Theorem 7.1, we
omit this discussion.

Proof. The proof this lemma is classical and we just briefly recall it for the sake of complete-
ness. Recall that is sufficient to construct a sequence of (almost) normalized quasimodes

('Uk,na Ek (n) )n—)oo satisfying

— 1 2k+1
ank’,n = Ek(n)vk,n + Ok ( 3) ; Ek(n) = n
n2

To this aim, let § > 0 small, and set vy, (2) := x(2/6)pk,, Where x is a cutoff function
supported in a neighborhood of 0 and where

Prn(z) = 'y (\/52)7

and ¢y, is the normalized Hermite function of degree k [Zwol2, Th. 6.2]. Observe that, for
any N > 1 and for any ¢ > 0,

o

O a:=0 !
Opn(2)| dz = Osppn Nz ) B8 In|| = oo.
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In particular, we get that [Jv |2y = 1+ Ok(n™') as n — oo as expected. Moreover,
using the Taylor expansion

sin?z = 22+ O(|z*), asz—0,

1
2 1
3 2 _
</R |2° 0k (2)] dz> = O, <n3/2) , asn — oo,

the claim holds by using the eigenvalue equation combined with (87) and

and the fact that

~

Hn@k,n = Ek(”)spk,nv z e R.

Let us now fix, for every n > 0,

1
(88) hy = , asn — 0o,
V(2k + 1+ o0r(1))n
so that (84) and (85) hold. For this sequence, take a sequence of solutions to (4) that are
of the form

(89) Un(2, 7y, 2) = up(2)e™.

Proposition 8.3. Let (1,)n>1 be a normalized sequence of the form (89). Let us assume
that (Yn)n>1 satisfy (4) with (hy)n>1 given by (88). Then the total mass of u;w + oo
equal to one.

Again, we will just make a rough analysis and a more careful work would show that the
sequences of eigenmodes put equal mass on pioo due to tunneling effect. If we were looking

for quasimodes, then we could ensure that the full mass is put either on pf  or u; .

Proof. Let us consider 6 > 0 to be chosen sufficiently small along the proof. Let x5 = x(-/9)
where y is still a small cutoff function near 0. We have, by the functional analysis of
pesudodifferential operators [Zwol2, Thm. 14.9], the localization property:

Opgll’w (Xé(SiHZ(Z) + <2)>un = X&(Z/\/Tn)un + 06 (%)

. (zk; Lag ok(l))> U+ Os (%)

[l
1
= U, + 057]@ (—) .
n
On the other hand, we have:

~ ~ 1 w €
(0P}, Ox(n HV)REXR) Wy ) oy = { OP, " (85 Vit ) o1
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R (, _ ncos(z ch ncos( ) _{ (hyn)? + 2
25 Q= xd (\/1 2 gin? (2)+C2>X( R )

Arguing as in Section 3, one finds that this symbol belongs to the class of symbols SY(7*S!)
amenable to pseudodifferential calculus on the circle. Observe also that, for n large enough,
the last function in this product is identically equal to 1 Notice also that

Opﬁ% (Xé((Sin2<z) + CQ))) _ Opi:w <X5 (SinQ(z) n <#> ))

1 w
=: Opin’ (05).

n

where

Thus, by using the previous localization property for u, and the semiclassical pseudodif-
ferential calculus, we have the composition formula:

w w 1
<Opi2 (KZR)U’”? u”>L2 (Sh) < Op ( Z’R) OP}SL: (Uz)una u”>L2(Sl) + 06,k (E)

= <Op (H;ZR 6)unaun>L2 Sl +O5€R( )
In this expression, if we take § sufficiently small (i.e. so that § < &2), we have

ki (2, C)on(2,¢) = x(hancos(2))oy (2, C),

since x(z) = 1 for |z| > 2. Moreover, for ¢ > 0 sufficiently small, we can also decompose
0% as the sum of two functions ¢° and ¢%° compactly supported respectively near z = 0
and z =, that is:

on(2,¢) = 0,°(2,¢) +2°(2,0),
with supp o} Nsupp o}® = ). Using next that
hZn cos(z) = (=17 +0(), asd—0, j=1,2
n - 2k_ + 1 ) ) .7 — D

respectively on the support of 07°(z, (), we get thanks to the Calderén-Vaillancourt The-
orem:

< Opi:w (HZ’R)un, un>L2 (Sl)

(=1
- Z ( Qk + 1 < p 0]76 Un, un>L2 Sl + 0(5) + O5,8,R (h‘n) .

Jje{1,2}

Therefore, taking limits in n — 400 through a subsequence, we obtain, for § < 2,

O~ 1 —1
hm <Oph (x (hnHl)ngg)¢n,¢n>L2(M) = oz‘fx (%—H) + Ong (21{1—4-1> + O(9),
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. T : . .
where of = limy,, o+ (Opy, ™ (02 ), ) and af + a3 = 1 (using one more time the

localization property of the sequence (uy,),>1). Finally, in view of the fact that

lim lim lim (Opy, (x(hnH1)XEXR)Vns ¥n) pa gy =/ X(E) dpeo(q, E),

e—0 R—o00 hp—0 T3 xR

we can take 6 — 0 and use Theorem 7.1 (property (S.2)) to conclude the proof. O

We finally show the existence of sequences of eigenfunctions (v,,) satisfying (4) which
put positive mass on the semiclassical measure 1. To this aim, we note that, thanks to
Lemma 8.1 and for every £ > 1, we can find some ny > 1 such that, for every n > ny,
there is an eigenvalue Ejy(n) of ]\/4\%0) verifying

1 1 V2 1
2/Ck + )n < Biln) = gy < 2k + 1)n S

Hence, we can take n = n;, and pick a sequence (K, )g>1 such that K, — +oo and thus
the sequence (hy,, )r>1 satisfying now

(90) ! < hy, = ! < L
N Nk /—Knknk /—nk7

Adapting the proof of Proposition 8.3 and using property (S.1) of Theorem 7.1, we obtain:

as k — 00.

Corollary 8.4. Let (¢, )i>1 be a normalized sequence of the form (89). Let us assume
that 1y, satisfy (4) with hy, given by (90). Then the total mass of Tiy, is equal to one.

APPENDIX A. SPECTRAL PROPERTIES OF P,

In this appendix, we briefly review the spectral properties of ﬁh. A key ingredient of the
analysis is the following standard result [RS76, Cor. 17.14]:

Theorem A.1 (Rothschild-Stein). Let Q € C*°(M,R) such that ||Q||lco < 1. Set
L=-Ap—iQX =—-X; —V?—iQ[V, X ].

Then, for every N > 1, one can find continuous maps Py : H®> — H'™ and Sy : H® —
H*2 (for all s > 0) such that

PyL =1d+Sy.
In particular, there exists a constant Cyrg > 0 such that
(91) Vip € C*M),  [Yllar < Curg 1LY 2 + [[¥]]22)

and, for every s > 0,
L)€ H, e l? = e H
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Let us now discuss the spectral properties of ﬁh. For an introduction on the spectral
properties of unbounded operators, the reader is referred to [RS80, Ch. VIII] and [RS75,
Ch. X] that we closely follow for the terminology For any ¢ € H*(M), we define

Puw) = (170 + QX — @X)) 47 ) v,
which induces an unbounded operator
P, : D(B,) :== H*(M) C L*(M) = L*(M).
One can define its adjoint P; by defining the domain
D(Fy) = {w € L3 (M) : 3u € L*(M) such that ¥ip € HX(M), (&, Pug) = (u, )}
or equivalently
D(Fy) = {w € (M) - Pub € (M)}

The operator P; : ¢ € D(P}) — Py € L2(M) is closed and it is densely defined. Hence,
according to [RS80, Th. VIIL1], P, is closable and we denote its closure by P, whose
domain is denoted by D (Ph) and equal to the set of ¢ € L*(M) such that

Tip; € H*(M), Fv € L*(M) such that ||1h; — |12 + || Path; — v]|z2 — 0.

In general, one only has D (Eh> = D(P,’: ) C D (f’_h) so that Fh is not necessarily selfad-
joint. In order to fix this problem, we can make some assumptions on the size of () and
use positivity arguments.

More precisely, P, is associated with the real quadratic form

B = [ (oD, v € H(M)
which, thanks to (1), is bounded from below by
B() = [IhX1llze + [1RVEIIZe = 20 Qlleol|AX Lo llz2 ][RV 2
+ (min W — h%(|Q]lex) [¥117
= hQlex 192 (IR X bl + RVl z2)

h 1
> (1= e = 120 (o + ez

+ (min W — (A% + B)[|Qlle) 13-

Hence, if ||Q|lco < 1 (and h > 0 is small enough in a way that depends on @), it follows
from [RS75, Th. X. 23] that B is a closable form whose closure B corresponds to a unique
selfadjoint operator Ph referred as the Friedrichs extension of P,. Moreover, the spectrum
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of this selfadjoint extension is bounded from below by min W + Og(h) and its domain
verifies

D(P,) € HR(M) := {u e D'(M) : [[9]22 + | X )22 + [V]22 < o0} .

In particular, P, : D(P,) C L*(M) — L*(M) is a closed sclfadjoint operator and thus
(P, + C) has a bounded inverse for C' > 0 large enough:

(P +C) " (M) = (D(B), |l ]22) € L*(M).
We would like to show that this defines a compact operator. To see this, recall from (91)
that
VY € C¥M),  [[(Ph+O) "llmwg < enlllellce + [[(Pa+ C) 'l 12)

so that, if (1;),>0 is a bounded sequence in L?*(M), then ((]3;1+C’)*11/}j)j20 is also bounded
in H'Y(M).

Remark A.2. Along the way, this discussion shows that H2(M) C D(P,) C HY(M) (with
continuous inclusions).

As the inclusion H'(M) C L2(M) is compact, (P, +C)~! : L2 (M) — L*(M) is indeed a
compact operator. As ]3h is selfadjoint, there exists an orthonormal basis of L?(M) made of
eigenmodes of ﬁh. Moreover, if one has ﬁhwh = M\, with vy, € D(ﬁh), then L1y, € HY(M)
and, according to Theorem A.1, one finds that ¢, € H*(M). By induction, we get that

these eigenmodes are smooth.

Remark A.3. If we let " > 0 be a large enough constant, then P, + C' is a positive
symmetric operator and its adjoint is given by P + C with domain D(Py). In particular,
if ¢ belongs to the kernel of P} + C, then, by the Rothschild-Stein Theorem, 1) belongs

to H'(M) (and by induction to C**(M). Hence, it lies in the domain of P, and we can
deduce that 1) = 0. According to [RS75, Th. X.26], it implies that the Friedrichs extension
is the only (semibounded) selfadjoint extension of P, + C' (hence of B).

The spectral properties of 13h that we have proved so far are summarized by the next
statement:

Lemma A.4. Suppose that ||Ql|co < 1. Then, there ezists hg > 0 such that, for every
0 < h < hy,
B, : D(B,) = L*(M)
1s a selfadjoint operator whose spectrum consists in a discrete sequence of eigenvalues
min W+ Og(h) < X (0) < Ap(1) < .oo < A (J) ... — +o0.
Moreover,
Pun = Muthns with v, € D(=Fi) = ¢y € C¥(M).

We conclude this appendix with the following a priori estimates that are used all along
the article:
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Lemma A.5. Suppose that |Q||co < 1. Then, one can find Cow > 0 and 0 < hg < 1,
such that, for all 0 < h < hg,

Puthr, = Antbn, with ¢, € D(Py)
= ||hX 1 Unl72 + 1RV |72 + |R* X s 72 < Cyw (14 [An])?(|[¢n 7

Proof. Let 1y, € D(ﬁh) such that jgh = Mtn. One has then

" QX + X(Q)n ).

IR X nllZe + IRV YRllZe = Mallgnllz — (Webn, vhn) — r 5

Hence, one has

1
12X L nllZe + 1RV EnlZa < (W lleo + DIl + P2 H(QX + 5 X (@))ton, ).

Recall that X = [V, X ]| from which we infer

QX + 2X(Q) b )] < 21Qleo| X Lin L2V e o

2
h2
+ 0l Qller (IRX cnllzz + AVl z2) nll 2 + I Qler [[nll7e-
Then, we get
1
Xl + WVl < T s (W s+ Dol + 2H1Qle) ol
_ co — it

Hence, under the assumption that ||@Q||co, there exists a constant Cow > 0 (depending
only @ and W) and 0 < hg <1 (depending only on ) such that, for every 0 < h < hy,

(92) IRX L ¥nllZe + 1RVnllZe < Couw (L + [Anl)llvnllZ:.

Finally, using the Rothschild-Stein Theorem one more time, one finds that there exists a
constant Cyr, > 0 such that

[ X0nllzz < l[nllar < Crrg (1£¢0 ] 22 + 1onl ) -

Multiplying this inequality by h? and using the fact that ﬁhwh = Ay, to control the upper
bound in terms of ||¢|z2, we obtain the expected upper bound. O

APPENDIX B. REMINDER ON SEMICLASSICAL ANALYSIS ON R? x S!

In this appendix, we review a few facts about semiclassical analysis on T*(R? x S') that
are used all along our analysis of the measure at infinity. A standard textbook is [Zwo12]
which treats the case of T*R? in great details in Chapter 4. The case of T*(R? x S') can be
handled similarly by proper use of Fourier series along the z-variable rather than Fourier
transform. See for instance [Zwo12, §5.3] for a detailed discussion in the case of T*T?.
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For a nice enough smooth function a on T*(R? x S!) (say compactly supported) and for
every h > 0, the Weyl (semiclassical) quantization of a is defined, for all v in u € C*(R?),
by

1 itaearp (AT T
w — (¢—4")
(93) 00 (@) (0)@) = s [ 87 (5L p) uld iy

Using the periodicity along the S'-variable, one can verify that this definition extends to
smooth test functions u € C*(R? x S') [Zwol2, §5.3.1].

Regarding the regularity needed for a, this definition still makes sense when working
with smooth functions a belonging to the class of (Kohn-Nirenberg) symbols [Zwo12, §9.3]:

(T (R*x SY)) = {a € C*(TH*R* x SY)) : V(a, B) € Z, Progpla) <+oo}, meR,

where
Pragpla) = sup{<p>_m+|ﬂ||ag‘35a(m, |}
(a,p)
In other words, we gain some decay in p when differentiating in the p-variable. Even if
such a decay is not necessary to work in an Euclidean set-up, it is of crucial importance in
our analysis to have this extra decay in view of dealing with the escape at infinity in the
fibers.

A nice property of the Weyl quantization is that, for a real-valued a, Opj’'(a) is a (for-
mally) selfadjoint operator [Zwol2, Th. 4.1]. Another property that we extensively use all
along this article is the composition rule for pseudodifferential operators* [Zwo12, Th. 9.5,
Th. 4.12]

Theorem B.1. Let a € SN (T*(R? x SY)) and b € SI*(T*(R* x SY)). Then, there exists
c € SIm(T*(R? x SY)) (depending on h) such that

(94) Opy, (a) o Opy, (b) = Opy, (c).

Moreover,
N

c(g,p) =)

k=0

w|t
—] >

(A(D))k (a<QIapl)b(QQap2>)|q1:q2:q7p1:p2:p + OSmﬁmTN*l(hN—i_l)v

where the constant in the remainder depends on a finite number of seminorms of a and b
(depending on N and on the seminorm in S™ ™2~N=1) " and where

1
A(D) = % (am ) 8612 - am : a‘h) .

In particular, we can see from this result that ¢ = Ogm,tms—~n-1(h¥*1) if @ and b have
disjoint supports. We can also verify that, all the even powers in h in the asymptotic
expansion of [Op}’'(a), Op}’(b)] cancels out and that the first term is given by %{a, b}.

4'l’echnicaully speaking, this reference deals with the Weyl quantization on 7*R? but the proof works as
well in our set-up.
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Another key property for us is the Calderén-Vaillancourt Theorem [Zwo12, Ch. 5] that
states the existence of constants Cy, Ny such that, for every a € SY(T*(R? x S')),

w ol e
(95) 1OPy (@)l 22 < Co Y B2 [|0%al|o.
|| <No

Recall also the Garding property that is valid for elements in S%(7*(R? x S')). Given any
a in that class satisfying a > 0, it ensures the existence of a constant C, > 0 [Zwol2,
Th. 4.32] such that

(96) Vu € L*(R* x SY),  (Opy(a)u,u) > —Cuh||ul|7..
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