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Abstract
We consider linear and time-dependent perturbations of periodic transport equations on

the two-dimensional torus. For generic perturbations, we prove the existence of a large class
of initial data whose Sobolev norms diverge exponentially fast. In higher dimensions, this
remains true under a Morse-Smale assumption on the resonant part of the perturbation. In
both cases, this is achieved by a normal form procedure and by studying Sobolev instabilities
for time-dependent perturbations of Morse-Smale transport equations. The latter are ana-
lyzed on general compact manifolds using techniques from microlocal analysis and hyperbolic
dynamics.

1 Introduction and main results
In this article we construct unstable solutions for certain classes of linear and time dependent
transport equations, through the analysis of their Sobolev norms. The study of instabilities is,
in its full generality, a standard topic in linear and nonlinear partial differential equations, which
has many facets. In particular, a widely used method is to look at the evolution in time of the
Sobolev norms (1.3) of solutions: an unbounded growth in time of the positive Sobolev norms is an
indicator of energy transfer phenomena, in the form of energy cascades towards higher frequencies.
A class of equations that we will study consists of small-in-size, time dependent perturbations of
Morse-Smale transport equations on compact manifolds (see equation (1.2)). However, since our
analysis is motivated by applications to the dynamics of integrable partial differential equations
and recent results in KAM theory, we begin by giving an application of our main theorem in this
direction.

Let n ě 1 and denote by Tn`1 (with T :“ R{2πZ) the Euclidean pn ` 1q-dimensional torus.
Given ν P Rn and ω P R, we consider the following equation

Btuε “ pν ` εV pωt, xqq ¨ ∇xuε `
ε

2
divxpV pωt, xqquε, x P Tn, t P R, ε ą 0, (1.1)

where V pt, xq P C8pT ˆ Tn;Rnq is a time-dependent vector field and where divp¨q denotes the
divergence with respect to the standard Euclidean volume on Tn. In particular, note immediately
that the transport operator on the right-hand side of the equation is formally skew adjoint on
L2pTnq for every t P R. Thus one has

}uεptq}L2 “ }uεp0q}L2 , @t P R, @ε ě 0.
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Moreover, it is worth noting that, for ε “ 0, all the Sobolev norms are preserved, i.e.

}u0ptq}σ “ }u0p0q}σ, @t P R, @σ P R,

where }.}σ denotes the standard Sobolev norm on Tn (see (1.3) below). It is natural to ask if
this property is stable under perturbation, i.e. for ε ą 0 small enough. In [4, Th. 2.4] (see
also [23]), it is proved that, for generic choices of parameters pω, νq in r1, 2sn`1 satisfying some
Diophantine conditions, equation (1.1) is reducible. Roughly speaking, it means that, up to a
bounded transformation on the Sobolev space HσpTnq, one can conjugate the equation to a diagonal
one in the Fourier basis (up to smoothing remainders). Such choices of the parameters pω, νq fall
in what is usually called non-resonant regime, and a direct consequence of this result is that either
there exist solutions whose positive Sobolev norms blow up exponentially (in the case where the
diagnonal operator has eigenvalues with nonzero real parts) or the Sobolev norms }uεptq}σ remain
bounded (for instance if V is even). See [4, Cor. 2.5] for details.

In the present work, we consider instead a resonant regime, i.e., we choose ω “ 1 and ν P Nn,
so that the potential V has the same time-period as the solution to the unperturbed equation
which may create resonance phenomena. Using methods coming from the theory of hyperbolic
dynamical systems, we prove that, in the case n “ 2 and for generic potentials V , there always
exist solutions whose positive Sobolev norms grow exponentially.

Theorem 1.1. Let n “ 2, ω “ 1 and ν P N2zt0u. Then there exists an open and dense subset Oν

of 1 C8pT3;R2q such that, for every V P Oν, the following holds.
There exists δ0 ą 0 such that, for every 0 ď σ ď δ0 and for every 0 ď ε ď δ0σ

2, one can find
vε P HσpT2q and r :“ rpε, σ, vεq ą 0 such that

}uεp0q ´ vε}σ ď r ùñ }uεptq}σ ě δ0e
δoσtε }uεp0q}σ , for any t ą 0,

where uεptq is the solution to equation (1.1) with initial datum uεp0q.

Let us immediately remark that, for every potential V P C8pT ˆ T2;Rq, the Sobolev norms of
all solutions to equation (1.1) grow at most exponentially fast with the L2-norm being preserved –
see [36, Th. 1.2]. Thus, among other things, we identify a large class of time dependent transport
equations for which this exponential growth is indeed sharp. Yet, we emphasize that the growth
from this lower bound is effective for times t " ε´1.

In order to produce instabilities, we will exploit the resonant part of the perturbation V pt, xq.
Namely, we will rely on the dynamical properties of the resonant vector field

xV yνpxq :“
1

2π

ż 2π

0

V pτ, x ´ τνqdτ, x P T2.

Indeed, after a normal form procedure (see Section 5), instabilities for (1.1) can be obtained from
unstable solutions to time dependent perturbations of transport equations generated by xV yν . In
Theorem 1.2 below, we will prove that, as soon as xV yν has the Morse-Smale property [43], such
unstable solutions exist. Then, a classical result due to Peixoto on the genericity of Morse-Smale
vector fields in dimension 2 [42] will allow us to deduce the genericity of V in C8pT3;R2q. Peixoto’s
result is however peculiar of dimension 2 and we are not aware of analogous generic sets of vector

1The set is endowed with its standard Fréchet topology.
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fields in higher dimension. Hence, in higher dimensions, we will only be able to produce unstable
solutions when xV yν belongs to the open set of Morse-Smale vector fields which does not generate
a dense subset in C8pTn`1;Rnq, when n ě 3. See Theorem 5.5 for details. We now move towards
the statement of a general result on transport equations generated by Morse-Smale vector fields.
This will constitute the main technical result used to prove Theorem 1.1 and it is the content of
Theorem 1.2 below.

1.1 Morse-Smale transport equations on manifolds

We consider a smooth (C8), compact and oriented manifold M of dimension n ě 1, without
boundary. We endow the manifold M with a Riemannian metric that we denote by g and we let
υg be the corresponding Riemannian volume on M . We denote by XpMq the set of smooth vector
fields on M and we consider the following class of transport equations:

Btuε “ LV `εPptquε `
1

2
divυgpV ` εPptqquε, x P M, t P R, ε ą 0, (1.2)

where V P XpMq, Pptq P C0
b pR;XpMqq and divυg is the divergence with respect to the Riemannian

volume form. Here, L denotes the usual lie derivative, i.e., the order one differential operator
defined by LY u :“ durY s, for every Y P XpMq, and C0

b pR;XpMqq denotes the set of time dependent
vector fields on M , which are continuous and bounded in time. Note that, as in equation (1.1),
the addition of the divergence term ensures that the operator on the right-hand side of equation
(1.2) is skew adjoint for every time t P R so that

}uεptq}L2pM,υgq “ }uεp0q}L2pM,υgq, @t P R, @ε ą 0.

Our main goal is to prove existence of unstable solutions for equation (1.2), where we again
identify unstable solutions with the ones that exhibit an unbounded growth in time of their positive
Sobolev norms. To this aim, recall that the Sobolev spaces Hσ are defined as

Hσ
pMq :“

!

u P L2
pM ;Cq :

›

›p1 ´ ∆gq
σ
2 u

›

›

L2pM,υgq
ă `8

)

, σ P R, (1.3)

where ∆g is the Laplace-Beltrami operator on M . The corresponding Sobolev norm will be denoted
by }.}σ. We emphasize that, also in this general case, one has only the a priori bound for every
σ ą 0 [36, Th. 1.2]

}uεptq}σ ď Cσe
Cσ |t|

}uεp0q}σ, @t P R, for some Cσ ą 0.

Our main theorem shows that this exponential growth is in fact sharp for the class of Morse-Smale
vector fields.

Theorem 1.2. Let V P XpMq and P P C0
b pR,XpMqq. Suppose that V is a Morse-Smale vector

field (see Definition 2.2) and, if n “ 1, suppose in addition that it has at least one critical point.
Then, there exists δ0 ą 0 such that, for every 0 ď σ ď δ0 and for every 0 ď ε ď δ0σ

2, one can
find vε P HσpMq and r :“ rpε, σ, vεq ą 0 such that

}uεp0q ´ vε}σ ď r ùñ }uεptq}σ ě δ0e
δ0σt}uεp0q}σ, for any t ą 0,

where uεptq is the solution to equation (1.2) with initial datum uεp0q.
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The class of Morse-Smale vector fields was introduced by Smale in [43] and it forms an open
subset of XpMq which contains an open and dense subset of all gradient vector fields. Yet note that
the corresponding flow may have finitely many closed hyperbolic orbits that are not reduced to a
point. We refer to Section 2 for precise definitions and basic properties. In dimension 2, the set
of Morse-Smale vector fields is also dense in XpMq thanks to Peixoto’s Theorem [42]. Moreover,
these vector fields are structurally stable, meaning that any small (time independent) perturbation
of V generates a flow which is topologically conjugate to the initial flow as shown by Palis and
Smale [41].

The overall strategy in order to prove Theorem 1.2 consists into constructing a Lyapunov (or
escape) function for the lifted symplectic dynamical systems to the cotangent bundle T ˚M and
into combining this construction with microlocal tools like Gårding inequality. Such a strategy
yields the exponential growth result thanks to a positive commutator type argument. Hence the
main difficulty when proving Theorem 1.2 is of dynamical nature and it lies in the construction of
this escape function. The key dynamical ingredient to deal with this problem is issued from the
microlocal point of view that was introduced in [21] to study the correlation (or Ruelle) spectrum
of dynamical systems with hyperbolic behavior and that was further developped in [17, 15, 12, 26,
22, 37] among others. See also [1, 20] for earlier contributions for discrete time dynamics using
microlocal methods and [29] for a recent book describing these microlocal methods and some of
their applications to dynamical systems.

One of the key steps when considering these spectral problems is also the existence of an
escape function for the lifted symplectic dynamics or the use of the related radial estimates. In
that spectral set-up, this leads to the construction of (microlocal) functional spaces adapted to
the spectral analysis of operators like LV and we will adapt these constructions to fit the PDE
problem at hand in this article. We emphasize that, in view of our application to Theorem 1.1, the
time dependent perturbations we consider are quite strong as they do not decay with time. This
may lead to strong bifurcations compared with the unperturbed equation. This requires to pay
attention when adapting the dynamical results from these references and, in particular, it seems
that the anisotropic Sobolev norms from the above works cannot be used directly to deal with
our problem except for ε “ 0 or for perturbations that would tend fast enough to 0 as t Ñ 8.
To circumvent these restrictions, we will more specifically revisit the dynamical constructions
from [12] which deals with the Morse-Smale case. See the introduction of Section 3 for a more
detailed comparison. Modulo some extra work, the method presented below could probably be
adapted to deal with open hyperbolic dynamical systems as in [15] or with general Axiom A flows
satisfying appropriate transversality assumptions as in [37] (see also [21] for the particular case of
Anosov flows).

Remark 1.3. Prior to these microlocal methods involving the construction of an escape function,
other (more geometric) functional spaces adapted to hyperbolic dynamics were developed in [31, 9,
10] and it is most likely that the functional spaces constructed there could also provide informations
on the instabilities of linear PDEs such as (1.2).

In fact, Theorem 1.2 holds true for more general time dependent perturbations of Equation (1.2)
and we refer to Equation (4.9) for a more general class of equations (including unbounded pseu-
dodifferential perturbations of (1.2)) to which Theorem 1.2 applies – see Theorem 4.12. As we
shall see, the exponential growth of the solution can be obtained as soon as an explicit microlocal
criterium (4.32) is satisfied. Roughly speaking, initial data for which the Sobolev norms will grow
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exponentially will be highly oscillating in the conormal direction to the stable manifold. Somehow
equivalently, we will pick initial data whose semiclassical wavefront set [48, Section 8.4] intersects
this direction in a nontrivial way.

Finally, the study of the growth of Sobolev norms for time dependent perturbations of linear
partial differential equations is motivated by its potential applications to nonlinear PDE. It would
be interesting to understand if the dynamical and microlocal method used in this article could
be adapted to deal with such problems. In that direction, we mention the recent paper [35] in
which the method of constructing an escape function is extended to a one dimensional fractional
quasilinear Schrödinger equation, allowing to construct solutions undergoing growth of Sobolev
norms. Closely related to the dynamical approach of the present work, the other recent work [11]
uses similar methods to study the exponential stability of nonlinear Vlasov equations on negatively
curved manifolds.

1.2 Comparison with the Schrödinger case

We conclude this introduction by briefly discussing the related question of Sobolev instabilities for
time dependent perturbations of Schrödinger equations,

iBtu “ ´∆gu ` Qptqu, (1.4)

where Qptq is smooth and real valued on pM, gq. From the perspective of quantum mechanics, this
is a classical problem [5, Section I.2] and the growth of Sobolev norms can be viewed as an indicator
of instabilities at the quantum level. Indeed, in this physical setting, a growth for the Sobolev
norms of solutions to (1.4) amounts to say that the quantum state does not stay in a bounded
region of phase space. As explained in [5], this can be understood as the quantum analogue
that an Hamiltonian flow has unbounded trajectories. For what concerns linear, time-dependent
Schrödinger equations on the torus, the problem has been first issued in [6] when Qptq is periodic
in time. In that setting, Sobolev norms of solutions are of order Opxtyεq for every ε ą 0, showing
that escape in phase space can only occur at a very slow rate. See also [7] in the quasi-periodic
case. This kind of results was further generalized in [13, 47, 18, 36, 3]. In particular, [13, 36, 3] rely
among other things on the assumption that the eigenvalues of the principal part of the operator
are organized into clusters with increasing spectral gaps. Without this asymptotic spectral gap
property, it was proved that there are solutions to (1.4) whose Sobolev norms grow polynomially
fast [14]. It is worth noting that [14] rather considers the harmonic oscillator ´B2

x ` x2 on the real
line (instead of ∆g). In that case, spectral gaps are of size 1 like the operator ν ¨ ∇x appearing
in (1.1). Observe also that perturbations in [14] are of pseudodifferential type with order 0. See
also [32, 30, 46, 33, 19, 34, 27] for further generalizations of these results in various contexts related
to perturbations of the harmonic oscillator.

Organization of the article. We now quickly describe the structure of the article. As already
alluded, the core of our proof is the construction of an escape function for the transport operator
in the Morse-Smale case. This requires a detailed description of the Hamiltonian flow induced by
its principal symbol. Thus we devote Section 2 to a brief reminder of Morse-Smale dynamics and
their symplectic lifts and then Section 3 to the construction of the corresponding escape function.
In Section 4.1, we review tools from microlocal analysis and apply them to the proof of (a slightly
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stronger version of) Theorem 1.2 by a positive commutator argument making use of the escape
function from Section 3. Once this is done, we prove Theorem 1.1 in Section 5 by combining
Theorem 1.2 with a normal form procedure. Finally, Appendix A reviews a few definitions from
dynamical systems theory that are used all along the article (especially in Sections 2 and 3) and
in Appendix B we prove global well posedness for the class of transport equations that we use in
Section 4.2.
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2 Review of dynamical setting
In this section, we recall the definition of the class of Morse-Smale vector fields V on a smooth
compact manifold M and of their symplectic lift to the cotangent bundle T ˚M . Along the way, we
collect some of their properties that will be used in the following. More precisely, in paragraph 2.1,
we review the definition of such vector fields. After that, we briefly recall in paragraph 2.2 how to
lift a vector field in a symplectic manner to T ˚M and we review in paragraph 2.3 some material
from [12] on the dynamics of symplectic lifts for Morse-Smale vector fields.

Remark 2.1. We refer to [40, Chapter 4] for a detailed introduction to Morse-Smale vector fields
and flows on smooth manifolds and to [12] for a detailed study of the lifted dynamics on the
cotangent bundle. We collect in Appendix A standard definitions from the theory of dynamical
systems that are used in this section.

2.1 Morse-Smale flows

We begin with the definition of the vector fields of interest for our analysis.

Definition 2.2 (Morse-Smale vector fields). We say that a smooth vector field V P XpMq is
Morse-Smale if

1. V has a finite number of critical elements (i.e. critical points and closed orbits), which are
all hyperbolic (see Definition A.1);

2. for any pair Λ1,Λ2 of critical elements, the stable manifold W spΛ1q and the unstable one
W upΛ2q (see Definition A.5) intersect transversally;

3. the nonwandering set (see Definition A.3) NWpV q coincides with the union of the critical
elements of V .

We denote by XMSpMq Ă XpMq the set of Morse-Smale vector fields on M .
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These flows were introduced by Smale in [43] and they are generalizations of Morse-Smale
gradient flows. They are the simplest examples of Axiom A flows as later defined by Smale in [44].
Given a vector field V P XpMq, we denote by φt

V pxq its flow on M with starting point x P M :

d

dt
φt
V pxq “ V pφt

V pxqq, @ t P R. (2.1)

We recall that, from compactness of the manifold M , the flow φt
V pxq is complete, i.e., for each

initial datum x P M , the flow line φt
V pxq exists globally in time – see e.g. [28, Corollary 9.17]. We

denote by
CritpV q :“ tΛ1, . . . ,ΛKu (2.2)

the set of critical elements (basic sets) of V , which are either critical points or closed orbits. It
will be important for the final steps2 of our analysis that n ě 2 or that CritpV q ‰ M if n “ 1.

From the Definition 2.2 of Morse-Smale vector fields, one can prove the following properties:

Lemma 2.3. Let V P XMSpMq.

(i) For every x P M there exists a unique pair pi, jqx P t1, . . . , Ku2 such that

x P W s
pΛiq X W u

pΛjq,

(recall notation in (2.2) and Definition A.5).

(ii) The unstable manifolds of the critical elements of V form a partition of M , precisely:

M “

K
ď

i“1

W u
pΛiq, and W u

pΛiq X W u
pΛjq “ H, @ i ‰ j.

We refer for instance to [12, Lemmas 3.3, 3.4] for the proof of these statements.

Energy function. We now report a result by Meyer [38], that proves the existence of a function
which is non-decreasing along the flow that we call energy function following the literature. It will
be a fundamental element for our construction in Section 3.

Lemma 2.4 ([38] Energy function). Let V P XMSpMq. Then there exists a function E P C8pMq

such that
LV E ě 0, everywhere on M, and LV E ą 0 on MzCritpV q. (2.3)

Remark 2.5. In the case where V is a gradient vector field associated with a Morse function f ,
such a function is given by f itself.

2More precisely, this is used when we pick the initial data generating unstable solutions.
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Morse-Smale vector fields on surfaces. The case of Morse-Smale vector fields on compact
surfaces (i.e. n “ 2) is peculiar and further motivates the choice of such class of vector fields.
Indeed, we first remark that, in this case, the definition of Morse-Smale vector fields can be
simplified (see for example [40, Prop. 1.1, p.122]) as the second condition in Definition 2.2 can be
replaced by

2.s There are no trajectories connecting saddle points 3.

In particular, condition 2.s makes the transversality condition of Definition 2.2 more explicit and
easier to visualize.

Remark 2.6. The set XMSpMq is generic in XpMq (i.e., it is open and dense with respect to the
C8 topology), for M smooth, compact manifold of dimension two. This important property of
Morse-Smale vector fields has been proved by Peixoto in [42, Theorem 2]. We will use this result
in Section 5 in order to prove Theorem 1.1. In higher dimension, it is still an open set which
is contained in the larger class of Axiom A flows (with appropriate transversality properties).
However, Axiom A flows are not generic in higher dimensions even if they are structurally stable.

2.2 Symplectic lift on the cotangent bundle

From now on, we will use the notation T ˚Mzt0u :“ tpx, ξq P T ˚M : ξ ‰ 0u where T ˚M is the
cotangent bundle of M . The main dynamical object considered in this work is the Hamiltonian
flow of

h : T ˚M Ñ R, hpx, ξq :“ ξpV pxqq. (2.4)

It turns out that the dynamics of such flow is linked to that of the flow of V pxq on M and, in this
paragraph, we make this connection precise.

We denote by ωp¨, ¨q the canonical symplectic form on T ˚M and by Xh be the Hamiltonian
vector field defined by h (see (2.4)) through the relation

dhpY q “ ωpXh, Y q, @ Y P XpMq. (2.5)

The upcoming definitions and results in this paragraph hold for any vector field, not necessarily
Morse-Smale and we denote by π : px, ξq P T ˚M ÞÑ x P M the canonical projection.

Definition 2.7 (Symplectic lift). Let V P XpMq and let φtpxq be a flow on M .

I) The symplectic lift of V to T ˚M is the vector field Y P XpT ˚Mq such that

a) dπpY q “ V ;

b) the vector field Y satisfies LY ω “ 0.

II) The symplectic lift of a flow φt on M is the flow Φt on T ˚M such that

a) π ˝ Φt “ φt ˝ π, for all t P R, as maps on T ˚M ;

b) pΦtq
˚
ω “ ω, @t P R,

3We call saddle point an hyperbolic critical point Λ in the sense of Definition A.1, such that the eigenvalues
λ1, λ2 of dV pΛq satisfy Repλ1q ą 0 and Repλ2q ă 0.
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where ˚ denotes the pullback of ω with respect to Φt.

In order to write down explicitly the relation between a flow on M and its symplectic lift on
T ˚M , we recall the following definition.

Definition 2.8 (Transposed operator). Let Φ : TM Ñ TM and set π0 : px, vq P TM ÞÑ x P M .
We define the transposed map ΦJ as

ΦJ : T ˚M Ñ T ˚M, ΦJ
pξqpwq :“ ξpΦpwqq, @ξ P T ˚

π0˝ΦpwqM, w P TM.

The following Lemma explicits the relation between a vector field V pxq and the Hamiltonian vector
field Xh on T ˚M , as defined in (2.4) and (2.5). We only state the next result, since the proof is
standard and follows directly applying Definitions 2.7 and 2.8.

Lemma 2.9. For every V P XpMq, the vector field Xh defined by (2.5) is the symplectic lift of V
on T ˚M . Moreover, for every flow φtpxq on M , its symplectic lift is given by

Φt
px, ξq “

´

φt
pxq,

“

dxφ
t
pxq

‰´J
ξ
¯

, (2.6)

where rdxφ
tpxqs

´J is the inverse of the transposed operator of dxφ
tpxq, as in Definition 2.8.

In particular remark that, as an immediate consequence of Lemma 2.9, the flow of the Hamil-
tonian vector field Xh on T ˚M , with h in (2.4), coincides with the lift of the flow φt

V . Thus we
will use the notation Φt

V px, ξq for such flow, whose explicit expression is the one in (2.6).

2.3 Dynamics of Morse-Smale symplectic lifts

In this paragraph, we take V P XMSpMq and we describe the dynamics of the Hamiltonian flow
induced by the Hamiltonian vector field Xh, with h : T ˚M Ñ R defined in (2.4). In particular, we
describe global attractors and repellors for the lifted flow on T ˚M and some of their properties,
using that V is Morse-Smale. We closely follow [12], to which we refer for the proof of most results.

Let S˚M denote the unit cotangent bundle of M :

S˚M :“ tpx, ξq P T ˚M : }ξ}x “ 1u,

where }¨}x is the norm on the cotangent space at the point x, T ˚
xM , induced by the metric gx. The

flow Φt
V of Xh on T ˚M , which is explicitly given in (2.6), induces a projected flow on S˚M :

Φ̃t
V px, ξq :“

¨

˝φt
V pxq,

rdxφ
t
V pxqs

´J
ξ

›

›

›
rdxφt

V pxqs
´J ξ

›

›

›

x

˛

‚, (2.7)

and we denote by X̃h the induced smooth vector field on S˚M , which is the generator of Φ̃t
V .

We now identify global attractors and repellors for such flows on S˚M . To this aim, we
start with the general definition of conormal bundle of a submanifold. Let S Ă M be a smooth
submanifold of M . We define the submanifold N˚S of T ˚M as

N˚S :“ tpx, ξq P T ˚M such that x P S, ξ ‰ 0, ξpwq “ 0, @ w P TxSu,
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and we call it the conormal bundle of S. We define the following sets:

Rp :“
K
ď

i“1

N˚
pW s

pΛiqq X S˚M, Ap :“
K
ď

i“1

N˚
pW u

pΛiqq X S˚M. (2.8)

Next we recall that every stable and unstable manifold is foliated by a family of submanifolds (see
Definition A.6):

W u
pΛiq “

ď

xPΛi

W uu
pxq, W s

pΛiq “
ď

xPΛi

W ss
pxq, @1 ď i ď K.

On the one hand, this foliation is trivial for critical points. On the other hand, for every x P Λi

with Λi closed orbit, W sspxq has codimension one in W spΛiq and analogously W uupxq in W upΛiq.
As we shall see, they also turn out to be relevant for the dynamics. Hence, we define

Rr
p :“

K
ď

i“1

ď

xPΛi

N˚
pW ss

pxqq X S˚M, Aa
p :“

K
ď

i“1

ď

xPΛi

N˚
pW uu

pxqq X S˚M. (2.9)

Remark 2.10. The transversality assumption in Definition 2.2 can be written explicitely as follows:
for any pi, jq P t1, . . . , Ku2, for any x P W spΛiq X W upΛjq we have

TxM “ TxW
s
pΛiq ` TxW

u
pΛjq.

Using this decomposition of TxM , one can verify that transversality implies

Rp X Ap “ H, Rp X Aa
p “ H, Rr

p X Ap “ H. (2.10)

We are now in position to describe the dynamics of Φ̃t
V px, ξq in (2.7) on S˚M .

Proposition 2.11 ([12], Lemma 5.1, Theorem 5.2). Let V P XMSpMq. Then, the sets Rp, Ap,
Rr

p, Aa
p in (2.8) and (2.9) are compact subsets of S˚M . Moreover, denoting by d the induced

Riemannian distance on S˚M , the following holds:

for every px, ξq P S˚MzAp we have lim
tÑ´8

dpΦ̃t
V px, ξq, Rr

pq “ 0,

for every px, ξq P S˚MzRr
p we have lim

tÑ`8
dpΦ̃t

V px, ξq, Apq “ 0,

and
for every px, ξq P S˚MzRp we have lim

tÑ`8
dpΦ̃t

V px, ξq, Aa
pq “ 0,

for every px, ξq P S˚MzAa
p we have lim

tÑ´8
dpΦ̃t

V px, ξq, Rpq “ 0.

We refer to [12] for the proof of this statement, which involves a careful study of the Morse-
Smale structure of the flow induced by V on M . Strictly speaking, the proof in that reference
is given under the extra assumption that the vector field is C1-linearizable near critical elements.
Yet, this hypothesis is removed by Meddane in [37, Lemma 3.2, Prop. 3.3] where he deals with
general Axiom A flows satisfying the corresponding transversality property. We emphasize that
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one of the main technical issue in proving this statement is the compactness property. Finally, for
later purpose, we define:

A :“
K
ď

i“1

N˚
pW s

pΛiqq, R :“
K
ď

i“1

N˚
pW u

pΛiqq.

Analogously we define Aa and Rr as subsets of T ˚Mzt0u, obtained extending by homogeneity the
projective ones in (2.9).

3 Construction of the escape function
We are now in position to construct the main dynamical ingredient for the proof of Theorem 1.2:
an escape (or Lyapunov) function for the Hamiltonian hpx, ξq defined in (2.4). Roughly speaking,
we are looking for a function that increases along the flow lines of Φt

V in view of applying a
positive commutators argument in our analysis of the transport equation. Before stating the main
dynamical result we are aiming at, we start by giving a general definition of escape functions in
our context.

Definition 3.1 (Positively homogeneous function). We say that a smooth function f : T ˚Mzt0u Ñ

C is a positively homogeneous function of degree σ ě 0 if

fpx, λξq “ λσfpx, ξq, @λ ą 0, px, ξq ‰ 0.

Definition 3.2 (Escape function). Let h : T ˚M Ñ R be the Hamiltonian function defined in (2.4).
We say that a smooth function a : T ˚Mzt0u Ñ R is an escape function of order σ ą 0 for h if
a is positively homogeneous of degree σ ą 0 and if there exist δ ą 0 and a closed conic set
E Ă T ˚Mzt0u such that

Xhpaq ě δ }ξ}
σ
x , on tpx, ξq P T ˚MzEu, (3.1)

Xhpaq ě 0 and apx, ξq ě δ }ξ}
σ
x , on tpx, ξq P Eu, (3.2)

where we recall the notation Xh in (2.5) for the Hamiltonian vector field defined by h.

Remark 3.3. We remark that, if h is a positively homogeneous function of degree σ1 and a is a
positively homogeneous function of degree σ2, then Xhpaq is a positively homogeneous function
of degree σ1 ` σ2 ´ 1. In particular this means that, in Definition 3.2, both Xhpaq and a are
homogeneous of degree σ.

The main result of this section is the following Proposition:

Proposition 3.4. Let V P XMSpMq be a Morse-Smale vector field on M and let hpx, ξq :“ ξpV pxqq.
Then there exist a neighborhood U of NWpV q (see A.3), c0 ą 0 and 0 ă σ0 ă 1, depending on V
such that, for every 0 ă σ ă σ0, h admits an escape function a of order σ in the sense of Definition
3.2, with E being a closed conic neighborhood of Aa X Rr X T ˚U and with δ “ c0σ. Moreover, if
n ě 2 or if V has at least one critical point, there exists a nonempty open conic subset C satisfying

apx, ξq ď ´
c0
2

}ξ}
σ
x on tpx, ξq P Cu. (3.3)

11



Remark 3.5. Observe that when V has no closed orbits, Aa X Rr is empty and our proof will in
fact show that E is empty.

In order to prove Proposition 3.4, we will use all the dynamical ingredients introduced in Section
2. We will construct an escape function a P C8pT ˚Mzt0uq of the form

apx, ξq :“ mpx, ξqfpx, ξq, @px, ξq P T ˚Mzt0u, (3.4)

where m P C8pT ˚Mzt0uq is a positively homogeneous function of degree zero (recall Definition
3.1) that we call order function following the literature (see e.g. [21]) and fpx, ξq is a positively
homogeneous function of degree σ ą 0, with σ to be determined depending on the vector field.
Our construction is close to the one appearing in the microlocal approach to Ruelle resonances in
dynamical systems and we refer for instance to [21, 12, 37] for presentations close to ours. The
main difference with these references is that we pick f to be σ-homogeneous while these earlier
works use symbols of order σ for any σ ą 0. Roughly speaking, they use logp1 ` }ξ}2xq while we
use }ξ}σx. This is due to the different nature of the problems at hand: growth of Sobolev norms
for time dependent vector fields in our case compared with the spectral study that is considered
in these previous contributions.

We will first construct the function m that will strictly decay away from the repellors and
attractors of the lifted flow. A similar construction has been already achieved in [12] in the case
of Morse-Smale flows. In view of our application, the only thing we need to pay attention to,
compared with this reference, is to specify the values of m near the various subsets Ap, Aa

p, Rp and
Rr

p. This is the content of paragraph 3.1 and more specifically of Lemma 3.8. Once this is done,
we will construct in paragraph 3.2 the function f and show that it has the expected properties
(up to signs issues) near the attractors and repellors. We will also verify that its Poisson bracket
with h behaves nicely away from these sets. Once this is done, we will gather these two functions
as in (3.4) and prove Proposition 3.4 in paragraph 3.3.

3.1 Construction of the order function

In this section, we construct the first component of the escape function, the order function m P

C8pT ˚Mzt0uq in (3.4). Recall the definition of the sets in (2.8) and (2.9). Our first ingredient
is the following lemma, which is an adaptation to our context of [21, Lemma 2.1] (in which the
authors deal with Anosov flows instead of Morse-Smale ones).

Lemma 3.6. Let V P XMSpMq and let X̃h be the induced vector field on S˚M (see 2.7). For every
ε ą 0 and for all neighborhoods V pRpq and V pAa

pq (of Rp and Aa
p respectively), there exist η1 ą 0,

neighborhoods W pRpq Ă V pRpq, W pAa
pq Ă V pAa

pq (of Rp and Aa
p respectively) and a function

m1 P C8pS˚M ; r0, 1sq such that

X̃hpm1q ě 0 on the whole S˚M,

X̃hpm1q ě η1 on S˚MzpW pRpq Y W pAa
pqq. (3.5)

Moreover m1 ă ε on W pRpq and m1 ą 1 ´ ε on W pAa
pq.

The proof of this Lemma was given in [12, Lemma 8.2] using the exact same argument as that
of [21, Lemma 2.1]. Note that, in order to follow this argument, one needs compactness of the sets

12



Aa
p and Rp and existence of invariant neighborhoods of these sets for the flow – see [12, Th. 5.4

and 7.1]. While this is obvious in the Anosov case, these two properties are much more subtle
in the Morse-Smale case. Again, we emphasize that [12] made the assumption that the flow is
C1-linearizable and this restriction was removed by Meddane who performed this construction in
the general case of Axiom A flows without any linearization assumption [37, Sect. 8].

Remark 3.7. By applying the flow in backward time, the analog of Lemma 3.6 holds for Rr
p and Ap.

For every ε ą 0 and for every V pRr
pq and V pApq (neighborhoods of Rr

p and Ap respectively), there
exist η2 ą 0, W pRr

pq Ă V pRr
pq and W pApq Ă V pApq (neighborhoods of Rr

p and Ap respectively) and
m2 P C8pS˚M ; r0, 1sq satisfying the analog of properties (3.5) and such that m2 ă ε in W pRr

pq

and m2 ą 1 ´ ε in W pApq.

Notations. We denote by W pRq, W pRrq,W pAq, W pAaq the extensions by homogeneity to the
whole T ˚Mzt0u of the sets in Lemma 3.6 and Remark 3.7. We define

B :“ pW pRq X W pRr
qq Y pW pAq X W pAa

qq Y pW pRr
q X W pAa

qq. (3.6)

Remark that, up to shrinking the W -neighborhoods, we can suppose that all the other intersections
among such neighborhoods are empty (see (2.10)). Given a neighborhood U of NWpV q (see A.3),
we also define

BU :“ B X T ˚U . (3.7)

Recall that, from Definition 2.2, NWpV q coincides with the set of critical elements of V .
We can now state the main result of this paragraph.

Lemma 3.8. Let V P XMSpMq, let Xh be the induced Hamiltonian vector field on T ˚Mzt0u

(see (2.4)), let B as in (3.6) and let U be a neighborhood of NWpV q. There exists a function
m P C8pT ˚Mzt0u; r´4, 4sq, positively homogeneous of degree zero, such that

Xhpmq ě 0, on the whole T ˚Mzt0u; (3.8)

and
Xhpmq ě η ą 0, on T ˚MzBU . (3.9)

Moreover,

(i) m ă ´1
2

on W pRrq X W pRq;

(ii) m ą 1
2

on W pAq X W pAaq;

(iii) m ą 1
4

on W pAaq X W pRrq.

Proof. In order to prove the Lemma, we construct a function rm P C8pS˚M ; r´4, 4sq such that
conditions (3.8), (3.9) and items piq, piiq and piiiq hold for rm and X̃h on S˚M . Then, defining by
homogeneity

mpx, ξq :“ rm

ˆ

x,
ξ

}ξ}x

˙

, @px, ξq P T ˚Mzt0u, (3.10)
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we have m P C8pT ˚Mzt0u;Rq and Xhpmq “ X̃hpm̃q. Thus we now turn to defining the function
rm following the lines of [12]. To this aim we recall the definition of the energy function Epxq in
Lemma 2.4 and we claim that, choosing ε ą 0 small enough in Lemma 3.6, we can put

m̃

ˆ

x,
ξ

}ξ}x

˙

:“ Epxq ´ 1 `
3

2
m1

ˆ

x,
ξ

}ξ}x

˙

`
1

2
m2

ˆ

x,
ξ

}ξ}x

˙

, (3.11)

(we recall that m1 and m2 defined in Lemma 3.6 and Remark 3.7 depend on ε). First of all we
remark that rm is smooth since both E , m1 and m2 are. Next we immediately see that X̃hp rmq ě 0
since

X̃hp rmq
(3.11)

“ X̃hpEq
loomoon

(2.7)
“ LV pEq

(2.3)
ě 0

`
3

2
X̃hpm1q `

1

2
X̃hpm2q

(3.5)
ě 0,

proving the first condition. Moreover,

X̃hp rmq
(2.3)
“ X̃hpEq `

3

2
X̃hpm1q `

1

2
X̃hpm2q ě min

"

min
MzU

LV pEq,
3

2
η1,

η2
2

*

“: η ą 0 outside BU ,

where we recall the definition of BU in (3.7) and we use, for the last inequality, condition (3.5), the
analog in Remark 3.7 for the function m2 and Lemma 2.4 for E . Thanks to (3.10), this concludes
the proof of (3.8) and (3.9). We are left to prove items piq, piiq and piiiq. To this aim we make the
assumption

sup
M

|E | ă
1

8
, (3.12)

that we will use along the proof of the three items. Notice that this is not in contradiction with
previous part of the proof nor restrictive: indeed the function E is clearly bounded and, up to
now, we have only used that LV pEq ą 0, which is still true if we rescale E by a positive factor and
impose (3.12).

Item piq. For this item, we have to look at the set W pRr
pq X W pRpq, where both m1 ă ε and

m2 ă ε. Thus we have

m̃ “ Epxq ´ 1 `
3

2
m1 `

1

2
m2

(3.12)
ď ´

7

8
` 2ε ă ´

1

2
,

choosing 0 ă ε ă 3
16

. From (3.10), this concludes the proof of the first item.

Item piiq. For this item, we have to look at the set W pApq XW pAa
pq, where both m1 ą 1´ ε and

m2 ą 1 ´ ε. Thus we have

m̃ “ Epxq ´ 1 `
3

2
m1 `

1

2
m2

(3.12)
ě ´

9

8
` 2p1 ´ εq “

7

8
´ 2ε ą

1

2
,

choosing again 0 ă ε ă 3
16

. From (3.10), this concludes the proof of the second item.
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Item piiiq. For this item, we have to look at the set W pAa
pq XW pRr

pq, in which m1 ą 1 ´ ε. We
also use that m2 ě 0. We have:

m̃ “ Epxq ´ 1 `
3

2
m1 `

1

2
m2

(3.12)
ě ´

9

8
`

3

2
p1 ´ εq “

3

8
´

3

2
ε ą

1

4
,

choosing 0 ă ε ă 1
12

.
In conclusion choosing any 0 ă ε ă 1

12
and the corresponding functions m1 and m2, all three items

are satisfied, concluding the proof.

3.2 Construction of the function f

In this section we construct the second component of the escape function, i.e. the function denoted
by f in (3.4). Precisely, we have the following Lemma.

Lemma 3.9. There exist conical neighborhoods V pAq, V pAaq, V pRq and V pRrq (respectively of A,
Aa, R and Rr) and a neighborhood U of NWpV q such that the following holds.

For any σ ą 0 one can find a function fσ : T ˚Mzt0u Ñ R, smooth, positively homogeneous of
degree σ, with restriction to S˚M positive, which satisfies the following properties:

(i) Xhpfσq ď ´γ1σfσ, in V pRq X V pRrq X T ˚U ;

(ii) Xhpfσq ě γ2σfσ, in V pAq X V pAaq X T ˚U ;

(iii) fσpx, ξq “ |hpx, ξq|σ, in V pRrq X V pAaq X T ˚U ;

for some γ1, γ2 ą 0 independent of σ. Moreover, there exists a constant c0 ą 0 such that, for every
0 ă σ ď 1,

c´1
0 }ξ}

σ
x ď fσpx, ξq ď c0}ξ}

σ
x and |Xhpfσqpx, ξq| ď c0σ}ξ}

σ
x, @px, ξq P T ˚Mzt0u. (3.13)

In order to prove this Lemma, we need the following result, which follows from the hyperbolic
properties of the non-wandering set (see Definition 2.2).

Lemma 3.10. Let V P XMSpMq and consider the associated Hamiltonian vector field Xh with
hpx, ξq :“ ξpV pxqq.

Then, there exist θ, Ca, Cr ą 0 such that, for every px, ξq P T ˚M verifying x P NWpV q,
›

›rdφ´t
V pxqs

´Jξ
›

›

φ´t
V pxq

ď Cae
´θt

}ξ}x , in A X Aa, and @t ą 0, (3.14)

and
›

›rdφt
V pxqs

´Jξ
›

›

φt
V pxq

ď Cre
´θt

}ξ}x , in R X Rr and @t ą 0. (3.15)

We are now ready to prove Lemma 3.9.

Proof of Lemma 3.9. Mimicking the proof of [26, Lemma 2.4], we first define the two functions f r
1

and fa
1 as

f
a{r
1 px, ξq :“ eI

a{rpx,ξq, with Ia{r
px, ξq :“

#

T´1
1

şT1

0
ln

›

›rdφ´t
V pxqs´Jξ

›

›

x
dt, in V pAq X V pAaq

T´1
1

şT1

0
ln

›

›rdφt
V pxqs´Jξ

›

›

x
dt, in V pRq X V pRrq,

(3.16)
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for T1 ą 0 to be chosen big enough and for small neighborhoods V p¨q. First of all we remark that
the functions fa{r

1 are positively homogeneous of degree 1 in their domains. Indeed, via a direct
computation one obtains

Ia{r
px, λξq “ lnλ ` Ia{r

px, ξq ùñ f
a{r
1 px, λξq “ λf

a{r
1 px, ξq, @λ ą 0, px, ξq ‰ 0. (3.17)

Next we claim that, up to considering slightly smaller neighborhoods, the functions fa{r
σ :“ pf

a{r
1 qσ

verify the inequalities of items piq and piiq of the Lemma. Let us postpone this verification and
conclude the proof extending f

a{r
1 to the whole T ˚Mzt0u. To this aim, we exploit homogeneity

(3.17) and construct a function f̃1 P C8pS˚Mq such that

f̃1 “

$

’

’

&

’

’

%

fa
1 in V pApq X V pAa

pq

f r
1 in V pRpq X V pRr

pq
ˇ

ˇ

ˇ
h

´

x, ξ
}ξ}x

¯
ˇ

ˇ

ˇ
in V pRr

pq X V pAa
pq.

Recall that, from (2.10), the three sets V pRq X V pRrq, V pAq X V pAaq and V pAaq X V pRrq do not
intersect (up to restricting the neighborhoods if needed). Moreover the function f̃1 is positive in
the closed set B defined by 3.6. It is then possible to extend f̃1 to a positive smooth function on the
whole compact manifold S˚M (see for example [28, 2.26]). Note that, by compactness, the extended
function and its derivatives are uniformly bounded. Finally we extend f̃1 by homogeneity to the
whole T ˚Mzt0u and obtain f1 positively homogeneous of degree 1. We define then fσ :“ pf1qσ so
that (3.13) is automatically satisfied using the fact that f1 is 1-homogeneous.

We are thus left to prove the initial claim, i.e., that fa
1 and f r

1 in (3.16) verify items piq and piiq
of the Lemma (the bound for σ ą 0 follows again directly by construction). We show only item
piq since the two calculations are exactly the same. We first prove the claim on RXRr X NWpV q.
To this aim, we first we evaluate Xhpf r

1 q:

Xhpf r
1 q “

d

ds

ˇ

ˇ

ˇ

s“0
f r
1 pΦs

V px, ξqq
(3.16)

“ f r
1 px, ξq

d

ds

ˇ

ˇ

ˇ

s“0
IrpΦs

V px, ξqq, (3.18)

and, using Lemma 3.10, we have, on R X Rr X NWpV q:

d

ds

ˇ

ˇ

ˇ

s“0
IrpΦs

V px, ξqq “
1

T1

ż T1

0

d

ds
lnp

›

›rdφt`s
V pxqs

´Jξ
›

›q

ˇ

ˇ

ˇ

s“0
dt (3.19)

“
1

T1

ż T1

0

d

dt

`

lnp
›

›rdφt
V pxqs

´Jξ
›

›q
˘

dt

“
1

T1

`

ln
`
›

›rdφT1
V pxqs

´Jξ
›

›

˘

´ ln }ξ}
˘

(3.15)
ď

1

T1
plnpCrq ´ θT1q .

Thus, choosing T1 big enough so that lnpCrq ´ θT1 ă 0 and plugging (3.19) in (3.18) we have

Xhpf r
1 q ď f r

1

ˆ

lnpCrq

T1
´ θ

˙

ă ´f r
1γ1,
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with γ1 “ ´
lnpCrq

T1
` θ ą 0. This proves item piq for f r

1 on R X Rr X NWpV q. Then we can extend
by continuity the inequality to a sufficiently small conical neighborhood C of R X Rr X NWpV q.
Recall that we aim at showing such an upper bound inside V pRq X V pRrq XT ˚U . Up to shrinking
the size of the neighborhood U of NWpV q and of the conical neighborhoods V pRq X V pRrq and
recalling from Proposition 2.7 that Rr

p and Rp are both compact subsets, one finds that C contains
V pRq X V pRrq X T ˚U in its interior, proving item piq. One analogously proves item piiq using
(3.14).

3.3 Proof of Proposition 3.4

We now put together Lemmas 3.8 and 3.9 to prove Proposition 3.4. Let m P C8pT ˚Mzt0uq

and tfσ P C8pT ˚Mzt0uqu0ăσă1 be respectively the order function given by Lemma 3.8 and the
family of functions given by Lemma 3.9, for the vector field V P XMSpMq. We note that the
neighborhoods U and W pSq in Lemma 3.8 are chosen in terms of the neighborhoods U and V pSq

given by Lemma 3.9.
We will prove that it is possible to choose σ ą 0 small enough, such that the function

apx, ξq :“ mpx, ξqfσpx, ξq, @px, ξq P T ˚Mzt0u, (3.20)

satisfies Definition 3.2 for some δ ą 0 and E a closed conical neighborhood containing Aa X Rr

in its interior (where we recall the definition of the sets Aa and Rr in (2.9)). Note that (3.3) is
satisfied in W pRqXW pRrq thanks to item (i) in Lemma 3.8 and to (3.13). We now use the explicit
expression of Xhpaq to show that a satisfies the requirements of Definition 3.2:

Xhpaq
(3.20)

“ Xhpmfσq “ Xhpmqfσ ` Xhpfσqm. (3.21)

Next, recalling the notation in (3.7), we split the cotangent space in T ˚M “ pT ˚MzBUq YBU and
treat the two regions separately. Remark that W pAaq X W pRrq X T ˚U Ă BU is one of the three
components of the set BU . Let us start with T ˚MzBU , for which we have to prove (3.1). Using
non-negativity of fσ and equations (3.9) and (3.13), we have:

Xhpaq “ Xhpmqfσ ` Xhpfσqm
(3.9)
ě ηfσ ` Xhpfσqm

(3.13)
ě pηc´1

0 ´ σc0q }ξ}
σ
x . (3.22)

Thus choosing σ small enough (precisely 0 ă σ ă η{p2c20q), we can conclude that

Xhpaq
(3.22)

ě
η

2c0
}ξ}

σ
x , on T ˚MzBU , (3.23)

proving (3.1) in this set. Remark that it is not restrictive to suppose that σ ă 1, as in the statement
of Proposition 3.4.

We now consider the three components of the region BU and use the properties of m and fσ in
each of them (see Lemma 3.9 and Lemma 3.8).

• In the set W pRq X W pRrq X T ˚U
¯

, (3.1) is given by:

Xhpaq “ Xhpmqfσ ` Xhpfσqm
(3.8)
ě Xhpfσqm ě

γ1σ

2
fσ,
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where for the last inequality we have used point piq of Lemma 3.8 and point piq of Lemma
3.9. This concludes, for this set, the proof of (3.1). Using (3.13), we have

γ1σ

2
fσ ě

γ1σ

2c0
}ξ}

σ
x , ùñ Xhpaq ě

γ1σ

2c0
}ξ}

σ
x , @px, ξq P W pRq X W pRr

q X T ˚U . (3.24)

Remark that in this set we have not used any smallness of σ and that this bound is valid for
any 0 ă σ ď 1.

• In the set W pAq X W pAaq X T ˚U
¯

analogously, (3.1) is obtained from:

Xhpaq “ Xhpmqfσ ` Xhpfσqm
(3.8)
ě Xhpfσqm ě

γ2σ

2
fσ,

where for the last inequality we have used point piiq of Lemma 3.8 and point piiq of Lemma
3.9. This concludes the proof as in previous point using (3.13):

Xhpaq ě
γ1σ

2
fσ ě

γ2σ

2c0
}ξ}

σ
x . (3.25)

• In the set W pRrq X W pAaq X T ˚U
¯

, we instead have to prove (3.2). First of all remark that,
from point piiiq of Lemma 3.9, we have that, for every σ ą 0, fσ ” |hpx, ξq|σ, thus in
particular

Xhpfσq “ 0. (3.26)

Plugging this expression in (3.21) we obtain

Xhpaq
(3.21)

“ Xhpmqfσ ` Xhpfσqm
(3.26)

“ Xhpmqfσ ě 0,

from (3.8) and the fact that fσ is non negative. This concludes the proof, since from point
piiiq of Lemma 3.8 mpx, ξq ą 1

4
in this region, thus, using (3.13) one more time

a
(3.20)

ě
1

4
fσ ě

1

4c0
}ξ}

σ
x . (3.27)

In conclusion, we obtain, for every σ ą 0 small enough, (3.1) and (3.2) with δ :“ σ
2c0

mintη, γ1, γ2, 1{2u

(see (3.23), (3.24), (3.25) and (3.27)).

4 Instability and growth of Sobolev norms
We are now in position to prove Theorem 1.2. The two main ingredients we use are the existence
of an escape function for the Hamiltonian hpx, ξq “ ξpV pxqq with V a Morse-Smale vector field
on M (proven in Proposition 3.4) and some results of symbolic calculus on M . For this reason,
before proving Theorem 1.2, we will start this section by reviewing some preliminary material on
pseudodifferential operators in paragraph 4.1. We refer to [48, Ch. 14] and [16, App. E] for an
introduction to pseudodifferential calculus on compact manifolds. See also [11, Appendix A2, A3]
for a brief presentation close to ours.
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Once these preliminary tools are settled, we introduce a generalized transport equation (4.9)
in paragraph 4.2 for which we will prove existence of solutions whose positive Sobolev norms
grow exponentially. This is achieved in two steps. We introduce first in paragraph 4.3 an energy
type functional that is bounded from above by the Sobolev norm of the solution and we prove
a growth property (4.13) for this functional. Then, in paragraph 4.5, we introduce appropriate
initial data such that this functional indeed blows up exponentially in time along the corresponding
trajectories. This concludes the proof of Theorem 1.2 in the case of the generalized transport
equation (4.9).

4.1 Pseudodifferential operators

Pseudodifferential operators in Rn. We start by giving here some results of symbolic calculus
in the case of pseudodifferential operators on Rn, as the case of manifolds will be locally modeled
on it. First, we recall the definition of the set of symbols of order ρ P R over Rn:

Sρ
pR2n

q :“ ta P C8
pR2n

q : @α, β P Nn
|B

α
xB

β
ξ apx, ξq| ď Cα,β xξy

ρ´|β|
u

(where we denote by xξy :“ p1 ` |ξ|2q
1
2 ), and the definition of the Weyl quantization of symbols

a P SρpR2nq:

Opw
paqrus :“

1

p2πqn

ż

Rn

ż

Rn

eipx´yqξa
´x ` y

2
, ξ

¯

upyqdydξ. (4.1)

This last definition makes sense apriori only for a and u belonging to the Schwartz class but one
can show that this still makes sense for a P SρpR2nq and u in the Schwartz class. In this setting,
we say that an operator F belongs to ΨρpRnq, the class of pseudodifferential operators of order
ρ, if there exists a symbol f P SρpR2nq such that F “ Opwpfq. The following general results for
pseudodifferential calculus over Rn hold. We refer for example to [45, 48] for proofs.

Lemma 4.1. Let f P Sρ1pR2nq, g P Sρ2pR2nq, ρ1, ρ2 P R. Then:

1. For any s P R, there exist Cf,s ą 0 such that:

}Opw
pfqu}s´ρ1 ď Cf,s}u}s, (4.2)

where we recall the definition of Sobolev norms in (1.3) (with M ⇝ Rn);

2. Opwpfq˚ “ Opwpfq (here ˚ denotes the adjoint operator) and in particular skew adjoint
operators have purely imaginary symbols;

3. There exists h P Sρ1`ρ2pR2nq such that Opwpfq ˝ Opwpgq “ Opwphq. Furthermore,

h :“ fg ´
i

2
tf, gu mod Sρ1`ρ2´2

pR2n
q;

4. There exists ℓ P Sρ1`ρ2´1pR2nq such that irOpwpfq,Opwpgqs “ Opwpℓq. Moreover

ℓ :“ tf, gu mod Sρ1`ρ2´2
pR2n

q;

5. If ρ1 ă 0, then Opwpfq is compact as an operator from L2pRnq to itself.
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We conclude this introductory section with the following observation, that is a crucial ingredient
to consider pseudodifferential operators on manifolds. Given a smooth diffeomorphism γ : Rn Ñ

Rn, with bounded derivatives and such that also γ´1 is bounded with bounded derivatives, one
can define its symplectic lift as

rγ : T ˚Rn
» R2n

Ñ T ˚Rn, px, ξq Ñ
`

γ´1
pxq, dγpxq

Jξ
˘

. (4.3)

It is possible to prove that if a P SρpR2nq, then a ˝ rγ P SρpR2nq, see for example [48, Theorem 9.4].

Pseudodifferential operators on a compact manifold M. Following [48], we first fix a finite
atlas for M ,

tpUi, γiqu
N
i“1,

N
ď

i“1

Ui “ M, (4.4)

where tUiu
N
i“1 are coordinate patches and γi : Ui Ñ Vi Ă Rn are smooth homeomorphisms onto

open subsets tViu
N
i“1 of Rn. We are now in position to introduce symbols on the compact manifold

M . This definition is given for example in [48, Sections 14.2.2, 14.2.3], and the idea is that a
function a P C8pT ˚Mq is a symbol over M if, in local coordinates, it corresponds to a symbol on
each open subset γipUiq over Rn.

Definition 4.2 (Symbols on M). We say that a smooth function a P C8pT ˚Mq is a symbol of
order ρ on M if, for any i “ 1, . . . , N , the pullback of a under the identification (4.3)

Vi ˆ Rn
Ñ T ˚Ui

belongs to SρpT ˚Viq. Equivalently we can define the set of symbols of order ρ P R on M as:

Sρ
pT ˚Mq :“ ta P C8

pT ˚Mq : @α, β P Nn
|B

α
xB

β
ξ apx, ξq| ă Cα,β xξy

ρ´|β|
u, (4.5)

where the derivatives are again understood in local coordinate charts.

We remark that Definition 4.2 does not depend on the choice of the atlas in (4.4). We record
the following property:

Lemma 4.3. Let a P C8pT ˚Mq be a compactly supported function, then a P SρpT ˚Mq for any
ρ ă 0.

Following [48], we now set

Definition 4.4 (Pseudodifferential operators of order ρ). We say that a linear operator A :
C8pMq Ñ C8pMq is a pseudodifferential operator of order ρ on M if the following two conditions
hold:

1. for every coordinate patch Ui there exists a symbol ai P SρpR2nq such that

φApψuq “ φγ˚
i Opw

paiqpγ´1
i q

˚
pψuq, @φ, ψ P C8

c pUiq, @u P C8
pMq,

where γi is the homemorphism associated to Ui (see (4.4)), ˚ denotes the pullback operator
and Opwpaiq is defined as in (4.1);
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2. for every φ1, φ2 P C8pMq such that supppφ1q X supppφ2q “ H, the operator φ1Aφ2 is
bounded from H´kpMq to HkpMq for every k P N (recall (1.3)).

We denote by ΨρpMq the class of pseudodifferential operators of order ρ on M .

It is non-trivial to associate to each symbol in SρpT ˚Mq an operator in ΨρpMq and vice versa
(see [48, Theorem 14.1]). Following [25, Sect. 4] (see also [11, App. A]) and in view of simplifying
some aspects of the discussion, we now assume that the atlas in (4.4) is an isochore atlas in the
sense of the following definition:

Definition 4.5 (Isochore atlas). We say that the atlas tpUi, γiquNi“1 is isochore if

γ˚
i pdµgq “ LebRn , @ i “ 1, . . . , N,

where dµg is the Riemmanian volume form on M and Leb is the Lebesgue measure.

Roughly speaking, Definition 4.5 can be rephrased saying that an atlas is isochore if, for every
change of coordinates between two patches Ui and Uj, the determinant of the Jacobian matrix
related to such transformation is equal to one. It is a general result that there always exists an
isochore atlas on a compact smooth and oriented Riemmanian manifold (see [39]). Next, we fix a
partition of unity tχiu

N
i“1 subordinated to the atlas, i.e.,

N
ÿ

i“1

χ2
i pxq “ 1, @x P M, and χi P C8

c pUi; r0, 1sq, @i “ 1, . . . , N.

Finally, following [48, Ch. 14], we can define the quantization of a symbol a P SρpT ˚Mq:

OpM
paq :“

N
ÿ

i“1

χiγ
˚
i Opw

pprγ´1
i q

˚
prχiaqqpγ´1

i q
˚χi, (4.6)

where we recall the notation in (4.3) for rγi and where rχi P C8
c pUi; r0, 1sq is such that rχiχi “ χi.

Remark 4.6. Let us briefly motivate the expression in (4.6). Given a symbol a P SρpT ˚Mq, in
order to define its quantization we need to use its expression in local charts to rewrite it as sum
of symbols over Rn. Indeed, each tprγ´1

i q˚pχiaquNi“1 is a symbol over R2n. Thus we can quantize it
using the Weyl quantization over Rn (see (4.1)), and then go back to the manifold localizing in
the desired chart, thanks to the composition with pγ´1

i q˚χi and its inverse.
We now state the main result related to this choice of the quantization and of an isochore atlas:

roughly speaking, the quantization of a symbol is independent on the choice of charts, up to lower
order remainders. Precisely, we have the following result (see [25] or [11, Remark A.2], to which
we refer for a proof):

Lemma 4.7. Let a P SρpT ˚Mq be a symbol of order ρ over M and let tpUi, γiquNi“1 be an isochore
atlas in the sense of Definition 4.5. Let OpMpaq be the quantization of a in the sense of (4.6).
Then the principal symbol of OpMpaq is well defined and independent of the chart, up to symbols
in Sρ´2pMq.

We also record the following useful properties (see [11, Remark A.3] for a proof of the second
point):
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Lemma 4.8. 1. Let f P C8pMq be a smooth function on M . Then f P S0pT ˚Mq and OpMpfq P

Ψ0pMq is a multiplicative operator with factor f , i.e.,

OpM
pfqupxq :“ fpxqupxq, @x P M, @u P C8

pMq.

2. Let X P XpMq be a smooth vector field on M , then

LXupxq “ OpM
piξpXpxqq ` rpxqqupxq, @u P C8

pMq,

where r P S0pT ˚Mq is a smooth function on M .

We now state the main properties of pseudodifferential operators that we will need in our proof.
We proceed in analogy with the ones of Lemma 4.1 on Rn.

Lemma 4.9. Let a P Sρ1pT ˚Mq and b P Sρ2pT ˚Mq, with ρ1, ρ2 P R. Then

1. For any s P R there exists Ca,s ą 0 such that
›

›OpM
paqu

›

›

s´ρ1
ď Ca,s }u}s ; (4.7)

2. OpMpaq˚ “ OpMpaq (here ˚ denotes the adjoint operator) and in particular purely imaginary
symbols correspond to skew adjoint operators;

3. There exists a symbol c P Sρ1`ρ2pT ˚Mq such that OpMpcq “ OpMpaq ˝OpMpbq modΨ´8pMq.
Moreover, the operator OpMpcq is given by

OpM
pcq “ OpM

ˆ

ab `
1

2i
ta, bu

˙

mod Ψρ1`ρ2´2
pMq;

4. The symbol for the commutators between OpMpaq and OpMpbq is given by

rOpM
paq,OpM

pbqs “ ´iOpM
pta, buq modΨρ1`ρ2´2

pMq; (4.8)

5. if ρ1 ă 0, then OpMpaq is a compact operator.

Observe that item 2 follows from our choice of isochore charts. Finally, we also need the
following Gårding inequality:

Lemma 4.10. Let a P SρpT ˚Mq, a ě 0. Then, for every u P C8pMq, we have
@

OpM
paqu, u

D

L2pMq
ě ´Cρ,a }u}

2

H
ρ´1
2 pMq

.

We refer to [48, Theorem 9.11] for a proof in Rn from which the case on M follows.
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4.2 Generalized transport equations

In the rest of this section, we prove our main result, namely Theorem 1.2. The starting point is
to rewrite the transport equation (1.2) in terms of the symbols associated to pseudodifferential
operators in view of using the above microlocal tools. Precisely, using Lemma 4.8, we can in fact
consider more generally the transport like equation:

Btuε “ OpM
piξpV pxq ` εPεpt, xqqquε ` OpM

pibεpt, x, ξqquε, x P M, t P R, ε ą 0, (4.9)

where

• V belongs to XMSpMq,

• Pεpt, xq is a smooth time dependent vector field belonging to C0
b pR;XpMqq with all semi-

norms uniformly bounded in terms of 0 ď ε ď 1,

• there exists ρ ă 1 such that bε,1pt, x, ξq :“ Re bεpt, x, ξq P C0
b pR;SρpT ˚Mqq with all seminorms

uniformly bounded in terms of 0 ď ε ď 1,

• bε,2pt, xq :“ ε´1Im bεpt, xq P C0
b pR;S0pT ˚Mqq with all seminorms uniformly bounded in terms

of 0 ď ε ď 1.

Note that the function bεpt, x, ξq appearing in Theorem 1.2 would not depend on ξ (thanks to
Lemma 4.8) and that it would be of order 0 (and proportional to ε). Yet, as our proof allows to
handle this more general case, we consider such a general bε.

Remark 4.11. According to [36, Th. 1.2], one has that, for any σ ě 0 and for any u0 P HσpMq,
the solution upt, xq exists globally in time and belongs to C0pR;HσpMqq when bε,2 ” 0. Here,
we want to allow this extra selfadjoint term and we postpone the existence of the solution to
Appendix B following the results from this reference and classical perturbative arguments from
ordinary differential equations.

Our main result reads

Theorem 4.12. Suppose that the above assumptions on V , Pε and bε hold and, if n “ 1, suppose
in addition that V has at least one critical point.

There exists δ0 ą 0 such that, for every 0 ď σ ď δ0 and for every 0 ď ε ď δ0σ
2, one can find

vε P HσpMq and r :“ rpε, σ, vεq ą 0 such that

}uεp0q ´ vε}σ ď r ùñ }uεptq}σ ě δ0e
δ0σt}uεp0q}σ, for any t ą 0,

where uεptq is the solution to equation (4.9) with initial datum uεp0q.

Observe that this Theorem implies Theorem 1.2. Yet the equation considered in (4.9) is slightly
more general and it encompasses the case where the right-hand side of the equation is not neces-
sarily skew adjoint. We emphasize that the selfadjoint perturbation in (4.9) is small both in terms
of ε and of the order. As anticipated, the key ingredient of our proof is the existence of an escape
function for hpx, ξq “ ξpV pxqq, proven in Proposition 3.4. Thus, we start associating a symbol to
the escape function.
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Let f be any positively homogeneous function of order σ ą 0, in the sense of Definition 3.1.
Let χ P C8

c pT ˚M ; r0, 1sq be a bump function on T ˚M , such that

supppχq Ď tpx, ξq : x P M, }ξ}x ď 2u, χpx, ξq ” 1, @ }ξ}x ď 1. (4.10)

Then the function f̃px, ξq :“ fpx, ξqp1´χpx, ξqq is a symbol of order σ, i.e., f̃ P SσpT ˚Mq. Indeed,
it is immediate to see from its definition that f̃ is a smooth function on the whole T ˚M . Moreover
using the characterization in (4.5) of SσpT ˚Mq, one obtains the decay property of symbols from
homogeneity of f .

In particular, for every choice of 0 ă σ ă σ0 (where the threshold σ0 is given by Proposition
3.4), the escape function a for hpx, ξq “ ξpV pxqq is a positively homogeneous function of order
σ, where σ depends on the vector field V (recall the Definition 3.2 of escape function). Thus we
denote by

ãpx, ξq :“ apx, ξqp1 ´ χpx, ξqq P Sσ
pT ˚Mq, (4.11)

a smooth symbol associated with the escape function. We remark that, choosing χ as in (4.10),
we have ã ” a in tpx, ξq P T ˚M : }ξ}x ě 2u, so that, in this set, conditions (3.1) and (3.2) hold for
ã as well.

4.3 Energy type estimate

Let uεpt, xq be a solution of equation (4.9) and define

Aptq :“
@

OpM
p´ãquεpt, xq, uεpt, xq

D

L2pMq
, @t P R, (4.12)

where ã is given in (4.11). The main result of this paragraph is the following Lemma.

Lemma 4.13. There exist ε0 ą 0, 0 ă σ0 ă 1 and α̃ ą 0 such that, for any 0 ă σ ď σ0, one can
find βσ ą 0 so that, for every 0 ă ε ď σ2ε0, the function Aptq in (4.12) satisfies

d

dt
Aptq ě α̃σAptq ´ βσ}uεptq}

2
L2 , @ t P R, (4.13)

where uεpt, xq is the solution of (1.2) with initial condition uεp0, xq.

For simplicity of notations, from now on we drop the index ε and just write uε “ u. Before
proving the Lemma, we remark that, from the properties of the operator Bptq :“ OpMpiξpV pxq `

εPpt, xqq ` bεpt, x, ξqq and the definitions of the functions bε1 , bε2 in (4.9), we have

d

dt
}uptq}

2
L2 “ 2εxOpM

pbε,2quptq, uptqy ď 2Cbε}uptq}
2
L2 ,

where we used the Calderón-Vaillancourt property (4.2) in the last inequality and where the in-
volved constant Cb ą 0 is uniform for 0 ď ε ď 1. In particular,

}uptq}L2 ď eCbεt}up0q}L2 , @t ě 0, (4.14)

and equation (4.13) also reads, for any c ą 0,

d

dt

`

Aptq ´ c}uptq}
2
L2

˘

ě α̃σ

ˆ

Aptq ´
βσ ` 2cCbε

α̃σ
}uptq}

2
L2

˙

, @ t P R.
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Hence, if we set c “ βσ,ε :“
βσ

α̃σ´2Cbε
for 0 ď ε ď α̃σ{4Cb (recall that 0 ď ε ď ε0σ

2), we find that

d

dt

`

Aptq ´ βσ,ε}uptq}
2
L2

˘

ě α̃σ
`

Aptq ´ βσ,ε}uptq}
2
L2

˘

, @ t P R. (4.15)

In paragraph 4.5, we will explain how one can derive Theorem 4.12 from this energy estimate in
(4.15).

4.4 Proof of Lemma 4.13

First of all, we remark that, using (4.9) and the properties of the operator Bptq, we can write:

d

dt
Aptq “

@

rOpM
p´ãq,OpM

piξpV pxq ` εPεpt, xqq ` ibε,1pt, x, ξqqsu, u
D

` 2εRe
@

OpM
pãqOpM

pbε,2qu, u
D

.

Using the Gårding inequality from Lemma 4.10, one can find a constant Cb (uniform for t P R and
0 ď ε ď 1) such that this equality implies

d

dt
Aptq ě

@

rOpM
p´ãq,OpM

piξpV pxq ` εPεpt, xqq ` ibε,1pt, x, ξqqsu, u
D

´ Cbε
@

OpM
pxξy

σ
qu, u

D

,

(4.16)
where xξyσ :“ p1 ` }ξ}2xq

σ
2 .

Hence, we are left with studying the operator rOpMp´ãq,OpMpiξpV pxq ` εPεpt, xqq ` ibε,1qs.
We first use Lemma 4.9 to recover its symbol:

rOpM
p´ãq,OpM

piξpV pxq ` εPεpt, xqq ` ibε1qs

(4.8)
“ OpM

p´it´ã, iξpV pxq ` εPεptqq ` ibε,1uq mod Ψσ´1
pMq

“ OpM
ptξpV pxq ` εPεptqq ` bε,1, ãuq mod Ψσ´1

pMq

“ OpM
ptξpV pxqq, ãuq ` OpM

pεPãptq ` Pb,εptqq mod Ψσ´1
pMq (4.17)

where the remainder in Ψσ´1pMq results from the symbolic calculus operations (see (4.8)) with all
the seminorms of the symbols uniformly bounded in terms of t P R, 0 ă σ ď 1 and 0 ă ε ă 1.
Here, we have denoted by Pãptq :“ tξpPεpt, xqq, ãu and Pb,εptq :“ tbε,1, ãu, just to shorten the
notation. Remark that Pãptq P C0

b pR;SσpMqq, that it depends implicitly on ε and that it is a
homogeneous function of degree σ on tpx, ξq : }ξ}x ě 2u for all t P R. Similarly, Pb,εptq belongs to
C0pR;Sσ`ρ´1pMqq. Consider now a cutoff function χ3 P C8

c pT ˚M ; r0, 1sq, such that

supppχ3q Ď tpx, ξq : }ξ}x ď R0 ` 1u, and χ3px, ξq ” 1 in tpx, ξq : }ξ}x ď R0u, (4.18)

where R0 ě 2 will be determined later on. We can rewrite

tξpV pxqq, ãu ` εPãptq ` Pb,εptq ´ Cbεxξy
σ

“ ptξpV pxqq, ãu ` εPãptq ` Pb,εptq ´ Cbεxξy
σ
qp1 ´ χ3q

` ptξpV pxqq, ãu ` εPãptq ` Pb,εptq ´ Cbεxξy
σ
qχ3. (4.19)

Since the cutoff function is compactly supported, we have from Lemma 4.3 that

OpM
pptξpV pxqq, ãu ` εPãptq ` Pb,εptq ´ Cbεxξy

σ
qχ3q P C0

b pR;S´ν
q, @ν ą 0, (4.20)
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with the involved constants in the semi-norms being uniform for t P R, 0 ď ε ď 1, 0 ď σ ď 1 and
R0 varying in a compact interval of p0,8q. Thus the right-hand side of (4.16) reads:

rOpM
p´ãq,OpM

piξpV pxq ` εPεpt, xqq ` ibε1qs ´ CbεOpM
pxξy

σ
q

(4.19)
(4.20)

“ OpM
pptξpV pxqq, ãu ` εPãptq ` Pb,εptq ´ Cbεxξy

σ
qp1 ´ χ3qq mod Ψσ´1

pMq, (4.21)

where the remainder takes into account both the remainder in (4.17) and the compact operator in
(4.20). One more time, all the seminorms of the symbols in this remainder are uniformly bounded
in time and in terms of 0 ă ε ă 1 and 0 ă σ ď 1. Yet it is worth noting that the constants depend
on R0 ě 2.

We now claim that, from (3.1) and (3.2), there exist ε0, σ0 ą 0 small enough and a positive
constant C` such that, for every 0 ă σ ď σ0, one can find R0 ě 2 so that, for every 0 ď ε ď ε0σ

2,

ptξV pxq, ãu`εPãptq`Pb,εptq´Cbεxξy
σ
qp1´χ3q ą ´C`σãp1´χ3q, @px, ξq P T ˚M, @t P R. (4.22)

Let us postpone the proof of (4.22) and conclude the proof of (4.13). Applying Gårding inequality
(see Lemma 4.10) with 0 ă σ ă 1, we indeed obtain from (4.22) that, for every 0 ă ε ă ε0σ

2:

OpM
pptξV pxq, ãu ` εPãptq ` Pb,εptq ´ Cbεxξy

σ
qp1 ´ χ3qq ě C`σOpM

p´ãq ´ C0Id, (4.23)

where C0 ą 0 is the constant resulting from Gårding inequality and the remainder in Ψσ´1pMq. It
is again uniformly bounded for t P R but now depends on 0 ă σ ď 1 (through its dependence in
R0). Plugging (4.21) and (4.23) in (4.16) we obtain

d

dt
Aptq ě C`σ

@

OpM
p´ãqu, u

D

´ pCK ` C0q}uptq}
2
L2 , (4.24)

with CK ą 0 taking into account the compact remainder from (4.20). Observe that again this
remainder depends implicitly on R0 ě 2 and thus on 0 ď σ ď σ0. See Remark 4.14 for discussion
on this dependence. This concludes the proof, since (4.24) is (4.13) with α̃ :“ C` and β̃σ :“
CK ` C0 ą 0.

We are left to prove (4.22). To this aim, we first recall that, from the properties of χ3 in (4.18),
we only have to verify (4.22) in tpx, ξq P T ˚M : }ξ}x ě R0u, since p1´ χ3q ” 0 otherwise. We thus
claim that

tξV pxq, ãu ` εPãptq ` Pb,εptq ´ Cbεxξy
σ

ą ´C`σã, in tpx, ξq P T ˚M : }ξ}x ě R0u, (4.25)

for some C` ą 0 (depending only V ) and 0 ă ε ă ε0σ
2 with ε0 to be determined. Clearly (4.25)

implies (4.22) since p1 ´ χ3q ě 0 everywhere. We remark that in this remaining region ã ” a,
where a is the homogeneous escape function given by Proposition 3.4. To prove (4.25) we split the
domain as

tpx, ξq P T ˚M : }ξ}x ě R0u “ tpx, ξq P E : }ξ}x ě R0u
loooooooooooooomoooooooooooooon

“:E

Y tpx, ξq P T ˚MzE : }ξ}x ě R0u
loooooooooooooooooomoooooooooooooooooon

“:I

, (4.26)

where E is the set appearing in the Definition 3.2 of the escape function. First, we look at the set
I. Using (3.1) (with δ “ c0σ given by Proposition 3.4), we have that

tξV pxq, ãu ` εPãptq ` Pb,εptq ´ Cbεxξy
σ

ě pc0σ ´ εpM2 ` 2Cbq ´ C̃bR
ρ´1
0 q }ξ}

σ
x , (4.27)
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where C̃b ą 0 is a constant (uniform in 0 ď ε ď 1 and 0 ď σ ď 1) that depends on the seminorms
of bε and where M2 :“ maxtPR,px,ξqPI

ˇ

ˇ

ˇ
Pã

´

t, x, ξ
}ξ}

¯ˇ

ˇ

ˇ
ą 0 is again uniform for 0 ă σ ď 1. Moreover,

using again homogeneity of a, one has apx, ξq ě ´Ca }ξ}
σ
x for some Ca ą 0 (that is uniform for

0 ď σ ď 1) and for all px, ξq P I. Thus choosing εI :“ c0
4pM2`2Cbq

ą 0 and Rρ´1
0 ď c0σ

4C̃b
, we obtain

from (4.27) that, for all 0 ă ε ă εIσ we have:

tξpV pxqq, ãu ` εPãptq ` Pb,εptq ´ Cbεxξy
σ

ě
c0σ

4
}ξ}

σ
x ě ´

c0
4Ca

σa.

Finally, from condition (3.2) (with δ “ c0σ from Proposition 3.4), we see that, in E (see (4.26)):

ã ” a ě c0σ }ξ}
σ
x whilst tξV pxq, au`εPãptq`Pb,εptq´Cbεxξy

σ
(3.2)
ě ´pεpM1`Cbq`C̃bR

ρ´1
0 q }ξ}

σ
x ,

where M1 :“ maxtPR,px,ξqPE

ˇ

ˇ

ˇ
Pã

´

t, x, ξ
}ξ}x

¯ˇ

ˇ

ˇ
ě 0 (since Pãptq is positively homogeneous of degree σ in

E) is uniformly bounded in terms of 0 ă σ ď 1. Thus choosing εE :“
c20

8pM1`CbqCa
and Rρ´1

0 ď
c20σ

2

8C̃bCa
,

we obtain that, for all 0 ă ε ă εEσ
2,

tξV pxq, au ` εPãptq ` Pb,εptq ´ Cbε xξy
σ

ě ´
c20σ

2

4Ca

}ξ}
σ
x ě ´

c0σ

4Ca

a.

This proves (4.25) with C` :“ c0
4Ca

ą 0 and ε0 :“ mintεI , εEu ą 0, concluding the proof of the
energy estimate (4.13).
Remark 4.14. Observe that, the smaller σ is, the larger R0 ě 2 has to be. If bε,1 was of the form
εb̃ε,1 with b̃ε,1 P C0

b pR;SρpMqq having all its seminorms uniformly bounded in terms of 0 ď ε ď 1,
one could in fact pick R0 “ 2 up to shrinking the value of ε0. In particular, β̃σ could be chosen
uniformly in terms of 0 ď σ ď σ0. Finally, note that the choice of the parameter ε0 depends not
only on V and Pε but also on bε,2.

4.5 Initial data and end of the proof of Theorem 4.12

We are now ready to prove Theorem 4.12. According to Equation (4.15), one has that, for any
0 ă σ ď σ0, for any 0 ă ε ď σ2ε0 and for any initial datum u0 P L2,

Aptq ě eα̃σt
`

Ap0q ´ βσ,ε}u0}
2
L2

˘

` βσ,ε}uptq}
2
L2 , @t ě 0. (4.28)

Cauchy-Schwarz inequality together with (4.14) now gives:

Aptq
(4.12)

“
@

OpM
p´ãqupt, xq, upt, xq

D

L2pMq
ď

›

›OpM
p´ãqu

›

›

L2pMq
eCbεt}u0}L2 . (4.29)

Since ã P SσpT ˚Mq, Lemma 4.9 (inequality (4.7)) gives:
›

›OpM
pãqu

›

›

L2pMq
ď Cã }u}Hσ , @u P C8

pMq. (4.30)

Thus, plugging (4.30) and (4.29) in (4.28), we have, for every 0 ă σ ď σ0 ă 1,

Cã }u}Hσ }u0}L2 ě epα̃σ´Cbεqt
`

Ap0q ´ βσ,ε}u0}
2
L2

˘

ě epα̃´Cbε0σqσt
`

Ap0q ´ βσ,ε}u0}
2
L2

˘

. (4.31)

Hence, we will be done with the proof of Theorem 4.12 if we are able to find initial datum u0 such
that

F pu0q :“ ´pAp0q ´ βσ,ε }u0}
2
L2q ”

@

OpM
pãqu0, u0

D

L2pMq
` βσ,ε}u0}

2
L2 ă 0. (4.32)
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Remark 4.15. Note that the proof is valid for any 0 ă σ ă σ0 with σ0 given by Proposition 3.4.
Yet, since for every s ě σ, we have }u}s ě }u}σ, exponential blow up of the Sobolev norm of the
solutions to (4.9) holds for any s ě σ.

Let us now construct u0 verifying (4.32). To that aim, we recall property (3.3) of the escape
function a, namely that it is ď ´c0}ξ}σ{2 in some non empty4 closed conic subset C. Hence, we
will construct initial data which are microlocalized in this region where a ă 0. To that aim, we
fix χ P C8pM ; r0, 1sq such that the support of χ intersects C and such that the support of χ is
contained in an isochore local chart γ : Uj Ă M Ñ Bp0, 1q :“ tx P Rn : }x} ă 1u. In order to
work with the Weyl quantization on Rn, we will consider initial data of the form u0 “ χv0 ˝ γ with
v0 P C8

c pBp0, 1qq. This allows us to write
@

OpM
pãqu0, u0

D

L2pMq
“

@

γ´1˚χOpM
pãqχγ˚v0, v0

D

L2pRnq
.

Thanks to the rule for the change of coordinates for pseudodifferential operators [48, Th. 9.9], one
finds that

@

OpM
pãqu0, u0

D

L2pMq
ď

@

Opw
ppχ2ãq ˝ γ̃qv0, v0

D

L2pRnq
` C}v0}

2
L2pRnq, (4.33)

for some constant C that depends only on the coordinate chart, on ã and on the choice of the
quantization procedure OpM and with γ̃ defined in (4.3). We now fix some ξ0 ‰ 0 such that ξ0 lies
in the region where pχ2ãq ˝ γ̃ ď ´cγ}ξ}σ and we set

ṽhpxq “ χ0pxqe
iξ0¨x

h , 0 ă h ď 1,

with χ0 P C8
c pBp0, 1qq which is not identically 0. With this definition at hand, one has

Lemma 4.16. There exists a constant C0 ą 0 (depending on ξ0 and χ0) such that, for every
0 ă h ď 1 and for every 0 ď σ ď 1, one has

C´1
0 ď }ṽh ˝ γ}L2 ď C0, and }ṽh ˝ γ}σ ď C0h

´σ. (4.34)

Proof. Regarding the L2-norm, one has

}ṽh}L2pRnq “

ż

Rn

|χ0pxq|
2dx,

from which we deduce the expected equality as we have chosen an isochore chart. Regarding the
Sobolev norm, one has

}ṽh}
2
σ “

ż

Rn

p1 ` }ξ}
2
q
σ

ˇ

ˇ

ˇ

ˇ

ż

Rn

χ0pxqeix¨p
ξ0
h

´ξqdx

ˇ

ˇ

ˇ

ˇ

2

dξ,

where }.}σ denotes here the Sobolev norm in Rn (endowed with the standard Euclidean metric).
Hence, denoting by pχ0 the Fourier transform of χ0, one finds

}ṽh}
2
σ “

ż

Rn

˜

1 `

›

›

›

›

ξ `
ξ0
h

›

›

›

›

2
¸σ

|pχ0pξq|
2dξ ď 2σ

ˆ

1 ` 2
}ξ0}

2

h2

˙σ

}χ0}σ.

The conclusion follows then from the fact that the Sobolev norm induced by the Riemannian metric
g on M and the one induced by the Euclidean metric in the local chart are uniformly equivalent
(with constants that can be made uniform in terms of 0 ď σ ď 1).

4This is exactly for this reason that we need to impose that V has a critical point when n “ 1.
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Remark 4.17. Recall that ã is σ homogeneous for }ξ}x ě 2 with 0 ă σ ă 1. Hence, its pullback
to T ˚Rn is also σ-homogeneous for }ξ} large enough, say R0 (where }.} now denotes the Euclidean
norm in Rn). Hence, we pick }ξ0} ą 2R0 in order to have this covector in the region where the
pullback symbol pχ2ãq ˝ γ̃ is σ-homogeneous.

We now study the behavior of
@

Opw
ppχ2ãq ˝ γ̃qṽh, ṽh

D

L2pRnq
, as h Ñ 0`. (4.35)

Observing that the L2 norm of ṽh is uniformly bounded in terms of 0 ă h ď 1, we will be done
with the proof of (4.32) if we can prove that (4.35) tends to ´8 as h Ñ 0`. Indeed, from Cauchy-
Schwartz inequality and (4.33), we will obtain (4.32). This is the content of the next Lemma.

Lemma 4.18. With the above conventions, there exist 0 ă c1, h1 ă 1 such that, for every 0 ă h ă

h1 and for every 0 ď σ ď 1,
@

Opw
ppχ2ãq ˝ γ̃qṽh, ṽh

D

L2pRnq
ď ´c1h

´σ
ď ´c1C

´2
0 }ṽh}σ}ṽh}L2 .

Note that the last inequality follows from (4.34) (thus the constant C0 depends on ξ0 and χ0).
The above discussion combined with this Lemma yields that, for h ą 0 small enough (depending
on 0 ă σ ď 1),

F pṽh ˝ γq ď ´
c1C

´2
0

2
}ṽh ˝ γ}σ}ṽh ˝ γ}L2 . (4.36)

As already explained, this yields the proof of Theorem 4.12 with vε “ ṽh ˝ γ. More precisely, we
have shown the existence of a constant δ1 ą 0 such that, for every 0 ă σ ď δ1 and for every
0 ă ε ď δ1σ, one can find vεp0q P Hσzt0u (even C8) such that

@t ą 0, }vεptq}σ ě δ1
`

eσδ1t}vεp0q}σ ` }vεp0q}L2

˘

, (4.37)

where we have picked δ1 :“ mintα̃, β̃{pCãα̃q, c1C
´2
0 {p2Cãqu and where vεptq is the solution to (4.9)

with initial datum vε.
We will explain below why this remains true in a small neighborhood of vεp0q “ ṽh ˝γ and thus

we will be done with the proof of Theorem 4.12.

Proof of Lemma 4.18. We will make use of semiclassical pseudodifferential calculus as in [48].
First, we introduce ψ in C8

c pp´2, 2q; r0, 1sq which is identically equal to 1 on r´1, 1s and we set
ψRpξq :“ ψp}ξ}{Rq. Using non stationary phase Lemma [48] and that }ξ0} ą 2R0, one can prove
that }OpwpψR0h´1qṽh}L2 “ Ophq. Now using Calderon-Vaillancourt property 4.2 with s “ ρ1 “ σ
and Lemma 4.16, one finds that

›

›Opw
ppχ2ãq ˝ γ̃qṽh

›

›

L2 ď C̃a }ṽh}σ “ Oph´σ
q.

Hence, gathering these two properties with the Cauchy-Schwarz inequality, one finds that
@

Opw
ppχ2ãq ˝ γ̃qṽh, ṽh

D

L2pRnq
“

@

Opw
p1 ´ ψR0h´1qOpw

ppχ2ãq ˝ γ̃qṽh, ṽh
D

L2pRnq
` Oph1´σ

q.

Using the composition rule for pseudodifferential operators together with (4.2) and the fact that
}ṽh}L2 “ Op1q, we get

@

Opw
ppχ2ãq ˝ γ̃qṽh, ṽh

D

L2pRnq
“

@

Opw
pp1 ´ ψR0h´1qpχ2ãq ˝ γ̃qṽh, ṽh

D

L2pRnq
` Op1q.
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Thanks to the introduction of the cutoff p1´ψR0h´1q, the function pχ2ãq ˝ γ̃ is now σ-homogeneous
in the support of our cutoff function. Hence, using the semiclassical quantization Opw

h as in [48,
Ch.4], one finds

@

Opw
ppχ2ãq ˝ γ̃qṽh, ṽh

D

L2pRnq
“ h´σ

@

Opw
h pp1 ´ ψR0qpχ2ãq ˝ γ̃qṽh, ṽh

D

L2pRnq
` Op1q.

Let now ψ̃ P C8
c pRnq which is equal to 1 near ξ0. Another application of the non stationary phase

lemma yields that
@

Opw
ppχ2ãq ˝ γ̃qṽh, ṽh

D

L2pRnq
“ h´σ

A

Opw
h pψ̃p1 ´ ψR0qpχ2ãq ˝ γ̃qṽh, ṽh

E

L2pRnq
` Op1q.

The conclusion follows then from an application of the stationary phase Lemma (see [48, Ch. 5,
Ex. 2] for the exact same integral) which gives

A

Opw
h pψ̃p1 ´ ψR0qpχ2ãq ˝ γ̃qṽh, ṽh

E

L2pRnq
“

ż

Rd

pχ2ãq ˝ γ̃px, ξ0qχ2
0pxqdx ` op1q.

By construction, this quantity is negative thanks to (3.3) as h Ñ 0`.

We can now conclude the proof of Theorem 4.12.

Proof of Theorem 4.12. Thanks to (4.37), we have already the candidate for the center of the ball
vεp0q ‰ 0 in Hσ and it remains to prove that exponential growth is true in a small neighborhood
of vεp0q. We let }uεp0q ´ vεp0q}σ ď r with r ą 0 to be determined. Thanks to (4.32), one has
exponential growth if F puεp0qq ă 0. By continuity of the map F on Hσ and thanks to (4.36), one
has that, for r ą 0 small enough,

F puεp0qq ď
F pvεp0qq

2
ď ´

c1C
´2
0

4
}vεp0q}σ}vεp0q}L2 .

Hence, using (4.31), one finds that, for t ě 0,

Cã}uεptq}σ}uεp0q}L2 ě eα̃σt
c1C

´2
0

4
}vεp0q}σ}vεp0q}L2 .

Choosing r ď }vεp0q}L2{2, one has, for every 0 ď σ ď 1,

}uεp0q}σ ď r ` }vεp0q}σ ď
3

2
}vεp0q}σ,

from which we infer the expected result

Cã}uεptq}σ ě eα̃σt
c1C

´2
0

9
}uεp0q}σ.

Remark 4.19. Observe that our proof dealt with the general equation (4.9) whose principal symbol
is given by a (time-dependent) transport perturbation term. In fact, instead of εξpPpt, xqq, we
could also have considered perturbations of the form εpεpt, x, ξq with pε P C0

b pR;S1pMqqq with pε
real valued and with all the seminorms of pε uniformly bounded in terms of 0 ď ε ď 1.
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5 Application to periodic transport equations
In this last section we prove Theorem 1.1 and its extension in dimension n ą 2. Let us recall the
equation we consider (see equation (1.1)):

Btu “ pν ` εV pt, xqq ¨ ∇xu `
ε

2
divpV pt, xqqu, x P Tn, t P R, (5.1)

where ν P Nn
`, V pt, xq P C8pTˆTnq and divp¨q denotes the divergence with respect to the Euclidean

volume on Tn. In this section, we often drop the index ε for the solution of equation (5.1) and
we simply use upt, xq even if the solution depends on the parameter ε ą 0 (which requires some
attention at certain steps).

Let us start by giving a scheme of the proof, in order to explain why this result comes as an
application of Theorem 1.2. We first perform a resonant normal form reduction adapted from
[4], conjugating equation (5.1) to an equation with the same structure as (4.9), but with leading
transport term which is completely resonant with respect to the frequency ν (see Definition (5.1)).
This reduces the study of instabilities of equation (5.1), to that of an equation analogous to the
one previously studied in this article. Indeed, after the normal form procedure, the transport term
ν ` εV pt, xq in (5.1) is reduced to a time independent one (up to small-in-size reminders), given
by the resonant average

xV yνpxq :“
1

2π

ż 2π

0

V pτ, x ´ τνqdτ P C8
pTn

q

of V . Equivalently, xV yν is obtained selecting only the resonant Fourier modes of V (see (5.3))
with respect to the periodic flow φτ pxq “ x ` τν, x P Tn. Loosely speaking, these Fourier modes
are the ones provoking the unstable dynamics.

Next, using Theorem 1.2, we can identify the set of perturbations V such that their resonant
average xV yν will provoke unstable dynamics. Finally, we show that, for n “ 2, such set of
potentials is generic. Let us remark that it is for this last part of the proof that we need to ask
that M “ T2. We are indeed able to perform the resonant normal form on all tori, i.e. M “ Tn,
for all n P N, but in order to achieve genericity, we need to use the fact that Morse-Smale vector
fields are generic in compact manifolds of dimension two (see Peixoto [42] and Remark 2.6). This
is the reason why the only possible choice (through our approach) to state Theorem 1.1 is to pick
M “ T2 if we aim at proving genericity among smooth perturbations.

5.1 The Resonant Normal Form

In this section, we perform the normal form reduction. We use the ideas from [4] and we adapt
them to our context. First of all, given a C8 function V : T ˆ Tn Ñ Rn, with components
V pt, xq :“ pV1pt, xq, . . . , Vnpt, xqq, we use the standard compact notation for the Fourier coefficients
of V :

V pt, xq :“
ÿ

kPZn

ℓPZ

vk,ℓ
loomoon

PCn

eipk¨x`ℓtq, @pt, xq P T ˆ Tn, (5.2)

where tvk,ℓuk,ℓ are the Fourier coefficients of V . Then, we can define the resonant average of a
function as follows.
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Definition 5.1 (Resonant average). Let V pt, xq P C8pTn`1;Rnq and recall the notation in (5.2)
for the Fourier coefficients of V . For any ν P Nn

`, we define the resonant average of V with respect
to the frequency vector ν as

xV yν pxq :“
ÿ

kPZ2

vk,ν¨ke
ik¨x, x P Tn. (5.3)

Remark 5.2. One can verify that this definition coincides with the earlier convention,

xV yν pxq :“
1

2π

ż 2π

0

V pt, x ´ νtqdt.

The main result of this section is the following Proposition:

Proposition 5.3. There exists ε0 ą 0 sufficiently small such that, for every 0 ď ε ď ε0, there
exists an invertible linear map

Φεptq : D1
pTn

q Ñ D1
pTn

q,

and a vector field Wν,ε P C8pTn`1;Rnq, with all its seminorms uniformly bounded in terms of
ε P r0, ε0s such that the following properties hold:

1. Φεptq is 2π-periodic,

2. for all σ P R`, there exists Cσ ą 0 such that, for all 0 ď ε ď ε0 and for all t P R

}Φεptq}HσÑHσ `
›

›Φεptq
´1

›

›

HσÑHσ ď Cσ,

3. the constant Cσ is uniformly bounded when σ lies in a compact interval,

4. for any solution uεpt, xq to equation (5.1), the function vεpt, xq defined by uεpt, xq :“ Φεptqvεpt, xq

satisfies
Btvεpt, xq “ Opw

piξpε xV yν pxq ` ε2Wν,εpt, xqqqvεpt, xq. (5.4)

Remark that equation (5.4) is a particular case of (4.9) with bε “ 0. Before proving this
proposition, let us write the following corollary that motivates the choice of the normal form and
that allows to derive unstable solutions to (1.1) from the unstable solutions arising in Theorem 1.2
(as soon as xV yν is Morse-Smale).

Corollary 5.4. Let uεpt, xq be a solution of (5.1) and let vεpt, xq be the corresponding solution of
(5.4) (i.e. uε “ Φεptqvε with Φεptq given in Proposition 5.3). If

}vεptq}σ ě δ̃0e
δ̃0σεt }vεp0q}σ , for some δ̃0 ą 0, σ ě 0, (5.5)

then one has
}uεptq}σ ě C´2

σ δ̃0e
δ̃0σεt }uεp0q}σ , for some δ̃0 ą 0, σ ě 0,

where Cσ is the constant from Proposition 5.3.

Equivalently, the behavior of the Sobolev norms of solutions to (5.4) is the same as that to
(5.1), up to constants. Recall that the existence of solutions to (5.4) verifying (5.5) follows from
Theorem 4.12 as soon as xV yν has the Morse-Smale property:
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Theorem 5.5. Let ω “ 1 and ν P N2zt0u. Suppose that xV yν satisifies the Morse-Smale property
and, if n “ 1, suppose in addition that xV yν has at least one critical point.

Then, there exists δ0 ą 0 such that, for every 0 ď σ ď δ0 and for every 0 ď ε ď δ0σ
2, one can

find vε P HσpT2q and r :“ rpε, σ, vεq ą 0 such that

}uεp0q ´ vε}σ ď r ùñ }uεptq}σ ě δ0e
δoσtε }uεp0q}σ , for any t ą 0,

where uεptq is the solution to equation (1.1) with initial datum uεp0q.

We now turn to the proof of Proposition 5.3.

5.1.1 Preliminary constructions

As already explained, we drop the index ε at several places (e.g. u, v,Φ instead of uε, vε,Φε) in
view of alleviating the notations. We now need some preliminary remarks and notation that we
introduce following [4, Section 3.1]. First of all, recalling the definition in (1.3) of the Sobolev
spaces Hσ, σ P R, let Aptq : Hσ Ñ Hσ be any linear invertible transformation, periodic in time
of period 2π. For any differential equation of the form Btu “ Hu, defining the function vpt, xq as
u “ Aptqv, one can check that v solves 9v “ Aptq˚Hv, where the pushforward Aptq˚H is given by

Aptq˚H :“ Aptq´1
rHAptq ´ BtAptqs. (5.6)

We remark, to avoid any confusion in the notation, that BtAptq is the derivative in time of the
linear transformation (and not the composition Bt ˝Aptq). The core of the proof of Proposition 5.3
consists in choosing the proper transformation Aptq and computing the corresponding pushforward
in (5.6). To this aim, we consider a family of diffeomorphisms of the torus of the form

φptq : Tn
Ñ Tn, x ÞÑ x ` εβpt, xq, (5.7)

where β P C8pT ˆ Tn;Rnq is a function to be determined. It has been proved (see for example
[2, Lemma B.4]) that, for ε ą 0 small enough, this diffeomorphism is invertible and its inverse has
the form

φptq´1 : Tn
Ñ Tn, y ÞÑ y ` εβ̃εpt, yq, (5.8)

for β̃ε P C8pT ˆ Tn;Rnq. Moreover, β̃ε has all its derivatives uniformly bounded in terms of ε ą 0
in the admissible range of ε. Note that β is chosen independently of ε in our construction and that
φ depends implicitly on ε.

We define the transformation associated with (5.7) as:

Φ̃ptqupt, xq :“ detpId ` ε∇xβpt, xqq
1
2u ˝ φpt, xq, @u P C8

pT;Hσ
pTn

qq @t P T, @σ P R, (5.9)

with inverse

Φ̃ptq´1upt, xq :“ detpId ` ε∇xβ̃εpt, xqq
1
2u ˝ φ´1

pt, xq, @u P C8
pT;Hσ

pTn
qq @t P T, @σ P R.

(5.10)
Remark that

detpId ` ε∇yβ̃εpt, yqq “
1

detpId ` ε∇xβpt, xqq|x“y`εβ̃pt,yq

, @y P Tn. (5.11)
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Using (5.11) and via a direct computation one can check that

Φ̃ptq˚
“ Φ̃ptq´1, @t P T, (5.12)

where ˚ denotes the adjoint with respect to the standard inner product on L2. Finally, defining

Hptq :“ pν ` εV pt, xqq ¨ ∇x `
ε

2
divpV pt, xqq, (5.13)

where ν and V are as in (5.1), (so that equation (5.1) reads 9u “ Hptqu), and using formula (5.6),
we see that the pushforward of Hptq in (5.13) with respect to Φ̃ptq in (5.9) is given by

Φ̃ptq˚H “ Φ̃ptq´1HΦ̃ptq ´ Φ̃ptq´1
BtΦ̃ptq. (5.14)

The following Lemma computes explicitly this pushforward.

Lemma 5.6. Let H as in (5.13) and Φ̃ as in (5.9). Then the order one differential operator
Φ̃ptq´1HΦ̃ptq is skew adjoint and the following identities hold:

Φ̃ptq´1HΦ̃ptq “ Opw
piξpν ` εV pt, xq ` εν ¨ ∇xβ ` ε2R1

εpt, xqqq, (5.15)

and
Φ̃ptq´1

BtΦ̃ptq “ Opw
piξpεBtβ ` ε2R2

εpt, xqqq, (5.16)

with R1{2
ε pt, xq P C8pTn`1;Rq having all their seminorms uniformly bounded in terms of ε P r0, ε0s.

Here, we use the formalism of pseudodifferential operators (see section 4.1) in order to identify
the symbols of Φ̃ptq´1HΦ̃ptq and Φ̃ptq´1BtΦ̃ptq, that we will need to prove Proposition 5.3. We
remark that on the torus it is possible to use the Weyl quantization exactly as over Rn and that
all properties in Lemma 4.1 hold. See [48, Ch. 5] for details.

Proof. First of all remark that, since Hptq defined as in (5.13) is skew adjoint, using (5.12) we have

rΦ̃ptq´1HΦ̃ptqs
˚

“ Φ̃ptq˚H˚
pΦ̃ptq´1

q
˚ (5.12)

“ ´Φ̃ptq´1HΦ̃ptq,

which proves skewadjointness of Φ̃ptq´1HΦ̃ptq. Moreover, from its definition, Φ̃ptq´1HΦ̃ptq is a real
valued differential operator of order one. Thus, from point 2 of Lemma 4.1, we have

Φ̃ptq´1HΦ̃ptq “ Opw
piξpfεpt, xqqq, (5.17)

for some fε P C8pTn`1q, real valued. We now compute such a function fε in order to prove (5.15).
For every u P C8pTn`1q we have

Φ̃ptq´1HΦ̃ptqupt, xq “ Φ̃ptq´1
rpν`εV pt, xqq¨∇xpdetpId`ε∇xβpt, xqq

1
2upt, x`εβpt, xqqqs mod Ψ0

pTn`1
q

“ Φ̃ptq´1
rpν`εV pt, xqq ¨detpId`ε∇xβpt, xqq

1
2 pId`ε∇xβpt, xqq ¨∇xupt, x`εβpt, xqqs modΨ0

pTn`1
q

(5.10)
(5.11)

“ pν ` εV pt, x ` εβ̃pt, xqqqpId ` ε∇xβpt, x ` εβ̃pt, xqqq∇xupt, xq mod Ψ0
pTn`1

q.
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Since we are interested in finding the first term of the expansion in ε of fε in (5.17), we now
perform a Taylor expansion in a neighborhood of ε “ 0 and we obtain:

Φ̃ptq´1HΦ̃ptqupt, xq “ rpν ` εV pt, xqqpId ` ε∇xβpt, xqq `OC8pε2qs∇xupt, xq mod Ψ0
pTn`1

q,

which gives the expansion in (5.15).
We now prove (5.16). We first show that there exists gε P C8pTn`1q such that

Φ̃ptq´1
BtΦ̃ptq “ Opw

piξgεpt, xqq. (5.18)

This proves that Φ̃ptq´1BtΦ̃ptq is a skew adjoint operator (see Lemma 4.1). Next, we derive the
explicit expression in (5.16). In order to prove (5.18), we first remark that

Φ̃ptq´1
BtΦ̃ptqruspt, xq “ Φ̃ptq´1

BtrΦ̃ptquspt, xq ´ Btupt, xq, @u P C8
pTn`1

q. (5.19)

Next we compute Φ̃ptq´1BtrΦ̃ptquspt, xq:

Φ̃ptq´1
BtrΦ̃ptquspt, xq

(5.9)
“ Φ̃ptq´1

BtrdetpId ` ε∇xβpt, xqq
1
2upt, x ` εβpt, xqqs

“ Φ̃ptq´1
”´

Bt detpId ` ε∇xβpt, xqq
1
2

¯

upt, x ` εβpt, xqq

ı

` Φ̃ptq´1
”

detpId ` ε∇xβpt, xqq
1
2 pBtupt, x ` εβpt, xqq

ı

` Φ̃ptq´1
”

detpId ` ε∇xβpt, xqq
1
2 εBtβpt, xq ¨ ∇xupt, x ` εβpt, xqqq

ı

(5.10)
“

´

Bt detpId ` ε∇xβpt, xqq
1
2

¯

|y“x`εβ̃ε
detpId ` ε∇xβ̃εpt, xqq

1
2upt, xq

` Btupt, xq ` εBtβpt, x ` εβ̃εpt, xqq ¨ ∇xupt, xq.

(5.20)

Thus, plugging (5.20) in (5.19), we obtain that

Φ̃ptq´1
BtΦ̃ptqruspt, xq “

´

Bt detpId ` ε∇xβpt, xqq
1
2

¯

|y“x`εβ̃ε
detpId ` ε∇xβ̃εpt, xqq

1
2

loooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooon

gε,1pt,xq

upt, xq

` εBtβpt, x ` εβ̃εpt, xqq
looooooooooomooooooooooon

gε,2pt,xq

¨∇xupt, xq.
(5.21)

Recalling now that, from the composition rule for pseudodifferential operators (see Lemma
4.1), for any hpt, xq P C8pTn`1q we have

hpt, xq ¨ ∇x `
divxhpt, xq

2
“ Opw

piξ ¨ hpt, xqq,

we are done with the proof of (5.18) if we show that

divgε,2pt, xq

2
“ gε,1pt, xq, (5.22)
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with gε,1 and gε,2 given in (5.21). Indeed, plugging (5.22) in (5.21) we obtain (5.18) with gεpt, xq :“
εBtβpt, x ` εβ̃εpt, xqq. We show that (5.22) holds with a direct computation:

gε,1pt, xq
(5.21)

“

´

Bt detpId ` ε∇xβpt, xqq
1
2

¯

|y“x`εβ̃ε
detpId ` ε∇xβ̃εpt, xqq

1
2

(5.11)
“

1

2
Bt detpId ` ε∇xβpt, x ` εβ̃εpt, xqqq detpId ` ε∇xβ̃εpt, xqq

“
1

2
tr

`

pId ` ε∇xβq
´1

BtpId ` ε∇xβq
˘

(5.11)
“

1

2
tr

´

pId ` ε∇xβ̃εqεBt∇xβq

¯

(5.23)

where for the unlabeled equality we used Jacobi identity. On the other hand we also have:

divgε,2pt, xq
(5.21)

“ divpεBtβpt, x ` εβ̃εpt, xqqq

“ tr
´

εBt∇yβpt, yq|y“x`εβ̃εpt,xqpId ` ε∇xβ̃εpt, xqq

¯

.
(5.24)

Putting together (5.23) and (5.24), we obtain (5.22). Thus we have shown that

Φ̃ptq´1
BtΦ̃ptqruspt, xq “ Opw

piξ ¨ εBtβpt, x ` εβ̃εpt, xqqq. (5.25)

Finally, we obtain (5.16) performing a Taylor expansion of (5.25) in a neighborhood of ε “ 0,
concluding the proof of the lemma.

5.1.2 Proof of Proposition 5.3

Let Φ̃ptq be a transformation of the form in (5.9), with β P C8pTn`1q to be determined and
recall the expression for its inverse in (5.10). Take upt, xq solution of (5.1), that we rewrite as
Btu “ Hptqu with Hptq in (5.13), and recall from previous discussion that defining vpt, xq via
upt, xq “ Φ̃ptqvpt, xq then vpt, xq solves

Btvpt, xq “ Φ̃ptq˚Hptqvpt, xq. (5.26)

See (5.6). We claim that it is possible to choose ε0 ą 0 small enough and β P C8pTˆTn;Rnq such
that, for every 0 ă ε ă ε0,

Φ̃ptq˚Hptq “ Opw
piξpν ` εVRν pt, xq ` ε2W̃ν,εpt, xqqq @t P T, (5.27)

where W̃ν,εpt, xq P C8pT ˆ Tn;Rnq with semi-norms uniformly bounded in terms of ε and

VRν pt, xq :“
ÿ

kPZn

vk,ν¨ke
ik¨px`νtq

” xV yν px ` νtq, (5.28)

where vk,ν¨k are the resonant Fourier coefficients of V (see (5.2) and (5.3)). Let us postpone the
proof of this claim, and conclude the proof of the proposition assuming (5.27). Defining indeed
the time translation Uptq : Hσ Ñ Hσ, which acts as Uptqwpt, xq :“ wpt, x ´ νtq, for all t P R and
for all w P C8pT ˆ Tn;Rnq, we consider

u1pt, xq :“ Uptqvpt, xq “ vpt, x ´ νtq, (5.29)
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where vpt, xq solves equation (5.26). First we compute the equation solved by u1pt, xq:

Btu1pt, xq “ Btvpt, x ´ νtq ´ ν ¨ ∇xvpt, x ´ νtq

“ Btvpt, x ´ νtq ´ Opw
piν ¨ ξqvpt, x ´ νtq

(5.26)
(5.27)

“ Opw
piξ ¨ pεVRν pt, x ´ νtq ` ε2W̃ν,εpt, x ´ νtqqqvpt, x ´ νtq

(5.28)
(5.29)

“ Opw
piξ ¨ pε xV yν pxq ` ε2Wν,εpt, xqqqu1pt, xq,

where Wν,ε :“ W̃ν,εpt, x ´ νtq. Thus u1pt, xq defined as in (5.29) solves (5.4). Moreover the
transformation Φptq :“ UptqΦ̃ptq´1 : Hσ Ñ Hσ is linear, 2π-periodic and bounded for every σ P R,
since both Uptq and Φ̃ptq´1 are. Furthermore, the continuity constants are uniform in terms of
0 ď ε ď ε0 (recall that Φptq depends implicitly on ε). This concludes the proof of the proposition
since upt, xq “ Φptqu1pt, xq by construction.

Thus we are left with finding ε0 ą 0 and β P C8pTˆTn;Rnq, so that (5.27) holds. First of all,
we plug the expansions (5.15) and (5.16) in (5.14), obtaining

Φ˚ptqHptq “ Opw
piξ ¨ pν ` εV pt, xq ` εν ¨ ∇xβ ´ εBtβ ` OC8pε2qqq, (5.30)

in a neighborhood of ε “ 0. Next we consider the Fourier expansion of the term T pt, xq :“
ν ` εV ` εν ¨ ∇xβ ´ εBtβ:

T pt, xq “ ν ` εV ` εν ¨ ∇xβ ´ εBtβ “ ν ` ε
ÿ

pk,ℓqPZn`1

pvk,ℓ ` ipk ¨ ν ´ ℓqβk,ℓqe
ikx`iℓt, (5.31)

where V pt, xq “
ř

k,ℓ vk,ℓe
ipkx`ℓtq and βpt, xq “

ř

k,ℓPZ βk,ℓe
ipkx`ℓtq. Define

βk,ℓ :“

#

vk,ℓ
ipℓ´k¨νq

if ℓ ‰ k ¨ ν,

0 otherwise.
(5.32)

The corresponding β is a well defined and smooth function over Tn. Substituting the Fourier
coefficients of β (see (5.32)), in the expression of T pt, xq in (5.31), we get:

T pt, xq “ ν ` ε
ÿ

ℓ`ν¨k“0
kPZ

vk,ν¨ke
ikpx`νtq

“ ν ` εVRν pt, xq, (5.33)

where we recall the definition of VRν in (5.28). Thus recognizing that Φ˚ptqHptq “ OpwpiξpT pt, xq`

OC8pε2qqq (se (5.31) and (5.30)) and plugging (5.33) in (5.30), we obtain

Φ˚ptqHptq “ Opw
piξpν ` εVRν pt, xq ` W̃ν,εqq,

where W̃ν,ε is the remainder in the order one operator. This gives (5.27). Remark that ε0 is chosen
so that both (5.8) and the Taylor expansions hold for all 0 ă ε ă ε0.
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5.2 Genericity in dimension 2 and proof of Theorem 1.1

In this last section we conclude the proof of Theorem 1.1. Fix any ν P N2
` and define

Aν :“ tV P C8
pT3;R2

q : xV yν pxq P XMS
pT2

qu.

Recall that C8 is endowed with its natural Fréchet topology, i.e. the one induced by the seminorms
p}.}Ckqkě0. One can verify that the map

V P C8
pT3;R2

q ÞÑ xV yν P C8
pT2;R2

q

is linear and continuous with respect to the Fréchet topology on each space. In particular, XMSpT2q

being an open subset of C8pT2;R2q, one finds that Aν is open for the Fréchet topology on C8.
Regarding density, we let V0 P C8pT3;R2q and we decompose it as

V0pt, xq “ xV0yνpx ` tνq ` pV0pt, xq ´ xV0yνpx ` tνqq .

The second term on the right hand side has all its Fourier coefficients in Z3ztpk ¨ ν, kq : k P Z2u.
In particular, it average x¨yν is identically zero. Now recalling that XMSpT2q is a dense subset of
C8pT2;R2q, one can find W in XMSpT2q arbitrarly close to xV0yν . Letting

V pt, xq :“ W px ` tνq ` pV0pt, xq ´ xV0yνpx ` tνqq ,

one finds that V can be made arbitrarly close to V0. This shows that Aν is dense and concludes
the proof of Theorem 1.1 when combined with Theorem 5.5.

A Definitions in dynamical systems
In this appendix, we review the definitions of dynamical systems theory that we use in Sections 2
and 3. We refer to [40] for Morse-Smale theory and to [8, 24] for a complete review of the theory
related to hyperbolic dynamical systems. Let V be a smooth vector field on a smooth manifold M
of dimension n ě 1. We denote by φt

V pxq its flow at time t P R (see (2.1)).

Definition A.1. A point Λ P M is a critical point of V if V pΛq “ 0. We say that a critical point
is hyperbolic if dV pΛq : TΛM Ñ TΛM has eigenvalues tλ1, . . . , λnu such that Repλiq ‰ 0, for all
i “ 1, . . . , n.

Definition A.2. A point x0 P M is a periodic point if V px0q ‰ 0, and there exists T0 ą 0 such
that φT0

V px0q “ x0. Moreover, a periodic point x0 is hyperbolic if dφT0
V px0q has 1 as a simple

eigenvalue and no other eigenvalues of modulus 1. The set Λ “ tφt
V px0q : 0 ď t ď T0u is then

called a hyperbolic closed orbit.

Definition A.3 (Non-wandering set). We say that a point x P M is wandering if there exist some
open neighborhood O of x and a time Tx ą 0 such that

O X

¨

˝

ď

|t|ąTx

φt
V pOq

˛

‚“ H.

We denote by NWpV q “ NWpφt
V q the non-wandering set of V , i.e., the union of all points y P M

which are not wandering.
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Definition A.4 (α and ω limit sets). Let x P M . We define

αpxq :“
č

Tď0

tφt
V pxq : t ď T u, and ωpxq :“

č

Tě0

tφt
V pxq : t ě T u.

We remark that, if x P Λi, with Λi P CritpV q (see (2.2)), then αpxq “ ωpxq “ Λi.

Definition A.5 (Stable and unstable manifolds). Let K be a closed invariant subset of M . We
define the stable and unstable manifolds associated with K as

W s
pKq :“ tx P M : ωpxq Ă Ku and W u

pKq :“ tx P M : αpxq Ă Ku.

Definition A.6. Let Λ P CritpV q be a hyperbolic closed orbit of period T0. The stable and
unstable manifolds W s{upΛq are foliated by the family of smooth submanifolds of codimension one
tW ss{uupx0qux0PΛ, where

W ss
px0q :“ tx P M : lim

nÑ`8
φnT0pxq “ x0u,

and
W uu

px0q :“ tx P M : lim
nÑ`8

φ´nT0pxq “ x0u.

We remark that the same foliation can be trivially defined also in the case of critical points, for
which W ss{uupx0q “ W s{upx0q.

B Existence of solutions to transport equations
In this appendix, we discuss the existence of solutions to (4.9). Recall that the main difference
with [36] is the presence of a non-skew adjoint term εOpMpbε,2q in the right-hand side of the
equation with bε,2ptq being real valued, lying in C0

b pR,S0q and having all its seminorms uniformly
bounded in terms of 0 ď ε ď 1 and t P R. To deal with this issue, we will apply a perturbative
argument compared with the results from this reference. For the sake of simplicity, we set

B0ptq “ OpM
piξpV pxq ` εPpt, xqq ` ibε,1q, and R0ptq “ εOpM

pbε,2q.

We denote by U0pt, sq P C0pRˆR;LpHσqq the flow associated with B0ptq. Recall from [36, Th. 1.2]
that it satisfies

}U0pt, sq}HσÑHσ ď Cσe
Cσ |t´s| (B.1)

for every σ ě 0 and t, s P R and that it is unitary in L2 (i.e., for σ “ 0). Thanks to Duhamel’s
principle, the equation we are interested in can be rewritten under an integral form, for every t in
R,

uεptq “ U0pt, 0quεp0q `

ż t

0

U0pt, τqR0pτquεpτqdτ.

Hence, we fix u0 P Hσ, T ą 0 and we consider the functional

F : u P C0
pr´T, T s;Hσ

q ÞÑ U0pt, 0qu0 `

ż t

0

U0pt, τqR0pτqupτqdτ P C0
pr´T, T s;Hσ

q.

39



Our goal is to prove the existence of a fixed point F pvq “ v in Hσ. To do that, we proceed by
induction and we set

v0 “ u0, vn`1 “ F pvnq.

One has

}vn`1ptq ´ vnptq}σ ď Cσ,T

ż t

0

}vnpτq ´ vn´1pτq}σdτ, @ ´ T ď t ď T, @n P N,

where we used (B.1) and the property that R0pτq : Hσ Ñ Hσ is a bounded operator thanks to (4.2).
We remark that Cσ,T ą 0 depends only on σ, T and the norms of B0 and R0. By induction, one
finds

}vn`1ptq ´ vnptq}σ ď
pCσ,T tq

n

n!
sup

τPr´T,T s

}v1pτq ´ v0pτq}σ,

from which we can infer that pvnqně0 is a Cauchy sequence in C0pr´T, T s,Hσq. By continuity of
the functional F , we find that the limit v8 satisfies F pv8q “ v8. The same argument shows that
the solution is unique. As T can be chosen arbitrarily, we find that there exists an unique solution
to (4.9) that is defined on R.
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