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Abstract

We consider linear and time-dependent perturbations of periodic transport equations on
the two-dimensional torus. For generic perturbations, we prove the existence of a large class
of initial data whose Sobolev norms diverge exponentially fast. In higher dimensions, this
remains true under a Morse-Smale assumption on the resonant part of the perturbation. In
both cases, this is achieved by a normal form procedure and by studying Sobolev instabilities
for time-dependent perturbations of Morse-Smale transport equations. The latter are ana-
lyzed on general compact manifolds using techniques from microlocal analysis and hyperbolic
dynamics.

1 Introduction and main results

In this article we construct unstable solutions for certain classes of linear and time dependent
transport equations, through the analysis of their Sobolev norms. The study of instabilities is,
in its full generality, a standard topic in linear and nonlinear partial differential equations, which
has many facets. In particular, a widely used method is to look at the evolution in time of the
Sobolev norms (1.3) of solutions: an unbounded growth in time of the positive Sobolev norms is an
indicator of energy transfer phenomena, in the form of energy cascades towards higher frequencies.
A class of equations that we will study consists of small-in-size, time dependent perturbations of
Morse-Smale transport equations on compact manifolds (see equation (1.2)). However, since our
analysis is motivated by applications to the dynamics of integrable partial differential equations
and recent results in KAM theory, we begin by giving an application of our main theorem in this
direction.

Let n > 1 and denote by T"™! (with T := R/27Z) the Euclidean (n + 1)-dimensional torus.
Given v € R" and w € R, we consider the following equation

Oue = (v +eV(wt,x)) - Vyue + gdivz(V(wt,x))ug, xeT" teR, € >0, (1.1)

where V(t,z) € C*(T x T";R") is a time-dependent vector field and where div(-) denotes the
divergence with respect to the standard Euclidean volume on T". In particular, note immediately

that the transport operator on the right-hand side of the equation is formally skew adjoint on
L*(T™) for every t € R. Thus one has

[ue(t)|l2 = |us(0)]z2, VteR, Ye=0.
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Moreover, it is worth noting that, for ¢ = 0, all the Sobolev norms are preserved, i.e.
Juo(@®)]e = |uo(0)]o,  VEieR, Vo eR,

where |.|, denotes the standard Sobolev norm on T" (see (1.3) below). It is natural to ask if
this property is stable under perturbation, i.e. for ¢ > 0 small enough. In [4, Th. 2.4] (see
also [23]), it is proved that, for generic choices of parameters (w,v) in [1,2]"*! satisfying some
Diophantine conditions, equation (1.1) is reducible. Roughly speaking, it means that, up to a
bounded transformation on the Sobolev space H?(T"), one can conjugate the equation to a diagonal
one in the Fourier basis (up to smoothing remainders). Such choices of the parameters (w, v) fall
in what is usually called non-resonant regime, and a direct consequence of this result is that either
there exist solutions whose positive Sobolev norms blow up exponentially (in the case where the
diagnonal operator has eigenvalues with nonzero real parts) or the Sobolev norms |u.(t)|, remain
bounded (for instance if V' is even). See [4, Cor. 2.5] for details.

In the present work, we consider instead a resonant regime, i.e., we choose w = 1 and v € N,
so that the potential V' has the same time-period as the solution to the unperturbed equation
which may create resonance phenomena. Using methods coming from the theory of hyperbolic
dynamical systems, we prove that, in the case n = 2 and for generic potentials V', there always
exist solutions whose positive Sobolev norms grow exponentially.

Theorem 1.1. Let n =2, w =1 and v € N2\{0}. Then there exists an open and dense subset O,
of 1 C®(T3;R?) such that, for every V e O,, the following holds.

There exists &y > 0 such that, for every 0 < o < & and for every 0 < & < 6y02, one can find
v. € HO(T?) and r := r(e,0,v.) > 0 such that

[us(0) = vel, <7 = Jue(®)ll, = o™ Juc(0)], . for any t >0,

where u.(t) is the solution to equation (1.1) with initial datum u.(0).

Let us immediately remark that, for every potential V e C*(T x T?;R), the Sobolev norms of
all solutions to equation (1.1) grow at most exponentially fast with the L?-norm being preserved —
see [36, Th. 1.2]. Thus, among other things, we identify a large class of time dependent transport
equations for which this exponential growth is indeed sharp. Yet, we emphasize that the growth
from this lower bound is effective for times t » ¢~ 1.

In order to produce instabilities, we will exploit the resonant part of the perturbation V (¢, x).
Namely, we will rely on the dynamical properties of the resonant vector field
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Vo, (x):==— | V(r,x—71v)dr, zeT>
2m Jo
Indeed, after a normal form procedure (see Section 5), instabilities for (1.1) can be obtained from
unstable solutions to time dependent perturbations of transport equations generated by (V),. In
Theorem 1.2 below, we will prove that, as soon as (V'), has the Morse-Smale property [43], such
unstable solutions exist. Then, a classical result due to Peixoto on the genericity of Morse-Smale
vector fields in dimension 2 [42] will allow us to deduce the genericity of V in C®(T?; R?). Peixoto’s
result is however peculiar of dimension 2 and we are not aware of analogous generic sets of vector

!The set is endowed with its standard Fréchet topology.



fields in higher dimension. Hence, in higher dimensions, we will only be able to produce unstable
solutions when (V'), belongs to the open set of Morse-Smale vector fields which does not generate
a dense subset in C®(T"*; R"), when n > 3. See Theorem 5.5 for details. We now move towards
the statement of a general result on transport equations generated by Morse-Smale vector fields.
This will constitute the main technical result used to prove Theorem 1.1 and it is the content of
Theorem 1.2 below.

1.1 Morse-Smale transport equations on manifolds

We consider a smooth (C*), compact and oriented manifold M of dimension n > 1, without
boundary. We endow the manifold M with a Riemannian metric that we denote by g and we let
v, be the corresponding Riemannian volume on M. We denote by X(M) the set of smooth vector
fields on M and we consider the following class of transport equations:

1
Ortte = Ly yeptie + édivvg(V +eP(t))u., weM, teR, >0, (1.2)

where V € X(M), P(t) € CP(R; X(M)) and div,, is the divergence with respect to the Riemannian
volume form. Here, £ denotes the usual lie derivative, i.e., the order one differential operator
defined by Lyu := du[Y], for every Y € X(M), and CP(R; X(M)) denotes the set of time dependent
vector fields on M, which are continuous and bounded in time. Note that, as in equation (1.1),
the addition of the divergence term ensures that the operator on the right-hand side of equation
(1.2) is skew adjoint for every time ¢ € R so that

Hu5<t)HL2(M’vg) = HUE(O)HLQ(M,vg)a Vit e R, Ve > 0.

Our main goal is to prove existence of unstable solutions for equation (1.2), where we again
identify unstable solutions with the ones that exhibit an unbounded growth in time of their positive
Sobolev norms. To this aim, recall that the Sobolev spaces H? are defined as

H(M) = {U € L*(M;C) : H<1 - Ag)%uHH(M, g

U)<+oo}, oeR, (1.3)

where A, is the Laplace-Beltrami operator on M. The corresponding Sobolev norm will be denoted

by ||.|lo. We emphasize that, also in this general case, one has only the a priori bound for every
>0 [36, Th. 1.2]

|ue ()] < Coe®M[u(0)],, VteR, for some C, > 0.

Our main theorem shows that this exponential growth is in fact sharp for the class of Morse-Smale
vector fields.

Theorem 1.2. Let V € X(M) and P € C)(R,X(M)). Suppose that V is a Morse-Smale vector
field (see Definition 2.2) and, if n = 1, suppose in addition that it has at least one critical point.

Then, there exists 6y > 0 such that, for every 0 < o < 8y and for every 0 < & < 602, one can
find v. € HO (M) and r :=r(g,0,v:) > 0 such that

[uc(0) = velo <7 = Jue()l, = G0 Jue(0)]o,  for any t >0,

where u(t) is the solution to equation (1.2) with initial datum u.(0).
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The class of Morse-Smale vector fields was introduced by Smale in [43] and it forms an open
subset of X(M) which contains an open and dense subset of all gradient vector fields. Yet note that
the corresponding flow may have finitely many closed hyperbolic orbits that are not reduced to a
point. We refer to Section 2 for precise definitions and basic properties. In dimension 2, the set
of Morse-Smale vector fields is also dense in X(M) thanks to Peixoto’s Theorem [42]. Moreover,
these vector fields are structurally stable, meaning that any small (time independent) perturbation
of V generates a flow which is topologically conjugate to the initial flow as shown by Palis and
Smale [41].

The overall strategy in order to prove Theorem 1.2 consists into constructing a Lyapunov (or
escape) function for the lifted symplectic dynamical systems to the cotangent bundle T*M and
into combining this construction with microlocal tools like Garding inequality. Such a strategy
yields the exponential growth result thanks to a positive commutator type argument. Hence the
main difficulty when proving Theorem 1.2 is of dynamical nature and it lies in the construction of
this escape function. The key dynamical ingredient to deal with this problem is issued from the
microlocal point of view that was introduced in [21] to study the correlation (or Ruelle) spectrum
of dynamical systems with hyperbolic behavior and that was further developped in [17, 15, 12, 26,
22, 37| among others. See also [1, 20| for earlier contributions for discrete time dynamics using
microlocal methods and [29] for a recent book describing these microlocal methods and some of
their applications to dynamical systems.

One of the key steps when considering these spectral problems is also the existence of an
escape function for the lifted symplectic dynamics or the use of the related radial estimates. In
that spectral set-up, this leads to the construction of (microlocal) functional spaces adapted to
the spectral analysis of operators like £ and we will adapt these constructions to fit the PDE
problem at hand in this article. We emphasize that, in view of our application to Theorem 1.1, the
time dependent perturbations we consider are quite strong as they do not decay with time. This
may lead to strong bifurcations compared with the unperturbed equation. This requires to pay
attention when adapting the dynamical results from these references and, in particular, it seems
that the anisotropic Sobolev norms from the above works cannot be used directly to deal with
our problem except for ¢ = 0 or for perturbations that would tend fast enough to 0 as t — oo.
To circumvent these restrictions, we will more specifically revisit the dynamical constructions
from [12] which deals with the Morse-Smale case. See the introduction of Section 3 for a more
detailed comparison. Modulo some extra work, the method presented below could probably be
adapted to deal with open hyperbolic dynamical systems as in [15] or with general Axiom A flows
satisfying appropriate transversality assumptions as in [37] (see also [21] for the particular case of
Anosov flows).

Remark 1.3. Prior to these microlocal methods involving the construction of an escape function,
other (more geometric) functional spaces adapted to hyperbolic dynamics were developed in [31, 9,
10] and it is most likely that the functional spaces constructed there could also provide informations
on the instabilities of linear PDEs such as (1.2).

In fact, Theorem 1.2 holds true for more general time dependent perturbations of Equation (1.2)
and we refer to Equation (4.9) for a more general class of equations (including unbounded pseu-
dodifferential perturbations of (1.2)) to which Theorem 1.2 applies — see Theorem 4.12. As we
shall see, the exponential growth of the solution can be obtained as soon as an explicit microlocal
criterium (4.32) is satisfied. Roughly speaking, initial data for which the Sobolev norms will grow



exponentially will be highly oscillating in the conormal direction to the stable manifold. Somehow
equivalently, we will pick initial data whose semiclassical wavefront set [48, Section 8.4| intersects
this direction in a nontrivial way.

Finally, the study of the growth of Sobolev norms for time dependent perturbations of linear
partial differential equations is motivated by its potential applications to nonlinear PDE. It would
be interesting to understand if the dynamical and microlocal method used in this article could
be adapted to deal with such problems. In that direction, we mention the recent paper [35] in
which the method of constructing an escape function is extended to a one dimensional fractional
quasilinear Schrédinger equation, allowing to construct solutions undergoing growth of Sobolev
norms. Closely related to the dynamical approach of the present work, the other recent work [11]
uses similar methods to study the exponential stability of nonlinear Vlasov equations on negatively
curved manifolds.

1.2 Comparison with the Schrodinger case

We conclude this introduction by briefly discussing the related question of Sobolev instabilities for
time dependent perturbations of Schrédinger equations,

i0u = —Agu + Q(t)u, (1.4)

where Q(t) is smooth and real valued on (M, g). From the perspective of quantum mechanics, this
is a classical problem [5, Section I.2] and the growth of Sobolev norms can be viewed as an indicator
of instabilities at the quantum level. Indeed, in this physical setting, a growth for the Sobolev
norms of solutions to (1.4) amounts to say that the quantum state does not stay in a bounded
region of phase space. As explained in [5], this can be understood as the quantum analogue
that an Hamiltonian flow has unbounded trajectories. For what concerns linear, time-dependent
Schrodinger equations on the torus, the problem has been first issued in [6] when Q(t) is periodic
in time. In that setting, Sobolev norms of solutions are of order O((t)?) for every ¢ > 0, showing
that escape in phase space can only occur at a very slow rate. See also 7] in the quasi-periodic
case. This kind of results was further generalized in [13, 47, 18, 36, 3]. In particular, [13, 36, 3] rely
among other things on the assumption that the eigenvalues of the principal part of the operator
are organized into clusters with increasing spectral gaps. Without this asymptotic spectral gap
property, it was proved that there are solutions to (1.4) whose Sobolev norms grow polynomially
fast [14]. Tt is worth noting that [14] rather considers the harmonic oscillator —0? + 22 on the real
line (instead of A,). In that case, spectral gaps are of size 1 like the operator v - V, appearing
n (1.1). Observe also that perturbations in [14] are of pseudodifferential type with order 0. See
also [32, 30, 46, 33, 19, 34, 27| for further generalizations of these results in various contexts related
to perturbations of the harmonic oscillator.

Organization of the article. We now quickly describe the structure of the article. As already
alluded, the core of our proof is the construction of an escape function for the transport operator
in the Morse-Smale case. This requires a detailed description of the Hamiltonian flow induced by
its principal symbol. Thus we devote Section 2 to a brief reminder of Morse-Smale dynamics and
their symplectic lifts and then Section 3 to the construction of the corresponding escape function.
In Section 4.1, we review tools from microlocal analysis and apply them to the proof of (a slightly



stronger version of) Theorem 1.2 by a positive commutator argument making use of the escape
function from Section 3. Once this is done, we prove Theorem 1.1 in Section 5 by combining
Theorem 1.2 with a normal form procedure. Finally, Appendix A reviews a few definitions from
dynamical systems theory that are used all along the article (especially in Sections 2 and 3) and
in Appendix B we prove global well posedness for the class of transport equations that we use in
Section 4.2.
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2 Review of dynamical setting

In this section, we recall the definition of the class of Morse-Smale vector fields V' on a smooth
compact manifold M and of their symplectic lift to the cotangent bundle T* M. Along the way, we
collect some of their properties that will be used in the following. More precisely, in paragraph 2.1,
we review the definition of such vector fields. After that, we briefly recall in paragraph 2.2 how to
lift a vector field in a symplectic manner to T*M and we review in paragraph 2.3 some material
from [12] on the dynamics of symplectic lifts for Morse-Smale vector fields.

Remark 2.1. We refer to [40, Chapter 4| for a detailed introduction to Morse-Smale vector fields
and flows on smooth manifolds and to [12] for a detailed study of the lifted dynamics on the
cotangent bundle. We collect in Appendix A standard definitions from the theory of dynamical
systems that are used in this section.

2.1 Morse-Smale flows
We begin with the definition of the vector fields of interest for our analysis.

Definition 2.2 (Morse-Smale vector fields). We say that a smooth vector field V e X(M) is
Morse-Smale if

1. V has a finite number of critical elements (i.e. critical points and closed orbits), which are
all hyperbolic (see Definition A.1);

2. for any pair Aj, Ay of critical elements, the stable manifold W#*(A;) and the unstable one
W (As) (see Definition A.5) intersect transversally;

3. the nonwandering set (see Definition A.3) NW(V') coincides with the union of the critical
elements of V.

We denote by XM9(M) < X(M) the set of Morse-Smale vector fields on M.
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These flows were introduced by Smale in [43| and they are generalizations of Morse-Smale
gradient flows. They are the simplest examples of Axiom A flows as later defined by Smale in [44].
Given a vector field V € X(M), we denote by ¢!, () its flow on M with starting point z € M:

Cohia) = V(gh(@), VieR (2.1)

We recall that, from compactness of the manifold M, the flow ¢! (z) is complete, i.e., for each
initial datum z € M, the flow line ¢}, (x) exists globally in time — see e.g. [28, Corollary 9.17]. We

denote by
Crit(V) := {Aq,...,Ag} (2.2)

the set of critical elements (basic sets) of V', which are either critical points or closed orbits. It
will be important for the final steps? of our analysis that n > 2 or that Crit(V) # M if n = 1.
From the Definition 2.2 of Morse-Smale vector fields, one can prove the following properties:

Lemma 2.3. Let V e XM5(M).
(i) For every x € M there exists a unique pair (i,j), € {1,..., K}? such that
xe W (A;) n WHU(A;),
(recall notation in (2.2) and Definition A.5).

(ii) The unstable manifolds of the critical elements of V' form a partition of M, precisely:
M= W),  and  W™(A) A WH(N) = &, Vi #

We refer for instance to [12, Lemmas 3.3, 3.4] for the proof of these statements.

Energy function. We now report a result by Meyer [38], that proves the existence of a function
which is non-decreasing along the flow that we call energy function following the literature. It will
be a fundamental element for our construction in Section 3.

Lemma 2.4 (|38] Energy function). Let V e XM5(M). Then there exists a function & € C*(M)
such that
LyvE =0, everywhere on M, and LyE >0 on M\ Crit(V). (2.3)

Remark 2.5. In the case where V is a gradient vector field associated with a Morse function f,
such a function is given by f itself.

2More precisely, this is used when we pick the initial data generating unstable solutions.



Morse-Smale vector fields on surfaces. The case of Morse-Smale vector fields on compact
surfaces (i.e. m = 2) is peculiar and further motivates the choice of such class of vector fields.
Indeed, we first remark that, in this case, the definition of Morse-Smale vector fields can be
simplified (see for example [40, Prop. 1.1, p.122|) as the second condition in Definition 2.2 can be
replaced by

2.s There are no trajectories connecting saddle points *.
In particular, condition 2.s makes the transversality condition of Definition 2.2 more explicit and

easier to visualize.

Remark 2.6. The set X™5(M) is generic in X(M) (i.e., it is open and dense with respect to the
C” topology), for M smooth, compact manifold of dimension two. This important property of
Morse-Smale vector fields has been proved by Peixoto in [42, Theorem 2|. We will use this result
in Section 5 in order to prove Theorem 1.1. In higher dimension, it is still an open set which
is contained in the larger class of Axiom A flows (with appropriate transversality properties).
However, Axiom A flows are not generic in higher dimensions even if they are structurally stable.

2.2 Symplectic lift on the cotangent bundle

From now on, we will use the notation T*M\{0} := {(z,§) € T*M : £ # 0} where T*M is the
cotangent bundle of M. The main dynamical object considered in this work is the Hamiltonian
flow of

h:T*M >R, h(z,€) =&V (z)). (2.4)

It turns out that the dynamics of such flow is linked to that of the flow of V(z) on M and, in this
paragraph, we make this connection precise.

We denote by w(+,-) the canonical symplectic form on T*M and by A}, be the Hamiltonian
vector field defined by h (see (2.4)) through the relation

dh(Y) = w(X,Y), VY eX(M). (2.5)

The upcoming definitions and results in this paragraph hold for any vector field, not necessarily
Morse-Smale and we denote by 7 : (x,§) € T*M +— x € M the canonical projection.

Definition 2.7 (Symplectic lift). Let V € X(M) and let ¢'(z) be a flow on M.
I) The symplectic lift of V' to T*M is the vector field Y € X(T™* M) such that

a) dn(Y) =V;
b) the vector field Y satisfies Lyw = 0.

IT) The symplectic lift of a flow ¢' on M is the flow ® on T*M such that

a) To® = lor, for all t € R, as maps on T*M;
b) (®)*w=w, VteR,

3We call saddle point an hyperbolic critical point A in the sense of Definition A.1, such that the eigenvalues
A1, Az of AV (A) satisfy Re(A1) > 0 and Re(A2) < 0.



where * denotes the pullback of w with respect to ®.

In order to write down explicitly the relation between a flow on M and its symplectic lift on
T* M, we recall the following definition.

Definition 2.8 (Transposed operator). Let ® : TM — TM and set m : (z,v) € TM — x € M.
We define the transposed map ®' as

ST T*M — T*M, @7(&)(w) :=&(B(W)), VEe Tk gwM, weTM.

The following Lemma explicits the relation between a vector field V' (z) and the Hamiltonian vector
field &}, on T*M, as defined in (2.4) and (2.5). We only state the next result, since the proof is
standard and follows directly applying Definitions 2.7 and 2.8.

Lemma 2.9. For every V € X(M), the vector field X, defined by (2.5) is the symplectic lift of V
on T*M. Moreover, for every flow o'(x) on M, its symplectic lift is given by

'(2,6) = (¢'(@), [0’ @)] " €). (2.6)

where [dy@'(x)]” " is the inverse of the transposed operator of dy'(x), as in Definition 2.8.

In particular remark that, as an immediate consequence of Lemma 2.9, the flow of the Hamil-
tonian vector field A, on T*M, with h in (2.4), coincides with the lift of the flow !, Thus we
will use the notation ®¢, (x, &) for such flow, whose explicit expression is the one in (2.6).

2.3 Dynamics of Morse-Smale symplectic lifts

In this paragraph, we take V € XM9(M) and we describe the dynamics of the Hamiltonian flow

induced by the Hamiltonian vector field &}, with h : T*M — R defined in (2.4). In particular, we

describe global attractors and repellors for the lifted flow on 7% M and some of their properties,

using that V' is Morse-Smale. We closely follow [12], to which we refer for the proof of most results.
Let S*M denote the unit cotangent bundle of M:

S*M = {(x,§) e T"M : [¢], = 1},

where |||, is the norm on the cotangent space at the point z, 7 M, induced by the metric g,. The
flow @, of &}, on T*M, which is explicitly given in (2.6), induces a projected flow on S*M:

[dapt ()] €
[dm@%/(x)]_T §

& (,6) = | ¢l (@), : (2.7)

T

and we denote by X, the induced smooth vector field on S*M, which is the generator of @/

We now identify global attractors and repellors for such flows on S*M. To this aim, we
start with the general definition of conormal bundle of a submanifold. Let S € M be a smooth
submanifold of M. We define the submanifold N*S of T*M as

N*S :={(z,§) e T*M such that x € S, { #0, {(w) =0, ¥V weT,S},
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and we call it the conormal bundle of S. We define the following sets:
K K
R, := [ JN*(W*(A)) 0 8*M, A, = JN*(W"(A))  S*M. (2.8)
i=1 =1

Next we recall that every stable and unstable manifold is foliated by a family of submanifolds (see
Definition A.6):

W) = [ we@), W) = (W), Vi<i<K.

:EEAi zel;

On the one hand, this foliation is trivial for critical points. On the other hand, for every = € A;
with A; closed orbit, W#*(z) has codimension one in W*(A;) and analogously W**(z) in W"(A;).
As we shall see, they also turn out to be relevant for the dynamics. Hence, we define

Ry:={ | N W= @) ns M, A= N (W (x)) n S*M. (2.9)

=1 J?EAZ' =1 JZGAi

Remark 2.10. The transversality assumption in Definition 2.2 can be written explicitely as follows:
for any (i,j) € {1,..., K}?, for any x € W*(A;) n W*(A;) we have

T, M =T, W3(A;) + T,W“(A;).
Using this decomposition of T, M, one can verify that transversality implies
RynAy=0, RBynAy=0, R nA,=. (2.10)
We are now in position to describe the dynamics of @, (z, &) in (2.7) on S*M.

Proposition 2.11 ([12|, Lemma 5.1, Theorem 5.2). Let V € XM5(M). Then, the sets R,, A,,
Ry, A% in (2.8) and (2.9) are compact subsets of S*M. Moreover, denoting by d the induced
Riemannian distance on S*M, the following holds:

for every (z,&) € S*M\A, we have tli)l_nwd(éﬁ/(:v,ﬁ),]%;) =0,

for every (z,§) € S"M\R,  we have  lim d(d!(z,),A,) =0,

t—+00

and
for every (x,§) € S*M\R, we have  lim d(cfﬁ/(a:,g),AZ) =0,

t—+00

for every (z,§) € S*M\A,  we have tEEIlOO d(®t(z,€),R,) = 0.

We refer to [12]| for the proof of this statement, which involves a careful study of the Morse-
Smale structure of the flow induced by V on M. Strictly speaking, the proof in that reference
is given under the extra assumption that the vector field is C!-linearizable near critical elements.
Yet, this hypothesis is removed by Meddane in |37, Lemma 3.2, Prop. 3.3| where he deals with
general Axiom A flows satisfying the corresponding transversality property. We emphasize that
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one of the main technical issue in proving this statement is the compactness property. Finally, for
later purpose, we define:

A= N wE),  Ri=

i=1 i=1

NF(WH(A)).

-
=

Analogously we define A” and R" as subsets of T*M\{0}, obtained extending by homogeneity the
projective ones in (2.9).

3 Construction of the escape function

We are now in position to construct the main dynamical ingredient for the proof of Theorem 1.2:
an escape (or Lyapunov) function for the Hamiltonian h(x, &) defined in (2.4). Roughly speaking,
we are looking for a function that increases along the flow lines of ®! in view of applying a
positive commutators argument in our analysis of the transport equation. Before stating the main
dynamical result we are aiming at, we start by giving a general definition of escape functions in
our context.

Definition 3.1 (Positively homogeneous function). We say that a smooth function f : T*M\{0} —
C is a positively homogeneous function of degree o > 0 if

f(x,)\f) :)‘Jf(xaf)v VA >0, (l‘,f) # 0.

Definition 3.2 (Escape function). Let A : T*M — R be the Hamiltonian function defined in (2.4).
We say that a smooth function a : T*M\{0} — R is an escape function of order o > 0 for h if

a is positively homogeneous of degree o > 0 and if there exist 6 > 0 and a closed conic set
E < T*M\{0} such that

Xn(a) 2 0 lEl7,  on {(x,§) € T*M\E}, (3.1)

Ai(a) = 0 and a(z,§) = 0 [T, on {(z,§) € E}, (3:2)
where we recall the notation A&}, in (2.5) for the Hamiltonian vector field defined by h.

Remark 3.3. We remark that, if h is a positively homogeneous function of degree o7 and a is a
positively homogeneous function of degree o9, then X} (a) is a positively homogeneous function
of degree oy + 0o — 1. In particular this means that, in Definition 3.2, both A}(a) and a are
homogeneous of degree o.

The main result of this section is the following Proposition:
Proposition 3.4. Let V € XM5(M) be a Morse-Smale vector field on M and let h(z, &) := £(V (x)).
Then there exist a neighborhood U of NW (V') (see A.3), co > 0 and 0 < 09 < 1, depending on V
such that, for every 0 < o < g, h admits an escape function a of order o in the sense of Definition

3.2, with E being a closed conic neighborhood of A* n R" nT*U and with 6 = coo. Moreover, if
n =2 orif V has at least one critical point, there exists a nonempty open conic subset C' satisfying

al,§) < =€l on {(x,€) € C}. (3.3)
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Remark 3.5. Observe that when V' has no closed orbits, A* n R" is empty and our proof will in
fact show that E is empty.

In order to prove Proposition 3.4, we will use all the dynamical ingredients introduced in Section
2. We will construct an escape function a € C*(T*M\{0}) of the form

a(z,€) == m(x,§)f(x,8), V(x,§) e T"M\{0}, (3-4)

where m € C*(T*M\{0}) is a positively homogeneous function of degree zero (recall Definition
3.1) that we call order function following the literature (see e.g. [21]) and f(x,&) is a positively
homogeneous function of degree o > 0, with ¢ to be determined depending on the vector field.
Our construction is close to the one appearing in the microlocal approach to Ruelle resonances in
dynamical systems and we refer for instance to [21, 12, 37| for presentations close to ours. The
main difference with these references is that we pick f to be o-homogeneous while these earlier
works use symbols of order ¢ for any ¢ > 0. Roughly speaking, they use log(1 + ||£]2) while we
use [|€]|7. This is due to the different nature of the problems at hand: growth of Sobolev norms
for time dependent vector fields in our case compared with the spectral study that is considered
in these previous contributions.

We will first construct the function m that will strictly decay away from the repellors and
attractors of the lifted flow. A similar construction has been already achieved in [12] in the case
of Morse-Smale flows. In view of our application, the only thing we need to pay attention to,
compared with this reference, is to specify the values of m near the various subsets A,, A7, R, and
Rp. This is the content of paragraph 3.1 and more specifically of Lemma 3.8. Once this is done,
we will construct in paragraph 3.2 the function f and show that it has the expected properties
(up to signs issues) near the attractors and repellors. We will also verify that its Poisson bracket
with h behaves nicely away from these sets. Once this is done, we will gather these two functions
as in (3.4) and prove Proposition 3.4 in paragraph 3.3.

3.1 Construction of the order function

In this section, we construct the first component of the escape function, the order function m €
C*(T*M\{0}) in (3.4). Recall the definition of the sets in (2.8) and (2.9). Our first ingredient
is the following lemma, which is an adaptation to our context of |21, Lemma 2.1] (in which the
authors deal with Anosov flows instead of Morse-Smale ones).

Lemma 3.6. Let V € XM5(M) and let X, be the induced vector field on S*M (see 2.7). For every
e > 0 and for all neighborhoods V(R,) and V(A3) (of R, and Aj respectively), there exist m > 0,
neighborhoods W(R,) < V(R,), W(A;) = V(A7) (of R, and A3 respectively) and a function
my € C*(S*M;[0,1]) such that

)Eh(ml) =
X my) =

0  on the whole S*M,
X n

1 on S*M\(W(R,) u W(A})). (3.5)
Moreover my <€ on W(R,) and my > 1 —¢ on W(A3).

The proof of this Lemma was given in [12, Lemma 8.2] using the exact same argument as that
of |21, Lemma 2.1|. Note that, in order to follow this argument, one needs compactness of the sets
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A% and R, and existence of invariant neighborhoods of these sets for the flow — see [12, Th. 5.4
and 7.1|. While this is obvious in the Anosov case, these two properties are much more subtle
in the Morse-Smale case. Again, we emphasize that [12] made the assumption that the flow is
Cl-linearizable and this restriction was removed by Meddane who performed this construction in
the general case of Axiom A flows without any linearization assumption [37, Sect. §|.

Remark 3.7. By applying the flow in backward time, the analog of Lemma 3.6 holds for R and A,,.
For every ¢ > 0 and for every V(R}) and V(A,) (neighborhoods of R} and A, respectively), there
exist o > 0, W(R}) < V(R}) and W(4,) = V(A,) (neighborhoods of R} and A, respectively) and
my € C*(S*M; [0, 1]) satisfying the analog of properties (3.5) and such that my < ¢ in W(R))
and mg > 1 —¢in W(A4,).

Notations. We denote by W(R), W(R"), W(A), W(A%) the extensions by homogeneity to the
whole T*M\{0} of the sets in Lemma 3.6 and Remark 3.7. We define

B = (W(R) n W(R")) U (W(A) A W(AY) U (W(R") A W(AY)). (3.6)

Remark that, up to shrinking the W-neighborhoods, we can suppose that all the other intersections
among such neighborhoods are empty (see (2.10)). Given a neighborhood U of NW (V') (see A.3),
we also define

By = B~ T*U. (3.7)

Recall that, from Definition 2.2, NW (V') coincides with the set of critical elements of V.
We can now state the main result of this paragraph.

Lemma 3.8. Let V € XM5(M), let X, be the induced Hamiltonian vector field on T*M\{0}
(see (2.4)), let B as in (3.6) and let U be a neighborhood of NW (V). There exists a function
m e C®(T*M\{0}; [—4,4]), positively homogeneous of degree zero, such that

Xp(m) =0,  on the whole T*M\{0}; (3.8)

and
Xp(m) =n>0, onT*"M\By. (3.9)

Moreover,
(i) m < —% on W(R") n W(R);
(ii) m > % on W(A) n W (A2);

N

(iii) m > ; on W(A*) n W(R").

e L

Proof. In order to prove the Lemma, we construct a function m € C*(S*M;[—4,4]) such that
conditions (3.8), (3.9) and items (i), (#4) and (i77) hold for m and &), on S*M. Then, defining by
homogeneity

§

m(z,§) :=m (:1:, m

> ) V(z,§) € T*M\{0}, (3.10)
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we have m € C®(T*M\{0};R) and Xj(m) = X, (/). Thus we now turn to defining the function
m following the lines of [12]. To this aim we recall the definition of the energy function £(z) in
Lemma 2.4 and we claim that, choosing € > 0 small enough in Lemma 3.6, we can put

ST W T SR S NS S S
m <£U, R) =E&(x) -1+ 5" (x, ”5”x) + 5ma (:17, Hme) , (3.11)

(we recall that m; and my defined in Lemma 3.6 and Remark 3.7 depend on ¢). First~ of all we
remark that m is smooth since both £, m; and my are. Next we immediately see that X,(m) = 0

since

~ .\ (311 ~ 3 ~ 1 - (3.5)
(M) 4D Xn(€) +§Xh(m1) + §Xh(m2> = 0,

proving the first condition. Moreover,

o\ (2 3 5 I : : 3 :

Xp(m) =" X (E) + §Xh(m1) + §Xh(m2) > min {r]\r}g{lﬁv(E), S %} =n>0 outside By,
where we recall the definition of By, in (3.7) and we use, for the last inequality, condition (3.5), the
analog in Remark 3.7 for the function ms and Lemma 2.4 for £. Thanks to (3.10), this concludes
the proof of (3.8) and (3.9). We are left to prove items (i), (i7) and (7ii). To this aim we make the
assumption

1
sup|€| < =, (3.12)

M 8
that we will use along the proof of the three items. Notice that this is not in contradiction with
previous part of the proof nor restrictive: indeed the function £ is clearly bounded and, up to

now, we have only used that Ly (€) > 0, which is still true if we rescale £ by a positive factor and
impose (3.12).

Item (i). For this item, we have to look at the set W (R]) n W(R,), where both m; < ¢ and
mey < €. Thus we have

3 1 B12) 7 1
fn=8(:v)—1+§m1+§m2 < —§+25<—§,

choosing 0 < € < £. From (3.10), this concludes the proof of the first item.
Item (ii). For this item, we have to look at the set W (A,) n W (Aj), where both m; > 1—¢ and
me > 1 — . Thus we have

3 1 (3.12) 9 7 1
m=8(x)—l+§m1+§m2 > —§+2(1—5)=§—28>§,

choosing again 0 < € < %. From (3.10), this concludes the proof of the second item.
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Item (i77). For this item, we have to look at the set W (A7) n W(R}), in which m; > 1 —¢. We

also use that ms > 0. We have:
1 312) 9 3 3 3 1
m=8(x)—l+§m1+§m2 > _§+§(1_6>:§_§€>Z’

choosing 0 < ¢ < %
In conclusion choosing any 0 < ¢ < % and the corresponding functions m; and ms, all three items
are satisfied, concluding the proof. m

3.2 Construction of the function f

In this section we construct the second component of the escape function, i.e. the function denoted
by f in (3.4). Precisely, we have the following Lemma.

Lemma 3.9. There exist conical neighborhoods V(A), V(A®), V(R) and V(R") (respectively of A,
A% R and R") and a neighborhood U of NW (V') such that the following holds.

For any o > 0 one can find a function f, : T*M\{0} — R, smooth, positively homogeneous of
degree o, with restriction to S*M positive, which satisfies the following properties:

(i) Xu(fs) < —nofs, inV(R)NV(R")nT*U;
(i) Xu(fy) = 120 fs, nV(A) A V(AY) nT*U;
(iit) fo(z,&) = |h(z,§)|7, in V(R") n V(A") 0 T"U;

for some 1,7 > 0 independent of o. Moreover, there exists a constant co > 0 such that, for every
0<o<1,

co €17 < fo(2,€) < collg]? and [Xn(fo) (2, €)| < coolé]7, V(&) € T*M\{0}. (3.13)

In order to prove this Lemma, we need the following result, which follows from the hyperbolic
properties of the non-wandering set (see Definition 2.2).

Lemma 3.10. Let V € XMS(M) and consider the associated Hamiltonian vector field X, with

h(z,§) = §(V(2)).
Then, there exist 0, C,,C, > 0 such that, for every (z,£) € T*M wverifying x € NW(V),

H[dcp‘_/t(x)]_TﬁH@;t(x) < Coe™®(g],, inAn A and YVt >0, (3.14)

and
[[dgi- ()] "¢] @ < Coe €|, inRn R and Yt > 0. (3.15)
v

We are now ready to prove Lemma 3.9.

Proof of Lemma 3.9. Mimicking the proof of [26, Lemma 2.4|, we first define the two functions f
and f{ as

T §o I [dey! (2)]7T€] dt,  in V(A) A V(A7)
NV

T §, n[dgd (2)]T¢) e, in V(R) A V(RT),
(3.16)

f/r(x,f) = ela/r(x’g), with I“/T(x,f) = {
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for 77 > 0 to be chosen big enough and for small neighborhoods V(+). First of all we remark that

the functions f; /" are positively homogeneous of degree 1 in their domains. Indeed, via a direct
computation one obtains

1 (2, 0E) = In A+ I (2,€) = (@, 0) = M (2,6), YA>0,(2,€) £0.  (3.17)

Next we claim that, up to considering slightly smaller neighborhoods, the functions f&/" := (ft / "ye
verify the inequalities of items (i) and (ii) of the Lemma. Let us postpone this verification and
conclude the proof extending f' /" to the whole T*M \{0}. To this aim, we exploit homogeneity
(3.17) and construct a function f; € C®(S*M) such that

I in V(A,) n V(Ag)
h=< A in V(R,) nV(Ry)
’h ( ' Tell, )’ in V(R;) nV(A2).

Recall that, from (2.10), the three sets V(R) n V(R"), V(A) n V(A%) and V(A%) n V(R") do not
intersect (up to restricting the neighborhoods if needed). Moreover the function fl is positive in
the closed set B defined by 3.6. It is then possible to extend f; to a positive smooth function on the
whole compact manifold S*M (see for example |28, 2.26]). Note that, by compactness, the extended
function and its derivatives are uniformly bounded. Finally we extend fl by homogeneity to the
whole T*M\{0} and obtain f; positively homogeneous of degree 1. We define then f, := (f1)? so
that (3.13) is automatically satisfied using the fact that f; is 1-homogeneous.

We are thus left to prove the initial claim, i.e., that f* and f] in (3.16) verify items (i) and (27)
of the Lemma (the bound for ¢ > 0 follows again directly by construction). We show only item
(i) since the two calculations are exactly the same. We first prove the claim on R n R" n NW (V).
To this aim, we first we evaluate X, (f]):

d 316 d
) = 5| @@ o) " @] | @), (3.18)
and, using Lemma 3.10, we have, on R n R" n NW(V):
d s n d t+s
ST = & | Lt (3.19)
L faagh @1 ) ar
T ), dt oyl
-7 (In (| [dey ()] T¢]) — n[i£])

(3.15) 1
< = (n(C) - 9T).

1

Thus, choosing T} big enough so that In(C,) — 0T} < 0 and plugging (3.19) in (3.18) we have

In(C,
x < g (- 0) < g
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with v = —% + 6 > 0. This proves item (i) for f{ on R n R" n NW(V). Then we can extend
by continuity the inequality to a sufficiently small conical neighborhood C of R n R" n NW(V).
Recall that we aim at showing such an upper bound inside V/(R) n V(R") n T*U. Up to shrinking
the size of the neighborhood U of NW (V') and of the conical neighborhoods V(R) n V(R") and
recalling from Proposition 2.7 that Rj, and R, are both compact subsets, one finds that C contains
V(R) n V(R") nT*U in its interior, proving item (7). One analogously proves item (ii) using
(3.14). 0

3.3 Proof of Proposition 3.4

We now put together Lemmas 3.8 and 3.9 to prove Proposition 3.4. Let m € C*(T*M\{0})
and {f, € C*(T*M\{0})}o<o<1 be respectively the order function given by Lemma 3.8 and the
family of functions given by Lemma 3.9, for the vector field V e XM5(M). We note that the
neighborhoods ¢ and W(S) in Lemma 3.8 are chosen in terms of the neighborhoods ¢ and V' (.5)
given by Lemma 3.9.

We will prove that it is possible to choose o > 0 small enough, such that the function

a(z,§) == m(z,8) fo(x,§), V(x,£) e T"M\{0}, (3.20)

satisfies Definition 3.2 for some § > 0 and F a closed conical neighborhood containing A* n R"
in its interior (where we recall the definition of the sets A* and R" in (2.9)). Note that (3.3) is
satisfied in W(R) n W (R") thanks to item (i) in Lemma 3.8 and to (3.13). We now use the explicit
expression of A}, (a) to show that a satisfies the requirements of Definition 3.2:

(3.20

Xo(a) P27 Xy(mf,) = Xu(m)fy + Xa(f,)m. (3.21)

Next, recalling the notation in (3.7), we split the cotangent space in T*M = (T*M\By) u By, and
treat the two regions separately. Remark that W (A*) n W(R") n T*U < By is one of the three
components of the set By,. Let us start with 7% M\By,, for which we have to prove (3.1). Using
non-negativity of f, and equations (3.9) and (3.13), we have:

Ko@) = Xa(m)fy + Xa(f)m = fy + Xl 2 (et —oe) JEl7. (3.22)

Thus choosing ¢ small enough (precisely 0 < o < 1/(2¢3)), we can conclude that

(3.22) o .
Xifa) = 5 JET, on T*M\Bu, (3.23)

proving (3.1) in this set. Remark that it is not restrictive to suppose that o < 1, as in the statement
of Proposition 3.4.

We now consider the three components of the region B;; and use the properties of m and f, in
each of them (see Lemma 3.9 and Lemma 3.8).

e In the set W(R) n W(R") n T*U, (3.1) is given by:

() = ) fo + X fym = (S > 2,
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where for the last inequality we have used point (i) of Lemma 3.8 and point (i) of Lemma
3.9. This concludes, for this set, the proof of (3.1). Using (3.13), we have

no

5/ /?i||§||ia —  A(a) = Wj o Iz, V(@ e WER) A W(R) nT*U. (324)

Remark that in this set we have not used any smallness of o and that this bound is valid for
any 0 <o < 1.

e In the set W(A) n W(A?) n T*U analogously, (3.1) is obtained from:

() = Bl fo + X foym = (S > 2,

where for the last inequality we have used point (i) of Lemma 3.8 and point (i7) of Lemma
3.9. This concludes the proof as in previous point using (3.13):

g o
(o) > B2 f = 22 = Il (3.25)

e In the set W(R") n W(A®) n T*U, we instead have to prove (3.2). First of all remark that,
from point (i77) of Lemma 3.9, we have that, for every ¢ > 0, f, = |h(x,&)|?, thus in
particular

X(fs) = 0. (3.26)
Plugging this expression in (3.21) we obtain

X(a) P20 Xy(m) £, + X fr)m C2 2 (m) £, = 0,

from (3.8) and the fact that f, is non negative. This concludes the proof, since from point
(#47) of Lemma 3.8 m(x,£) > 1 in this region, thus, using (3.13) one more time

'S ez ||5|| (3.27)

In conclusion, we obtain, for every o > 0 small enough, (3.1) and (3.2) with 0 := 3% min{n, 1,72, 1/2}
(see (3.23), (3.24), (3.25) and (3.27)).

4 Instability and growth of Sobolev norms

We are now in position to prove Theorem 1.2. The two main ingredients we use are the existence
of an escape function for the Hamiltonian h(x,€&) = £(V(x)) with V' a Morse-Smale vector field
on M (proven in Proposition 3.4) and some results of symbolic calculus on M. For this reason,
before proving Theorem 1.2, we will start this section by reviewing some preliminary material on
pseudodifferential operators in paragraph 4.1. We refer to |48, Ch. 14| and [16, App. E| for an
introduction to pseudodifferential calculus on compact manifolds. See also [11, Appendix A2, A3
for a brief presentation close to ours.
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Once these preliminary tools are settled, we introduce a generalized transport equation (4.9)
in paragraph 4.2 for which we will prove existence of solutions whose positive Sobolev norms
grow exponentially. This is achieved in two steps. We introduce first in paragraph 4.3 an energy
type functional that is bounded from above by the Sobolev norm of the solution and we prove
a growth property (4.13) for this functional. Then, in paragraph 4.5, we introduce appropriate
initial data such that this functional indeed blows up exponentially in time along the corresponding
trajectories. This concludes the proof of Theorem 1.2 in the case of the generalized transport
equation (4.9).

4.1 Pseudodifferential operators

Pseudodifferential operators in R". We start by giving here some results of symbolic calculus
in the case of pseudodifferential operators on R", as the case of manifolds will be locally modeled
on it. First, we recall the definition of the set of symbols of order p € R over R™:

S"(R*") = {a € C*(R™) : Vo, B € N" |700a(w, )| < Cap ()"}

(where we denote by (€) := (1 + |¢[?)2), and the definition of the Weyl quantization of symbols
a € SP(R*™):

Op™(a)[u] := (271r)" fn J ) ele=veg (x ; v 5) u(y)dydE. (4.1)

This last definition makes sense apriori only for a and u belonging to the Schwartz class but one
can show that this still makes sense for a € S?(R?*") and u in the Schwartz class. In this setting,
we say that an operator F' belongs to W*(R"™), the class of pseudodifferential operators of order
p, if there exists a symbol f € SP(R?") such that F' = Op"“(f). The following general results for
pseudodifferential calculus over R™ hold. We refer for example to [45, 48] for proofs.

Lemma 4.1. Let f € S (R*™), g € S”2(R*"), py, pr € R. Then:
1. For any s € R, there exist Cys > 0 such that:
1 Op™ (F)ulls—p < Cpsllulls, (4.2)
where we recall the definition of Sobolev norms in (1.3) (with M ~» R™);

2. OpV(f)* = Op“(f) (here * denotes the adjoint operator) and in particular skew adjoint
operators have purely imaginary symbols;

3. There exists h € SP1TP2(R?") such that Op¥(f) o Op¥(g) = Op™(h). Furthermore,
hi= fg— 51f.9) mod 872 (EN)
4. There exists £ € SPrTP271(R?™) such that i[Op™(f), Op™(g)] = Op¥(£). Moreover
£ {f.g) mod §7H 2R,
5. If p1 <0, then Op™(f) is compact as an operator from L*(R™) to itself.
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We conclude this introductory section with the following observation, that is a crucial ingredient
to consider pseudodifferential operators on manifolds. Given a smooth diffeomorphism v : R" —
R”, with bounded derivatives and such that also v~! is bounded with bounded derivatives, one
can define its symplectic lift as

¥ : T*R™ ~ R*™ — T*R", (z,§) — (7_1(1‘), dy(x)Tg) ) (4.3)

It is possible to prove that if a € SP(R?"), then a o5 € SP(R?"), see for example [48, Theorem 9.4].

Pseudodifferential operators on a compact manifold M. Following [48|, we first fix a finite
atlas for M,

N
(U, Jui= 0, (4.4)
=1

where {L{i}fil are coordinate patches and ~v; : U; — V; < R™ are smooth homeomorphisms onto
open subsets {V;}¥, of R™. We are now in position to introduce symbols on the compact manifold
M. This definition is given for example in [48, Sections 14.2.2, 14.2.3], and the idea is that a
function a € C*(T*M) is a symbol over M if, in local coordinates, it corresponds to a symbol on
each open subset 7;(U;) over R™.

Definition 4.2 (Symbols on M). We say that a smooth function a € C*(T*M) is a symbol of
order p on M if, for any i = 1,..., N, the pullback of a under the identification (4.3)

Vi x R" — T*U,
belongs to SP(T*V;). Equivalently we can define the set of symbols of order p e R on M as:
SP(T*M) :={ae C*(T*M) : Yo, e N" |8§8§a(1’,§)| < Cup ey, (4.5)
where the derivatives are again understood in local coordinate charts.

We remark that Definition 4.2 does not depend on the choice of the atlas in (4.4). We record
the following property:

Lemma 4.3. Let a € C*(T*M) be a compactly supported function, then a € SP(T*M) for any
p <0.

Following [48], we now set

Definition 4.4 (Pseudodifferential operators of order p). We say that a linear operator A :
C*(M) — C*(M) is a pseudodifferential operator of order p on M if the following two conditions
hold:

1. for every coordinate patch U; there exists a symbol a; € SP(R*") such that

A(pu) = @y Op™(a;) (7 ) *(Wu), Ve, e CLU;), Yue C*(M),

where 7; is the homemorphism associated to U; (see (4.4)), * denotes the pullback operator
and Op"“(a;) is defined as in (4.1);
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2. for every ¢1,ps € C®(M) such that supp(pi) N supp(p2) = &, the operator p; Ay, is
bounded from H=*(M) to H*(M) for every k € N (recall (1.3)).

We denote by WP(M) the class of pseudodifferential operators of order p on M.

It is non-trivial to associate to each symbol in SP(T*M) an operator in W”(M) and vice versa
(see |48, Theorem 14.1]). Following [25, Sect. 4] (see also [11, App. A]) and in view of simplifying
some aspects of the discussion, we now assume that the atlas in (4.4) is an isochore atlas in the
sense of the following definition:

Definition 4.5 (Isochore atlas). We say that the atlas {(U;,v:)}Y, is isochore if
v (dpy) = Lebgn, Vi=1,..., N,
where dg, is the Riemmanian volume form on M and Leb is the Lebesgue measure.

Roughly speaking, Definition 4.5 can be rephrased saying that an atlas is isochore if, for every
change of coordinates between two patches U; and U;, the determinant of the Jacobian matrix
related to such transformation is equal to one. It is a general result that there always exists an
isochore atlas on a compact smooth and oriented Riemmanian manifold (see [39]). Next, we fix a
partition of unity {x;}, subordinated to the atlas, i.e.,

N
fo(x) =1, VexeM, and x; € CF(U;[0,1]),Vi=1,...,N.
i=1
Finally, following [48, Ch. 14], we can define the quantization of a symbol a € SP(T™*M):

Op™(a) == > Xy Op" (3 )* (Ria)) (v )i (4.6)

i=1
where we recall the notation in (4.3) for 4; and where X; € CP(U;; [0, 1]) is such that Y;x; = x;-

Remark 4.6. Let us briefly motivate the expression in (4.6). Given a symbol a € SP(T*M), in
order to define its quantization we need to use its expression in local charts to rewrite it as sum
of symbols over R™. Indeed, each {(¥;')*(xsa)}YY, is a symbol over R?". Thus we can quantize it

using the Weyl quantization over R™ (see (4.1)), and then go back to the manifold localizing in
the desired chart, thanks to the composition with (7;')*y; and its inverse.

We now state the main result related to this choice of the quantization and of an isochore atlas:
roughly speaking, the quantization of a symbol is independent on the choice of charts, up to lower
order remainders. Precisely, we have the following result (see [25] or [11, Remark A.2], to which
we refer for a proof):

Lemma 4.7. Let a € S?(T*M) be a symbol of order p over M and let {(U;,~v:)}, be an isochore
atlas in the sense of Definition 4.5. Let OpM(a) be the quantization of a in the sense of (4.6).

Then the principal symbol of Op™(a) is well defined and independent of the chart, up to symbols
in SP72(M).

We also record the following useful properties (see [11, Remark A.3| for a proof of the second
point):
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Lemma 4.8. 1. Let f € C®(M) be a smooth function on M. Then f € S°(T*M) and OpM(f) €
UO(M) is a multiplicative operator with factor f, i.e.,

OpM(fu(z) := f(x)u(z), VYre M, Yue C®(M).
2. Let X € X(M) be a smooth vector field on M, then
Lxu(r) = Op™ (i&(X (2)) + r(2))ulz), Yue C*(M),
where r € S°(T*M) is a smooth function on M.

We now state the main properties of pseudodifferential operators that we will need in our proof.
We proceed in analogy with the ones of Lemma 4.1 on R"™.

Lemma 4.9. Let a € SP*(T*M) and b € SP2(T*M), with p1,ps € R. Then

1. For any s € R there exists Cy s > 0 such that

[op (@)u],_,, < Cus lul, (4.7)

2. OpM(a)* = OpM(@) (here * denotes the adjoint operator) and in particular purely imaginary
symbols correspond to skew adjoint operators;

3. There exists a symbol c € SP1TP2(T* M) such that OpM(c) = OpM(a) o Op™(b) mod U=*(M).
Moreover, the operator Op™(c) is given by

Op™(c) = Op™ <ab + %{a, b}) mod WP HP2=2( V),

4. The symbol for the commutators between OpM(a) and OpM(b) is given by
[0p™(a), Op™(0)] = —i Op™({a, b}) mod ¥ *722(A1); (4.8)

5. if p1 <0, then OpM(a) is a compact operator.

Observe that item 2 follows from our choice of isochore charts. Finally, we also need the
following Garding inequality:

Lemma 4.10. Let a € SP(T*M), a = 0. Then, for every ue C*(M), we have
<OPM(Q)U’“>L2(M) = —Cpa ||UHiPT*1

(M)

We refer to [48, Theorem 9.11] for a proof in R™ from which the case on M follows.
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4.2 Generalized transport equations

In the rest of this section, we prove our main result, namely Theorem 1.2. The starting point is
to rewrite the transport equation (1.2) in terms of the symbols associated to pseudodifferential
operators in view of using the above microlocal tools. Precisely, using Lemma 4.8, we can in fact
consider more generally the transport like equation:

Oplly = OpM(if(V(x) +eP-(t,x)))us + OpM(ibE(t,z,f))ug, reM, teR, >0, (4.9)
where
e V belongs to XM5(M),

e P.(t,z) is a smooth time dependent vector field belonging to CP(R; X(M)) with all semi-
norms uniformly bounded in terms of 0 < e < 1,

e there exists p < 1 such that b. (¢, z,€) := Reb.(t,z,€) € CP(R; SP(T*M)) with all seminorms
uniformly bounded in terms of 0 < e < 1,

beo(t, ) := e Imb.(t,z) € CP(R; S°(T*M)) with all seminorms uniformly bounded in terms
of 0 <e<1.

Note that the function b.(t,z,&) appearing in Theorem 1.2 would not depend on ¢ (thanks to
Lemma 4.8) and that it would be of order 0 (and proportional to €). Yet, as our proof allows to
handle this more general case, we consider such a general b..

Remark 4.11. According to [36, Th. 1.2|, one has that, for any ¢ > 0 and for any ug € H?(M),
the solution u(t,z) exists globally in time and belongs to C°(R; H?(M)) when b., = 0. Here,
we want to allow this extra selfadjoint term and we postpone the existence of the solution to
Appendix B following the results from this reference and classical perturbative arguments from
ordinary differential equations.

Our main result reads

Theorem 4.12. Suppose that the above assumptions on V', P. and b. hold and, if n = 1, suppose
i addition that V' has at least one critical point.

There exists 6y > 0 such that, for every 0 < o < §y and for every 0 < & < §y0?, one can find
ve € HO(M) and r = r(e,0,v.) > 0 such that

[us(0) —velo <7 = Juc(®)], = doe™ [uc(0)]o,  for any t >0,
where u(t) is the solution to equation (4.9) with initial datum u.(0).

Observe that this Theorem implies Theorem 1.2. Yet the equation considered in (4.9) is slightly
more general and it encompasses the case where the right-hand side of the equation is not neces-
sarily skew adjoint. We emphasize that the selfadjoint perturbation in (4.9) is small both in terms
of € and of the order. As anticipated, the key ingredient of our proof is the existence of an escape
function for h(z,€) = £(V(z)), proven in Proposition 3.4. Thus, we start associating a symbol to
the escape function.
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Let f be any positively homogeneous function of order ¢ > 0, in the sense of Definition 3.1.
Let x € C*(T*M;|0,1]) be a bump function on 7*M, such that

supp(x) < {(#,§) we M, ], <2}, x(z.§) =1, V[, <1 (4.10)

Then the function f(z, &) := f(z,&)(1—x(z,€)) is a symbol of order o, i.e., f € S7(T*M). Indeed,
it is immediate to see from its definition that f is a smooth function on the whole T* M. Moreover
using the characterization in (4.5) of S7(T*M), one obtains the decay property of symbols from
homogeneity of f.

In particular, for every choice of 0 < 0 < 0y (where the threshold oy is given by Proposition
3.4), the escape function a for h(z,£) = &(V(x)) is a positively homogeneous function of order
o, where o depends on the vector field V' (recall the Definition 3.2 of escape function). Thus we
denote by

a(x,€) = a(z,§)(1 = x(x,§)) € S7(T*M), (4.11)
a smooth symbol associated with the escape function. We remark that, choosing x as in (4.10),
we have @ = a in {(x,§) e T*M : ||, = 2}, so that, in this set, conditions (3.1) and (3.2) hold for
a as well.

4.3 Energy type estimate
Let u.(t, z) be a solution of equation (4.9) and define

A(t) = <OpM(—d)uE(t, x), uc(t, x)>L2(M) , Vt e R, (4.12)

where @ is given in (4.11). The main result of this paragraph is the following Lemma.
Lemma 4.13. There exist ¢g > 0, 0 < 09 < 1 and & > 0 such that, for any 0 < o < 09, one can
find By > 0 so that, for every 0 < e < o%gq, the function A(t) in (4.12) satisfies

d

TAW) = a0 A(l) = Bolluc()lfz, Y EeR, (4.13)

where u(t, z) is the solution of (1.2) with initial condition u.(0,x).

For simplicity of notations, from now on we drop the index ¢ and just write u. = u. Before
proving the Lemma, we remark that, from the properties of the operator B(t) := OpM(i&(V (z) +
eP(t,x)) + b-(t,x,€)) and the definitions of the functions b.,, b., in (4.9), we have

EHU(t)H%Q = 2e(Op™ (be2)u(t), u(t)) < 2Cpefu(t)|72,

where we used the Calderén-Vaillancourt property (4.2) in the last inequality and where the in-
volved constant C}, > 0 is uniform for 0 < ¢ < 1. In particular,

()| 2 < e |u(0)]| 2, ¥t =0, (4.14)
and equation (4.13) also reads, for any ¢ > 0,

S+ 2
et 2l CC&g\u(%), VieR



Hence, if we set ¢ = (3, 1= for 0 < & < @o/4C), (recall that 0 < & < g90?), we find that

ao— 206

i( (t) = Boclu(®)72) = ao (A(t) = Boclu®)]z2), VieR. (4.15)

In paragraph 4.5, we will explain how one can derive Theorem 4.12 from this energy estimate in
(4.15).

4.4 Proof of Lemma 4.13

First of all, we remark that, using (4.9) and the properties of the operator B(t), we can write:

%A(t) = <[OpM(—d) OpM(i€(V (x) + eP.(t,x)) + b1 (t, , f))]u,u>
+ 2eRe (Op™(a) Op™ (be2)u, u ) .

Using the Garding inequality from Lemma 4.10, one can find a constant Cj, (uniform for ¢ € R and
0 < e < 1) such that this equality implies

%A(t) > <[OpM(—&), OpM(i€(V (x) + eP.(t,2)) + ibo 1 (t, 7, ))]u, u> — Che <OpM(<£>°’)u, u>,
(4.16)

where (€7 1= (1+ [€[2)%.
Hence, we are left with studying the operator [Op™(—a), OpM(i&(V (x) + eP-(t,x)) + ib.1)].
We first use Lemma 4.9 to recover its symbol:

[Op™(—a), Op™ (i€(V (x) + eP.(t, x)) + ibe, )]
(4'8) pM(—i{—a,i&(V(x ) +eP.(t)) +ib.1}) mod V(M)
=Op ({&(V(z) + eP-(t)) + by, a})  mod (M)
= OpM({&(V (), a}) + Op™(ePa(t) + Poc(t)) mod W7 (M) (4.17)

where the remainder in W7~1(M) results from the symbolic calculus operations (see (4.8)) with all
the seminorms of the symbols uniformly bounded in terms of t e R, 0 <o <1 and 0 < ¢ < 1.
Here, we have denoted by Pi(t) := {{(P.(t,z)),a} and Py.(t) := {b.1,a}, just to shorten the
notation. Remark that P;(t) € CP(R;S?(M)), that it depends implicitly on ¢ and that it is a
homogeneous function of degree o on {(z,&) : |£|, = 2} for all ¢ € R. Similarly, P .(¢) belongs to
C°(R; S7**~1(M)). Consider now a cutoff function x3 € C(T*M; [0, 1]), such that

supp(xs) < {(z,€) - [l€], < Ro + 1},  and  xs(z,§) = 1in {(z,€) - €], < Ro}, (4.18)

where Ry > 2 will be determined later on. We can rewrite

{E(V(2)),a} + ePa(t) + Poc(t) — Coe€)” = ({E(V(x)), a} + ePalt) + Poo(t) — Coe€)7) (1 — x3)
+ ({&(V(2)), a} + ePa(t) + Poe(t) — Coel€)”)xs.  (4.19)

Since the cutoff function is compactly supported, we have from Lemma 4.3 that

Op™(({E(V(2)), a} + ePa(t) + Pos(t) — Coel€)7)xs) € CY(R: S™), Vv >0, (4.20)
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with the involved constants in the semi-norms being uniform forte R, 0 <e <1,0< 0 < 1 and
Ry varying in a compact interval of (0,00). Thus the right-hand side of (4.16) reads:

[OpM(—a), OpM(i&(V (x) + eP.(t, x)) + ibe, )] — Cye Op™((£)7)

(4.19)

4.20 . o o—

"2 OpM(({E(V (@), @} + ePa(t) + Poclt) = G(©)(1 = xa))  mod WT(M), (4.21)
where the remainder takes into account both the remainder in (4.17) and the compact operator in
(4.20). One more time, all the seminorms of the symbols in this remainder are uniformly bounded
in time and in terms of 0 <& < 1and 0 < o < 1. Yet it is worth noting that the constants depend
on Ry > 2

We now claim that, from (3.1) and (3.2), there exist 9,09 > 0 small enough and a positive
constant C such that, for every 0 < o < 0, one can find Ry > 2 so that, for every 0 < € < g90?,

({eV (2),a} +Pa(t) + Ppe(t) — Coel€)) (1 —x3) > —Croa(l—xs), Y(z,&) e T*M,VteR. (4.22)

Let us postpone the proof of (4.22) and conclude the proof of (4.13). Applying Garding inequality
(see Lemma 4.10) with 0 < ¢ < 1, we indeed obtain from (4.22) that, for every 0 < ¢ < ggo*:

pM(({&V(2), @} + ePa(t) + Pyo(t) — Cpel€)?) (1 — x3)) = Cyo OpM(—a) — Cold, (4.23)

where Cjy > 0 is the constant resulting from Garding inequality and the remainder in W2~1(M). Tt
is again uniformly bounded for ¢t € R but now depends on 0 < ¢ < 1 (through its dependence in
Ry). Plugging (4.21) and (4.23) in (4.16) we obtain

d
E'A( > Co (OpM(=a)u, uy — (Ck + Co)|u(t)|32, (4.24)

with Cx > 0 taking into account the compact remainder from (4.20). Observe that again this
remainder depends implicitly on Ry > 2 and thus on 0 < ¢ < 0g. See Remark 4.14 for discussion
on this dependence. This concludes the proof, since (4.24) is (4.13) with @ := C and B, :=
CK + C() > 0.

We are left to prove (4.22). To this aim, we first recall that, from the properties of y3 in (4.18),
we only have to verify (4.22) in {(z,§) € T*M : |&||, = Ro}, since (1 — x3) = 0 otherwise. We thus
claim that

{€V(x),a} + ePa(t) + Poe(t) — Coe(€)” > —Choa,  in{(z,§) e T"M : €], = Ro},  (4.29)

for some C'y > 0 (depending only V) and 0 < & < g0 with &y to be determined. Clearly (4.25)
implies (4.22) since (1 — x3) = 0 everywhere. We remark that in this remaining region a = a,
where a is the homogeneous escape function given by Proposition 3.4. To prove (4.25) we split the
domain as

{(2,8) e T"M : [[¢], = Ro}

(2. € B: €], > R} u{(x.§) e T'ANE: €], > R}, (4.26)

~—

~
=:£ =7

where F is the set appearing in the Definition 3.2 of the escape function. First, we look at the set
Z. Using (3.1) (with § = ¢go given by Proposition 3.4), we have that

{€V (), a} + ePa(t) + Poc(t) — Coed€)” = (coo — e(Ms + 2Cy) — CLREH) [€]17, (4.27)
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where C, > 0 is a constant (uniform in 0 < ¢ < 1 and 0 < o < 1) that depends on the seminorms

Pa (t T, 1

using again homogeneity of a, one has a(z,§) = —C, |7 for some C, > 0 (that is uniform for
0 <o <1)and for all (z,£) € Z. Thus choosing e7 := > 0 and RI™' < 92 we obtain

420, 0 Sugy
from (4.27) that, for all 0 < € < ezo we have:

{6V (@),) + £Pa(t) + Paelt) = Coe(©)” = 2T J¢I7 >

of b. and where M; := maxXep (z,¢)er

)) > ( is again uniform for 0 < ¢ < 1. Moreover,

4C’
Finally, from condition (3.2) (with § = coo from Proposition 3.4), we see that, in £ (see (4.26)):

) . . L (32) . .
a=az=coo &) whilst {{V(2),a}+ePa(t) +Poe(t)—Coell)” = —(e(M1+Cy)+CyRy 1) I€117

Pa (t I )’ 0 (since P;(t) is positively homogeneous of degree o in

[ p—1 < 630'2
8(M1+Cy)Co and RO = 8C,C.’

where M := maxcr (z,¢)ee

£) is uniformly bounded in terms of 0 < o < 1. Thus choosing e¢ :=

we obtain that, for all 0 < ¢ < eg0?,
2 2

{6V (2), 0} +£Palt) + Poc(t) — Goe (&) = =22 €17 = -

CoO
a
4C,

This proves (4.25) with C', := i > 0 and &g := min{ez,eg} > 0, concluding the proof of the
energy estimate (4.13).

Remark 4.14. Observe that, the smaller o is, the larger Ry > 2 has to be. If b.; was of the form
eb.; with b.; € C)(R;SP(M)) having all its seminorms uniformly bounded in terms of 0 < € < 1,
one could in fact pick Ry = 2 up to shrinking the value of 3. In particular, Bg could be chosen
uniformly in terms of 0 < ¢ < 0. Finally, note that the choice of the parameter ¢y, depends not
only on V' and P. but also on b, s.

4.5 Initial data and end of the proof of Theorem 4.12

We are now ready to prove Theorem 4.12. According to Equation (4.15), one has that, for any
0 < o < 0y, for any 0 < € < 02¢ and for any initial datum wuy € L2,

A(t) = e (A(0) — BJ,EHUOH%Q) + Boelu®) |3z, vVt > 0. (4.28)
Cauchy-Schwarz inequality together with (4.14) now gives:

(4.12) . - e
At) = <OpM(—a)u(t,x),u(t,:v)>L2(M) < HOpM(—a)uHLQ(M) eCr lug| 2. (4.29)
Since a € S7(T*M), Lemma 4.9 (inequality (4.7)) gives:
HOpM(d)uHLZ(M) < Cilulye, Yue CP(M). (4.30)

Thus, plugging (4.30) and (4.29) in (4.28), we have, for every 0 < 0 < 0y < 1,
[uollzz = el (A(0) = Boclluo|zz) = €07 (A(0) = BoeluolZ=) . (431)

Hence, we will be done with the proof of Theorem 4.12 if we are able to find initial datum wuq such
that

F(UO) = —(A(()) — 6(;75 ||U()HL2 <Op UQ, UO>L2(M + /BUEHUOHL2 < 0. (432)

27



Remark 4.15. Note that the proof is valid for any 0 < ¢ < 0 with oy given by Proposition 3.4.
Yet, since for every s = o, we have HuH > |ul|,, exponential blow up of the Sobolev norm of the
solutions to (4.9) holds for any s >

Let us now construct ug Verifying (4.32). To that aim, we recall property (3.3) of the escape
function a, namely that it is < —cp[£[7/2 in some non empty* closed conic subset C. Hence, we
will construct initial data which are microlocalized in this region where a < 0. To that aim, we
fix x € C*(M;][0,1]) such that the support of x intersects C' and such that the support of x is
contained in an isochore local chart v : U; ¢ M — B(0,1) := {z € R" : |z| < 1}. In order to
work with the Weyl quantization on R", we will consider initial data of the form uy = xvg o~y with
vo € CX(B(0,1)). This allows us to write

COp™ (@)uo, uo0) 2y = <Y~ X OP™ @)XV V0, 10) 2 -
Thanks to the rule for the change of coordinates for pseudodifferential operators [48, Th. 9.9], one
finds that
<Op a)ug, u0>L2 <OpW((X2&) o 4)vy, U0>L2(Rn) + C\\vo\li2(Rn), (4.33)
for some constant C' that depends only on the coordinate chart, on a and on the choice of the

quantization procedure Op™ and with 7 defined in (4.3). We now fix some &, # 0 such that &, lies
in the region where (x?a) o5 < —¢,|€]” and we set

g

Op(z) = xo(x)e n, 0<h<l1
with xo € CX(B(0,1)) which is not identically 0. With this definition at hand, one has

Lemma 4.16. There exists a constant Cy > 0 (depending on & and xo) such that, for every
0 <h <1 and for every 0 < o <1, one has

G < i o 7lz2 < Co, and |7 o 7ls < Coh™. (4.34)
Proof. Regarding the L2-norm, one has

mhmm=f|mme,
R?’L

from which we deduce the expected equality as we have chosen an isochore chart. Regarding the
Sobolev norm, one has

2

ol = | 16| | xolae (4-9s) de,

where |.|, denotes here the Sobolev norm in R™ (endowed with the standard Euclidean metric).
Hence, denoting by Yo the Fourier transform of g, one finds

2\ 7 2
H’l~)hH(27 = Ln (1 + Hf + 5—}3 ) |§<\0<€)‘2d€ <2 (1 + 2”50” > H OHU'

The conclusion follows then from the fact that the Sobolev norm induced by the Riemannian metric
g on M and the one induced by the Euclidean metric in the local chart are uniformly equivalent
(with constants that can be made uniform in terms of 0 < o < 1). O

4This is exactly for this reason that we need to impose that V' has a critical point when n = 1.
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Remark 4.17. Recall that a is ¢ homogeneous for |£||, = 2 with 0 < ¢ < 1. Hence, its pullback
to T*R™ is also o-homogeneous for |£| large enough, say Ry (where |.| now denotes the Euclidean
norm in R™). Hence, we pick [|§| > 2Ry in order to have this covector in the region where the
pullback symbol (x?%a) o 7 is o-homogeneous.

We now study the behavior of
<Opw<<X2d) © ’7)7}% 6h>L2(Rn) , as h — 0+- (435)

Observing that the L? norm of 9, is uniformly bounded in terms of 0 < h < 1, we will be done
with the proof of (4.32) if we can prove that (4.35) tends to —co as h — 07. Indeed, from Cauchy-
Schwartz inequality and (4.33), we will obtain (4.32). This is the content of the next Lemma.

Lemma 4.18. With the above conventions, there exist 0 < c1,hy < 1 such that, for every 0 < h <
hy and for every 0 < o < 1,

(OP™ (x*) © 3, B0 gy < —c1h™ < —c1Cy ]l 2

Note that the last inequality follows from (4.34) (thus the constant Cy depends on &, and o).
The above discussion combined with this Lemma yields that, for A > 0 small enough (depending
on0<o<1),

C1 00_2

F(onoy) <— [on © Allolon © | L2 (4.36)

As already explained, this yields the proof of Theorem 4.12 with v. = v, o y. More precisely, we
have shown the existence of a constant d; > 0 such that, for every 0 < o < §; and for every
0 < & < 010, one can find v.(0) € H°\{0} (even C*) such that

¥t >0, [oe(t)o = 61 (7000 + 0(0)]12) , (4.37)

where we have picked 6, := min{a, 8/(Cad@), c;C;5%/(2Cz)} and where v.(t) is the solution to (4.9)
with initial datum wv..

We will explain below why this remains true in a small neighborhood of v.(0) = ¥, 0y and thus
we will be done with the proof of Theorem 4.12.

Proof of Lemma 4.18. We will make use of semiclassical pseudodifferential calculus as in [48].
First, we introduce ¢ in C*((—2,2);[0,1]) which is identically equal to 1 on [—1,1] and we set
Yr(€) := ¥(|£]|/R). Using non stationary phase Lemma [48] and that || > 2Ry, one can prove
that || Op™ (¥ gon-1)0nllr2 = O(h). Now using Calderon-Vaillancourt property 4.2 with s = p; = ¢
and Lemma 4.16, one finds that

|0p™((x*@) © 9)Bn > < Caon]l, = O(R™).
Hence, gathering these two properties with the Cauchy-Schwarz inequality, one finds that
<Opw((X2a) © ﬁ)ﬁhv 6h>L2(R") = <Opw(1 - ¢R0h71) Opw((XQd) © &)ﬁfﬂ 6h>L2(Rn) + O(hl_a)‘

Using the composition rule for pseudodifferential operators together with (4.2) and the fact that
|02 = O(1), we get

(Op™((x*a) o 7) v, ?7h>L2(Rn) = (Op™((1 = Yron-1)(x*@) © ), @h>L2(Rn) +O(1).
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Thanks to the introduction of the cutoff (1 —x,,-1), the function (x2a@) o7 is now o-homogeneous
in the support of our cutoff function. Hence, using the semiclassical quantization Opj as in [48,
Ch.4], one finds

<Opw((X2d) © ’N)/)/‘N}fw @h>L2(R") =h"° <Op;zv((1 - %%)(XQ&) © ﬁ)ﬁha 6h>L2(Rn) + 0(1)

Let now 1; e CX(R™) which is equal to 1 near . Another application of the non stationary phase
lemma yields that

(OB () 3. )y = B (OB B = V) (378) 0 AN ) -+ O(D).

The conclusion follows then from an application of the stationary phase Lemma (see [48, Ch. 5,
Ex. 2| for the exact same integral) which gives

(OB~ bm) (a0 Doy = | () 03 o)) + o(0)

By construction, this quantity is negative thanks to (3.3) as h — 07. ]
We can now conclude the proof of Theorem 4.12.

Proof of Theorem /.12. Thanks to (4.37), we have already the candidate for the center of the ball
v:(0) # 0 in H? and it remains to prove that exponential growth is true in a small neighborhood
of v(0). We let |u.(0) — v-(0)|, < 7 with » > 0 to be determined. Thanks to (4.32), one has
exponential growth if F'(u.(0)) < 0. By continuity of the map F' on 1 and thanks to (4.36), one
has that, for » > 0 small enough,

F(v-(0)) < _Clcoi2

F(u:(0)) < [0=(0) o 1v= (0)]| 2-

2 4
Hence, using (4.31), one finds that, for ¢t > 0,
ao 01072
Callue(t)[ollue(0)[z2 = € tTOHUa(O)HaHUa(O)llm

Choosing 7 < |[v:(0)||z2/2, one has, for every 0 < o < 1,

[us(O)]s < 7+ [ve(0)]l < 5lve(0) s,
from which we infer the expected result
a0t € C;?
Callus()lr = €' =g uc(0)

]

Remark 4.19. Observe that our proof dealt with the general equation (4.9) whose principal symbol
is given by a (time-dependent) transport perturbation term. In fact, instead of €£{(P(¢,x)), we
could also have considered perturbations of the form ep.(t,z, &) with p. € CP(R; S'(M))) with p.
real valued and with all the seminorms of p. uniformly bounded in terms of 0 < e < 1.

30



5 Application to periodic transport equations

In this last section we prove Theorem 1.1 and its extension in dimension n > 2. Let us recall the
equation we consider (see equation (1.1)):

o= (v + V(L)) - Vou + gdiv(V(t, 2, weT" teR, (5.1)

where v € N, V(t,2) € C*(TxT") and div(-) denotes the divergence with respect to the Euclidean
volume on T". In this section, we often drop the index e for the solution of equation (5.1) and
we simply use u(t, z) even if the solution depends on the parameter ¢ > 0 (which requires some
attention at certain steps).

Let us start by giving a scheme of the proof, in order to explain why this result comes as an
application of Theorem 1.2. We first perform a resonant normal form reduction adapted from
[4], conjugating equation (5.1) to an equation with the same structure as (4.9), but with leading
transport term which is completely resonant with respect to the frequency v (see Definition (5.1)).
This reduces the study of instabilities of equation (5.1), to that of an equation analogous to the
one previously studied in this article. Indeed, after the normal form procedure, the transport term
v+eV(t,z) in (5.1) is reduced to a time independent one (up to small-in-size reminders), given
by the resonant average

1 27

Vo (x) = — V(r,z —Tv)dr € C*(T")

:27T0

of V. Equivalently, (V') is obtained selecting only the resonant Fourier modes of V' (see (5.3))
with respect to the periodic flow ¢7(x) = = + Tv, © € T". Loosely speaking, these Fourier modes
are the ones provoking the unstable dynamics.

Next, using Theorem 1.2, we can identify the set of perturbations V' such that their resonant
average (V') will provoke unstable dynamics. Finally, we show that, for n = 2, such set of
potentials is generic. Let us remark that it is for this last part of the proof that we need to ask
that M = T?. We are indeed able to perform the resonant normal form on all tori, i.e. M = T,
for all n € N, but in order to achieve genericity, we need to use the fact that Morse-Smale vector
fields are generic in compact manifolds of dimension two (see Peixoto [42] and Remark 2.6). This
is the reason why the only possible choice (through our approach) to state Theorem 1.1 is to pick
M = T? if we aim at proving genericity among smooth perturbations.

5.1 The Resonant Normal Form

In this section, we perform the normal form reduction. We use the ideas from [4] and we adapt
them to our context. First of all, given a C'° function V : T x T" — R", with components

Vt,x) == (Vi(t,x),..., V,(t,x)), we use the standard compact notation for the Fourier coefficients
of V:

V(t,x) := Z Vg e FTH) V(t,z) e T x T", (5.2)
ke7zm \/—J
le7, €Cm

where {vj}re are the Fourier coefficients of V. Then, we can define the resonant average of a
function as follows.
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Definition 5.1 (Resonant average). Let V (¢, z) € C*(T"™!;R") and recall the notation in (5.2)
for the Fourier coefficients of V. For any v € N}, we define the resonant average of V' with respect
to the frequency vector v as

V), (z) = Z Vepret T, we T (5.3)

keZ?2

Remark 5.2. One can verify that this definition coincides with the earlier convention,

1 27

V = — V(t,x — vt)dt.
W, @)= 5= | Vit =)
The main result of this section is the following Proposition:

Proposition 5.3. There exists ¢ > 0 sufficiently small such that, for every 0 < e < g, there
exists an invertible linear map

o (t) : D(T") — D'(T"),

and a vector field W,. € C*(T" 1 R"™), with all its seminorms uniformly bounded in terms of
e € [0,e0] such that the following properties hold:

1. ®(t) is 2m-periodic,

2. for all 0 € Ry, there exists Cy > 0 such that, for all 0 < e < ey and for allt e R
[P (®) 340200 + [ P®) ™ 30 p < Cor

3. the constant C, is uniformly bounded when o lies in a compact interval,

4. for any solution u.(t, x) to equation (5.1), the function v.(t,z) defined by u.(t,z) := P (t)v-(t, x)
satisfies

Opve(t,x) = Op™ (i€ (e V), (x) + W, .(t, 2)))ve(t, z). (5.4)

Remark that equation (5.4) is a particular case of (4.9) with b. = 0. Before proving this
proposition, let us write the following corollary that motivates the choice of the normal form and
that allows to derive unstable solutions to (1.1) from the unstable solutions arising in Theorem 1.2
(as soon as (V'), is Morse-Smale).

Corollary 5.4. Let u.(t,x) be a solution of (5.1) and let v.(t,z) be the corresponding solution of
(5.4) (i.e. u. = P (t)ve with O.(t) given in Proposition 5.3). If

lo=(8)],, = doe™ |v(0)|,,  for some by > 0,0 =0, (5.5)

o)

then one has o
[ue(®)l, = C5200e™7" [lu(0)]

where Cy, is the constant from Proposition 5.5.

for some 69 > 0,0 = 0,

o

Equivalently, the behavior of the Sobolev norms of solutions to (5.4) is the same as that to
(5.1), up to constants. Recall that the existence of solutions to (5.4) verifying (5.5) follows from
Theorem 4.12 as soon as ('), has the Morse-Smale property:

32



Theorem 5.5. Let w = 1 and v € N*\{0}. Suppose that {V'), satisifies the Morse-Smale property
and, if n = 1, suppose in addition that (V'), has at least one critical point.

Then, there exists &y > 0 such that, for every 0 < o < 8y and for every 0 < & < §yo?, one can
find v. € HO(T?) and r := r(g,0,v.) > 0 such that

[ue(0) = vell, < = Juc(®)], = o™ Juc(0)], . for any t >0,

where u(t) is the solution to equation (1.1) with initial datum u.(0).

We now turn to the proof of Proposition 5.3.

5.1.1 Preliminary constructions

As already explained, we drop the index ¢ at several places (e.g. u,v,® instead of u.,v.,P.) in
view of alleviating the notations. We now need some preliminary remarks and notation that we
introduce following [4, Section 3.1]. First of all, recalling the definition in (1.3) of the Sobolev
spaces H?, 0 € R, let A(t) : H” — H? be any linear invertible transformation, periodic in time
of period 27. For any differential equation of the form d,u = Hu, defining the function v(t, z) as
u = A(t)v, one can check that v solves v = A(t),Hv, where the pushforward A(t).H is given by

A()H = A(t) " [HA®) — 8,A(1))]. (5.6)

We remark, to avoid any confusion in the notation, that 0;A(t) is the derivative in time of the
linear transformation (and not the composition 0, 0 A(t)). The core of the proof of Proposition 5.3
consists in choosing the proper transformation A(t) and computing the corresponding pushforward
in (5.6). To this aim, we consider a family of diffeomorphisms of the torus of the form

o(t): T - T", xw— x+ef(t ), (5.7)

where 5 € C*(T x T";R") is a function to be determined. It has been proved (see for example
[2, Lemma B.4]) that, for ¢ > 0 small enough, this diffeomorphism is invertible and its inverse has
the form i

p(t) T > T,y y+efe(t,y), (5.8)
for . € C*(T x T™;R™). Moreover, . has all its derivatives uniformly bounded in terms of € > 0
in the admissible range of . Note that [ is chosen independently of € in our construction and that
¢ depends implicitly on e.

We define the transformation associated with (5.7) as:

O(t)u(t, z) := det(Id + eV, B(t, x))%u op(t,z), YueC®(T;H(T")) VteT,VoeR, (5.9)

with inverse

() u(t, ) = det(Id + eV, be(t, z))

N[

wop M t,xz), Yue C®(T;H°(T") VteT,VoeR.
(5.10)

Remark that

1

det(Id 3_(t - Yy e T™. 5.11
S ( + gvyﬁ ( 73-/)) det(Id + 5vx/6(t, x))‘$=y+€g(t7y)7 y € ( )
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Using (5.11) and via a direct computation one can check that

D) =)7L, VteT, (5.12)
where * denotes the adjoint with respect to the standard inner product on L2. Finally, defining
H(t) = (v +eV(t,2)) Va + gdiv(V(t, z)), (5.13)

where v and V' are as in (5.1), (so that equation (5.1) reads @ = H(t)u), and using formula (5.6),
we see that the pushforward of H(¢) in (5.13) with respect to ®(¢) in (5.9) is given by

O(t)H = O(t) T HO(t) — (1) 10, D(2). (5.14)
The following Lemma computes explicitly this pushforward.
Lemma 5.6. Let H as in (5.13) and ® as in (5.9). Then the order one differential operator

O(t) T HD(t) is skew adjoint and the following identities hold:

ST HO(t) = Op™(i&(v + eV (t,x) + ev - VB + 2RL(¢t, x))), (5.15)

and
d(t)710,0(t) = Op™(i&(d, + *R3(t, x))), (5.16)

with R;p(t, x) € C®(T"; R) having all their seminorms uniformly bounded in terms of € € [0, go].

Here, we use the formalism of pseudodifferential operators (see section 4.1) in order to identify
the symbols of ®(¢t)"'H®(t) and &(t)"'6,®(t), that we will need to prove Proposition 5.3. We
remark that on the torus it is possible to use the Weyl quantization exactly as over R™ and that
all properties in Lemma 4.1 hold. See [48, Ch. 5] for details.

Proof. First of all remark that, since H(t) defined as in (5.13) is skew adjoint, using (5.12) we have

5.12) = ~

[B(1) " HE()]* = d(t) H*(B(1) )" "= (1) HI(1),

which proves skewadjointness of ®(t)"' H®(t). Moreover, from its definition, ®(t) "' H®(t) is a real
valued differential operator of order one. Thus, from point 2 of Lemma 4.1, we have

O(t) T HO(t) = Op™ (i€(fo(t, ), (5.17)

for some f. € C®(T"*1), real valued. We now compute such a function f. in order to prove (5.15).
For every u € C*(T"*!) we have

(1) ' HO(t)ul(t,z) = @(t)’l[(y—i—eV(t,x))-Vm(det(IdjLerB(t,x))%u(t,z+5ﬁ(t,x)))] mod WO(T™H1)
= d(t) (v+eV(t,z)) det(Id+ eV, (¢, 2))2(Id+eV,B(t, x)) - Vou(t, v +eB(t, 7))] mod ¥ (T"*1)

(5.10)
(5.11)

= wHeV(t,x+ef(tx))Ad + eV p(t, x + eB(t, ) Veu(t,z) mod  WO(T™1),
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Since we are interested in finding the first term of the expansion in € of f. in (5.17), we now
perform a Taylor expansion in a neighborhood of ¢ = 0 and we obtain:

) HO(t)u(t,z) = [(v + eV (t,2))Ad + eV, B(t, ) + Oc=(£2)|Vau(t,z) mod  TO(T™),

which gives the expansion in (5.15).
We now prove (5.16). We first show that there exists g. € C*(T"*!) such that

O(t) 10, (t) = Op™(ig.(t,x)). (5.18)

This proves that ®(¢)~16,®(t) is a skew adjoint operator (see Lemma 4.1). Next, we derive the
explicit expression in (5.16). In order to prove (5.18), we first remark that

b(1) 10,0 (0)[u](t, 2) = D) [ (H)u](t x) — du(t,x), Vue CP(T™Y).  (5.19)
Next we compute ®(t)~10,[®(t)u](t, z):
B(1)"10,[D(t)ul(t, x) L ()10, [det(Id + eV, B(t, ) Pult, w + 2B(t, x))]
)| (A det(1d + eV B(t 2)F ) ut, = + =B(t, 2)) |
t)~! [det(ld + eV, p(t (

=(t

b(t) )
b(t)! [det(ld + eV, At x))ed Bt ) - Vault, o + eB(t, x)))]

u(t, x)

NI

e <5 det(Id + eV.A(t, 95))%) [yoep, det(Id + V(¢ 7))
(t,

+ Quu(t, x) + €0, B(t, x + f:(t, x)) - Vault, ).

(5.20)

Thus, plugging (5.20) in (5.19), we obtain that

SIS

B(t) 10, (1)[u](t, ) = (at det(Id + £V, B(t, 2)) ) |yeoseg, det(Id + eV, 5. (¢, 2))? u(t, )

v~

] gea (t,2) (5.21)
+edB(t, x +efe(t, x)) Vau(t, x).

"

ge’g(t,w)

Recalling now that, from the composition rule for pseudodifferential operators (see Lemma
4.1), for any h(t,z) € C*(T""!) we have

h(t,x) -V, + W = Op™ (i€ - h(t, x)),

we are done with the proof of (5.18) if we show that

divge o(t, x)

5 = gea1(t, ), (5.22)
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with g and g. 5 given in (5.21). Indeed, plugging (5.22) in (5.21) we obtain (5.18) with g.(¢,z) :=
e0f(t,x + €B:(t,z)). We show that (5.22) holds with a direct computation:

5.2

gen(t,z) OV (at det(Id + £V, B(t, x))%) lyessep, det(1d + eV, 3. (1, o))

(5.11)

[NIES

%at det(Id + eV, 8(t, 2 + 5. (t, 2))) det (Id + eV, (¢, )
(5.23)
::%u(ad-+avmﬁy404ky+evm5»

(5.11) 1

St (1 + eV, 5)eaN.6))

where for the unlabeled equality we used Jacobi identity. On the other hand we also have:
divg.o(t, z) "2V div(ed,B(t, x + eBo(t, x)))
= 11 (VB 1) (1 + £V (1,2)) )
Putting together (5.23) and (5.24), we obtain (5.22). Thus we have shown that
()10, () [u](t, z) = Op™ (i€ - €0, B(t, x + £f:(t, x))). (5.25)

Finally, we obtain (5.16) performing a Taylor expansion of (5.25) in a neighborhood of ¢ = 0,
concluding the proof of the lemma. m

(5.24)

5.1.2 Proof of Proposition 5.3

Let ®(¢) be a transformation of the form in (5.9), with 8 € C*(T"') to be determined and
recall the expression for its inverse in (5.10). Take wu(t,x) solution of (5.1), that we rewrite as
o = H(t)u with H(t) in (5.13), and recall from previous discussion that defining v(¢,x) via
u(t,z) = ®(t)v(t, z) then v(t,z) solves

ow(t,z) = (1), H(t)v(t, x). (5.26)

See (5.6). We claim that it is possible to choose £y > 0 small enough and g € C*(T x T™;R") such
that, for every 0 < e < &,

(1), H(t) = Op™ (i&(v + eVg, (t, x) + *W,.(t,x))) VteT, (5.27)
where W, .(t, z) € C°(T x T";R") with semi-norms uniformly bounded in terms of ¢ and

Vg, (t, ) Z Vp i€ O = (VY (2 + vt), (5.28)

kez™

where vy, are the resonant Fourier coefficients of V' (see (5.2) and (5.3)). Let us postpone the
proof of this claim, and conclude the proof of the proposition assuming (5.27). Defining indeed
the time translation U(t) : H® — H?, which acts as U(t)w(t, z) := w(t,z — vt), for all t € R and
for all w e C®(T x T™;R™), we consider

uy(t,z) :=U)v(t,z) = v(t, z — vt), (5.29)
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where v(t, z) solves equation (5.26). First we compute the equation solved by w (¢, x):

owur (t,x) = ow(t,x —vt) — v - Voo(t, o — vt)
= dw(t,x —vt) — Op"(iv - §)v(t, x — vt)
(5.26)
620 Op¥ (i€ - (eVg, (t,x — vt) + W, .(t,x — vt)))v(t, x — vt)

5.28)
5.29)

—~

Op" (i€ - (e{(V), (x) + 2W,o(t,x))uy (t, ),

where W,. := W, (t,x — vt). Thus uy(t,z) defined as in (5.29) solves (5.4). Moreover the
transformation ®(t) := U(t)®(t)~' : H7 — HC is linear, 27-periodic and bounded for every o € R,
since both U(t) and ®(t)~! are. Furthermore, the continuity constants are uniform in terms of
0 < e < g (recall that ®(¢) depends implicitly on €). This concludes the proof of the proposition
since u(t,x) = ®(t)uy(t, z) by construction.

Thus we are left with finding 9 > 0 and § € C°(T x T"; R"), so that (5.27) holds. First of all,
we plug the expansions (5.15) and (5.16) in (5.14), obtaining

O ()H(t) = OpY (i€ - (v + eV (t,x) + ev - Vo —edif + Oc (%)), (5.30)

in a neighborhood of e = 0. Next we consider the Fourier expansion of the term T'(¢,x) :=
v+eV +ev-V,0—cedf:

T(ta)=v+eV+ev -VoB—cdB=v+e > (vpe+ilk-v—0)F)e* (5.31)

(k,0)ezn+1

where V (t,x) = 3, , vr ™0 and B(t,2) = 3 ey Bree’ ™. Define

YIRS TS
B :={@<“'V> Hez Ry (5.32)

0 otherwise.

The corresponding 3 is a well defined and smooth function over T". Substituting the Fourier
coefficients of 3 (see (5.32)), in the expression of T'(t,z) in (5.31), we get:

T(t,x)=v+e Z Vg€ =y 4 Vg (t, 1), (5.33)
Z-i—l;w/%‘:O
S

where we recall the definition of Vg, in (5.28). Thus recognizing that ®,(¢)H (t) = Op™ (:£(T'(t, x)+
Oc=(€?))) (se (5.31) and (5.30)) and plugging (5.33) in (5.30), we obtain

D, () H(t) = Op™ (il(v + eVi, (L, x) + W,.2)),

where Wy,s is the remainder in the order one operator. This gives (5.27). Remark that ¢ is chosen
so that both (5.8) and the Taylor expansions hold for all 0 < ¢ < €.
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5.2 Genericity in dimension 2 and proof of Theorem 1.1

In this last section we conclude the proof of Theorem 1.1. Fix any v € N2 and define
Ay = {V e C*(T%R?) : V), (x) e XM5(T?)}.

Recall that C'® is endowed with its natural Fréchet topology, i.e. the one induced by the seminorms
(|le¥)k=0- One can verify that the map

Ve C2(T%R?) — (V), € C*(T% R?)

is linear and continuous with respect to the Fréchet topology on each space. In particular, X*9(T?)
being an open subset of C°(T?;R?), one finds that A, is open for the Fréchet topology on C®.
Regarding density, we let V; € C°(T3; R?) and we decompose it as

Vo(t, ) = (Vopu(z + tv) + (Vo(t, x) = Vopu (w + tv)) .

The second term on the right hand side has all its Fourier coefficients in Z3\{(k - v, k) : k € Z?}.
In particular, it average (-), is identically zero. Now recalling that X™9(T?) is a dense subset of
C*(T? R?), one can find W in XM5(T?) arbitrarly close to (Vy),. Letting

V(t,x) :=W(x+tv)+ Vo(t,z) — Vo (z + tv)),

one finds that V' can be made arbitrarly close to V. This shows that A, is dense and concludes
the proof of Theorem 1.1 when combined with Theorem 5.5.

A Definitions in dynamical systems

In this appendix, we review the definitions of dynamical systems theory that we use in Sections 2
and 3. We refer to [40]| for Morse-Smale theory and to [8, 24| for a complete review of the theory
related to hyperbolic dynamical systems. Let V' be a smooth vector field on a smooth manifold M
of dimension n > 1. We denote by ¢!, () its flow at time t € R (see (2.1)).

Definition A.1. A point A € M is a critical point of V' if V(A) = 0. We say that a critical point
is hyperbolic if AV (A) : TaM — TxaM has eigenvalues {\1,...,\,} such that Re()\;) # 0, for all
1=1,...,n.

Definition A.2. A point xy € M is a periodic point if V() # 0, and there exists Ty > 0 such
that oi°(z9) = xo. Moreover, a periodic point xy is hyperbolic if dpi?(zg) has 1 as a simple
eigenvalue and no other eigenvalues of modulus 1. The set A = {®} (x9) : 0 < ¢ < Tp} is then
called a hyperbolic closed orbit.

Definition A.3 (Non-wandering set). We say that a point x € M is wandering if there exist some
open neighborhood O of x and a time T}, > 0 such that

On| | #(0)]=2.
|t‘>T:c

We denote by NW (V) = NW(t,) the non-wandering set of V, i.e., the union of all points y € M
which are not wandering.
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Definition A.4 (« and w limit sets). Let € M. We define

a(@) = (V{eh(2) 1< T}, and  w(@):=[){el(x):t>T}

T<0 T=0

We remark that, if x € A;, with A; € Crit(V) (see (2.2)), then a(z) = w(z) = A;.

Definition A.5 (Stable and unstable manifolds). Let K be a closed invariant subset of M. We
define the stable and unstable manifolds associated with K as

WHK):={reM:wx)c K} and W“K):={reM:a(r)c K}.

Definition A.6. Let A € Crit(V) be a hyperbolic closed orbit of period 7. The stable and
unstable manifolds W*“(A) are foliated by the family of smooth submanifolds of codimension one
(W4 (24)} goen, Where

W (xg) :={x e M : lirE o™ (z) = w0},
n——+0o
and
W' (o) :={xeM : lim ¢ " (z) = z0}.

n—-+ao0

We remark that the same foliation can be trivially defined also in the case of critical points, for
which W/t (z4) = WU (z).

B Existence of solutions to transport equations

In this appendix, we discuss the existence of solutions to (4.9). Recall that the main difference
with [36] is the presence of a non-skew adjoint term e OpM(b.,) in the right-hand side of the
equation with b, 5(t) being real valued, lying in CP(R,S") and having all its seminorms uniformly
bounded in terms of 0 < ¢ < 1 and ¢t € R. To deal with this issue, we will apply a perturbative
argument compared with the results from this reference. For the sake of simplicity, we set

Bo(t) = OpM(i&(V () + eP(t, x)) +ib.1), and Ro(t) = e Op™(b.2).

We denote by Uy (t, s) € CO(R x R; L(H)) the flow associated with By(t). Recall from [36, Th. 1.2]
that it satisfies
[Uo(t, 8) 30 e < Cpeelt! (B.1)

for every 0 > 0 and ¢,s € R and that it is unitary in L? (i.e., for ¢ = 0). Thanks to Duhamel’s
principle, the equation we are interested in can be rewritten under an integral form, for every ¢ in

R

)
t

us(t) = Up(t,0)u-(0) + L Up(t, T)Ro(T)uc(T)dT.

Hence, we fix ug € H?, T' > 0 and we consider the functional
t

F:ueC'([-T,T];H%) — Uy(t,0)ug + Jo Uo(t, T)Ro(T)u(r)dr € CO([~T, T]; H?).
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Our goal is to prove the existence of a fixed point F'(v) = v in H?. To do that, we proceed by
induction and we set
Vo = Up, Uny1 = F(Un)

One has
t
foneat) = 0a(0)l < o | Jonlr) — ths(rlodr, ¥ =T <t <T, ¥neN,
0

where we used (B.1) and the property that Ry(7) : H7 — H is a bounded operator thanks to (4.2).
We remark that C,r > 0 depends only on o, T" and the norms of By and Ry. By induction, one

finds (Cort)
ort)"
[ons1() = vn ()]s < === sup o1 () = vo(7)]ls,
n: T€[-T,T]

from which we can infer that (v,),s0 is a Cauchy sequence in C°([—T,T],H°). By continuity of
the functional F', we find that the limit v, satisfies F'(vy) = vo. The same argument shows that

the solution is unique. As T can be chosen arbitrarily, we find that there exists an unique solution
to (4.9) that is defined on R.
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