Nonlinear Analysis: Real World Applications 15 (2014) 12-26

Nonlinear
Analysis

Contents lists available at ScienceDirect

Nonlinear Analysis: Real World Applications

journal homepage: www.elsevier.com/locate/nonrwa —

. . . . . . —

Slightly compressible and immiscible two-phase flow in @CmssMark
s

porous media

Mazen Saad *

Ecole Centrale de Nantes, Laboratoire de Mathématiques Jean Leray, UMR CNRS 6629, 1, rue de la Noé, 44321 Nantes, France

ARTICLE INFO ABSTRACT

Article history: We describe the flow of two compressible phases in a porous medium. We consider

Received 19 December 2012 the case of slightly compressible phases for which the density of each phase follows an

Accepted 26 April 2013 exponential law with a small compressibility factor. A nonlinear parabolic system including

quadratic velocity terms is derived to describe compressible and immiscible two-phase
flow in porous media. In one-dimensional space, we establish the existence and uniqueness
of a local strong solution for the regularized system. We show also that the saturation
is physically admissible. We describe the asymptotic behavior of the solutions when the
compressibility factor goes to zero.

© 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Secondary recovery in petroleum engineering, unsaturated zone hydrology and soil science is a practical problem involv-
ing two-phase flow in a porous medium. Mathematical and numerical analyses of two-phase flow have been of interest for
many years and there is an extensive body of literature on this subject. We merely mention a few references here.

The existence of solutions for immiscible incompressible two-phase flow in porous media has been analyzed [1-7].
Miscible compressible flow in porous media has also been investigated [8-14]. The situation is quite different for immiscible
compressible two-phase flow in porous media, for which only a few results have been obtained. In 2004, a pioneering study
investigated slightly compressible two-phase flow in a particular case in which the compressibility factors were the same
for the two phase densities [15]. Galusinski and Saad analyzed some models for which they assumed the mass densities
were bounded and depended on the Chavent global pressure [16,17]. The last condition was overcome in recent studies by
assuming that each phase density depends on its own pressure and a more general immiscible compressible two-phase flow
model in porous media was considered for fields with a single rock type [ 18,19]. Amaziane et al. introduced a new concept for
global pressure for modeling immiscible compressible two-phase flows [20]. They obtained a nonlinear parabolic equation
for the global pressure equation coupled to a nonlinear diffusion-convection equation for saturation.

In the case of a single phase, Douglas and Roberts considered miscible displacement of one compressible fluid and intro-
duced numerical methods to approximate the solution [21]. For the same model, Amirat and Ziani established the existence
of a global weak solution in a one-dimensional porous medium [ 10] and Feng studied the existence and uniqueness of a solu-
tion for a coupled system describing the single-phase miscible displacement of one compressible fluid in a one-dimensional
porous medium [14,22].

Here we investigate compressible and immiscible two-phase flow in a one-dimensional porous medium. We assume that
the mass density of each phase is unbounded and satisfies an exponential law. We formulate the system as a global pressure
equation and a saturation equation. A common assumption in previous studies of immiscible and compressible two-phase
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flow is that the densities are increasing and bounded [16-20]; this assumption plays a major role in the multidimensional
mathematical analysis.

Our interest in this study is in a slightly compressible fluid, and hence we assume that the density of each phase satis-
fies an exponential law with a small compressibility factor. We propose a formulation for compressible flow that involves
an appropriate equation for the global pressure and one for saturation. We then prove the local existence and uniqueness
of strong solutions for immiscible flows in a one-dimensional porous medium. We also present a maximum principle for
saturation and describe the dependence of solutions on the compressibility factor. Finally, we establish uniform energy es-
timates with respect to the compressibility factor and show that the limit for compressible flow is the basic incompressible
flow when the compressibility factor goes to zero.

2. Mathematical model
The equations describing the immiscible displacement of two compressible fluids are given by the following mass
conservation of each phase:
G @) (pisi)(t, x) + div(piVi)(t,x) =0, i=1,2, (2.1)

where ¢ is the porosity of the medium and p; is the density and s; the saturation of the ith fluid. The velocity of each fluid V;
is given by Darcy’s law:

ki(si(t, X))

i

Vi(t, x) = —K(x) Vpi(t,x), i=1,2, (2.2)

where K is the permeability tensor of the porous medium, k; is the relative permeability, u; is the viscosity (considered to
be constant) and p; is the pressure of the ith phase. The gravity terms are not included since they do not affect the analysis
result.
By the definition of saturation we have
Si+s=1, (2.3)
where s; is gas saturation and s; is oil saturation. Thus, we define capillary pressure as
p12(s1) = p1 — pa- (24)

The function s; —> p12(s1) is non-decreasing (%(51) > Oforalls € [0, 1]).
From these equations it is evident that the unknown functions are the saturation of one phase and one pressure.
We denote by

ki(s1)

1

the mobility of the ith phase and the total mobility. We can express the total velocity (i.e. the sum of the two velocities) in
terms of p, and pq; [3]. We have

M;(sy) = and M(sq) = My(s1) + My(s1)

M (s1)
V=V;+V,=—-KM(s1) | Vp2 + Vpia(s1) ).
M(s1)
Finally, we denote by v; the fractional flow of the ith phase:
M;(s
wisn = MO g,
M(s1)
and thus

v1(s1) +va(s7) =1 foralls € [0, 1].

It is possible to define a function p(s;) such that %(sl) = (31)‘2’5—112(51). Setting p = p, + p, namely, global pressure [3],
the total velocity becomes

V = —KM(s;)Vp. (2.5)

Thus, each phase velocity can be written as
dp1 .
V=V -— l(Mulvzd—Vs,-, i=1,2. (2.6)
S1

We denote o(s1) = M(51)v1(S1)v2 (51)‘2"5—112(51) > 0, and thus (2.1) can be rewritten as

@3 (pisi) + div(piviV — Kpia(s))Vs) =0, i=1,2. (2.7)
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In previous studies an exponential state law was used to describe the displacement of one compressible fluid [10,21].
Following Aziz and Settari [23, p. 13], we consider that it is possible to assume that the fluid compressibility also follows
an exponential law. The density of a fluid depends on its pressure, but taking advantage of the fact that this function varies
slowly with capillary pressure |3, Chapter 4] we assume that p; = p;(p) satisfies

dpi
—— ) =zpi(p), z >0. (2.8)
dp
In this case, (2.7) can be reduced to
@0:Si + ¢sizioep + div(v;V) 4+ viziV - Vp — div(Ka Vs;) — Kaz;Vs; - Vp = 0. (2.9)

To simplify the notation, we write s for s; and v for v;. To obtain a non-degenerate pressure equation, we add the two
equations of system (2.9) to obtain the pressure equation

Oz + (21 —22)5)0p +divV + (22 + (21 — 22)v(s))V - Vp — Ka(s)(z1 — z2)Vs - Vp = 0. (2.10)
Then Eq. (2.9) for i = 1 is considered to be the saturation equation
@0s + ¢psz10:p +vdivV+ V- Vv +vz;V. Vp — div(Kae'Vs) — Kaz; Vs - Vp = 0. (2.11)
To eliminate the second-order pressure term from (2.11), we replace div V taken from (2.10) and find
@9:s + ¢b(s)op — div(Ka(s)Vs) + k(s)KVp - Vp + a(s)KVs - Vp =0, (2.12)
where

b(s) = z1s — (z2 + (21 — 22)5)V(s),
k(s) = —M(s)(z1v(s) — v(s)(z2 + (21 — 22)v(9))),

d
as) = v(s)a(s)(z1 — z2) — z1a(s) — M(S)F:(s)'

The system is a direct generalization of the incompressible model and is consistent with the incompressible model in the
sense that it is the limiting form of the compressible system as the compressibility factors z; and z; of the fluids tend to zero.
We prove this result in Section 8.

3. One-dimensional model

We are interested in a one-dimensional model of a porous medium model. The porous medium is considered to be homo-
geneous, so to simplify our notation we take K(x) = I and ¢ (x) = 1. The constant compressibility factors z; are considered
to be such that z; > z,. The existence and uniqueness of the solutions can be obtained in this general case, but our motiva-
tion is to study the behavior of the solution when the compressibility factors tend to zero. System (3.1)-(3.2) is obtained for
7, =y > 0,z; = 2y, and for simplicity this system is expressed with one parameter y independent of the saturation.

Let T > 0 be fixed and let £2 = (0, 1). We set Qr = §2 x (0, T). We investigate the following nonlinear boundary value
problem that is parabolic in £27:

yd($)dp — (M ($)3:p) — ¥ B(S)|:pI” — y(s)desdp = 0, (3.1

3s 4+ ¥ b(s)ap — Bx(a(5)8ys) + yk(s)|dp|* + a, (s)oxsoxp = 0, (3.2)
where

dis) =(1+s),  B(s) =M(s)(1+v(s))

b(s) =25 — (1 +s)v(s), k(s) = —M(s)v(s)(1 — v(s))

d d
a(s) = M(s)v(s)(1 — v(s))%(s» a,(s) = ya(s)(v(s) — 1) — M(s)d—'s’(s>.

System (3.1)-(3.2) is coupled with the boundary conditions

pt,0) =1, p(, 1) =0,

s(t,0) =0, a(s)dys(t,1) =0, (3.3)

which model the injection of a fluid at a given pressure and the free production of fluids at s given pressure. To this system
we add the initial conditions

$(0,x) =so(x),  p(0,%) = po(x). (34)

Next we make some assumptions for the coefficients in the system. In petroleum engineering, the total mobility M (s) is
positive and the fractional flow v(s) is increasing and satisfies 0 < v(s) < 1 for every 0 < s < 1. For example, the Corey
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model [23] withr; > 1and r, > 1 and relative permeabilities k{(s) = s, kp(s) = (1 — s)™ gives
s
S papy (1= sy

For convenience, we consider extensions of the functions d, 8, b, k and a, on R such that

M@s) = pui's"+u ' (1—972,  v(s) =

d(s) zdo >0,  [dlyrom =co, SER
M(s) = mo >0,  [[Mllytoom <Co, SER
1bllzoe®) + lIKllzee®) + I Bllre®) < Co, (3.5)

llay o) < co(1+y),
llotllwi.co )y < Co-
The capillary function «(s), which appears in the diffusion term 0,(a (s)9,s), vanishes in general for s = 1 or/and s = 0, and
thus the saturation equation (3.2) is a parabolic degenerate equation. This loss of coercivity is classical in porous media for
incompressible [3,4] and compressible models [16-19].
Here we are interested in the non-degenerate case and we introduce a regularized problem in which « is replaced by
o = o + g, &g > 0. Then the function « satisfies

a(s) > agp > 0, lloellwrom) < co. s €R. (3.6)
In one space dimension, we can give a representation of the boundary pressure. For this we denote
w(t,x) =p(t,x) — (1 —x), (3.7)
and thus the non-degenerate form of system (3.1)—(3.4) is written as
yd(©)dm — 9(M(s) (D — 1)) — y () |07 — 1> — ya(s)d,s(der — 1) =0, (3.8)
3:s 4+ ()0 — 84(@(5)8s) + yk(s)|dm — 1)% + a,(s)oxs(xr — 1) =0, (3.9)
w(t,0) =n(,1) =0, s(t,0) = ds(t, 1) =0, (3.10)
(0, x) = mo(x), s(0, x) = sp(x). (3.11)

Assuming 8 = « = 0in (3.8) and k = 01in (3.9), the system is similar to that proposed by Douglas and Roberts [21] for
which Feng [22] established the existence and uniqueness of a strong local time solution and Amirat and Ziani [10] proved
the existence of a weak global solution in one space dimension. If the two phases have the same compressibility factor, the
fourth term on the left-hand side vanishes (take z; = z; in (2.10), for example). By neglecting the third term on the left-
hand side in (3.8), which is a quadratic pressure-gradient term, Galusinski and Saad authors analyzed three-dimensional
flows [15]. Here, we are concerned with the complete system (3.8)-(3.11).

Our aims are to show that system (3.8)—(3.11) admits a unique strong solution, to describe the dependence of the solution
with respect to the compressibility factor y, and to establish that the incompressible model is the limiting form of the
compressible system as y tends to zero.

4. Main results

We introduce the following functional spaces:
Vo($2) = {u € H'(£2), u(0) = 0}
W = {u € L®((0, T); Hy(2)) N L*((0, T); H*(£2)), du € L*((0, T); L*(2))}
V = {u e L*((0, T); Vo(£2)) N L*((0, T); H*(£2)), 8u € L*((0, T); L*(£2))}.
We now define weak and strong solutions and state our results.

Definition 4.1. Let (;rg, Sg) € H(}(Q) x Vp(£2). A weak solution of (3.8)—(3.11) is a pair of functions (;r, s) in W x V that
satisfies

f (vd($)3, 7w + M(s)(dr — 1)k — y B(5)|dr — 11*¢) dxdt
Qr
- (ya(s)ds(@m — 1)) dxdt =0, Ve € [*((0,T); Hy(2)) (4.1)
Qr

/Q (atsw + yb(s)0 Y + @ (5)0xS0 Y + yk(s)|0xT — 1|21p + a,, (s)dxs(xm — 1)1&) dxdt =0

vy € L*((0, T); Vo(£2)) (42)
and
(0, x) = mo(x), s(0, x) = sp(x). (4.3)
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Definition 4.2. Let (77g, Sp) € H(} (£2) x Vp(£2). We say that (r, s) is a strong solution of (3.8)-(3.11) if (i, s) belongs to
W x V and satisfies Egs. (3.8)-(3.11) almost everywhere in Qr.

Classically, strong solutions are weak solutions and if the couple (7, s) is a strong solution, then the couple (p, s) is also
a strong solution of system (3.1)-(3.4).

Theorem 4.1. For every y > 0, there exists a number T;j €]0, T] such that system (3.8)—(3.11) has a strong solution on QT;;.
Moreover, if 0 < sp(x) < 1ae.inx € [0,1],then0 < s(t,x) < lae. inx € [0, 1] forallt € [0, T;‘].

In the proof of this theorem, we explicitly describe the dependence of solutions on the compressibility factor y.
Theorem 4.2. System (3.1)-(3.4) has a unique strong solution.

Theorem 4.3. The solution of system (3.8)-(3.11) converges to the solution of the usual incompressible model, obtained for y
equal to zero, as y goes to zero.

The remainder of the paper is organized as follows. Section 5 provides priori estimates of strong solutions that are used
to derive bounds on the solutions and their gradients. In Section 6 we prove the existence of the solutions and show that
saturation is physically relevant. In Section 7 we prove the uniqueness theorem. Section 8 provides more details about the
statement of Theorem 4.3 and we study the asymptotic behavior of the solution when the compressibility factor goes to
zero. Finally, Section 9 proves a technical result.

5. A priori estimates

In this section, we obtain several a priori estimates satisfied by the strong solution that lead to compactness properties
essential in the proof. In the next proposition, we focus on the dependence of solutions on the compressibility factor.

Proposition 5.1. Let (i, s) be a strong solution. Then (7, s) satisfies the following inequalities:

d
o | 40 [yya]* dxt mollar i o,
tJo

6
< 101y + €11+ 707 (14 1851 ) + 10T W) + V77 o) - (5.1)

2 d
o 3 (V77 [ + 55 [ M@0 = 1 < Vol g, + €100 g
(U P21+ 181 g, + 181 ). (52)

2
Mot 2 ) < €3 |9 (V77) | 20y + a0+ 1) A+ 107 152 ) + 1965152 - (5.3)

d 2
25y + @olldsllia o) < esv [ (VIT) [0y + 61+ 170+ 10 g, + 1381020, + Il ) (5:4)

d _
103112 + = f a(©)|3sPdx < e2l1usllh o) + 1110l )
2
2
oy 8 (V) o) + 1+ A+ 1881152 o) + 186172 ))- (5.5)

6 2
2 2 2
0l = o 1N, + et I o) + cov [ (V7) [z

+C10(1 + V)4(] + ”aXn”,(_iZ(_Q) + ”8)(5”?2(9))7 (56)
where €1, &, are arbitrary positive constants and c; is a constant independent of p, s and y.

The proof of this proposition is given in Section 9. In the proof of Proposition 5.1, the one-dimensional properties of H!
play a major role in obtaining the above inequalities. Thus, the extension of these results to the multi-dimensional case is
not straightforward.

Proposition 5.2. Let (i, s) be a strong solution. Then (i, s) satisfies the inequality
i/ ds) || dx+ (14 ¢ )5/ M) — 1Pdx -+ o]
de J,, v REFTSN x de' @)

d _
_i_cza A a(s)|8xs|2dx + m()”axﬁ'”fz(g) + mOHaxxn”fZ(Q)
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2 2 2 2
+do 0 (V77 |20y F @001 ) + 15122 + @ollBuas ]

6
< 4P (V77 gy + 1867 Isg + I g + 18515 g, +1) (5.7)
where c1, ¢; and c3 are constants independent of m, s and y.
Proof of Proposition 5.2. The estimate (5.7) is obtained in two steps. First, we eliminate ||9;s| 2, and ||, (/¥ 7) ||L2(9) on

the right-hand side of (5.1)-(5.6). For that we multiply (5.5) by & = 3+ % and (5.2)by & =1+ (;—3 + 2—2 + 51% + fT?)) y
and we add estimates (5.1)-(5.6) to obtain

d 2 2
[ 40 |7 b mallae s g, + do o (V7
d 2 2 d o
+§2& o M(S)|8X7T - ]l dX + m0|IaXX7T ”LZ(Q) + a”S”LZ(Q)
3es|)? s d & (s)|dys|*d E
+ @olldxslljz o) + 10es1l}2 ) +$1a 901(5)| WSI7dX + ol 0|l
< &8 ||8xx5||§2(9) +e(1+& + sz)naxxﬁnfz(g)
6
e+ 90 (14 [ V77 [y + 18T g + I8l g + 1065152 g ) -
By choosing &, such that §16, = % and ¢; such that ¢1(1 + &; + &) = 52, we obtain (5.7). O
6. Proof of Theorem 4.1

In this section we prove the existence of solutions of system (3.8)-(3.11) and establish a maximum principle-type result
for saturation.

6.1. Existence
We describe an essential consequence of Proposition 5.2 that leads to the local existence of the strong solution.

Proposition 6.1. Let the assumptions of Proposition 5.1 be satisfied. Then for every y > 0 there exists T;‘ € (0, T) such that

||5||L00((0,T;f);H1(Q))mLZ((o,T;f);HZ(.Q)) < M(y). (6.1)
||3t5||L2((o,T;‘);L2(Q)) < M(y). (6.2)
vy ||L0°((0,T;‘);H](_Q)) = M(y). (6.3)
|y HLZ((O,T;‘);LZ(Q)) < M(y). (6.4)
||3x7T||L°°((0,T;);L2(9)) + ||3xx7T||L2((0,T;);L2(9)) <M(y), (6.5)

where M(y) = c(1+ y)°.

Proof. First, by Proposition 5.2 we know that (7, s) satisfies (5.7). We denote

gy (0) =/ d(s)|ﬁn|2dx+(1+c1y)/ M(s)d(s)laxn—ﬂzdx—l—/ szdx—l—cz/ @ (5)|0ys|2dx.
2 2 7 2
Hence,

£,0) = c(1+ ) (Imol21 g, + I0l131 0 + 1.

where ¢ denotes a generic constant.
We then have

6
V7| 2y + 1867 = Ul ) + sl ) + 18550152 )

) 3
= (“\/77.[ HLZ(Q) + ||ax77 - 1”%2(9) + ”S”fZ(_Q) + ”8)(5”%2(9))
< c(g, (1)’
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We define
F, (g, () = c(1+ y)*(g, 1)’
and
k,(t) = c(1+ )~
Then from (5.7) we deduce
gy (t) < Fy (g, (1) + k.
Using Simon’s Lemma [24, p. 1098], we have that for every y there exists T;," such that
g () <g,0) +e=c(1+y) Vte(0,T)).

We also have

2
max (||ﬁn Iz + A+ 8w = Ul o) + ISl ) + ||axs||f2(m) <c(1+y).

0<t<T}
Integrating (5.7) with respect to t between 0 and T*, we find

2 2 2 2 5
Molduct iz g, + o |2 (ﬁn)um%) 1z, + 0ll sl g, < €49,

which completes the proof of Proposition 6.1. O

Corollary 6.1. Assume y < 1. There exists T* € (0, T) independent of y such that

lIslloe 0, 7%): 11 (2)ni2((0.7%):H2(2)) = C- (6.6)
19esll 2 0.7y:122)) = €- (6.7)
|y ||L°C((O,T*):H1(Q)) =c. (6.8)
”ﬁaf” ||L2((0,T*);L2(Q)) =c (6.9)
10x7T 1100 (0,7 ):12(2)) + 10T Nl 2(0,7%):12(22)) = C- (6.10)

Proof. Note that in view of the proof of Simon’s lemma [24, p. 1098] and Proposition 6.1, the dependence of T;‘ on y is due

to the dependence of F, and k, on y.If y < 1,then g, (0) < g, |F, )| < cly)® and |k, | < c.Thus, the constant M(y) in
(6.1)-(6.5) becomes independent of y. 0O

According to Proposition 6.1, we can prove the existence of the solutions by constructing Galerkin-type approximations
of (3.8)-(3.9) for pressure and the saturation. Next, we establish that (s, s) is actually a strong solution in a standard fashion.
This is because 7 and s € L?((0, T;‘); H?(£2)), which completes the proof of the existence part of Theorem 4.1.

6.2. Admissibility of the solutions

In this section we prove the admissibility of the solutions, that is, that the saturation remains in [0, 1]. Egs. (2.10) and
(2.11) with the simplification z, = y, z; = 2y, K(x) = I and ¢ (x) = 1 is equivalent to system (3.1)-(3.2); by including the
boundary conditions and the initial conditions, we obtain

Y(1+5)3p+ 0V + y (14 v(s))Vop — ya(s)dxsoxp = 0,

0rS 4 2ysop + 9x(VV) + 2y vV ayp — 9x(ax(5)0xS) — 2y (5)0xS0xp = 0,
V = —M(s)oxp

p(t,0) =1, p(t,1) =0, s(t,0) =0, 0,s(t, 1) = 0.

(6.11)

Now we express the extensions S, v, &, which are assumed to be Lipschitz continuous on [0, 1], of the functions s, v and
aonRas

ss)=s if0<s<1, 5s)=0 ifs<0 and 5(G)=1 ifs>1,

v(s) =v(s) ifo0<s<1, v(s) =0 ifs<0 and v(Gs)=1 ifs>1,
and

a(s) =a(s) if0<s<1, and a&(s)=0 elsewhere.

The extension of M is continuous and satisfies M > mg > 0.
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Note that this is the non-degenerate case and the function s — @(s) in the term 9,(c(s)9xs)is considered to satisfy
(3.6). Thus, system (6.11) is

Y(1+5(5)0p + 0,V + y (1 4 V(s))Vop — ya(s)oxsoyp = 0,
¢S + 2y8()0ep + 0 (V()V) + 2y V($)V b — 0x(e(5)9x8) — 2y & (5)dys0kp = 0, (6.12)
V = —M(s)op
with
pt,0)=1, p(,1)=0, s 0) =0, Bks(t, 1) =0.

s—|s|

Multiplying the equation for saturation by —s~ = >5= and integrating over £2, we have

1d - _ - _ - _
5d—||s’||fz(m—2y/ S(s)aps dx—i—/ V(S)V 0y dx—Zy/ v(s)Voyps~ dx
t Q Q 2
+ f &(s)|8x(s_)|2dx+2yf () dys0,ps—dx = 0.
2 2

Since 5(s) = v(s) = @(s) = 0 fors < 0, we obtain

1d _ = -2

5&”5 ”]_2(9) +/Qot($)|3x(s )| dx =< 0.

Integrating this inequality over (0, t), we deduce [|s™ (-, t)[l;2(e) < lISg l12(e) forallt € (0, T;j) since sp > 0 in £2, so then
s(-,t) > 0in £ forall t € (0, T;f).
Multiplying the second equation of (6.12) by (s — 1)™ and integrating over £2, we have

1d
Sl = D g + 27 /Q 5(5)0p(s — 1)y — /g BEVay(s — 1) de
—(BV(s — D)L, 1)+2y/ D($)Vap(s — 1) *dx
2
+ / a(s)]9x((s — 1)+)|2dx—2y/ @(5)dsdxp(s — 1 Tdx = 0.
2 2

Using the fact that $(s) = U(s) = 1fors > 1and &(s) = 0 for s > 1 the above equation is equivalent to

LTS
2 dt

1)+||fz(m +2y / ap(s — DFdx — f V(s — 1)Tdx
2 2
— (V=DM 1) +2yf Vop(s — 1)+dx+/ a(s)|((s — D) |?dx = 0. (6.13)
2 2
Multiplying the pressure equation of system (6.12) by (s — 1), we have
y / (145(s))3:p(s — 1) dx +/ V(i —Drdx+y / (14 (s))Vagp(s — 1) Tdx
2 2 2
— y/ a@(s)0xsoxp(s — DTdx = 0.
2
Using 5(s) = v(s) = 1fors > 1and &(s) = 0 fors > 1, we obtain
2y / p(s — DT dx — / V(s — Dtdx — (Vs — DT)(, 1) + 2y / Vap(s — 1)Tdx =0,
2 2 Q2
which leads, from (6.13), to

1d
TP +f &(5)|3h((s — 1) Pdx = .
2 dt 2@ ",

Integrating this last inequality over (0, t), we have ||(s — 1) T (., Oz < l1(so — 1)+||L2<9) forallt € (0, T;‘), sincesy < 1
in £2,sothens(-,t) < 1in 2 forall t € (0, T;").
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7. Uniqueness

In this section we prove Theorem 4.2. Let (p1, 1) and (p,, ;) be two strong solutions of system (3.1)-(3.3) corresponding
to the same initial conditions (3.4). Then ¢ = p; — p, and u = s; — s, satisfy
Y (1+51)0:q + y ot — (M (51)9xq) — 3x(3p2(M(s1) — M(52)))
— ¥ B(s1) (0xp1 + 9P2)0xq — ¥ |0xp2]* (B(51) — B(52))
— yo(s1)0x510xq — ya(s1)0xP20xtl — ¥ 0xP20xS2 (e (51) — a(s2)) = 0, (7.1)
deu + yb(s1)0cq + y 9ep2(b(s1) — b(s2)) — Ox(@x(51)0xtt + OyS2(a(s1) — (52)))
+ yk(s1)(9:D1 + 0xp2)0xq + ¥ 10D21* (k(51) — k(52)) + @ (51)8,510xq

+ay (51)0uP20xtt + 0xP20xS2(ay (51) — @, (52)) = 0, (7.2)
q(t,0) =q(t, 1) =0,  u(t,0) = du(t,1) =0, (7.3)

and
u(0,x) =q(0,x) =0. (7.4)

Thus, 1 4 s; > 0, and by replacing d,q by its value given by Eq. (7.1) in (7.2), we obtain
Oeut — By (0 (1) 0xtt) — 0x(Oxs2(@(51) — € (52)))
1 1
+ 7sax(1\/1(51)3xq) + fax(axpz(l\/l(s]) — M(52))) + f1(51)(3xp1 + 0xP2)9xq
1

1+ + 51
+ f>(51)3x510xq + f3(51)dp20xu + [3xp2|* (h1(51) — h1(52)) + dyp23xs2(ha(s1) — ha(s2))
= 0rp2(h3(s1) — h3(s2)), (7.5)

where the function f; (i = 1, 2, 3) is bounded in L*°((0, T;f); L[*°(£2)) and h;, i = 1, 2, 3 is a Lipschitz function. We denote by

g(.) a function in L' (0, T; ) and by ¢ an arbitrary positive real number.
Multiplying Eq. (7.1) by q and integrating it over §2, we have

y d
2o [ soaxe [ Meolaldc= -4k I+t 4 (76)
2 I?)
where
h=" / ds1q7dx,
2 Jo
h=-y f 0t pauqdx,
I?)
= —/ 0xp2(M(s1) — M(s2)) dxqdx,
2
Ja=vy / (B(51)(0xp1 + 0xP2) + @ (s1)0xS1) 0xqqdx,
I?)
Js= J// (10xp2 > (B(s1) — B(s2)) — dp20xs2(a(s1) — a(s2))) qalx,
2
Je=v / 0 (51) 0xP2 0xuqdx.
I?)
The second term on the left-hand side is estimated as
[ Meiaard = moloal g,
We estimate each term on the right-hand side. From the first term we have

Mo
Uil = vllaesillzeyllallizey gl @) = g(t)IIQIIfz(m + gllaanfz(m-

In the same way, the estimate of the second term yields

mo
U2l < ¥ 1palliziey 2o 141y < SO g, + alE ) + 5 1kl g
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Using the fact that the function M is Lipschitz, the third term gives

mo
Usl = clldpslli o lullizig) 10l @) < 8O Ul g, + 21064l q)-

21

Taking again into account that d,s;, 3xp; (i = 1, 2) belongs to L?((0, T;,‘); L°°(£2)), then the fourth term leads to the following

estimate:
Vsl = c(lopilliee) + ||3xp2||L°°(Q) + 105110 @) 10xa 1l 22y 112 (2
< g®lal% g + ||axq||Lz(m
The functions « and 8 are LlpSChltZ, so we obtain
Usl < (P2l gy + 110xP2llie (@) 102 llio @) 1l 20y 1412 )
< gO(lulZ g, + lalZg)-
The last term on the right-hand side of (7.6) is bounded by
Us| < clldupsllios @) 13tll 2 e 141202y < 8ONGI ) + &lldeutl -
Finally, from (7.6) we obtain the first estimate of interest, namely
d 2 2 2 2 2
o /Q 1+ s)@dx + mollql% ) < 8O ulZeg, + 191%g) + Bl -
Multiplying Eq. (7.5) by u and integrating it over §2, we obtain
E||U||fz(g) +/951(51)|3xu|2dx =h+L+L+L+Is,

2dt

where

1
xsa(a(sy) —a(sy)) + —— " xPZ(M(Sl) — M(s2)) +f3(51)3xpzu> dyudx,

I = (
L= <(] s )ZM(S1)3XS1 + f1(s1) (3xp1 + 9xp2) +f2(s1)axs1) 0xq udx,

1
|3xp2 | (h1(s1) — h1(52)) + 3xP2dyS2(ha(s1) — ha(s2)) — maxpzaxsl(M(sl) - M(Sz)))UdX,
1

Iy _/Q 1+S]M(51)8anxudx

Is = /Q 0ep2(h3(s1) — h3(s2))u dx.

The second term on the left-hand side of (7.8) is estimated as
[ atlauld = aolull g,

Taking into account that the function @ and M are Lipschitz and d,s;, dyp; belong to L2((0, T*); L*°(£2)), we have
L] < c(lBsallioeqe) + 19xP2llie @) 1Beull 2 o) Il 2 () < 8O Ul o) + ||3 ull?s -

In the same way, we have
I < c([|0xs1llio(@) + 110xP1 o) + 110xP2 [l oo (@) 19xq 1l 12 () 1l 22
< gOlull o) + 1312 g -
Using the fact that h; is also Lipschitz, we deduce that
5] < c(lloxp2ll o) + 110xp2 [l (2) 10552 oo (2) + ||3xp2||L°°(9)||3x51||L°O(.f2))||u||fz(m

(7.8)
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The estimates of I; and I5 are classical. We obtain

2 %o 2
Lal = Ukl 0tz < clodli g, + 2 Il g,

and

5| < clldep2lli2 (g llull flull < 8O lulZ o + =21 dul?

51 = ClloP2 2y lIUlILe @) Ul 2(2) = 8 Ull 2 6 XUl 2oy
Finally, from (7.8) we deduce the second estimate

d
E ”u”iZ(Q) + (044} ”8)(””%2(9) E g(t) ”u”iZ(Q) + C” aaniz(g) (79)
To eliminate the gradient terms on the right-hand side of the estimates (7.7) and (7.9), we multiply (7.7) by (1 + m%)
and add it to (7.9). By choosing ¢ in (7.7) such that ¢ (1 + m%) = “70 we deduce

d 2 d 2 2 2
E (1 +Sl)q dx + a”u”,_l(g) = g(t)(”u”LZ(Q) + ”q”LZ(Q))
2

< g <||u||i2(9)+ /Q (1+s1>q2dx).

Then the Gronwall lemma allows us to confirm thatu = ¢ = 0in §2 forall t € (0, T;j).

8. Compressible flow in the limit

In this section we study the behavior of the solution (s, , s, ) for the problem (3.8)-(3.10) as y goes to zero. For conve-
nience, we recall from (4.1)-(4.2) the essential properties of the sequence (7, s,),:

(yd(sy)atny(p + M(Sy)(axny - 1)ax¢ - Vﬂ(sy”axny - 1|2¢
Qrx

— ya(s,)dys, (e, — 1)p)dxdt = 0, (8.1)
/ <8tsy1p +yb(s,)m, ¥ + @(s,)dss, 0 + vk(s,) 0T, — 1129
Qrx
d
Fyals,)(v(s,) — Dds, (B, — DY — M(sy)d—z(sy)axsy(axny - 1)1//>dxdt =0 (8.2)

forall g € L*((0, T*); Hy(£2)), ¥ € L*((0, T*); Vo(£2)).
According to Corollary 6.1, the sequence (r,, s, ), satisfies

19esy iz 0.7%):12¢2)) + ISy 1o o, r4):m1 @iz (0. 1) H2 (2)) = € (8.3)
|y, ||L°°((0,T*);H1(Q)) + |y, ||L2((0,T*);L2(.Q)) =¢ (8.4)
18x77, Il o0 0,7y 12¢2)) T 10Ty 20, 7%):12(02)) = C- (8.5)

Proposition 8.1. The sequence (r,,, s, ), converges, as y goes to zero, to the unique classical limit (7, s) solution of the incom-
pressible flow

M(s) (3 — 1)dypdxdt = 0, (8.6)
Qr*

/ QSY + @(5) DSV — M(s)%(s)axs(axny — Dpdxdt =0 (8.7)
Qp*

forallp € [*((0, T*); HL(£2)), ¥ € [*((0, T*); Vo(£2)).

Proof. We denote by A} to A} the four integrals of (8.1) and by B to B}, the six integrals in (8.2). First, we show that A}, A}
and A} go to zero as y goes to zero.
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From (8.4) we have

AT < Y Il g |3t («/7”y)||,_z(QT*) Iplli2iqpe) < VY-

The third term in (8.1) can be rewritten as

Ay = / (¥ BGs) 13y [Pd — 27 B(s,) 3, ¢ + v B(5,)9) dxdt,
Qr
and integrating by parts the first term on the right-hand side, we have

Ag =Y (ﬂ/(sy)axsyaxﬂyﬂy¢ + lg(sy)axxﬂy”y¢ + ﬁ(sy)ax”yﬂyax¢
Qrx
+2B(s)) ok, ¢ — B(s,)P)dxdt.

Considering the first term and taking into account (8.3)-(8.5), we have the following inequalities:

< Cﬁ”ﬂ/”LOO(QT*) [ 9xs,, ||L00((0,T);L2(Q))

/ yﬂ/(sy)axsyaxﬂyﬂy¢dxdt
Qrx

x [ (V777) o gy 19677 2 0p 10112 0.1 2
Similarly, we bound the rest of the terms for A} and obtain
LHEYV
Using the fact that dys,, and d,7, are bounded in L*°((0, T*); 12(£2)), we deduce
Gl <cy.

Now we consider the equation for saturation. As for the estimate of |A)1’ |, we also have |sz/ | < c/y.Inthe same way, BZ
is estimated as A; by replacing B, by k, and ¢ by . Using the straightforward upper bounds of A, we have |B§| <c/v.
To complete the proof of this proposition, we take the limit of A}, B}, B} and B}, as y goes to zero.

The estimates (8.3)-(8.5) and a compactness embedding lemma due to Simon [25] imply that there exists a subsequence,
still denoted by (7, s,,), and (7, s) such that

s, —> s in C([0, T*]; L*(£2)) N L*((0, T*); H'(£2)) strongly, (8.8)
dr, —> O inL*((0, T*); [*(£2)) weakly, (8.9)
ds, —> ds inL*((0, T*); [*(£2)) weakly. (8.10)

Using the convergence-dominated Lebesgue theorem, we conclude that (M(s, )0x¢), converges to M(s)dx¢ strongly in
L2((0, T*); [*(£2)) and consequently

A — M(s) (3 — 1)dxpdxdt.
Q=
In the same way, we have
B} — a(5) 0xSOrdxdt.
Qr»
From (8.10), we have
B — desyrdxdt.
Qr*
Finally, from (8.8) we have dys, —> d,s in L?((0, T*); L*(£2)) strongly and using (8.9) we deduce that
y dv
By — — | M- (D@, — Dadudr,
Qr+ S

which completes the proof of Proposition 8.1. O
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9. Proof of Proposition 5.1

The proof of this proposition follows the same step as for [22, Proposition 3.1]. Hereafter, ¢ denotes a constant that is
independent of 7, s and y. We describe in detail how to obtain the estimates (5.1) and then we explain in brief how to
obtain the estimates (5.2)-(5.6).

Since (7, s) is a strong solution, it satisfies (3.8)-(3.9) with boundary conditions (3.10). By multiplying (3.8) by 7 and
integrating it over §2, we obtain

y d

Z— d(s)nzdx—f—f M(s)| 0y |?dx = yf a(s)axsaxnndx—}-y/ B()|d | dx
2dt Jg I?) 2 2

+Z/ d/(s)nzatsdx—i-/ M/(s)axsndx—y/ B(s)mdx
2 Ja 2 2

—2)// ,B(s)axnndx—y/ o(S)0xSTTdX. (9.1)
fo) o)

Now we identify a bound for each term on the right-hand side. To do that we use the following Gagliardo-Nirenberg
inequalities: [26,27]:

1 1
lulli o) < MIBeull g llull3 ) forallu € HY(R), (9.2)
1 1
ey < M (naxxun 2o I3 + ||axu||Lz<m> . forallu € HY(2) NHA(2). (9.3)

The second term on the left-hand side of (9.1) is estimated by
[ MO = molarl .
Q

From the Cauchy-Schwarz inequality and inequality (9.2), the first term on the right-hand side of (9.1) is bounded as follows:

’)’/ a(s)Oxsdxmrmwdx| < ¥ [lotllroo () 1981 122y 119x7T | 2y 1177 100 (2
@

3 1
2
2@y

IA

¥ CoM |91l 120y [l Bt | 7|l

oo
2(2)

where ¢y is the constant in (3.5). Using Young’s inequality, we have

‘ y / o (5)0ySoy T dx
2

Mo 6
= Sllh g, + v (18610, + [vV77 g ) (9.4)

To estimate the second term on the right-hand side of (9.1), we use exactly the same type of estimates as for (9.4) by replacing
0xs by 0y7r. We then have

)// B (5)|37 [P dx
2

Mo 2 3 6 6
= S0, + v (110 + [P [ )

For the third term on the right-hand side of (9.1), we have

Z/ d'(s)md,sdx
2 Jo

14
=< 5”d/”L:’O(Q)”atS”LZ(Q)||7T||L2(52)”7T”L°°(.Q)

s

1
2 2 2pg2 3
S N0esla g, + 52 M U 20 I s )

1 2 mo 2 6
=< EHatS”LZ(Q) + EHBXN”LZ(_Q) + cy ”\/?n ”LZ(Q) .

According to the Poincare inequality, the fourth term on the right-hand side of (9.1) satisfies

/ M’ (s)0ysmdx
2

= 2 ”aX:l ”22 CHBXSHZZ
- 12 L2(2) 12(22)
and the fifth term leads to

7// B(s)mdx
2

Mo 2 2
E E”axﬂ ”LZ(Q) + C]/ .
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In the same way, the sixth term gives

2y f B(s)oymrwdx
2

Finally, the last term yields

2
2(2)"

< cylloxm ||

y / o (s)0ysdx
2

Mo 2 2 2
< Yl @) 10xsll 2y 17 122y < E”a"n”ﬂ(ﬂ) +cy ||3x5||Lz(_Q)-

By substituting these estimates into (9.1), we obtain the first inequality, (5.1).
Now, testing (3.8) using d;r and the relation

1d 1
—/ B (M (s) (Bt — 1))dmrdx = f—/ M(s)|0yr — 12dx — f/ M’ (5)3;5|0r — 1]2dx,
o 2 dt 0 2 Q
we have

1d 1
y/ d(s)|8tn|2dx+f—f M(s)|axm — 1)2dx = f/ M/ (s)|8yr — 1|?d;sdx

+J// B(S)|dxm — 1[?8wdx + y / a(8)0xs(dxw — 1) wdx. (9.5)
The first term zn the left-hand side of (9.5) i(sz bounded by
y /Q d(s)[0 [2dx > do |9 (V77 |20, -
To estimate the first term on the right-hand side, we use inequality (9.3) and Young’s inequality and obtain

1 ) 1
= / M/ ($)|d — 1123esdx| < = 13u51% ) + 118t 22 g + €1+ B[S ),
2 Jo 2

where & is some undetermined positive real number.
For the second term on the right-hand side, we obtain

14 / B(s)|d — 1|28, wdx
2
and the last term is bounded as follows:

y/ o (5)0xs(OxT — 1)0;wdx
2

do
< 210 (V7)o + 118 s g, + ¢ + 7)1 ) + ¥

d
= 3 1o ()i, + 10 s o)

+ e+ VARG ) + 1851 5) + v

Finally, taking into account the above estimates of each term on the right-hand side of (9.5), we establish (5.2).
To obtain an estimate of the second derivatives of pressure, rewriting (3.8) as

yd(s)0;mr — M(S)0wm — M/(S)(ax” — 1)oks — y B(s)|0xr — 1|2 —ya(s)os(dyr — 1) =0

and testing it using (— o), we have

/ M(s) |3 |2dx = y/ 0 TT 0T dX — / (M'(s) + ya(s))(0xr — 1)0,S0xrdX
o) 2 2

— y/ B(5)|8r — 1205 dx. (9.6)
2
The first term on the left-hand side is bounded by
fg M () |37t [2dx = mol|8u 17, -
From the Cauchy-Schwarz inequality, the first term on the right-hand side of (9.6) gives
y / 0¢ 7T Oy dX
2

Using again the inequality (9.3) and Young’s inequality, we deduce a bound for the second term on the right-hand side of
(9.6):

m 3 2
=< ?O||3xxﬂ||fz<m + 2me” 3 (V7m) |20, -

m
/ (M) + yer(©) (O = Vs < 2 180 [ g, +c(1+ 1) A+ 1o g, + 1812 )
2
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The last term on the right-hand side of (5.3) can be estimated in the same way as the above estimate by replacing d,s by
(0yr — 1) and y B(s) by (M'(s) + ya(s)). We obtain

m
'y/ B($)| — 12 0gmrdx| < fu%mﬁm+c(1+y)4(1+ 137 152 )
2

By combining the estimates from the right-hand side of (9.6), we obtain the inequality (5.3). The estimates (5.4)-(5.6) are
obtained in the same way as (5.1)—(5.3).
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